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A B S T R A C T

Modern transportation is being transformed by autonomous vehicles (AVs),
which promise enhanced safety, efficiency, and convenience. These vehicles rely
on complex algorithms to perceive their environment, make decisions, and control
motion in real time. A critical component is the risk assessment and management
unit, which analyzes traffic scenarios for potential hazards and determines the
safest control outputs. This process requires predicting and simulating multiple
road scenarios, leading to various hypotheses and algorithms for estimating the
future states of surrounding road users.

The emergence of Personal Light Electric Vehicles (PLEVs), such as electric
scooters and bikes, has increased uncertainty on the road. These vehicles exhibit
multi-modal behavior—moving like pedestrians at low speeds and accelerating
rapidly—and their small size complicates detection. Two main challenges arise:
uncertainty in predicting the states (position, velocity, size) of surrounding agents,
and managing multi-modal motion predictions without overly conservative con-
trol actions. This PhD thesis, conducted under the ANNAPOLIS (AutoNomous
Navigation Among Personal mObiLity devIceS) project, addresses these chal-
lenges to ensure safe and comfortable AV navigation in dynamic and constrained
urban environments. The research aims to design and validate a Multi-Risk
Assessment and Multi-level Motion Optimization & Control (MiRA-MOC) archi-
tecture as a comprehensive multi-risk assessment and management system.

Specifically, the thesis addresses autonomous driving challenges posed by
uncertainties in the dynamic, possibly erratic motion of surrounding agents,
including PLEVs. It introduces a decision-making and control strategy based on
a multi-level motion optimization framework that handles motion uncertainties
using a Fusion of stochastic Predictive Inter-Distance Profiles (F-sPIDP). This
continuous multi-risk assessment metric projects uncertainty in agents’ motion
onto the predicted inter-distance between the AV and its surroundings.

To address the first challenge, F-sPIDP extends the Predictive Inter-Distance
Profile (PIDP) concept to a stochastic version (sPIDP) that captures uncertainty
in predicted states. The second challenge in multi-modal prediction is handled
by fusing multiple sPIDPs. An optimal trajectory is then selected from possible
maneuvers using a combination of safe global trajectory sampling and F-sPIDP.
Finally, local control optimization computes control actions that minimize collision
risk while respecting vehicle dynamics. The proposed strategy has been validated
through extensive simulations and real-vehicle experiments.





R É S U M É

Le transport moderne est transformé par les véhicules autonomes (VA), qui
promettent une meilleure sécurité, une efficacité accrue et une plus grande
commodité. Ces véhicules utilisent des algorithmes complexes pour observer
leur environnement, prendre des décisions et contrôler leur mobilité en temps
réel. Un élément clé de ces algorithmes est constitué des unités d’évaluation et
de gestion du risque, qui analysent les scénarios de circulation afin de détecter
les dangers potentiels, notamment vis-à-vis des autres usagers, et de calculer les
meilleures commandes pour une navigation sûre. Cela nécessite de prévoir et de
simuler de multiples scénarios routiers, ce qui a conduit au développement de
nombreuses hypothèses et algorithmes de prédiction pour estimer les états futurs
des usagers.

Cette incertitude s’est accentuée avec l’introduction des Véhicules Personnels
Légers Électriques (PLEVs), comme les trottinettes et vélos électriques. Ces dispo-
sitifs peuvent présenter des comportements multimodaux, se déplacer à basse
vitesse comme des piétons puis accélérer soudainement, et leurs petites tailles
compliquent leur détection. Deux défis majeurs se présentent : l’incertitude liée
à l’état prédit (position, vitesse, taille) des agents environnants, et la difficulté
de gérer les prédictions multi-modales sans adopter une approche trop conser-
vatrice. Cette thèse de doctorat, menée dans le cadre du projet ANNAPOLIS
(AutoNomous Navigation Among Personal mObiLity devIceS), s’attaque à ces
scénarios complexes pour garantir une navigation sûre, confortable et pas excessi-
vement conservatrice dans des environnements urbains dynamiques et contraints.
L’objectif principal est de proposer et de valider une architecture globale de
contrôle/commande (intitulée MiRA-MOC), permettant d’évaluer simultanément
plusieurs risques possibles et agir en conséquent via des processus d’optimisation
et de contrôle multi-niveaux, constituant la partie management du risque de
MiRA-MOC.

Plus précisément, cette thèse aborde les défis de la conduite autonome liés
aux incertitudes du mouvement dynamique et parfois erratique des agents
environnants, y compris les PLEVs. Elle introduit une stratégie de décision et de
contrôle fondée sur une méthode d’optimisation du mouvement multi-niveaux,
capturant ces incertitudes via une Fusion of stochastic Predictive Inter-distance
Profile (F-sPIDP). En utilisant le F-sPIDP comme métrique continue d’évaluation
multi-risques, les incertitudes du mouvement sont projetées sur la distance inter-
prévisionnelle entre le VA et son environnement. Pour répondre au premier
défi, le F-sPIDP étend le Predictive Inter-Distance Profile (PIDP) à une version
stochastique (sPIDP) intégrant l’incertitude dans l’état prédit des agents. Le
second défi, la prédiction multi-modale, est traitée par la fusion de plusieurs
sPIDPs. Une trajectoire optimale est ensuite sélectionnée parmi les manœuvres
possibles grâce à la combinaison de l’échantillonnage de trajectoires sûres et
du F-sPIDP. Enfin, les actions de contrôle minimisant le risque de collision et



respectant la dynamique du VA sont calculées par une optimisation du contrôle
local. La stratégie a été validée par des simulations intensives et des essais sur un
véhicule autonome réel.
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L I S T O F N O TAT I O N S

i Agent index, i ∈ {1, . . . , Nagents}.

j Mode / trajectory index, j ∈ {1, . . . , Ntraj}.

t0 Current time / prediction start.

t , T , thor izon Time variable and prediction horizon (final prediction time).

∆ t Sampling time / prediction time step.

P = { p1 , . . . , p Ntr a j } Set of predicted trajectories (modes) for a PLEV.

x i ( t) = (x i ( t) , y i ( t) , θ i ( t)) State of agent i (Cartesian position and heading).

Pr( j) Posterior probability (mode weight) of trajectory pj (often denoted µj).

Σ j
i ( t) Covariance matrix for trajectory j of agent i (positional and heading uncertainty).

r( t) = (x( t) , y( t))⊤ Ego-vehicle position at time t.

r p j ( t) Position of the j-th predicted PLEV trajectory at time t.

x̃ j ( t) Estimated / predicted state for mode j.

A j ( t) , C( t) State transition and measurement matrices.

w j ∼ N (0, Σw
j ) Mode/process noise (Gaussian) for mode j.

ε ∼ N (0, Σ ε ) Measurement noise (Gaussian).

pre f (s) Reference path parameterized by curvilinear coordinate s.

s Curvilinear distance along the reference path.

nre f (s) Normal vector to the reference path at s.

s AV ( t) Frenet coordinates of the AV.

s AV ( t) , d AV ( t) , θ AV ( t) Frenet components for the ego vehicle.

an , bm Polynomial coefficients for sAV(t) and dAV(t) parameterizations.

xk
AV ( t) Cartesian form of the k-th ego candidate trajectory.

X tr a j = {x1
tr a j , . . . , x M

tr a j} Set of M candidate ego trajectories.

X sa f e Filtered safe set of candidate trajectories after F-sPIDP risk assessment.

x tr a j ( t) Candidate trajectory of the ego vehicle.

p tr a j ( t) Position component of xtraj(t) (i.e., (x, y)).

d j ( t) , d i j ( t) Inter-distance (Euclidean) between ego and trajectory pj (or between ego and agent
i’s j-th mode) at time t.

P I D Pj ( t) Predictive Inter-Distance Profile for trajectory j.

sP I D P( t) Stochastic PIDP.

E , Var Mean and variance of the stochastic PIDP.

dw ( t) Predicted uncertainty term used in safety distance.

pCO M( t) Probabilistic center of mass.

F_PIDP( t) , F_sPIDP( t) Fusion of (stochastic) PIDP.



16 contents

F_(s)PIDPre f ( t) F-PIDP or F-sPIDP reference/setpoint.

d sa f e safety distance.

R Radius of the ego-vehicle (enclosing circle).

r radius of a PLEV (enclosing circle).

δv Braking distance term.

vmax Maximum considered speed.

ET TC Extended Time-To-Collision.

D sa f e Safety distance function.

tS N R Time when Safety-Not-Respected (first time the inter-distance falls below safety threshold).

sr / snr Safety-Respected / Safety-Not-Respected region.

Pdmin Agent with current minimum inter-distance to ego (closest agent).

PtS N R Agent with minimum predicted tSNR (earliest safety violation).

PT Selected priority target (agent chosen for focused avoidance by priority strategy).

Np / Na gent Number of surrounding PLEVs (agents) considered.

N Number of prediction steps.

M Number of ego trajectory samples.

U = (u( t0 ) , . . . , u( t0 + Nc )) Control sequence over the control horizon.

u( t) Control inputs (e.g., acceleration and steering angle).

amin , amax , δmin , δmax Admissible control bounds.

U Set of admissible control inputs.

f ( · , ·) Discrete-time vehicle dynamics (state-update map).

w( t) Process noise / disturbance.

J ( ·) Primary MPC /SMPC cost function.

J p ( ·) PIDP-related penalty: cost for deviating from F_PIDPre f .

Jsmooth , Jcom f or t , Je f f i c i ency Components of trajectory-selection cost.

ws , wc , we Weights for smoothness, comfort, efficiency.

F Multi-objective cost used in U-MPC / optimization.

f x , f x N , f u , f p Sub-costs composing F .

γ i Weights for the F components.

α Risk/confidence parameter.

σ( t) Tightening term computed from variance.

ΣT Simulated position / tracking error magnitude.
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1
G E N E R A L I N T R O D U C T I O N A N D M A I N C O N T R I B U T I O N S

This chapter presents the motivation for this work by examining the rise of
Personal Light Electric Vehicles (PLEVs) in cities and the challenges they pose
for autonomous navigation. It defines the core problem of safe navigation, the
main contributions, and outlines the chapters of this thesis.

1.1 overview

This chapter introduces the motivation and context of this research, highlight-
ing the growing impact of Personal Light Electric Vehicles (PLEVs) on urban
mobility and the challenges they pose for autonomous vehicles. It outlines how
unpredictable behavior of PLEV users, combined with evolving traffic regula-
tions, creates complex decision-making problems for autonomous systems with
limited onboard perception. The chapter then defines the core problem of ensur-
ing safe and smooth navigation amid these uncertainties. Finally, it presents an
overview of the proposed solutions and situates the work within the state of the
art of autonomous navigation, focusing on advancing autonomous navigation for
emerging personal mobility devices.

1.2 motivation and context

Autonomous driving systems promise a future of safer roads, reduced traffic
congestion, lower emissions, and more efficient use of urban space, potentially
freeing up areas currently dominated by cars for pedestrians, cyclists, and green
spaces. These systems have the potential to drastically reduce accidents caused by
human error, optimize traffic flow through intelligent coordination, and support
the transition toward more sustainable cities.

However, the increasing invasion of urban centers by new multi-modal trans-
port solutions is directly or indirectly the source of unpredictable behaviors in
the traffic environment. These new multi-modal transport solutions are referred
to as Personal Light Electric Vehicles (PLEVs), including gyropods, monowheels,
hoverboards, and electric scooters. PLEVs are likened to pedestrians or bicycles;
hence, they are expected to use dedicated lanes and are subjected to the same
cycling rules. However, the "Mobility Law 2019" provides for the return of scoot-
ers to traffic lanes when dedicated bicycle lanes do not exist. In such a context,
autonomous vehicles suffer from limited perception, obtained only from onboard
sensors, which makes decision-making and control difficult. In such a situation,
unforeseen and unexpected events stem from the presence of new electrical
mobility systems or from behaviors of unstable pedestrians using (or not) new
PLEV and respecting (or not) the traffic rules. The study of decision-making in
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such uncertain conditions has gained considerable attention. However, many
existing methods tend to be computationally expensive, necessitate numerous
assumptions about the problem structure, and often require substantial prior
knowledge. Hence, their applicability to intricate real-world issues is limited due
to the impracticality or impossibility of meeting all these requirements. Therefore,
a significant challenge in the field of autonomous vehicles (AVs) is ensuring safe
and smooth navigation with respect to all entities surrounding the AV (cf. Figure
1.1). This thesis is part of the project ANNAPOLIS: AutoNomous Navigation
Among Personal mObiLity devIceS, ANR 2022-2025.

Figure 1.1: Users of PLEVs such as gyros, scooters, and bicycles exhibit various uncer-
tain behaviors in an Urban environment, making navigation difficult for the
autonomous vehicle

1.3 positioning of the work in the state of the art

This work focuses on the development of autonomous navigation systems capa-
ble of safely and efficiently navigating in environments populated by various
personal mobility devices, especially PLEVs. The aim is to address the challenges
posed by the unpredictable behaviors of these devices and their users, as well as
the evolving traffic regulations that govern their use. We cover several key areas
in autonomous navigation, including problems in perception, decision-making,
and control strategies for autonomous vehicles. Highlighting perception prob-
lems in accurately detecting and classifying personal mobility devices in the
environment, as well as predicting their multiple possible (or multi-modal) future
trajectories. Roadside Units (RSUs), such as cameras and lidars, are also used to
extend/enhance the perception capabilities of the autonomous vehicle (cf. Figure
1.1). This work focuses on developing a decision-making and control strategy for
autonomous vehicles, specifically addressing the challenges posed by the pres-
ence of personal mobility devices in urban environments. The goal is to develop
robust algorithms that ensure safe and efficient navigation while accounting for
the uncertainties and estimation errors introduced by the multi-modal behavior
of these devices and their users, without being overly conservative.

https://project.inria.fr/annapolis/
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1.4 plevs and problem definition

Autonomous vehicles (AVs) are expected to offer significant benefits, including
reduced congestion, lower emissions, increased lane capacity, and improved
safety. Nevertheless, the level of safety an AV provides depends on its ability to
predict the motion of other road users accurately. This is a difficult problem, also
known as the motion modeling and prediction problem [78], [83], [186]. Moreover,
this problem is further escalated by the widespread use of Personal Light Electric
Vehicles (PLEVs) [5], such as electric scooters [172]. PLEVs are grouped under
the L-category vehicles in the European Union (EU), which is equivalent to the
Sub A category in the United States (US) [187]. Similar to AVs, the goal of PLEVs
in the EU is to reduce pollution and enable fast and easy daily commutes over
short distances [187].

However, PLEVs are found to pose numerous safety challenges to pedestrians,
cars, and other road users. This is because they possess various small sizes and
speeds that are relatively between those of pedestrians and cars [5]. This results
in multiple hypotheses on their future motion (cf. Figure 1.1 & 1.2).

• Visibility and Classification: This problem stems directly from the percep-
tion of the environment. Due to occlusion, sensor noise, and the small size
of PLEVs, it is often hard to distinguish between a pedestrian and a PLEV
user. A PLEV may be misclassified as a pedestrian with a low-speed profile.
Additionally, most perception algorithms rely on data-driven approaches,
yet there is a lack of training datasets that clearly differentiate between
pedestrians, PLEVs, and similar entities.

• Speed Variability: Unlike pedestrians, PLEVs exhibit higher speed profiles,
making them more hazardous. This becomes very disastrous when com-
bined with the classification issue. Meanwhile, constantly accounting for
uncertainty in the speed of surrounding agents can lead to overly cautious
behavior in autonomous systems.

• User Behavior: PLEV users often display erratic behavior, whether in-
tentional or accidental. For example, a user may abruptly accelerate or
decelerate, or lose balance and fall. These unpredictable actions make it
unreliable to depend solely on a single motion prediction.

Therefore, it is crucial to assess collision risks and implement effective multi-
risk management strategies. This ensures that an autonomous vehicle’s motion
remains safe and less conservative, while maintaining passenger comfort.

1.5 proposed solutions and contributions

The proposed decision-making and control strategy employs a Multi-Risk Assess-
ment and Multi-level Motion Optimization and Control (MiRA-MOC) method to
address the above problems. More specifically, below are the key contributions of
this work:
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Figure 1.2: A scenario showing the evolution of the uncertainty of multiple PLEVs with
multi-modal motion uncertainties, the candidate trajectories of the AV, the
selected global safe trajectory, and the local control trajectory

• A Multi-Risk Assessment and Multi-level Motion Optimization and Con-
trol (MiRA-MOC) architecture is proposed to combine multi-risk assess-
ment and sampling-based planning with local control refinement, enabling
robust and smooth motion under uncertainty.

• The Fusion of stochastic Predictive Inter-Distance Profile (F-sPIDP) is
integrated into the motion planning process, extending the concept of
Predictive Inter-Distance Profile (PIDP) [5], [17], [102] to enable a structured
assessment of the stochastic uncertainties and multi-modal behaviors of
surrounding agents.

• A sampling-based optimization planner is developed to evaluate candidate
trajectories using F-sPIDP-derived safety constraints. This method allows
sampling multiple possible solutions, unlike the single solution most state-
of-the-art algorithms provide.

• And a subsequent local control optimization method is presented to refine
the selected trajectory by generating dynamically feasible control actions
that remain consistent with the underlying uncertainty profile.

• The overall multi-level framework (MiRA-MOC) is validated through sim-
ulations and experimentation, demonstrating enhanced safety, robustness,
and motion smoothness under varying levels of uncertainty.

1.6 manuscript outline

This manuscript is outlined as follows:

• Chapter 1: presents the motivation of the work and an overview of the
problem being addressed

• Chapter 2: highlights the state-of-the-art methods, introducing various con-
trol architectures, emphasizing multi-modal motion prediction for PLEVs.
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• Chapter 3: presents planning, risk assessment & management, and control
methodologies in the literature.

• Chapter 4: gives an overview of the proposed global architecture, Multi-Risk
Assessment and Multi-level Motion Optimization and Control (MiRA-MOC),
for multi-risk assessment and management.

• Chapter 5: develops and discusses the Fusion of Predictive Inter-Distance
Profiles (F-PIDP). This framework enables the continuous assessment of
collision risk among multiple vehicles.

• Chapter 6: presents Fusion of stochastic PIDP (F-sPIDP), which extends
F-PIDP, and the proposed strategy MiRA-MOC, detailing the methodology
for managing collision risk.

Finally, Chapter 7 provides a global conclusion of the proposed solution, sum-
marizes the main contributions of this thesis, and discusses prospects.

The highlights of the ongoing experimentation of MiRA-MOC are presented in
the Appendix.
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AU T O N O M O U S U R B A N D R I V I N G : A R C H I T E C T U R E S A N D
M U LT I - M O D A L M O T I O N P R E D I C T I O N

This chapter reviews the advances of autonomous driving systems in urban envi-
ronments. It outlines the challenges of complex traffic and the growing presence
of Personal Light Electric Vehicles (PLEVs). System architectures—modular,
end-to-end, and hybrid—are compared for safety and reliability. Key motion
prediction methods and the impact of uncertainty on perception, planning, and
control are discussed, emphasizing that managing uncertainty is essential for
robust urban autonomy.

2.1 introduction

Autonomous vehicles (AVs) promise transformative benefits in terms of safety,
environmental impact, and transportation efficiency. First and foremost, AVs can
dramatically enhance road safety by eliminating the human error that underlies
most traffic accidents. For instance, [116] emphasizes that approximately 94% of
crashes stem from human factors, and through automation, AVs have the poten-
tial to significantly reduce both collisions and driving variability, thereby reducing
driver stress and increasing comfort [116]. In real-world deployments, Waymo
vehicles recorded an 88% decrease in property-damage claims and a 92% reduc-
tion in bodily-injury claims compared to human-driven vehicles, underscoring
the tangible safety gains of AVs [90].

Beyond safety, autonomous technology also offers notable environmental and
efficiency improvements. AV systems optimized for eco-driving have been shown
to reduce operational emissions and fuel consumption, with certain studies
reporting emissions reductions of 21.2% in operation due to more efficient driving.
Though life-cycle manufacturing effects must also be considered [164]. Moreover,
literature reviews confirm that widespread AV adoption could lead to reductions
in vehicle ownership, congestion, and greenhouse gas emissions, along with
increases in accessibility, mobility, and fleet efficiency [175].

Therefore, the following section discusses a brief history of AVs and their
evolution over the years.

2.2 navigation task in urban environments

The vision of autonomous driving has evolved over several decades, beginning
with early research in the 1980s. Landmark projects such as Carnegie Mellon
University’s Navlab and Mercedes-Benz’s VaMP demonstrated the feasibility
of computer-driven vehicles under controlled environments, laying the founda-
tion for modern developments [52], [171]. The 2004 and 2005 DARPA Grand
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Figure 2.1: The SAE Levels of Driving Automation, ranging from Level 0 (no automation)
to Level 5 (full automation), define the progressive capabilities and responsi-
bilities of autonomous vehicle systems in various driving scenarios [47]

Challenges (cf. Figure 2.2) marked a turning point, catalyzing rapid progress in
perception, planning, and control algorithms, and accelerating the involvement
of industry leaders in automation research [211].

In parallel, Advanced Driver Assistance Systems (ADAS) emerged as a critical
enabler of automated driving. Early ADAS functions, such as adaptive cruise
control (introduced in the late 1990’s by Mitsubishi and Mercedes-Benz), lane-
keeping assistance, and automatic emergency braking, progressively enhanced
vehicle safety and convenience [61]. These technologies not only improved driver
support but also served as stepping stones toward higher levels of autonomy by
integrating sensors, cameras, radar, LiDAR, and AI-based perception [203].

Today, the development of autonomous driving is structured around the SAE
Levels of Autonomy (cf. Figure 2.1), which classify automation from Level 0 (no
automation) to Level 5 (full automation in all conditions) [43]. Most commercially
available systems fall into Levels 1 and 2, offering driver assistance features where
human supervision remains mandatory. More advanced pilots, such as Tesla’s
Full Self-Driving Beta and Mercedes-Benz’s Drive Pilot, operate at Level 2+ and
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Figure 2.2: Stanley: winner of the 2005 DARPA Grand Challenge [59]

Level 3, where conditional automation allows the driver to disengage under
limited circumstances [11]. Experimental prototypes and robotaxi services from
companies like Waymo, Tesla, and Cruise continue to push toward Levels 4 and
5, where vehicles are capable of fully autonomous operation within geofenced or,
eventually, unrestricted domains [30].
However, the rapid proliferation of micromobility devices, especially PLEVs such
as e-scooters and e-bikes, poses challenges that may hinder these benefits:

First, PLEV users often exhibit unpredictable behavior and take on elevated
risk, which complicates the perception and prediction systems of AVs. E-scooters,
for instance, are frequently perceived as “fun” devices, leading to less cautious
behavior in traffic [153]. A systematic review given in [217] corroborates this,
pointing out the prevalence of risky behaviors among predominantly young,
urban, highly educated users, and the consequent safety concerns. Authors in
[31] similarly note that such behaviors contribute to negative public perception
and vary widely across urban environments, complicating traffic modeling and
AV response.

Second, the mixing of PLEVs and conventional vehicles in ambiguous infras-
tructure zones, such as sidewalks, bike lanes, and roadsides, creates spatial and
regulatory ambiguity. [53] investigated vehicle and e-scooter interactions in a
mini-roundabout scenario and highlighted how inconsistent positioning and
speed behavior make it harder for autonomous vehicles to navigate safely and
efficiently.

Above all, these unpredictable PLEV behaviors can undermine public trust
and the perceived reliability of AV systems. If widespread accidents or unsafe
behavior from PLEVs gives rise to negative media and public sentiment, AV
adoption could suffer from collateral skepticism, a phenomenon that parallels
concerns around other emerging mobility technologies [31].

Urban driving introduces a level of unpredictability that challenges conven-
tional AV planning and control pipelines, which can be summarized as follows:

1. Dynamic and Unstructured Environments: constantly changing traffic pat-
terns, jaywalking pedestrians, cyclists weaving through traffic, and PLEVs
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(e-scooters, e-bikes) sharing road space create a highly dynamic environ-
ment that is difficult to model and predict.

2. Complex Infrastructure: narrow streets, irregular layouts, traffic lights,
roundabouts, and roadworks complicate route planning and rule adherence.

3. High-Density Multi-Agent Interactions: AVs must safely navigate around
pedestrians, cyclists, scooters, and aggressive drivers, all with heterogeneous
dynamics and intentions.

2.3 control architectures for autonomous vehicles

Control architectures define how the different functional components of an
autonomous system: perception, planning/decision-making, and control, are
structured and interact. Two dominant paradigms have emerged: modular system
architectures and end-to-end learning approaches. While modularity provides
interpretability and systematic validation, end-to-end methods promise efficiency
and adaptability. Hybrid approaches attempt to combine the strengths of both.

2.3.1 Sense - Think - Act

The dominant design philosophy in AV development follows the Sense → Think
→ Act paradigm: Perception/Localization → Planning and Decision-Making →
Control, a framework inherited from robotics [211]. This decomposition provides
clear interfaces between functional layers, enabling both performance optimiza-
tion and safety certification (cf. Figure 2.3).

a) SENSE: Perception and Localization

The perception subsystem integrates data from multiple sensors (lidar, radar,
cameras, GNSS, IMU) to generate a representation of the environment. Core tasks
include:

• Object Detection and Tracking: identifying and tracking vehicles, pedestri-
ans, cyclists, and PLEVs in real-time [33], [76].

• Semantic Segmentation: classifying each pixel in camera images or points
in lidar scans to understand road layouts, sidewalks, traffic signs, and other
relevant features [44].

• Localization: estimating the vehicle’s precise position and orientation within
a (high-definition) map using sensor fusion techniques [131].

Sensor fusion methods [222], [235] — e.g., Kalman Filters [19], particle filters
[93], or deep learning-based fusion [27], combine noisy measurements into con-
sistent state estimates. The reliability of this module critically affects downstream
tasks, since errors in perception/localization directly propagate into planning.
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b) THINK: Planning and Decision-Making

Given the perception output, the planning subsystem determines the vehicle’s
future motion while considering safety, efficiency, and rule compliance. Tasks
include:

• Global Route Planning: generating a high-level route from the current
location to the destination using map data and traffic information [89].

• Local Motion Planning: creating dynamically feasible trajectories that avoid
obstacles and respect kinematic constraints [226], [246].

• Decision-Making under uncertainty: managing complex scenarios such as
intersections, merges, and yielding to pedestrians, often under uncertainty
[24].

Planning increasingly integrates (probabilistic) risk assessment, using risk
indicators such as Time-to-Collision (TTC), or probabilistic collision envelopes
[130] to make safe decisions.

c) ACT: Control

The control subsystem executes the planned trajectory by generating low-level
actuator commands (steering, throttle, and brake) within the limits of the vehicle’s
dynamics. Classical control methods include:

• Proportional-Integral-Derivative (PID) Control: simple feedback controllers
for longitudinal and lateral control [177].

• Model Predictive Control (MPC): optimization-based controllers that han-
dle constraints and multi-variable interactions [62], [151].

• Learning-Based Control: such as reinforcement learning approaches that
adaptively learn control policies from data [115].

A critical challenge is ensuring robustness to disturbances (e.g., wind, tire
slip, model error) while also accounting for uncertainties passed down from
perception and planning. Control algorithms must ensure stability, responsiveness,
and passenger comfort while adhering to safety constraints. The performance
of the control layer is tightly coupled to the accuracy of the planning output;
discrepancies can lead to unsafe situations.

Together, these three layers: Perception / Localization → Planning / Decision-
Making → Control, constitute the backbone of most AV systems. However, uncer-
tainties at each layer tend to accumulate, motivating architectures that explicitly
account for uncertainty propagation [183], [232]. This thesis focuses on enhancing
the planning/decision-making and control layer to better manage uncertainties
arising from perception errors and unpredictable agent behaviors, particularly in
complex urban environments with diverse road users.
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Figure 2.3: The Sense → Think → Act paradigm structures autonomous driving systems
into three primary layers: Perception/Localization, Planning and Decision-
Making, and Control. Each layer processes information and passes it to the
next, with feedback loops for refinement and error correction

2.3.2 Modular System Architectures

The modular approach has long been the dominant paradigm for autonomous
driving systems, particularly in academic research and industrial prototypes such
as those from Waymo, Cruise, and Baidu Apollo [179], [216]. In this architecture,
the AV software stack is decomposed into distinct layers, such as perception,
prediction, planning, and control, with well-defined functional modules that
pass structured information downstream (cf. Figure 2.4). This hierarchical design
promotes interpretability, debugging, and validation, which is essential for safety-
critical systems. However, it also introduces potential issues of error propagation,
where inaccuracies in one stage cascade into subsequent modules.

a) Advantages of Modular System Architectures

• Modularity in Development: each module can be independently improved,
allowing different research teams to specialize in their domain.

• Interpretability and Debugging: engineers can isolate errors in one subsys-
tem without affecting others. For instance, if trajectory deviations occur, it
is possible to verify whether the source lies in perception (object misclas-
sification), prediction (incorrect intent estimation), or planning (trajectory
optimization errors).

• Safety Validation and Certification: modular systems facilitate formal veri-
fication and validation processes, as each component can be tested against
specific performance metrics and safety requirements. Hence, regulatory
frameworks (e.g., ISO 26262, SOTIF) prefer modularity to perform safety
validation on well-bounded components [123].
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Figure 2.4: The modular architecture of an autonomous vehicle system, illustrating the
sequential flow from perception to control. Each module processes data and
passes it to the next stage, with potential feedback loops for refinement [183]

b) Limitations of Modular System Architectures

The main drawback of modular pipelines is error and uncertainty propagation.
For example:

• Perception Errors: misclassifications or missed detections in the perception
module can lead to unsafe planning decisions. For instance, if a PLEV is
not detected, the planner may generate a trajectory that ignores critical
constraints and collides with the agent.

• Localization Drift: small errors in vehicle localization can accumulate,
leading to significant deviations from the intended path, especially in urban
regions where GPS signals are weak.

• Prediction Uncertainty: the behavior of other agents (vehicles, pedestrians,
PLEVs) is inherently uncertain and multi-modal. If the prediction module
only provides a single trajectory hypothesis, discarding valuable uncertainty
information, the planner may not account for all possible future scenarios,
leading to unsafe maneuvers.

This phenomenon is often referred to as the cascading error problem. Recent
research advocates explicitly modeling uncertainty in perception and propagating
probabilistic representations through the pipeline [71], [106] as proposed in this
work. A generic modular pipeline is illustrated in Figure 2.4.

2.3.3 End-to-End System Architectures

In contrast to modularity, end-to-end System Architectures seek to directly map
sensor inputs (e.g., raw camera images) to driving actions (steering, throttle,
braking) using a single or multiple neural networks [240]. This approach was
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popularized by NVIDIA’s PilotNet [20], [21], which demonstrated that convolu-
tional neural networks can learn lane-following behavior from human driving
demonstrations (cf. Figure 2.5).

a) Advantages of End-to-End System Architectures

• Reduced Complexity in Design: by eliminating hand-crafted modules,
end-to-end learning bypasses the need for explicit detection, prediction, and
planning.

• Simplicity in Data Flow: the entire perception-to-control pipeline is learned
jointly, potentially allowing the model to optimize performance holistically
rather than in isolated stages.

• Potential for Rich Representations: neural networks can exploit subtle cues
in the environment (e.g., shadows, motion cues) that might be overlooked
in modular systems.

• Data-driven Adaptation: models can, in principle, adapt to new environ-
ments without redesigning modules.

b) Limitations of End-to-End System Architectures

• Lack of Interpretability: the black-box nature of deep networks makes it
difficult to explain specific driving decisions or predict system behavior,
complicating debugging and safety validation.

• Data Requirements: training requires vast and diverse datasets to cover
edge cases. Rare but safety-critical events (e.g., emergency braking for a
PLEV cut-in scenario) are underrepresented [42].

• Generalization: end-to-end models often fail to generalize to unseen envi-
ronments, weather conditions, or traffic rules.

• Safety Certification: regulatory bodies currently lack methods to certify
black-box decision systems.

c) Hybrid System Architectures

Emerging work explores semi-end-to-end systems, where neural networks are
trained for specific submodules (e.g., prediction or trajectory generation), but still
operate within a modular pipeline (cf. Figure 2.6). Examples include:

• Imitation Learning for Waypoint Prediction: networks that predict way-
points or trajectories given high-level commands, which are then tracked by
a traditional controller [42].

• Learning-Based Prediction Modules: deep models that generate multi-
modal future trajectories for surrounding agents directly from sensor data
before feeding into a classical planner [191].
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Figure 2.5: The end-to-end architecture of an autonomous vehicle system, where raw
sensor inputs are directly mapped to control commands through a deep
neural network [183]

• Reinforcement Learning for Decision-Making: using RL to learn high-level
decision policies (e.g., when to change lanes or yield) with safety verification
layers that override unsafe actions [202].

This work adopts a hybrid approach, leveraging a mixture of learning-based
perception and planning modules, while maintaining modularity for interpretabil-
ity and safety validation. By explicitly modeling uncertainties in agent behavior
and propagating them through the planning and control layers, we aim to en-
hance the robustness of autonomous vehicles in complex urban environments
with diverse road users.

2.4 uncertainties in agent motion prediction

A critical bottleneck in autonomous navigation lies in predicting the future
behavior of surrounding agents. Unlike static obstacles, dynamic agents such as
vehicles, pedestrians, cyclists, and PLEVs exhibit intent-driven, multi-modal, and
stochastic motion patterns. As such, deterministic single-trajectory prediction is
insufficient for safety-critical decision-making.

According to Lefèvre et al. [130] and Rudenko et al. [186], uncertainty in motion
prediction arises from three major sources:

• Perception Uncertainty: sensor noise, occlusions, and limited field-of-view
lead to inaccuracies in estimating the current state (position, velocity, head-
ing) of other agents.

• Behavioral Uncertainty: human drivers and VRUs (vulnerable road users)
make decisions influenced by hidden internal states (e.g., destination, ag-
gressiveness) that are not directly observable.
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Figure 2.6: The hybrid architecture of an autonomous vehicle system, combining modular
components with learning-based modules for specific tasks such as planning
or trajectory generation [183]

• Environmental Uncertainty: road geometry, traffic rules, and weather con-
ditions influence feasible maneuvers, but may be partially known or change
over time.

The following reviews state-of-the-art methods for predicting agent motion,
with an emphasis on multi-modal predictions and uncertainty quantification.

2.4.1 Multi-modal Motion Prediction

Early approaches to motion prediction relied on physics-based models (e.g.,
constant velocity/acceleration), maneuver-based classifiers (e.g., lane change,
turn), or deep learning methods that output a single future trajectory. However,
these methods struggle to capture the complex interactions and inherent multi-
modality of human behavior. The multi-modality of human behavior refers to
the fact that at any given moment, multiple plausible future actions exist. For
instance, at an intersection, an agent may turn left, turn right, or go straight, each
with different probabilities. The following subsections summarize key categories
of motion prediction methods.

Table 2.1 summarizes the key models of multi-modal motion prediction meth-
ods, highlighting their approaches to modeling multi-modal uncertainty and
their respective strengths and limitations.

a) Physics-based models

Early approaches relied on kinematic and dynamic models such as constant veloc-
ity (CV) [12], [193], constant acceleration (CA) [98], [135], constant turn (CT) [130],
[135], [143], or bicycle models [195] (cf. Figure 2.7 (a)). While computationally
efficient, these models fail in highly interactive scenarios, since they cannot ac-
count for intention changes. The social force model (SFM) [40], [146] is a popular
method used to incorporate agent intentions into the physics-based models. The
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Table 2.1: Summary of multi-modal motion prediction algorithm classes

Class Representative
methods

How multi-
modality is mod-
elled

Strengths / Limi-
tations

Physics-based Constant Velocity
(CV), Constant
Acceleration (CA),
Constant Turn (CT),
bicycle models,
Social Force models,
Interacting Multi-
ple Model Filter
(IMMF)

Multiple dynamic
modes (IMMF) or
stochastic noise;
intentions via at-
tractive/repulsive
forces

Fast and inter-
pretable; good
short-term, poor
at long-term
interactions and
complex intent
modelling.

Maneuver-
based

Maneuver clas-
sifiers, Hidden
Markov Models
(HMM), Condi-
tional Random
Fields (CRF), prob-
abilistic finite-state
machines

Discrete maneuver
hypotheses (e.g.,
lane-change, turn,
stop) each condi-
tioned to produce
trajectory sets

Incorporates
traffic rules and
priors; requires
labeled maneu-
vers and limited
by predefined
maneuver set.

Learning-
based

RNN / LSTM,
Transformer, Graph
Neural Networks
(GNN), CVAE /
VAE, GAN, Trajec-
tron / Trajectron++,
Normalizing flows

multi-modality via
latent variables,
mixture-density
outputs, generative
sampling or search
to produce multiple
plausible futures

Captures com-
plex interactions
and multi-
modality; re-
quires large
dataset, less
interpretable,
and can be very
computationally
intensive.

model superimposes attractive forces to a goal with repulsive forces from other
agents and obstacles to model agent intentions [152] (cf. Figure 2.7 (b)). These
methods are still widely used as a baseline or for short-term predictions. However,
they do not capture multi-modality or uncertainty beyond simple Gaussian noise
models. To handle this, Interacting Multiple Model Filter (IMMF) [39], [48], [129],
[136], [192] frameworks combine multiple dynamic models, by maintaining a
probability distribution over different motion hypotheses (CV, CA, CT) (cf. Figure
2.7 (c)). Nevertheless, as seen in [193], these models still struggle with long-term
predictions in complex scenarios (cf. Figure 2.7 (d)).

b) Maneuver-based models

Maneuver-based models classify agent behavior into discrete categories (e.g., lane
change, turn, braking, crossing) and predict mid to long-term future trajectories
conditioned on the predicted maneuver [95]. Hidden Markov Models (HMMs)
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Figure 2.7: Illustrative physics-based prediction methods: (a) a constant dynamics model,
(b) an attraction–repulsion model capturing simple intentions, and (c) an
interacting multiple model filter (IMMF) with several dynamic modes [186],
(d) limitation of physics-based models for long-term predictions [193]

and Conditional Random Fields (CRFs) have been widely applied [130], they
use probabilistic graphical model that can effectively capture sequential data by
considering contextual information. The authors in [95], [126] predefined a set
of trajectories corresponding to various maneuvers. A Hidden Markov Model is
subsequently employed to determine the most probable trajectory of an agent for
risk assessment by analyzing its sequence of observed measurements (cf. Figure
2.8(a)). In [233], a CRF model is used for multiple target detection and tracking
using a CRF model of appearances and motion patterns. A recent CRF model in
[87] explicitely builds a CRF over future intention variables along-side spatiotem-
poral trajectory variables, allowing the model to jointly encode interactions and
temporal consistency to predict multi-modal motions. Similarly, the work in [100]
employs a probabilistic finite-state machine to model complex driving maneuvers
as sequences of primitive elements defined by fuzzy-logic rules. These rules are
obtained from a dataset containing signals such as velocity, acceleration, and
steering angle. A Bayes filter is then used to recognize maneuvers by estimating
the probability of each primitive element given the maneuver model (cf. Figure
2.8(b)).

Maneuver-based methods serve as an intermediate between simple physics
models and complex learning-based approaches. They can incorporate domain
knowledge and traffic rules to constrain predictions. However, uncertainty re-
mains high when maneuvers are ambiguous. Furthermore, these methods can
capture some multi-modality but are limited by the predefined maneuver set and
often require extensive labeled data.



2.4 uncertainties in agent motion prediction 39

Figure 2.8: Maneuver-based prediction methods: a Hidden Markov Model (HMM) clas-
sifying maneuvers (lane change, moving straight) to predict trajectories [126]

c) Learning-based models

Recent advances leverage deep learning to model the rich spatiotemporal de-
pendencies in agent behavior. Recurrent Neural Networks (RNNs) [189] or Long
Short-Term Memory (LSTM) [3] networks, and more recently, Transformer ar-
chitectures [84], [188] have been employed to capture temporal dynamics. These
models can learn complex patterns from large datasets, enabling more accu-
rate predictions. Several models have been proposed to explicitly model multi-
modality and uncertainty:

• RNN/LSTM-based models: capture temporal dependencies in trajectories
[51]. Social-LSTM [3] incorporates social pooling to model interactions and
the influence of neighboring agents (cf. Figure 2.9(a)).

• Graph Neural Networks (GNNs): encode interactions between multiple
agents as graph structures for stochastic trajectory prediction [144].

• Generative models: Variational Autoencoders (VAE) and Generative Ad-
versarial Networks (GANs) [188] generate a distribution over diverse multi-
modal trajectories [128]. Social-GAN [84] uses a GAN framework to generate
socially acceptable trajectories.

• Graph Recurrent Networks: combine the strengths of GNNs, VAEs, and
RNNs to model spatiotemporal dependencies in motion data, such as
trajectories of pedestrians, vehicles, or PLEVs in a scene. The output is
probability distributions over multi-modal trajectories [106], [191].

These models can generate multiple trajectory hypotheses, each with an associ-
ated likelihood or distribution, enabling planners and decision-making systems
to reason about uncertainty and risk.
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Figure 2.9: Learning-based prediction methods: (a) Social-LSTM with social pooling
to model interactions between agents [3], (b) SoPhie: An Attentive GAN
for predicting paths compliant to social and physical constraints [188], (c)
Graph-structured recurrent model capturing interactions and multi-modal
trajectories [191]

2.4.2 Roadside Units (RSUs) for Augmented Perception

One of the primary sources of uncertainty in prediction is the limited perception
range and occlusion. For example, an approaching PLEV hidden behind a parked
car may not be visible until it is too late for a safe reaction. The integration of
Roadside Units (RSUs) into autonomous vehicle systems represents a significant
advancement in enhancing perception capabilities, particularly in such complex
urban environments (cf. Figure 1.1). RSUs are fixed infrastructure components
equipped with various sensors, such as cameras, LiDAR, and radar, that can
monitor traffic conditions, detect obstacles, and communicate with vehicles in
real-time. When connected via Vehicle-to-Everything (V2X) communication, RSUs
can extend the perception field of AVs [85], [157], [158], thereby overcoming some
of the limitations of onboard sensors, such as occlusions and limited field-of-view.

2.4.3 Benefits of RSU-assisted prediction

The deployment of RSUs offers several key benefits for motion prediction and
overall autonomous driving performance:
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• Occlusion handling: RSUs positioned at intersections can detect pedestrians
hidden from the AV’s line of sight.

• Extended range: infrastructure sensors often have higher vantage points,
offering longer detection ranges.

• Cooperative perception: by aggregating observations from multiple vehicles
and RSUs, global scene understanding improves [34].

• Reduced prediction uncertainty: with better perception inputs, the variance
in predicted trajectories decreases.

2.5 conclusion

This chapter has provided an overview of advances in autonomous driving, state-
of-the-art control architectures, and techniques for predicting the motion of agents
in urban environments. We discussed the challenges posed by the complexity
and unpredictability of urban settings, highlighting the importance of accurate
motion prediction for surrounding agents. Various approaches to multi-modal
motion prediction were explored, including physics-based models, maneuver-
based models, and Learning-based models, with a focus on their strengths and
limitations. We also examined the role of roadside units (RSUs) in enhancing
perception and prediction capabilities, particularly in occluded scenarios. Overall,
this chapter has laid the groundwork for understanding the critical components of
autonomous driving systems and set the stage for further exploration of specific
algorithms for planning and decision-making in subsequent chapters.
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P L A N N I N G A N D D E C I S I O N - M A K I N G I N U R B A N
E N V I R O N M E N T S

This chapter reviews planning and decision-making methods for autonomous
navigation. It covers global and local planning approaches, from graph and
optimization-based methods to model-predictive and learning-based control. Vari-
ous risk assessment and management techniques are discussed alongside relevant
safety standards. The chapter highlights how integrated risk assessment and man-
agement enable safer trajectory planning and motivate the multi-risk framework
introduced next.

3.1 introduction

The key research challenge is not just predicting future motion, but also effectively
incorporating uncertainty into the decision-making process. For instance, if two
trajectories are equally likely (pedestrian crosses vs. waits), a robust planner
must account for both. Ignoring uncertainty can result in either unsafe (overly
aggressive) or inefficient (overly conservative) behavior [201].

State-of-the-art frameworks now integrate probabilistic forecasts into risk-aware
planning, where trajectory optimization explicitly accounts for the distribution of
possible agent motions.

3.2 bridging perception outputs and low-level control

Planning and decision-making form the central “thinking” layer of the au-
tonomous driving pipeline, bridging perception outputs and low-level control
execution. The role of the planning subsystem is to generate safe, feasible, and
socially compliant trajectories under uncertainty. In urban settings, this is particu-
larly challenging due to dynamic interactions with pedestrians, cyclists, and other
vehicles, as well as the need to follow traffic rules and implicit social conventions.

Broadly, planning and decision-making involve:

• Global Trajectory Planning: Planning the high-level path across the road
network from the current location to the destination, considering both static
and dynamic map data and traffic conditions.

• Local Trajectory Planning and Control: Generating dynamically feasible
motions in real time that avoid obstacles and respect kinematic constraints.

• Risk Assessment and Management: Ensuring safety under uncertainty
through risk-aware decision-making, often by evaluating multiple trajectory
hypotheses and their associated risks.
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3.3 global trajectory planning

Global trajectory planning involves determining an optimal path from the ve-
hicle’s current location to a destination, considering the road network, traffic
conditions, and any relevant constraints. This high-level planning may require
path re-planning to handle dynamic obstacles efficiently and safely in complex
urban environments.

Table 3.1: Summary of global trajectory planning classes

Class Representative
methods

Strengths / Typical use-cases / Limita-
tions

Graph-based A*, D* Lite, ARA*,
LPA* [89], [119],
[120], [139]

Deterministic, complete (under assump-
tions), efficient with good heuristics; ex-
cellent for structured maps and frequent
replanning. Limitation: scalability on very
large graphs and sensitivity to heuristic
quality.

Probabilistic /
Sampling-based

RRT, RRT*,
Informed-RRT*,
PRM, PRM* [74],
[111], [114], [127]

Handles high-dimensional and unstruc-
tured spaces; probabilistic completeness,
RRT*/PRM* offer asymptotic optimality.
Limitation: may require smoothing/op-
timization for comfort and dynamic fea-
sibility; convergence depends on sample
density.

Kinodynamic /
Lattice-based

State lattices, Hy-
brid A* (motion
primitives, Dubin-
s/Reeds–Shepp),
gPELC [1], [54],
[55], [168], [169]

Encodes kinematic/dynamic constraints
via motion primitives; produces trackable,
smooth paths for non-holonomic vehicles.
Limitation: discretization resolution trade-
offs and higher per-node cost.

Optimization-
based

MILP / MIQP,
Sequential Con-
vex Optimization
(CHOMP, Tra-
jOpt) [180], [181],
[196], [247]

Produces smooth, constraint-respecting
trajectories and can encode complex cost-
s/logic; useful as refinement stage. Limi-
tation: computational cost, local minima,
scaling with problem complexity.

Learning-based Imitation learn-
ing (DAgger),
Reinforcement
learning, VINs,
PRM-RL, learned
heuristics/sam-
plers [65], [104],
[185], [209]

Learns priors, heuristics or policies from
data to speed planning and capture se-
mantics; can bias samplers or heuristics
for efficiency. Limitation: generalization,
safety guarantees, and need for large/rep-
resentative data; often used in hybrid
pipelines.
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Table 3.1 summarizes the key classes of global trajectory planning methods,
highlighting their strengths, typical use-cases, and limitations.

3.3.1 Graph-based Global Trajectory Planning

The core idea is to represent the road network as directed or weighted graph,
where nodes correspond to intersections or waypoints, and edges represent road
segments with associated costs. Algorithms such as Dijkstra, A*, and their incre-
mental variants (LPA*, D* Lite) search this graph for a path that minimizes a cost
function (e.g., distance, energy, travel time, traffic conditions). These methods are
deterministic, complete, and can guarantee optimality under certain conditions.
Their efficiency depends strongly on heuristics and update mechanisms, mak-
ing them well-suited for structured maps and environments with frequent cost
updates.

Figure 3.1: Graph-based global trajectory planning methods: (a) A* search on a weighted
graph, (b) improved A* search with smaller search expansion [237]

• A* algorithm: is an informed search algorithm that extends Dijkstra’s [64],
[108] by incorporating heuristics h(n) to guide the search towards the
goal more efficiently [89]. It maintains a priority queue of nodes to explore,
ordered by the sum of the cost from the start node and a heuristic estimate of
the cost to the goal. This allows A* to focus on promising paths, significantly
reducing the number of expansions compared to uninformed methods. The
choice of heuristic is critical; it must be admissible (never overestimate) to
guarantee optimality. Common heuristics include Euclidean or Manhattan
distance, depending on the environment. A* is widely used in autonomous
vehicle global planning due to its balance of optimality and efficiency. It
can handle dynamic updates to edge costs, making it suitable for real-
time route adjustments in response to traffic conditions or road closures.
Variants like D* Lite and Anytime Repairing A* further improve efficiency
by reusing previous search results when the environment changes [119].
However, A* can still struggle with very large graphs or highly dynamic
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scenarios, where the overhead of maintaining the open list and re-expanding
nodes can become significant. In such cases, hierarchical or multi-resolution
approaches can help manage complexity.

• D* Lite algorithm: is an incremental search algorithm designed for dynamic
environments where edge costs (e.g., new obstacles) may change over time
[119]. It builds upon the principles of A* but optimizes for scenarios where
the graph is not static, making it ideal for global planning in unknown
or evolving environments. D* Lite maintains a priority queue of nodes
to explore, similar to A*, but it efficiently updates the search tree when
edge costs change, allowing for rapid replanning without starting from
scratch. This makes it particularly well-suited for autonomous vehicles
operating in urban environments, where traffic conditions, road closures,
and obstacles can frequently alter the optimal path. D* Lite guarantees
optimality as long as the heuristic remains admissible. Its efficiency comes
from reusing previous search results, significantly reducing the number
of node expansions required for replanning. However, the algorithm’s
performance can still be affected by the frequency and extent of changes in
the environment, as well as the complexity of the underlying graph.

• Anytime Repairing A* (ARA*) algorithm: is an anytime version of the A*
algorithm that provides a trade-off between solution quality and computa-
tion time [139]. It starts with a suboptimal solution and iteratively refines
it as time allows, making it suitable for real-time applications where quick
responses are necessary. ARA* uses a weighted heuristic to find an initial
solution quickly, then gradually reduces the weight to improve optimality.
This approach allows the algorithm to provide a feasible path almost im-
mediately, which can be crucial for autonomous vehicles in dynamic urban
environments where decisions must be made rapidly. ARA* maintains the
same optimality guarantees as A* when the weight is reduced to one, en-
suring that the final solution is optimal. However, the initial suboptimal
solutions may not always be safe or efficient, so careful tuning of the weight
parameter is necessary to balance speed and quality.

• Lifelong Planning A* (LPA*) algorithm: LPA* generalizes A* to efficiently
solve a sequence of similar shortest-path problems on a static topology with
changing costs, reusing search trees, and updating only affected regions.
Conceptually, it is the substrate upon which D* Lite is built, offering clear
proofs and mechanisms for incremental consistency [120]. In global plan-
ning, LPA* is ideal for scenarios with repeated queries (e.g., patrol routes) or
streaming map updates (sensor fusion). It balances recomputation and reuse
via two value functions per node (g− value, rhs− value) and a key function
influenced by the heuristic. LPA* is chosen when the graph connectivity is
stable but costs change, enabling persistent planning without discarding
prior effort. It integrates with admissible heuristics and supports consistent,
optimal solutions after each update, often with far fewer expansions than
fresh A*. However, like other incremental algorithms, its performance can
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be affected by the frequency and extent of changes in the environment, as
well as the complexity of the underlying graph.

3.3.2 Probabilistic and Sampling-based Global Trajectory Planner

Sampling-based methods, such as Rapidly-exploring Random Trees (RRT) [127]
and Probabilistic Roadmaps (PRM)[114], offer an alternative approach that is
particularly useful in high-dimensional or unstructured environments where
full graph discretization is impractical. Instead of discretizing the entire state
space, probabilistic methods randomly sample the configuration space to build
a graph or tree of feasible paths, which can then be searched, for an optimal
route. These algorithms are probabilistically complete, meaning the chance of
finding a path (if one exists) approaches one as samples increase. While they do
not guarantee optimality, they can efficiently explore complex spaces and handle
dynamic obstacles by re-sampling or re-growing the tree. Variants like RRT*
provide asymptotic optimality, making them attractive for real-time applications.

• Rapidly-exploring Random Trees (RRT) and variants (RRT*, Informed-
RRT*): RRT [127], [182] builds a tree by randomly sampling the state space
and extending toward samples with a steering function, quickly finding
feasible paths in high-dimensional spaces, ideal for global planning with
complex geometry and dynamics. It is probabilistically complete but not
optimal. RRT* adds rewiring to achieve asymptotic optimality: as samples
grow, the solution cost converges almost surely to the optimum, with similar
order-complexity to RRT [111]. This makes RRT* a principled global planner
when solution quality matters, but exact discretization is hard. Informed-
RRT* [74] accelerates convergence by sampling directly within the subset
of states that can improve the current best path (a prolate hyperspheroid
under path-length costs), retaining RRT*’s guarantees while focusing global
search. Extensions like Batch Informed Trees (BIT*) [73] further blend graph
and sampling ideas for efficiency (cf. Figure 3.2).

Figure 3.2: Probabilistic and sampling-based global trajectory planning methods:
Rapidly-exploring Random Trees (RRT) (left) and Improved RRT (right) build-
ing a tree via random sampling [220]
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• Probabilistic Roadmaps (PRM): PRM [114] is a two-phase global planner:
a learning phase builds a roadmap by sampling free configurations and
connecting neighbors; a query phase runs graph search (e.g., Dijkstra/A*)
on the roadmap (cf. Figure 3.3). It scales nicely to high-dimensional static
environments with multiple queries. Variations (k-PRM, lazy PRM, PRM*)
[111] tune connection strategies and optimality/efficiency trade-offs; PRM*
adds asymptotic optimality akin to RRT*. In practice, roadmap density
and connection radii are chosen to balance connectivity versus collision-
check cost. PRMs are attractive for long-range navigation where many
start/goal pairs are asked on the same world (warehouses, factory floors).
They integrate naturally with learned local planners or dynamics-aware
edges, supporting kinodynamic feasibility in the global graph.

Figure 3.3: Probabilistic and sampling-based global trajectory planning methods: Proba-
bilistic Roadmaps (PRM) with 60 nodes (left) and 150 nodes (right) [145]

3.3.3 Kinodynamic Search on Lattices Global Trajectory Planner

Kinodynamic planning integrates both kinematic constraints (e.g., turning radius,
acceleration limits) and dynamic constraints (e.g., velocity, force limits) into
the search process. Lattice-based methods discretize the state space into a grid
or lattice structure, where each node represents a feasible vehicle state, and
edges correspond to motion primitives that respect the vehicle’s dynamics. The
search algorithm then explores this lattice to find a path that satisfies both the
geometric and dynamic constraints of the vehicle. State lattices use pre-computed
motion primitives, while Hybrid A* extends A* into continuous state spaces
with vehicle models (like Dubins or Reeds-Shepp curves). This approach is
particularly effective for vehicles with non-holonomic constraints, such as cars,
and can produce smooth, drivable paths. However, it can be computationally
intensive due to the high dimensionality of the state space and the need for fine
discretization to capture complex maneuvers.

• State Lattice Planning: State lattices [168] discretize the continuous, differen-
tially constrained state space into a grid of states connected by precomputed
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motion primitives that respect kinematics or dynamics. Global planning
then reduces to graph search over feasible motions, yielding dynamically
consistent paths [169]. By encoding curvature and speed limits into primi-
tives, the global plan is inherently trackable and smooth, avoiding the “grid
jaggedness” of naive A*. Lattice resolution and primitive sets govern opti-
mality and runtime; multi-resolution lattices can speed large-area searches
[79], [170]. Lattices excel in off-road autonomous driving and planetary
rovers, where feasibility matters as much as optimality. They also enable
full-space cost evaluation (terrain, slip) and fast collision checks, supporting
real-time global planning in rough terrain.

Figure 3.4: State Lattice with motion primitives [169]

• Hybrid A*: [54] extends A* to continuous states (x, y, θ, sometimesv) by
expanding with kinematically feasible forward simulations and using con-
tinuous heuristics, producing smooth, drivable global paths even in tight
spaces. It often follows with a local optimization phase to polish the solution.
The method combines the robustness of grid search with vehicle models
(e.g., Dubins/Reeds-Shepp steering), handling forward/reverse and non-
holonomic constraints. It is widely used in autonomous-driving stacks for
parking lots and structured roads [55]. Trade-offs include higher per-node
expansion cost and sensitivity to discretization of controls. Heuristics (ana-
lytic path lengths) and motion-primitive sets ameliorate search effort, while
post-processing (gradient-based smoothing) ensures curvature/acceleration
limits are met.

• Global Parallel Elliptic Limit-Cycle (gPELC): and its multi-criteria opti-
mization (PELC*) [1] represents admissible maneuvers as parameterized
elliptic limit cycles (ELC) [2], [103] in the vehicle state or configuration space.
It allows a controller to steer the vehicle along smooth, dynamically feasible,
nonholonomic-compliant paths by selecting and continuously deforming
an appropriate ellipse for reactive and cognitive obstacle avoidance and
goal following. PELC* casts the ellipse-parameter choice as a multi-criteria
optimization problem, considering safety/clearance, progress toward the
goal, smoothness/comfort (such as curvature and jerk), and control effort.
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It selects balanced or weighted solutions via sampling or small constrained
optimization to trade off aggressiveness and conservatism.

3.3.4 Optimization-based Global Trajectory Planner

Optimization-based approaches frame trajectory planning as solving a classical
constrained optimization problem: minimize a cost (e.g., path length, smoothness,
energy) subject to dynamics and collision-avoidance constraints. Mixed-integer
linear or quadratic programming (MILP/MIQP) formulations can encode logical
and dynamic constraints, while convex relaxations and penalty methods (e.g.,
CHOMP, TrajOpt) iteratively refine continuous trajectories. These methods are
powerful for generating smooth, globally consistent trajectories; however, their
scalability is limited by the problem’s complexity. Often, they are used to refine
or optimize an initial path generated by a graph or sampling-based planner.

• Mixed-Integer Linear/Quadratic Programming (MILP/MIQP): [181] pro-
grams encode trajectory planning with obstacle avoidance and logic (e.g.,
region sequencing, collision disjunctions) as a single global optimization.
They can yield globally optimal plans under chosen discretization and are
amenable to receding-horizon use [180]. Strengths include principled han-
dling of multi-vehicle deconfliction and mission logic [58]; weaknesses are
scaling with integers and the need for convex obstacle encodings and time
discretization. MIQP variants capture quadratic costs (e.g., control effort)
with a similar structure.

• Convex relaxations & penalty methods (trajectory optimization): Sequen-
tial Convex Optimization (SCO) [196] solves nonconvex motion planning
by iteratively convexifying dynamics/collision constraints and penalizing
violations, producing smooth, collision-free global trajectories from coarse
initial guesses. TrajOpt popularized hinge-loss collision penalties within
SCO. Such methods (including CHOMP [247]) optimize a continuous curve
with smoothness and obstacle costs, often converging quickly and scaling
to high-DOF robots. They are local, where quality depends on initialization,
but pair well with global graph/sampling seeds for completeness and op-
timality in practice. Convex corridor and trust-region strategies improve
robustness [197], while penalty schedules and signed-distance fields stabi-
lize convergence. These techniques are a mainstay for refining global paths
into dynamically feasible, comfortable trajectories for execution.

3.3.5 Learning-based Global Trajectory Planner

Learning-based planners leverage data or experience to accelerate or improve
trajectory planning. Imitation learning (e.g., DAgger [88]) trains policies from
demonstrations, while reinforcement learning (RL) can discover global policies
or dynamics-aware controllers. Hybrid approaches like Probabilistic RoadMaps
with RL (PRM-RL) combine classical planning with learned policies, and differ-
entiable architectures like Value Iteration Networks embed planning directly into
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neural networks. These methods capture semantic cues and adapt to complex
environments, but often require classical planners as safety layers to guarantee
feasibility and robustness.

• Imitation learning for global planning: IL [185] trains policies to produce
global routes or planning priors from expert demonstrations; DAgger ad-
dresses covariate shift by aggregating data under the learner’s induced
state distribution. In mapping/route tasks, this yields fast global propos-
als that reflect expert cost shaping. These policies can output waypoints,
cost-to-go maps, or heuristics for A*/RRT, reducing search. Benefits in-
clude data-driven generalization to semantics (e.g., “roads”) that are hard
to hand-craft; risks include distribution shift in novel environments without
recovery mechanisms. Hybrid systems combine IL with classical planners
using a learned heuristic to guide global search, while a classical planner
verifies feasibility or optimality. Active or improved DAgger variants reduce
labeling burden while retaining robustness in long-horizon planning.

• Reinforcement learning for global planning: RL [49], [147] trains agents to
maximize cumulative rewards through trial-and-error interactions with the
environment. In global planning, RL can learn policies that map states (e.g.,
vehicle position, map features) to actions (e.g., waypoints, route segments)
that optimize long-term objectives like travel time, safety, or comfort. PRM-
RL [65] combines an RL controller (that captures robot dynamics and
constraints) with a global PRM that connects the states that the controller
can reliably traverse, enabling long-range navigation with dynamics-aware
edges. This leverages RL’s expressiveness while retaining PRM’s global
reachability. The approach improves end-to-end success on long paths and
noisy sensing by ensuring roadmap edges are controllable under the learned
policy, not merely geometrically free. In practice, it scales from hundreds of
meters to kilometers in large maps.

• Differentiable planners and Learned Samples or Heuristics: Value Itera-
tion Networks (VINs) [209] embed a differentiable planning module inside
a neural net, enabling end-to-end training of planners or global heuris-
tics that generalize across maps. For global planning, VINs can directly
output policy/value maps guiding navigation. Learning to sample [104]
focuses on global sampling-based planners where good solutions likely
lie. CVAE-based samplers bias RRT/PRM toward promising regions while
keeping probabilistic guarantees, providing order-of-magnitude speedups
on complex problems. In integrated autonomous driving systems, learned
heuristics or sampling strategies are used to guide classical planners, which
subsequently verify feasibility and, where possible, optimality. This hybrid
approach leverages the strengths of data-driven priors for efficient explo-
ration while maintaining the reliability and robustness of traditional search
and optimization methods, enabling scalable and effective global trajectory
planning [111].
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3.4 local trajectory planning and control

Local trajectory planning and control refer to the planning and control process of
an autonomous system, bridging the gap between global navigation goals and
the real-time dynamic constraints of the environment. While global trajectory
planning provides a high-level route from origin to destination, local trajectory
planning and control are responsible for computing dynamically feasible and
safe trajectories in the short horizon, typically ranging from a few meters up to
several seconds of driving. This stage operates under tighter real-time constraints
and must account for the kinematic and dynamic limitations of the vehicle, while
reacting to moving obstacles, road curvature, and uncertainties in perception and
prediction.

The main goals of local trajectory planning are:

• Feasibility: The generated trajectory must respect the vehicle’s dynamic and
kinematic constraints.

• Safety: It must avoid collisions with static and dynamic obstacles.

• Comfort: Trajectories should minimize abrupt steering, acceleration, or jerk.

• Optimality: Local planners often optimize a cost function balancing safety,
efficiency, comfort, and rule compliance.

This process can be divided into two interconnected problems:

• Trajectory planning: computing a dynamically feasible trajectory (position,
velocity, and orientation profiles over time) that respects vehicle kinematics,
dynamics, and environmental constraints.

• Control: generating low-level actuator commands (steering angles, throt-
tle/brake torques, or motor commands) to accurately track the planned
trajectory, compensating for disturbances, noise, or modeling errors.

Many local planning and control algorithms are hybrid extensions of global
planning techniques combined with dynamic control algorithms. Below, we
review the main approaches.

3.4.1 Trajectory Tracking Controllers (Classic and Geometric)

Classical tracking controllers provide interpretable, lightweight solutions for
real-time trajectory following. They assume the existence of a global trajectory to
be tracked.

• Proportional-Integral-Derivative (PID) controller: are widely used for
longitudinal control (speed and distance regulation) due to their simplicity
and effectiveness [178]. They adjust throttle and braking commands based
on the error between desired and actual speed or distance to a lead vehicle
[17].
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• Pure Pursuit: a geometric method for lateral control [72] that computes
steering commands to follow a reference path by targeting a look-ahead
point on the trajectory [9], [46]. It performs well at low to medium speeds,
though its accuracy degrades under aggressive maneuvers.

• Stanley Controller: developed during the DARPA Grand Challenge [211],
corrects both lateral deviation and heading error, and is widely recognized
as a robust baseline for lateral control on structured roads [56], [82].

These controllers are often combined with higher-level planning or modern
model-based control to improve robustness in nonlinear and dynamic scenarios.

3.4.2 Frenet Frame-based Trajectory Planners

Road-aligned planning in the Frenet coordinate system has been especially suc-
cessful for curved roads and dynamic traffic scenarios [166]. The Frenet Optimal
Trajectory (FOT) approach formulates the planning problem in terms of longi-
tudinal and lateral motion relative to a reference centerline, enabling efficient
polynomial-based trajectory generation [214], [226]. Later improvements intro-
duced corridor-constrained optimization, where trajectories are optimized inside
safe corridors defined by obstacles, improving collision avoidance in complex
urban environments [97]. Because Frenet-based planning decouples longitudinal
and lateral motion, it provides a computationally efficient approach for urban
driving and highway automation [113]. It can be applied to compute both mid-
term global trajectories and short-term trajectories.

Figure 3.5: Vehicle trajectory in Frenet Frame [166]

3.4.3 Velocity Space Reactive Controllers

Velocity-space reactive controllers sample admissible velocity commands within
the vehicle’s dynamic limits, forward-simulate short-horizon trajectories, and
score them by safety, comfort, and progress to the goal. Classic instances include
the Dynamic Window Approach (DWA) [69], [70], which evaluates velocity pairs
under kinodynamic constraints and collision checks, and the Timed Elastic Band
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(TEB) planner [230], which optimizes a time-parameterized sequence of poses
with elastic-band regularization to enforce smoothness and dynamic feasibility.
Related velocity-space paradigms that model collision avoidance directly in veloc-
ity space are the Velocity Obstacles (VO) framework [67], [227] and its reciprocal
extensions (RVO / ORCA) for multi-agent reciprocal collision avoidance [218].
These families of methods are widely used for short-term obstacle avoidance in
low-dynamic and cluttered scenes.

3.4.4 Model-Based Optimal Controllers

Model-based optimal control methods explicitly consider vehicle dynamics and
constraints in trajectory optimization and tracking.

• Iterative Linear Quadratic Regulator (iLQR) and iterative LQG (iLQG) [210],
[212] approximate nonlinear dynamics locally and iteratively refine control
sequences for efficient optimal control. They have been applied to parking
and dynamic obstacle avoidance with uncertainty[38], [148].

• Differential Dynamic Programming (DDP) [150] extends iLQR to handle
more general cost functions and constraints, making it suitable for complex
urban driving scenarios [99], [210]

• Model Predictive Control (MPC) [37], [159], [173] has become the standard
for local trajectory tracking, offering real-time receding-horizon optimiza-
tion that handles nonlinear dynamics, input constraints, and comfort objec-
tives [62]. Nonlinear MPC (NMPC) [174] formulations capture full vehicle
dynamics and constraints, enabling simple or parameterized obstacle avoid-
ance in dynamic environments [66]. NMPC has been successfully deployed
in urban driving tasks, balancing safety, comfort, and efficiency.

• Extensions of MPC, Stochastic MPC (SMPC) [29], [154] and Robust MPC
[219], explicitly accounts for uncertainty in prediction models. SMPC models
the uncertainties as chance constraints in the optimization process. It was
employed in [35] [213] [206] to address the interaction between a vehicle
and a single pedestrian with low dynamics. In [5], the authors presented an
approach to tackle the problem introduced by the multi-modal motion of
PLEVs with high dynamics using a Fusion of PIDPs (F-PIDP) and SMPC.
Scenario-based MPC [14] extends SMPC by considering multiple constraints
to account for multi-modal motion of obstacles. Motion uncertainties can
also be modeled as a Value at Risk (VaR) constraint [86] [63]. However, VaR
methods are more conservative than chance constraint methods, leading to
infeasible solutions that often violate the constraints or hinder performance.

• Model Predictive Path Integral (MPPI) [228] is a sampling-based optimal
control method that uses stochastic sampling to approximate the optimal
control distribution. It has been applied to aggressive driving and obstacle
avoidance tasks, leveraging its ability to handle complex dynamics and
constraints in real-time [75], [229].
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3.4.5 Data-Driven and Learning-Based Controllers

Learning-based controllers leverage data to approximate dynamics or directly
map observations to actions. Imitation learning approaches, starting with Pomer-
leau’s ALVINN system, have evolved into modern deep learning-based frame-
works for conditional imitation of expert driving [42], [171]. Reinforcement
learning (RL) [223] methods learn policies by optimizing reward signals through
interaction, with deep RL [115], [118] providing scalability to complex driving
tasks [190]. End-to-end controllers, such as NVIDIA’s PilotNet [21], directly
map camera inputs to steering commands. While powerful, these systems face
challenges related to interpretability, robustness, and safety certification (cf. Sec-
tion 3.5.4). A promising research direction combines model-based control with
learning-based adaptation, leveraging the strengths of both approaches for im-
proved robustness and generalization.

3.5 risk assessment for autonomous driving systems

Urban driving involves significant uncertainty due to unpredictable behaviors
of pedestrians, cyclists, and other vehicles. The decision-making process for
collision handling in an autonomous vehicle primarily requires a risk assessment
and risk management component. Each of these components plays a crucial
role in ensuring the safety and reliability of autonomous driving systems. This
includes evaluating the likelihood of collisions, near-misses, and other safety-
critical events based on the current environment, vehicle state, and predicted
behaviors of surrounding agents. Techniques for risk assessment and management
often involve probabilistic modeling, machine learning, and scenario analysis to
capture the inherent uncertainties in urban driving.

Risk assessment involves identifying, quantifying, and predicting potential
hazards that autonomous vehicles may encounter during operation. This includes
fault-based risks (e.g., hardware failures, software bugs) and environment-based
risks (e.g., pedestrian behavior, adverse weather, road conditions). The goal is
to evaluate the likelihood and potential impact of these risks on the vehicle’s
operation. They don’t control the AV directly, but provide safety indicators
to inform decision-making and control laws. The following section groups risk
assessment methods into three main categories: (1) Deterministic, (2) Probabilistic,
and (3) Learning-based methods.

3.5.1 Deterministic Risk Assessment Methods

Deterministic methods use simplified prediction models with predefined rules
or thresholds to evaluate risk. They emphasize formal rules, logical reasoning,
or physical/mathematical models to define safety boundaries, transforming
safety requirements into verifiable conditions such as temporal logic or geometric
relationships [194]. These approaches are efficient in structured environments
where clear rules can be applied, providing high interpretability. They often rely
on geometric relationships or criticality indicators, such as distance to obstacles,
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overlap between different shapes (ellipses, circles, polygons), collision time, and
other safety margins. They use collision-based metrics derived from current
vehicle states, such as position, velocity, and acceleration, to assess risk. Examples
include Time-to-Collision (TTC) [125], Post-Encroachment Time (PET) [7], and
Predictive Inter-Distance Profile (PIDP) [103]. TTC is among the most popular and
oldest metrics due to its simplicity, low computational cost, and many variants
for different scenarios. Variants of TTC include Extended Time to Collision
(ETTC) [156], Time Integrating Time-to-Collision (TIT) [23], and Time Exposed
Time-to-Collision (TET) [36].

These metrics provide a straightforward way to quantify the immediacy of
potential collisions based on current trajectories. Deterministic methods are
computationally efficient for short-term predictions and can be implemented
in real-time systems, making them suitable for scenarios where quick decision-
making is essential. However, they may struggle to capture the full complexity
of dynamic urban environments, especially when dealing with unpredictable or
uncertain behaviors of other road users. Below are some examples of deterministic
risk assessment methods:

• Time-to-Collision (TTC): TTC estimates the time remaining before a col-
lision occurs, assuming constant speeds and paths for both vehicles. It is
calculated based on the relative longitudinal speed and distance between
co-linear vehicles [125]. A lower TTC indicates a higher risk of collision,
prompting the autonomous vehicle to take preventive actions in a lead-
follower situation. Equation for TTC is given by:

TTC =
x1 − x2 − L1

v1 − v2
(3.1)

where x1 and x2 are the positions of the two vehicles, L1 is the length of the
first vehicle, and v1 and v2 are their respective velocities. The assumption of
constant linear motion limits the application of TTC [94], [126].

• Extended Time to Collision (ETTC): ETTC [94], [109] extends the basic TTC
concept to 2D planar scenarios, providing a more accurate risk assessment
in dynamic scenarios [156], [224], [244]. It accounts for changes in speed over
time, making it suitable for urban environments where vehicles frequently
accelerate or decelerate. ETTC is calculated using the following equation:

ETTC =
−b +

√
b2 − 4ac

2a
(3.2)

where a = (vx1 − vx2)
2 + (vy1 − vy2)

2, b = 2((x1 − x2)(vx1 − vx2) + (y1 −
y2)(vy1− vy2)), and c = (x1− x2)

2 + (y1− y2)
2− (L1 + L2)

2. Where (x1, y1)
and (x2, y2) are the positions of the two vehicles, (vx1, vy1) and (vx2, vy2) are
their respective velocities in the x and y directions, and L1 and L2 are their
lengths. Figure 3.6 shows the use case of TTC and ETTC in a 2D scenario.

• Time Exposed Time-to-Collision (TET): TET measures the duration for
which the TTC remains below a certain threshold [36], [156], indicating
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prolonged exposure to potential collision risk. It is beneficial for assessing
situations where vehicles are in close proximity for extended periods, such
as in traffic jams or congested urban areas. TET is calculated as:

TET =
∫ t f

t0

1TTC(t)<TTCthreshold
dt (3.3)

where 1 is the indicator function that equals 1 when the condition is met
and 0 otherwise, and t0 and t f are the start and end times of the observation
period.

• Post-Encroachment Time (PET): measures the time difference between
when one vehicle leaves a potential collision point and when another vehicle
arrives at that point [7], [205], [234]. It is particularly useful for assessing
intersection safety and scenarios where vehicles cross paths. A lower PET
indicates a higher risk of collision, prompting the autonomous vehicle to
take preventive actions. PET is calculated as:

PET = tarrival − tdeparture (3.4)

where tarrival is the time when the second vehicle arrives at the potential
collision point, and tdeparture is the time when the first vehicle leaves that
point.

• Predictive Inter-Distance Profile (PIDP): evaluates the distance between
two or more vehicles over a prediction horizon, considering their current
velocities and accelerations with any path for each of these vehicles [16],
[103]. It provides a dynamic assessment of risk by predicting future inter-
distance and calculating the minimum distance between vehicles during the
prediction period. A smaller minimum distance indicates a higher risk of
collision [5]. PIDP is calculated as:

PIDP = min
t∈[0,T]

∥p1(t)− p2(t)∥ (3.5)

where p1(t) and p2(t) are the predicted positions of the two vehicles at time
t, and T is the prediction horizon.

• Deceleration to Safety Time (DST): estimates the required deceleration for
a vehicle to avoid a collision within a specified time frame [101], [194]. It is
calculated based on the current speed, distance to the obstacle, and the time
available to react. A higher required deceleration indicates a higher risk
of collision, prompting the autonomous vehicle to take preventive actions.
DST is calculated as:

DST =
3(v1 − v2)

2

2(x1 − x2 − L1)
(3.6)

where v1 and v2 are the velocities of the two vehicles, x1 and x2 are their
positions, and L1 is the length of the first vehicle.
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Figure 3.6: TTC in co-linear navigation scenario (Left) and ETTC in 2D navigation
scenario (Right) [244]

3.5.2 Probabilistic Risk Assessment Methods

Probabilistic risk assessment methods model the uncertainty in the environment
and agent behaviors using statistical techniques. They estimate the likelihood
of various outcomes based on predicted trajectories and environmental factors.
Hidden Markov Models (HMM) [155], Bayesian networks [132], Gaussian pro-
cesses [142], and Monte Carlo simulations [28] are commonly used techniques.
These methods provide a more comprehensive risk assessment by considering the
inherent uncertainties in urban driving scenarios. They can capture complex inter-
actions between multiple agents and account for variations in behavior, leading to
more robust decision-making. However, probabilistic methods often require more
computational resources and may involve complex modeling assumptions that
can be challenging to validate in real-world scenarios. Below are some examples
of probabilistic risk assessment methods:

• Hidden Markov Models (HMM): are statistical models that represent sys-
tems with hidden states. In the context of autonomous driving, HMMs can
be used to model the behavior of surrounding agents, such as pedestrians
or other vehicles [155]. By inferring the hidden states based on observed
actions, HMMs can predict future behaviors and assess the associated risks
[68]. For instance, a HMM can model the likelihood of a pedestrian crossing
the street based on their current position, speed, and environmental context.

• Bayesian Networks: are graphical models that represent probabilistic rela-
tionships among variables [132]. In the context of autonomous driving, they
can be used to model the dependencies between various factors influencing
risk, such as vehicle states, environmental conditions, and agent behaviors.
By updating beliefs based on new observations, Bayesian networks can
provide real-time risk assessments that adapt to changing conditions [199].
For example, a Bayesian network can model the likelihood of a collision
based on the positions and velocities of surrounding vehicles, as well as
road conditions and weather [112].
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• Gaussian Processes (GP): are non-parametric models that can capture
complex, continuous functions and their uncertainties [92], [198]. In risk
assessment, GPs can be used to predict the trajectories of surrounding
agents and estimate the uncertainty associated with these predictions. By
modeling the spatial and temporal correlations in agent behaviors, GPs can
provide probabilistic risk predictions that account for the variability in agent
actions [142], [162]. For instance, a GP can predict the future positions of
obstacles based on their current motion patterns and environmental context,
allowing the autonomous vehicle to assess the risk of potential collisions
[91], [236].

• Monte Carlo Simulations: simulations involve generating a large number
of random samples to estimate the probability distribution of outcomes [15],
[241]. In autonomous driving, Monte Carlo methods can be used to simulate
various scenarios and evaluate the risk associated with different actions.
By sampling from the distributions of agent behaviors and environmental
conditions, Monte Carlo simulations can provide a comprehensive risk
assessment that captures the full range of possible outcomes. For example,
an autonomous vehicle can simulate multiple trajectories for itself and
surrounding vehicles to estimate the probability of collision under different
maneuvers [28]. The drawback is the computation cost required to consider
all possible scenarios.

• Grid Based Risk Assessment: this method divides the environment into a
grid and assigns a risk value to each cell based on factors such as obstacle
density, agent behavior, and environmental conditions [60]. Using Bayesian
occupancy filtering (BOF) [45], risk values can be updated in real-time as
new information becomes available, allowing the autonomous vehicle to
adapt its risk assessment dynamically.

3.5.3 Learning-Based Risk Assessment Methods

Learning-based risk assessment methods leverage machine learning techniques
to model complex interactions and predict risks based on historical data. These
methods can learn from large datasets of driving scenarios, capturing patterns
and correlations that may not be easily modeled using traditional techniques.
Deep learning models, such as Convolutional Neural Networks (CNNs) and
Recurrent Neural Networks (RNNs), can be trained to predict risk levels based on
sensor data, agent behaviors, and environmental context. Long Short-Term Mem-
ory (LSTM) networks, a type of RNN, are particularly well-suited for modeling
temporal dependencies in driving data. LSTM processes sequences for trajec-
tory and risk prediction, often in encoder-decoder setups for networked risks
or combined with other techniques for lane-change intentions. Reinforcement
Learning (RL) can also be employed to learn risk-aware policies that balance
safety and efficiency by maximizing rewards, such as collision avoidance, through
environment interaction. Variants like Risk-Sensitive RL, such as RACER [207],
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use Conditional Value at Risk (CVaR) [18] as an objective and for uncertainty
estimation in safe decision-making.

Learning-based methods can provide high accuracy and adaptability, as they
can continuously improve with more data. However, they may also suffer from
issues related to interpretability, overfitting, and the need for extensive training
data. Below are some examples of learning-based risk assessment methods:

• Convolutional Neural Networks (CNNs): are deep learning models that
excel at processing spatial data, such as images or point clouds. In the con-
text of autonomous driving, CNNs can be used to analyze sensor data (e.g.,
camera images, LiDAR point clouds) to identify potential hazards, assess
risk levels, and directly control the vehicle [21], [22]. By learning hierarchical
features from raw sensor inputs, CNNs can detect objects, classify road
conditions, and estimate the likelihood of collisions. For example, a CNN
can analyze camera images to identify pedestrians, vehicles, and road signs,
providing a risk assessment based on their positions and movements [32].

• Recurrent Neural Networks (RNNs): are designed to process sequential
data and capture temporal dependencies. In risk assessment for autonomous
driving, RNNs can be used to model the behavior of surrounding agents
over time, allowing the vehicle to predict future actions and assess associated
risks [13]. Long Short-Term Memory (LSTM) networks [8], a type of RNN,
are particularly effective at handling long-term dependencies in driving
data. For instance, an LSTM network can analyze the trajectories of nearby
vehicles to predict their future positions and evaluate the risk of potential
collisions [117], [231].

• Reinforcement Learning (RL): involves training agents to make decisions by
maximizing cumulative rewards through interactions with the environment.
In the context of autonomous driving, RL [107], [115] can be used to learn
risk-aware policies that balance safety and efficiency. By incorporating
collision risk metrics into the reward function, RL agents can learn to avoid
high-risk situations while optimizing for travel time and comfort [238]. In
[208], an RL agent learn to navigate through traffic while minimizing the
likelihood of collisions by adjusting its speed and trajectory based on the
behavior of surrounding vehicles [96], [207].

• Graph Neural Networks (GNNs): are designed to process graph-structured
data and capture relationships between entities [176], [239]. In autonomous
driving, GNNs can be used to model interactions between multiple agents
and assess the overall risk in complex traffic scenarios. By representing
vehicles, pedestrians, and road infrastructure as nodes in a graph, GNNs
can learn to predict the likelihood of collisions and other safety-critical
events based on the spatial and temporal relationships between agents
[204]. For example, a GNN can analyze the interactions between vehicles
at an intersection to assess the risk of potential collisions and inform the
autonomous vehicle’s decision-making process [140].
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3.5.4 Structured Framework for AV Risk Assessment Standards

The development and deployment of ADAS and automated driving systems
(ADS) have necessitated robust risk assessment frameworks to ensure safety in
road vehicles. Risk assessment in automotive systems addresses two primary con-
cerns: functional safety (ensuring systems do not fail dangerously) and safety of
the intended functionality (ensuring systems perform safely even when operating
as designed). These concerns are compounded in urban environments, where
dynamic interactions with other road users introduce additional complexity. For
any AV to operate on public roads, safety is the utmost factor of consideration for
deployment, since the consequence of deviations from functional safety actions
may result in a nonlinear fatality risk level. Hence, to achieve high levels of safety,
a well-considered approach of risk assessment and management is essential as
part of the design, verification, validation, and deployment of AVs. Several risk
assessment standards are being proposed to address the challenges posed by
higher levels of autonomous driving (SAE Levels 2+). These standards can be
broadly classified into IEEE standards and non-IEEE standards, as shown in
Figure 3.7.

Figure 3.7: AV Safety Standards by the IEEE [110]

Some of the most relevant standards include:

• ISO 26262: Road vehicles - Functional safety, is an international standard
adapted from IEC 61508 for E/E systems in road vehicles [165]. This stan-
dard provides a framework for ensuring the functional safety of electrical
and electronic systems in road vehicles. It includes guidelines for Hazard
Analysis, Risk Assessment (HARA) [225], and the development of safety
measures to mitigate identified risks.

• ISO/PAS 21448-2022: Road vehicles - Safety of the intended functionality
(SOTIF) [80]. This standard focuses on the safety of systems that may not
have been designed to fail but could still lead to hazardous situations due to
limitations in their intended functionality, particularly in sensor-dependent
systems like ADAS (SAE Levels 1-2) and AVs. It provides guidance on
identifying and mitigating risks associated with limitations in sensors,
algorithms, or Operational Design Domains (ODDs) [163].
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• UL 4600: Standard for Safety for the Evaluation of Autonomous Products
[121]. This standard provides a comprehensive framework for evaluating
the safety of autonomous products, including AVs. It covers aspects such
as system design, risk assessment, and validation processes to ensure that
autonomous systems operate safely in real-world environments [122].

• IEEE P2846: This standard for AV Safety aims to establish safety require-
ments and guidelines for the design, development, and deployment of AVs
[149]. It addresses various aspects of AV safety, including risk assessment,
system architecture, and operational safety measures. It defines minimum
assumptions for scenarios like cut-ins, lane changes, or pedestrian interac-
tions, using discrete mathematics and logic.

• RSS: Responsibility-Sensitive Safety, proposed by Mobileye and Intel in
2017 [221]. This is a formal model for AV safety that defines safe distances
and behaviors based on the actions of other road users [141]. It provides
a mathematical framework for ensuring that AVs can operate safely in
dynamic environments by adhering to defined safety principles.

The layered relationship between these standards creates a robust framework
for automotive risk assessment and management, ensuring that all aspects of
safety are considered throughout the development and deployment process. Our
focus is therefore to develop a generic solution that can be adapted to these
standards, particularly the RSS, to ensure the AV achieves a clear and measurable
safety level, such as the safety distance.

3.6 risk management as a dual of risk assessment

Risk management involves making decisions and taking actions to mitigate
identified risks. This includes selecting safe trajectories, adjusting speed, and
executing maneuvers that minimize the likelihood of collisions or other adverse
events. Risk management strategies often incorporate risk assessments into the
planning and control processes, allowing the autonomous vehicle to adapt its
behavior based on the current risk level. Therefore, in the domain of decision-
making under uncertainty, risk assessment and risk management form a symbiotic
duality. Risk assessment provides the necessary information about potential
hazards and their likelihood. In contrast, risk management employs both reactive
and proactive strategies, based on this information, to make informed decisions
that prioritize safety.

Traditional approaches to risk management often involve rule-based systems
or predefined safety margins [194]. These are mostly Finite State Machine (FSM)
decision-making strategies [216] that are effective in structured environments as
employed by the Tartan Racing team "Boss" in the DARPA Grand Challenge 2007

and other participants. State machines were also used by the team that worked
on the autonomous drive on the Bertha Benz Memorial Route [245]. However,
they lack the flexibility to handle complex and dynamic urban scenarios. A
pivotal aspect of risk management in AVs is trajectory planning, which serves
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as the operational core for navigating risks by generating feasible, safe paths
from current positions to desired goals. Trajectory planning methods can directly
incorporate risk assessment outputs to optimize paths, balancing objectives like
safety, comfort, efficiency, and compliance with traffic rules. For instance, MPC-
based planners predict future states over a finite horizon, solving optimization
problems that minimize risk metrics such as time-to-collision or potential field
energies, while respecting vehicle dynamics and constraints. These methods excel
in structured environments like highways, where they can proactively adjust
trajectories to avoid high-risk zones identified through predictive risk analysis.
Sampling-based approaches, such as RRT and its variants like RRT* (cf. Section
3.3.2), often integrate risk by biasing samples away from hazardous areas or using
cost functions that penalize proximity to obstacles [41].

Probabilistic risk management strategies leverage uncertainty estimates from
risk assessment to make decisions that account for the stochastic nature of
urban environments. Techniques such as Bayesian Networks and Partially Ob-
servable Markov Decision Processes (POMDPs) [26] enable AVs to evaluate the
expected outcomes of different actions under uncertainty, selecting maneuvers
that minimize expected risk. Two well-known extensions of Bayesian networks
for decision-making under uncertainty are Decision Networks (DNs) or Influence
Diagrams (IDs) and Dynamic Bayesian Networks (DBNs). BNs model the rela-
tionship between random variables using directed acyclic graphs (DAGs). DNs
and DBNs extend BNs by adding decision and utility nodes to model sequential
decision-making problems. In [194], combined Deceleration to Safety Time (DST)
and DNs to formalize lane change decision-making, while the authors in [200]
applied DBN to explicitly model the intentions of surrounding vehicles and the
temporal inter-dependencies between their future behaviors.

On the other hand, POMDP is an extension of Markov Decision Processes
(MDPs) [25] that accounts for partial observability of the environment. The au-
thors in [215] propose an online POMDP-based framework for urban driving that
incorporates probabilistic risk assessments to guide lane change decision-making
while accounting for inevitable sensor noises faced in urban environments.

Learning-based risk management approaches utilize machine learning models
to learn risk-aware policies from data. Reinforcement learning (RL) [161] methods
can be trained to optimize decision-making in complex environments by maximiz-
ing rewards that incorporate safety considerations. For example, risk-sensitive RL
algorithms can learn to avoid high-risk maneuvers while still achieving navigation
goals, adapting to new scenarios through continuous learning [207].

Hence, techniques for risk management may involve optimization, decision
theory, and control theory to ensure that the vehicle operates safely while achiev-
ing its navigation goals. Overall, trajectory planning methods not only help
to mitigate identified risks but also contribute to iterative risk assessment and
management, fostering safer AV deployment in diverse scenarios.
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3.7 conclusion

In this chapter, we have explored the various aspects of planning and decision-
making in the context of autonomous vehicles (AVs). We delved into global and
local trajectory planning methods, covering graph-based algorithms, sampling-
based techniques, optimization-based approaches, and learning-based strategies.
The integration of risk assessment and management into the planning process was
also discussed, emphasizing the need for safety in uncertain urban environments.
We discussed the importance of establishing a robust safety framework that incor-
porates multiple standards and methodologies to ensure the safe operation of AVs
in complex urban environments. By leveraging advanced modeling techniques
and probabilistic approaches, we can better understand and mitigate the risks
associated with AVs, ultimately paving the way for their widespread adoption.
The next chapter will present the proposed global architecture for multi-risk
assessment and management in autonomous urban driving, highlighting the
methodologies and algorithms employed to enhance safety.



4
M I R A - M O C : P R O P O S E D G L O B A L C O N T R O L A R C H I T E C T U R E
F O R M U LT I - R I S K A S S E S S M E N T A N D M A N A G E M E N T

This chapter presents the proposed architecture for Multi-Risk Assessment and
Multi-level Motion Optimization and Control (MiRA-MOC). The system inte-
grates perception, multi-modal prediction, sampling-based trajectory generation,
collision-risk assessment (Fusion of stochastic Predictive Inter-Distance Pro-
files, F-sPIDP), and uncertainty-aware local control. The functionalities and
connectivity of each block in the architecture are presented in this chapter as a
foundation for the multi-risk-aware methods developed in subsequent chapters.

4.1 introduction

Ensuring safety in the presence of vulnerable agents such as pedestrians, cy-
clists, and Personal Light Electric Vehicles (PLEVs) requires not only accurate
perception and reliable motion planning but also continuous risk assessment and
management to evaluate the likelihood and severity of potential conflicts. While
predictive control algorithms provide a powerful framework for generating safe
trajectories under constraints, they are inherently limited by their reliance on
uncertain predictions of other agents. As highlighted in Chapter 2 & 3, this de-
pendence often leads to overly conservative behavior, particularly in the presence
of PLEVs whose motion can be erratic, multi-modal, and challenging to predict.

To overcome these challenges, risk assessment and management frameworks
introduce an intermediate decision-making layer between prediction and control.
Instead of relying solely on worst-case assumptions or probabilistic constraints
embedded within the control law, risk-aware approaches quantify safety in terms
of interpretable risk metrics, such as TTC, Predictive Inter-Distance Profiles
(PIDP), or Time Exposed TTC (TET) (cf. Section 3.5). These metrics allow the sys-
tem to reason explicitly about collision likelihoods, severity levels, and acceptable
safety margins, thereby enabling balanced trade-offs between safety, efficiency,
and social compliance.

Model Predictive Control (MPC) and its variants, such as Stochastic MPC
(SMPC), are widely used control strategies for autonomous vehicles due to
their ability to handle constraints and optimize performance over a prediction
horizon (cf. Section 5.3). However, MPC has several limitations when it comes to
multi-risk assessment and management in dynamic and uncertain environments,
particularly in the presence of multiple moving agents. Some of the key limitations
include:

• Computational Complexity: MPC requires solving an optimization problem
at each time step, which can be computationally intensive, especially in
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complex environments with multiple agents. This can lead to delays in
decision-making, which is critical for safety.

• Limited Prediction Horizon: The prediction horizon of MPC is typically
limited due to computational constraints. This can result in suboptimal
decisions that do not account for long-term safety considerations, especially
in scenarios with fast-moving agents.

• Handling Uncertainty: MPC often assumes perfect knowledge of the en-
vironment and the behavior of other agents. In reality, there is significant
uncertainty in the motion of surrounding agents, which can lead to unsafe
decisions if not properly accounted for. Though Stochastic MPC tries to
bridge this gap, it can be very conservative.

• Conservatism vs. Aggressiveness: To ensure safety, MPC may adopt a
conservative approach, which can lead to overly cautious behavior and
reduced efficiency. Conversely, an aggressive approach may compromise
safety in favor of performance.

• Scalability Issues: As the number of surrounding agents increases, the
complexity of the optimization problem grows exponentially. This can make
it challenging to scale MPC to scenarios with many dynamic agents while
maintaining real-time performance.

• Non-convex Constraints: The presence of non-convex constraints, such as
collision avoidance with multiple agents and road curvature, can complicate
the optimization problem and lead to suboptimal or infeasible solutions.

To address these limitations, it is essential to develop strategies that enhance the
safety and efficiency of predictive control algorithms in dynamic and uncertain
environments. This may involve integrating probabilistic models, hierarchical
control structures, and multi-level optimization approaches, as proposed in this
work.

Predictive risk assessment does not replace predictive control; rather, it comple-
ments it. By filtering, shaping, or constraining the set of feasible trajectories based
on multi-criteria risk evaluations, AVs can exhibit safer, less conservative behav-
ior. In particular, integrating predictive risk metrics with stochastic controllers
offers a path to manage uncertainty in mixed traffic while avoiding unnecessary
hesitation or abrupt maneuvers.

4.2 components of mira-moc

The proposed global architecture for predictive Multi-Risk Assessment and Multi-
level Motion Optimization and Control (MiRA-MOC) in autonomous vehicles
(AVs) is illustrated in Figure 4.1. It is designed as a modular system that inte-
grates perception, prediction, risk assessment, motion optimization, and robust
control. Like most modular architectures, it requires inputs from the perception
and localization modules to obtain information about the state of surrounding
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agents and the environment (cf. block “P” in Figure 4.1). These inputs serve
as the foundation for downstream modules that are essential to ensure precise
assessment of the situation for both safety and efficiency in autonomous driving.

The architecture comprises five key modules, organized sequentially as:

1. Multi-modal Prediction Module (Block “1”, cf. Section 4.3).

2. Vehicle Trajectory Generation (Block “2”, cf. Section 4.4)

3. F-sPIDP Collision Risk Assessment (Block “3”, cf. Section 4.5)

4. Optimal Trajectory Selection (Block “4”, cf. Section 4.6)

5. Local Control Optimization (Block “5”, cf. Section 4.7)

The following Sections provide an overview of each component.

4.3 multi-modal prediction module

Predicting the future motion of surrounding agents is an essential component
of autonomous driving. In mixed-traffic urban environments, especially with
pedestrians, and PLEVs, motion patterns are highly uncertain and multi-modal in
nature. Agents may change lanes, yield, cross unexpectedly, or accelerate/decel-
erate abruptly. Relying on a single deterministic trajectory forecast can therefore
lead to unsafe or overly optimistic behavior of the ego-vehicle.

Recent advances in trajectory prediction have emphasized multi-modal and
probabilistic approaches, which provide a distribution of possible futures rather
than a single trajectory. This probabilistic representation allows other planning
modules to evaluate safety across diverse hypotheses, instead of conditioning
decisions on a single, potentially incorrect prediction [81], [105].

4.3.1 Problem Formulation

Let i ∈ {1, . . . , Nagents} denote a surrounding agent. At the current time t0, the
goal is to predict its future motion over a horizon T.

• The agent’s state is parameterized as: xi(t) = [xi(t), yi(t), θi(t)] where (xi, yi)
are Cartesian coordinates of the agents position and θi is the heading angle.

• Instead of a single prediction, the module produces Ntraj modes:

{xj
i(t)}

Ntraj
j=1 , t ∈ [t0, t0 + T] (4.1)

each mode j ∈ Ntraj represents a possible future trajectory.

• Each trajectory is associated with a probability Pr(j), such that

Ntraj

∑
j=1

Pr(j) = 1 (4.2)



4.4 vehicle trajectory generation 69

• Uncertainty in each trajectory is estimated by a covariance matrix Σj
i(t),

representing the positional and heading uncertainty at each time step.

Σj
i(t) =

 σ2
x σxy σxθ

σxy σ2
y σyθ

σxθ σyθ σ2
θ

 (4.3)

where σx, σy, σθ are the variance in each of the state variables and σxy, σxθ, σyθ are
their covariances. The output of the Multi-modal Prediction Module is thus a set
of probabilistic trajectories for each agent:

Pi = {x
j
i(t), Pr(j), Σj

i(t)}
Ntraj
j=1 , t ∈ [t0, t0 + T] (4.4)

This formulation captures both multi-modal uncertainty (different possible in-
tentions, e.g., unexpected crossing, lane-keeping, lane-change, partially observed
trajectories, sudden high-speed movements, or possible occluded motion) (cf.
Figure 4.2) and aleatoric uncertainty (estimation noise or unpredictability within
each mode) [81], [84].

Figure 4.2: Multi-modal trajectory prediction

4.3.2 Role in the Architecture

The multi-modal prediction module provides probabilistic predictions of all
surrounding agents, which serve as inputs to the F-sPIDP risk assessment (block
“3” in Section 4.5). By propagating multiple hypotheses, the AV avoids premature
pruning of possible agent behaviors.

Moreover, since the generated candidate trajectories of the ego vehicle (block “2”
in Section 4.4) are evaluated against these multi-modal predictions, the accuracy
and tuning of this module may influence the system’s balance between safety
and non-conservatism.

4.4 vehicle trajectory generation

Once the multi-modal predictions of surrounding agents are available, the AV
must generate its own set of possible motions. These candidate trajectories serve
as the ego vehicle’s motion hypotheses, from which safe and optimal motions
can be later selected.
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The trajectory generation process is not arbitrary: it must respect roadway
constraints, follow traffic rules, and ensure comfort and feasibility. The proposed
approach is to represent trajectories in the Frenet coordinate system (also known
as the road-aligned frame), and decompose motion into longitudinal progress
along a reference path (s) and lateral deviation from it (d). This representation
simplifies lane-keeping and lane-changing maneuvers while aligning vehicle
motion with the road geometry [201], [226].

By systematically generating a diverse set of candidate trajectories, the AV
ensures that its downstream risk assessment module has sufficient options to
evaluate, avoiding overcommitment to a single trajectory too early as compared
to classical methods like MPC.

4.4.1 Problem Formulation

Let the reference path be parameterized as pre f (s) = [xre f (s), yre f (s)], where s is
the curvilinear distance along the path. The Frenet coordinates of the AV at time
t are given by:

sAV(t) = [sAV(t), dAV(t), θAV(t)] (4.5)

where sAV(t) is the longitudinal position along the path, dAV(t) is the lateral
offset from the path, and θAV(t) is the heading angle relative to the path tangent.

The trajectory generation problem is commonly posed as solving polynomial
parameterizations for s(t) and d(t) over a finite horizon T:

sAV(t) =
N

∑
n=0

antn, dAV(t) =
M

∑
m=0

bmtm (4.6)

where an and bm are polynomial coefficients to be determined, and N, M are
the polynomial orders. The coefficients an, bm are solved using constraints such
as boundary conditions that are defined by the vehicle’s initial state (position,
velocity, acceleration) and terminal goals (desired lane, target velocity, lane-change
offset) as shown in Section 6.4.

Candidate trajectories are generated by sampling a set of longitudinal and
lateral profiles over the prediction horizon T. Each trajectory sk

AV(t) for k ∈
{1, . . . , M} is defined as:

sk
AV(t) = [sk

AV(t), dk
AV(t), θk

AV(t)], t ∈ [t0, t0 + T] (4.7)

where:

• sk
AV(t) is generated by sampling different longitudinal velocity and ac-

celeration profiles, ensuring compliance with speed limits and vehicle’s
dynamics.

• dk
AV(t) is generated by sampling lateral offsets corresponding to lane-

keeping, lane-changing, or overtaking maneuvers, while respecting lane
boundaries and road curvature.
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• θk
AV(t) is derived from the path tangent and lateral offset, ensuring smooth

heading transitions.

Each candidate trajectory is then transfrom to their equivalent Cartesian coor-
dinates for collision checking, risk assessment and management:

xk
AV(t) = [xk

AV(t), yk
AV(t), θk

AV(t)], t ∈ [t0, t0 + T] (4.8)

where:[
xk

AV(t)
yk

AV(t)

]
= pre f (sk

AV(t)) + dk
AV(t) · nre f (sk

AV(t)) (4.9)

and nre f (s) is the normal vector to the reference path at s.
The resulting candidate set is denoted as:

Xtraj =
{

x1
traj, x2

traj, . . . , xM
traj

}
(4.10)

where M is the total number of trajectory samples. This set provides a diverse
range of feasible motions for the AV, which can then be evaluated for safety and
optimality in the subsequent F-sPIDP (block “3” in Section 6.2.4) risk assessment
and trajectory selection modules.

4.4.2 Role in the Architecture

The candidate trajectory generation module (block “2” in Section 4.4) provides
a set of feasible ego vehicle motions, which are then evaluated for collision
risk using the Fusion of stochastic Predictive Inter-Distance Profiles (F-sPIDP)
method (block “3” in Section 6.2.4). Hence it serves as a bridge between high-level
navigation goals and low-level control execution:

• Inputs: AV state (pose, velocity), road geometry, traffic rules, and desired
maneuvers.

• Outputs: a diverse pool of feasible, lane-disciplined trajectories.

The quality of this module is critical. If the candidate set is too narrow, the AV
may miss safe or efficient options. If too broad, computational overhead increases
for risk assessment and optimization.

Therefore, the following sections will highlight how the proposed F-sPIDP
risk assessment framework and the subsequent local controller overcome these
challenges, leveraging the generated candidate trajectories and the multi-modal
predictions of surrounding agents.

4.5 f-spidp collision risk assessment

Predictive Inter-Distance Profile (PIDP) is a metric used to assess the risk of
collision between two or more traffic participants [17], [103]. The PIDP is essen-
tially a projection of the inter-distance between the entities, assuming their future
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trajectories are known and maintained during a specific time horizon, thorizon. It
is a risk assessment metric that can perform both time-scale and distance-scale
measurements for continuous monitoring of the dangerous situations between
two or more traffic participants over the given time horizon. PIDP is independent
of the shape of the trajectories of the interacting agents [16], which makes it
appropriate for situations involving PLEVs. In the context of PIDP, this means
ensuring that the computed inter-distance between the ego vehicle and the PLEV
is consistently maintained above a predefined safety distance, represented as dsa f e
(cf. Figure 4.3). Collision occurs when the PIDP is less than the desired safety
distance between the ego-vehicle and PLEV (i.e., PIDP(t) ≤ dsa f e).

Figure 4.3: Predictive Inter-Distance Profile (PIDP) for risk assessment between vehicles
(Cars) [103]

PIDP is flexible and has several features that make it suitable for risk assessment
in mixed traffic scenarios (cf. Figure 4.3):

• tcollision: equivalent to TTC, it represents the time until a potential collision
occurs if both entities maintain their current path and speeds.

• minPIDP: the minimum inter-distance between the entities over the time
horizon, indicating how close they will get to each other.

• ePIDP: the error in the PIDP, which is the difference between the desired
safety distance and the minimum PIDP. It quantifies the extent to which the
ego-vehicle deviates from maintaining a safe distance.

• tSNR: the time when the PIDP first drops below the safety distance, indicat-
ing the onset of a potentially dangerous situation.

However, conventional risk assessment methods such as TTC and PIDP (cf.
Section 3.5.1) often fail in complex urban scenarios where surrounding agents
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(e.g., PLEVs, cyclists, pedestrians) exhibit highly uncertain and multi-modal
behaviors. These methods tend to be either:

• Overly conservative, considering worst-case trajectories when uncertainty is
high, or

• Overly optimistic, underestimating risks by discarding many feasible trajec-
tories, ignoring variability in agent intentions.

Since the motion of the PLEV is assumed to be multi-modal with probabilities,
the typical PIDP is therefore not sufficient for risk assessment in this context,
hence the need for a fusion of multiple PIDPs arises. The Fusion of PIDP (F-PIDP)
(cf. Section 5.2) integrates multiple PIDPs corresponding to different motion
modes, effectively capturing the diversity of possible future trajectories. Moreover,
as each mode’s trajectory includes estimation uncertainties in the predicted states
due to perception noise and modeling errors, a stochastic PIDP (sPIDP) (cf. Section
6.2) is developed to represent these uncertainties explicitly. To jointly address
both multi-modal motion predictions and stochastic state uncertainties, a Fusion
of stochastic PIDP (F-sPIDP) (cf. Section 6.2.4) is finally proposed, providing a
unified and robust probabilistic framework for reliable PLEV risk assessment.

F-sPIDP (cf. Section 6.2.4) is a collision risk assessment module (block “3” in
Figure 4.1) that serves as a critical intermediary between the candidate trajectory
generation (cf. Section 4.4), the final trajectory selection (cf. Section 4.6), and
control optimization (cf. Section 4.7). F-sPIDP method extends classical PIDP
formulations by incorporating uncertainty distributions from the multi-modal
prediction module (cf. Section 4.3). Instead of computing deterministic safety
margins, F-sPIDP evaluates the fusion of probabilistic risk of collision with
respect to each ego trajectory candidate, including its uncertainty. This provides a
principled way to filter uncertain motions while avoiding excessive conservatism.

Its primary function is to evaluate the safety of each candidate trajectory
generated in block “2” against the multi-modal predictions of surrounding agents
from block “1”. By quantifying the collision risk associated with each trajectory,
the F-sPIDP module enables the AV to make informed decisions that balance
safety and efficiency (cf. Section 6.2.4 for details).

4.5.1 Problem Formulation

Let xtraj(t) denote a candidate trajectory of the ego vehicle, and xj
i(t) the j-th

predicted trajectory of surrounding agent i (cf. Section 4.3). The inter-distance
profile between the ego vehicle and agent i along the candidate trajectory is
defined as:

dij(t) = ∥ptraj(t)− pj
i(t)∥ (4.11)

where p(t) = (x(t), y(t)) denotes position in Cartesian coordinates of the trajec-
tories and ∥ · ∥ denotes the Euclidean distance (cf. Figure 4.3).
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a) Fusion of PIDP

In the classical PIDP formulation, a candidate trajectory is considered safe if:

min
t∈[t0,t0+T]

dij(t) > dsa f e (4.12)

where dsa f e is a predefined safety distance (e.g., minimum braking distance).
If this condition is violated for any agent i and trajectory j, the trajectory is
discarded.

The problem is that for each agent i, there are multiple predicted modes
j with associated probabilities Pr(j). Simply checking the minimum distance
across all modes can lead to overly conservative behavior, because multi-modal
trajectories imply multiple PIDPs (cf. Figure 4.4), when even low-probability
modes or trajectories of the PLEVs are considered.

Therefore, a better approach is needed to fuse the risk across all modes and
agents based on their likelihood.

Figure 4.4: Ego vehicle and a Jaywalking PLEV with multi-modal trajectories: this implies
multiple PIDPs for each agent and often leads to conservative behaviors

b) Stochastic PIDP (sPIDP) and its Fusion (F-sPIDP)

Stochastic PIDP (sPIDP) extends PIDP to account for the estimation uncertainties
of predicted agent states in each trajectory (cf. Figure 4.5). The Fusion of sPIDP
(F-sPIDP) then generalizes the approach to multi-modal trajectories: For each
agent i, prediction modes j = [1, . . . , Ntraj] are weighted by Pr(j).

Each dij(t) is treated as a random variable due to trajectory uncertainty Σj
i(t).

Thus, the expected output of this module is the filtered set:

Xsa f e =

{
xtraj ∈ Xtraj

∣∣∣∣ min
t∈[t0,t0+T]

dij(t) > dsa f e

}
(4.13)

The F-sPIDP framework differs from start-of-the-art methods like TTC or PIDP
by explicitly fusing multi-modal prediction distributions with predictive distance
profiles, thereby integrating both intention uncertainty, trajectory variability, and
state estimation uncertainties. The details of stochastic PIDP (sPIDP) and its
fusion (F-sPIDP) are given in Section 6.2.4.
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Figure 4.5: Multimodal predictions with state estimation uncertainties

4.5.2 Role in the Architecture

The F-sPIDP collision risk assessment module (block “3”) serves as a critical
intermediary between the candidate trajectory generation (block “2”) and the
optimal trajectory selection module (block “4”). Its primary function is to evaluate
the safety of each candidate trajectory against the multi-modal predictions of
surrounding agents, thereby filtering out unsafe options before final selection,
the definition of the most suitable set-points, and the control.

• Inputs: candidate ego trajectories Xtraj (from Section 4.4) and multi-modal

predictions xj
i(t) with probabilities (from Section 4.3).

• Outputs: safe set Xsa f e, containing only trajectories that satisfy probabilistic
risk bounds.

This step ensures that subsequent trajectory selection operates only on risk-
feasible options, thereby reducing the likelihood of unsafe plans being executed.

4.6 optimal trajectory selection

The optimal trajectory selection module (block “4” in Figure 4.1) is responsible
for choosing the best candidate trajectory from the safe set Xsa f e produced by
the F-sPIDP collision risk assessment (block “3”). This selection process aims to
choose one optimal reference trajectory (a global path) that balances multiple
objectives, including safety, efficiency, and comfort, while aligning with the long-
term navigation objectives.

This module is essential because, while multiple safe options may exist, not all
are equally desirable. For example:

• One trajectory may be safe but inefficient (e.g., too slow).

• Another may be efficient but uncomfortable (e.g., involving sharp accelera-
tions).
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• Yet another may be safe and smooth, but deviate from the navigation goal
(e.g., wrong lane for the upcoming turn).

Thus, multi-objective optimization is required to select the “best” trajectory
according to a weighted set of criteria.

4.6.1 Problem Formulation

Let Xsa f e = [x1
traj, x2

traj, . . . , xK
traj] denote the set of candidate trajectories. Each

trajectory is evaluated using a cost function J(xtraj), which aggregates several
objectives [6] (cf. Section 6.4):

J(xtraj) = ws Jsmooth + wc Jcomfort + we Jefficiency (4.14)

where:
Jsmooth: penalizes large curvature, jerk, or lateral oscillations.
Jcom f ort: penalizes high acceleration or sudden steering changes.
Je f f iciency: encourages progress along the route and higher speeds (within safe

limits).
ws, wc, we: weighting coefficients tuned to balance objectives.
The optimal trajectory is selected as:

xref = arg min
xtraj∈Xsafe

J
(
xtraj

)
(4.15)

This process ensures that the chosen reference trajectory is not only safe but
also well-aligned with operational and comfort criteria.

4.6.2 Role in the Architecture

• Inputs: Risk-feasible candidate trajectories Xsa f e from F-sPIDP.

• Output: One reference trajectory xre f as vehicle’s set-points.

This stage acts as the decision-making bridge between global safety evaluation
and local control execution. Narrowing down to a single reference trajectory
provides clarity and consistency for the control system.

4.7 local control optimization

The local control optimization module (block “5” in Figure 4.1) is responsible for
computing the actual control inputs (e.g., steering angle, velocity, or acceleration)
required to track in real time, the selected reference trajectory xre f from the
optimal trajectory selection module (block “4”). This module ensures that the
AV follows the desired global path while respecting vehicle dynamics, actuator
limits, and safety constraints.
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A key challenge is that both the reference trajectory and the surrounding
environment are subject to uncertainties. Thus, the controller must be robust
against disturbances, modeling errors, and trajectory deviations. Standard con-
trollers, such as PID, Stanley, or MPC methods, are insufficient in complex urban
settings with PLEVs and other multi-modal agents. Instead, uncertainty-aware
optimization-based control (e.g., Stochastic Model Predictive Control (SMPC),
robust control) is required.

4.7.1 Problem Formulation

Let the AV’s state at time t be represented as xAV(t):
The vehicle dynamics can be modeled as:

ẋAV(t) = f (xAV(t), u(t)) + w(t) (4.16)

where u(t) = [a(t), δ(t)] are the control inputs (acceleration and steering angle),
and w(t) represents process noise or disturbances.

The control objective is to minimize the deviation from the reference trajectory
xre f (t) over a prediction horizon T while respecting constraints:

min
u(t)

∫ t0+T

t0

∥xAV(t)− xre f (t)∥2 + λ∥u(t)∥2 dt (4.17)

subject to:

• Vehicle dynamics: ẋAV(t) = f (xAV(t), u(t)) + w(t)

• Control limits: amin ≤ a(t) ≤ amax, δmin ≤ δ(t) ≤ δmax, where amin, amax, δmin
and δmax are the minimum and maximum allowable acceleration and steer-
ing angles.

• Safety constraints: ensuring a minimum distance from obstacles or other
agents, derived from F-sPIDP outputs.

This optimization can be solved using techniques such as SMPC, which explic-
itly accounts for uncertainties in the vehicle dynamics and environment.

4.7.2 Role in the Architecture

• Inputs: selected reference trajectory xre f from block “4” and current vehicle
state xAV(t0).

• Outputs: Control inputs u(t) to be applied to the vehicle actuators.

• Execution: the computed control inputs are sent to the vehicle’s low-level
controllers (e.g., throttle, brake, steering). This module closes the loop
by ensuring that the high-level decision (reference trajectory) is executed
reliably at the vehicle level.

This module serves as the final execution step, translating high-level planning
decisions into actionable commands that ensure the AV follows the desired path
safely and efficiently.
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4.8 conclusion

This chapter presented a comprehensive architecture for Multi-Risk Assessment
and Multi-level Motion Optimization and Control (MiRA-MOC) in AVs. The
system integrates perception, multi-modal motion prediction, risk assessment
using Fusion of stochastic PIDP (F-sPIDP), sampling-based candidate trajectory
generation, optimal trajectory selection, and local control optimization. Each
module plays a critical role in ensuring that the AV can navigate safely and
efficiently in complex urban environments with vulnerable road users such as
pedestrians and Personal Light Electric Vehicles (PLEVs). By leveraging multi-
modal predictions, probabilistic risk assessment, and uncertainty-aware control,
the proposed architecture, MiRA-MOC, addresses key challenges in autonomous
driving, including handling uncertain agent behaviors, balancing safety and
efficiency, and executing robust control actions. The F-sPIDP module, in particular,
provides a principled way to evaluate collision risks across multiple hypotheses,
enabling the AV to make informed decisions without excessive conservatism.

The following chapters will dive into the derivation of the F-PIDP and F-
sPIDP methods, which are the core of the proposed architecture, presenting their
mathematical formulation and their integration with Stochastic Model Predictive
Control (SMPC) schemes to achieve real-time risk-aware navigation in mixed
traffic scenarios.



5
F - P I D P F O R M U LT I - R I S K A S S E S S M E N T A N D M A N A G E M E N T

This chapter introduces a framework for multi-risk assessment and management
of autonomous vehicles interacting with uncertain micromobility agents (PLEVs).
Building on the Predictive Inter-Distance Profile (PIDP), a Fusion of PIDP (F-
PIDP) is developed to integrate multi-modal predictions and uncertainty into
smooth, risk-weighted safety profiles. It is then integrated into a Stochastic MPC
(SMPC) for risk management. A priority-based target selection strategy addresses
multi-risk situations. Simulations demonstrate improved safety, efficiency balance
and reduced conservatism compared with baseline predictive control methods.

5.1 introduction

Risk assessment in autonomous driving relies on estimating the likelihood and
severity of future collisions with surrounding agents. In environments such as
highways, classical surrogate safety metrics, including Time-to-Collision (TTC),
Time-Exposed TTC (TET), and Post-Encroachment Time (PET), provide useful
safety indicators [205] (cf. Section 3.5.1), but they only capture instantaneous or
deterministic aspects of risk. However, in urban settings populated with Personal
Light Electric Vehicles (PLEVs), e-scooters, bicycles, and other micromobility
agents, the situation becomes considerably more complex. PLEVs are lightweight,
exhibit highly diverse motion patterns, and are strongly influenced by human
intent, making their trajectories inherently multi-modal and uncertain.

To address this challenge, Predictive Inter-Distance Profile (PIDP) [103] has
been introduced as a functional safety metric (cf. Section 4.5). Unlike TTC, which
outputs a scalar collision time, PIDP describes the evolution of inter-vehicle
distance over the entire prediction horizon. PIDP generalizes TTC by accounting
for spatial and temporal variations. PIDP is generic, independent of the path
geometry, and flexible with several features for risk assessment.

The difficulty arises when multi-modal trajectory predictions are considered.
Each mode produces its own PIDP curve. Treating them independently leads
to conservative behavior (cf. Figure 5.1): the AV would assume the worst-case
trajectory at all times, which causes unnecessary braking or hesitation. To mitigate
this conservatism, the Fusion of PIDPs (F-PIDP) is proposed as a fusion method
that integrates multi-modal PIDPs into a single representative curve using the
likelihood of each trajectory.

Finally, we embed F-PIDP into Stochastic Model Predictive Control (SMPC).
These control schemes enforce safety constraints derived from fused PIDPs,
balancing collision avoidance with efficiency.
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Figure 5.1: Ego vehicle and a Jaywalking PLEV with multi-modal trajectories: this implies
multiple PIDPs for each agent and often leads to conservative behaviors

5.2 fusion of predictive inter-distance profile (f-pidp)

Multi-modal model of pedestrian motion implies that there are multiple PIDPs
for each pedestrian, either due to the uncertainty in the intended trajectories
or the true velocity of the PLEV (cf. Figure 5.1). This increases the complexity
of the navigation problem since each predicted trajectory is equivalent to a
virtual PLEV with a probability of existence. The authors in [16], [103], similar to
many research studies, solely focus on a single trajectory, which is equivalent to
selecting only the most probable trajectory, that is, the trajectory with the highest
probability. However, considering a single trajectory often fails because PLEV
can rapidly switch its behaviors, such as accelerating its movement. Another
control strategy is to only consider the most dangerous trajectory, that is, the
trajectory with the smallest inter-distance. Such a strategy would lead to highly
conservative behavior. We propose to solve this multi-risk problem by performing
a weighted fusion of the PIDPs while using a quadratic polynomial curve with
probabilistic weights. Accordingly, we obtain a Fusion of PIDPs (F-PIDP). The
following subsections give a detailed explanation of the steps for computing the
F-PIDP.

To compute the F-PIDP between an AV and a PLEV or other road users (cf.
Figure 5.1 and 5.2):

1. Compute the PIDP for all jth traj (cf. Section 5.2.1)

2. Compute the Start-point (t0), minPIDP (tmin), End-point (tN) of all the PIDPs
(cf. Section 5.2.2)

3. Compute probabilistic Center of Mass (pCOM) (cf. Section 5.2.3)

4. Compute the parameters q0, q1, q2 for F-PIDP (cf. Section 5.2.4)

5. Compute F-PIDPre f setpoints (cf. Section 5.2.5)

The following sections explain how the steps above are implemented.
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Figure 5.2: Fusion of PIDPs (F-PIDP) of an AV and a PLEV with three 3 possible multi-
modal trajectories

5.2.1 Computation of each PIDP

The first step is to compute the PIDP of each probable trajectory. Given a set of
possible future trajectories of a PLEV, P = {p1, p2, ..., pm}. The aim is to compute
the magnitude of the distance vector between the future position of the ego-
vehicle and the position of the PLEV at each time step t, if r(t) = [x(t), y(t)]T and
rpj(t) = [xpj(t), ypj(t)]

T are the position vectors of the vehicle and the jth PLEV
trajectory respectively. Mathematically, the PIDP for a single trajectory can be
expressed as:

PIDPj(t) = {dj(t)|pj ∈ P , 0 ≤ t ≤ thorizon} (5.1)

dj(t) = ||r(t)− rpj(t)|| (5.2)

where PIDPj denotes the inter-distance between the ego-vehicle and PLEV’s jth

trajectory, obtained by calculating their Euclidean norm || · ||2.

5.2.2 Parameterization of each PIDP

In general, the inter-distance profile is a nonlinear function due to the changing
motion of the ego-vehicle and PLEV. Hence, important characteristics of each
PIDP are extracted to perform a fusion of the PIDPs and maintain a smooth curve.
The extracted parameters from each PIDPj are (cf. Figure 5.2):
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• PIDPj(t0) represents the start point of the jth

PIDP, which is the same for all proba-
ble trajectories

• minPIDPj(tmin) the minimum of each PIDP at time
tmin

• PIDPj(thorizon) the PIDP at the end of each predicted
trajectory

5.2.3 Probabilistic Center of Mass

The goal is to compute the probability-based center of mass (pCOM), which is
a fused estimate of the inter-distance across Ntraj trajectories. The approach is
expected to generalize to various trajectory estimators including the physics-
based and learning-based motion prediction algorithms (cf. Section 2.4.1). To
achieve this, we recall that an IMM filter (cf. Section 2.4.1 (a)) is a recursive
Bayesian estimator designed to handles systems with multiple possible modes
(or models). The IMM filter maintains a bank of filters, each corresponding to a
different mode, and combines their outputs according to mode probabilities. In
this context, the modes are interpreted as corresponding to different trajectories,
with each trajectory j providing an estimated inter-distance dj(t) at time t.

• Mode-Matched Filtering: for each trajectory j = [1, 2, . . . , Ntraj], a mode-
matched algorithm (e.g., a Kalman filter / GAN tuned to that trajectory’s
dynamics, cf. Section 2.4.1) produces an estimate of the (trajectory or) inter-
distance dj(t) at time t. This is the output of the individual filter for mode
j.

• Mode Probabilities: an IMM filter computes the posterior probability Pr(j)
(often denoted µj(t)) that trajectory j is the "active" or correct mode at time
t. These probabilities are updated recursively using Bayes’ rule, based on
the likelihood of the measurements under each mode:

Pr(j | zt) =
πj(t) · Pr(j | zt−1)

∑
Ntraj
i=1 πi(t) · Pr(i | zt−1)

(5.3)

where zt is the measurement history up to time t, and πj(t) is the likelihood

of the measurement at time t under mode j. Note that ∑
Ntraj
j=1 Pr(j) = 1.

• Interaction (Mixing): prior to updating at time t, a mixture of the state
estimates and covariances from the previous time step across the multi-
modal predictions is obtained using mixing probabilities derived from the
mode transition matrix πij (probability of switching from mode i to j) and
prior mode probabilities. The mixed estimate for mode j is:
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d̂0j(t− 1) =
Ntraj

∑
i=1

µi|j(t− 1)d̂i(t− 1) (5.4)

where µi|j(t− 1) =
πij Pr(i|zt−1)

∑
Ntraj
i=1 πij Pr(i|zt−1)

.

• Combined Output (Fusion): the step above accounts for mode switching.
The key equation for the overall fused estimation is the probabilistic mixture
of the mode-conditioned estimates, weighted by their probabilities. Treating
the inter-distance as the state variable, the fused estimate at time t is the
expected value under the posterior mode distribution:

d̂(t) = E[d(t) | zt] =

Ntraj

∑
j=1

Pr(j | zt) · dj(t) (5.5)

This is the probability-weighted average, analogous to a center of mass
in a system where masses are replaced by probabilities and positions by
distances. The fused estimate d̂(t) is defined as the probability-based center
of mass:

pCOM(t) =
Ntraj

∑
j=1

Pr(j) · dj(t) (5.6)

The pCOM provides a soft fusion, avoiding hard decisions on a single
trajectory and incorporating uncertainty via the probabilities.

5.2.4 PIDP fusion using probabilistic weights

The fusion step in the F-PIDP process combines multiple PIDPs into one represen-
tative prediction based on their level of uncertainty. In an ideal situation where
the motion or velocity profile of the AV and PLEV follows a smooth path, the
PIDP is expected to be a polynomial curve derived from the Euclidean distance
(cf. Figure 5.1). Therefore, to simplify the curve over a short term horizon, the
parameters of all the PIDPs are approximated together to form a single quadratic
polynomial curve. From the equations of a quadratic polynomial:

d(t) = a0 + a1t + a2t2 (5.7)

 d(t0)
...

d(tN)

 =

1 t0 t2
0

...
...

...
1 tN t2

N

 ·
a0

a1

a2

 (5.8)
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where d(t) denotes the PIDP at time t and {a0, a1, a2} ∈ R are parameters of the
polynomial curve to be calculated. The parameters of this curve are determined
by calculating the probabilistic center of mass (pCOM) of all PIDPs. From the
pCOM equation in (5.6), F-PIDP is defined as:

F_PIDP(t) =
Ntraj

∑
j=1

Pr(j)× dj(t) (5.9)

where, Ntraj ∈ N denotes the number of predicted trajectories, Pr(j) and dj

denote the probability and inter-distance of the jth predicted trajectory of the
PLEV at the desired time t (i.e., start, minimum, and endpoint) of the PIDPs.
This center of mass is a weighted average that considers the likelihood of each
trajectory without a specific assumption on the source of the predicted trajectory
(model-based or data-based prediction). The desired control points to find the
parameters of the polynomial are the fusion of PIDP (F-PIDP):

• F_PIDP(t0) fusion of the initial points PIDPj(t0),
which is the same for all PIDPs

• F_PIDP(tmin) the fusion of all the minimum PIDPs
minPIDPj(tmin) based on pCoM

• F_PIDP(thorizon) the fusion of all the final points
PIDPj(thorizon)

Since the fusion of the feature points d(t)=:F_PIDP(t) in (5.8) are known, the
parameters of the fusion {a0, a1, a2} can be found using the matrix (or pseudo)
inverse. The resulting parameters are then substituted in (5.7) to get a single
unified F-PIDP curve that encapsulates the combined information as shown in
Figure 5.2.

5.2.5 PIDP Setpoint based on Safety Distance

After the fusion process, the lower bound of the curve may fall below the desired
safety distance (cf. Figure 5.2), thereby indicating a potential risk of collision. To
ensure collision avoidance within the proposed multi-risk assessment framework,
the required F-PIDPre f setpoint for the ego-vehicle is determined by translat-
ing, when necessary, the minimum point of the F-PIDP curve according to the
following procedure:

• The initial and final points of the F-PIDP curve remain unchanged.

• The minimum point of the F-PIDP, denoted as mF-PIDP is translated to a
value equal to or greater than the maximum safety distance, such that:

F_PIDP(tmin) ≜ max{F_PIDP(tmin), dsa f emax
} (5.10)
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dsa f emax
≜ R + r + vmax × ETTC(1sec) (5.11)

where tmin is the time when F-PIDP has a minimum, dsa f emax
is the maximum

safety distance derived from the maximum velocity of the ego vehicle vmax and
the extended time to collision (ETTC) of 1 seconds. R and r correspond to the
radius of the circle that surrounds the ego vehicle and the PLEV, respectively.

This adjustment is motivated by the requirement that the future motion of
the ego-vehicle minimizes the deviation of the F-PIDP curve from the safety
distance. Alternatively, one could consider translating the tSNR or the TTC
metrics. However, this approach can induce more aggressive control behavior due
to the inherent uncertainty in the motion of the PLEV. Consequently, translating
the minimum of the F-PIDP curve offers a more straightforward implementation
while preserving smooth vehicle motion, as demonstrated in Section 5.3.

The new curve obtained after the translation (cf. Figure 5.2) can serve as a
reference to a SMPC algorithm (cf. Section 5.3) and guarantees that the predicted
trajectory maintains a safe separation from potential obstacles. By establishing a
set-point equal to or greater than the safety distance, collision risks are minimized.
This step is therefore crucial for safe and proactive navigation.

5.3 f-pidp in stochastic model predictive control (smpc)

This section presents how F-PIDP is integrated in an SMPC planner (cf. Section
3.4.4). Classical SMPC [154], [160] enforces safety constraints for every predicted
mode, which yields excessive conservatism and many collision constraints in
(5.15). Instead, we enforce the explicit safety constraint only for the single most
probable predicted trajectory (the mode with highest probability). The F-PIDPre f
is used as a smooth, time-varying safety setpoint: deviations from this setpoint
are penalized in the SMPC cost to produce anticipatory, smooth evasive actions
(5.17). This design reduces conservatism while respecting the safety constraint.

5.3.1 SMPC for Risk Management

To validate the F-PIDP risk assessment method, SMPC is proposed to perform
risk management by computing the optimal control actions of the ego-vehicle
while accounting for various constraints and uncertainties in the motion of the
traffic agents. SMPC is formulated as a chance-constraint problem, where the
objective is to minimize a cost function that balances reference pose reaching
and control effort. Unlike MPC, SMPC accepts a tunable parameter ensuring that
the probability of constraint violation remains below a specified threshold. The
optimization problem is defined as follows:

min
U

J (x0, xre f , U) + Jp(x0, xre f , U) (5.12)
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subjected to:
x(t + 1) = f (x(t), u(t)) ∀t ∈ [t0, t0 + T], (5.13)

g(x(t + 1), u(t)) ≤ 000 ∀t ∈ [t0, t0 + T], (5.14)
Pr[x ∈ S ]) ≤ 1− ααα ∀t ∈ [t0, t0 + T] (5.15)

where the aim of the SMPC is to optimize the objective costs J and Jp. The
dynamics of the ego vehicle (5.13) is used to predict the future state of the vehicle
x(t + 1), over the prediction horizon t ∈ [t0, t0 + T] given the current condition
x0 and the future control inputs u(t) ∈ U. Constraint (5.14) are inequality con-
straints such as limits on the minimum and maximum control inputs. The chance
constraint in (5.15) represents the probabilistic conditions to be satisfied over
the future motion of the vehicle given the safe set S . The SMPC algorithm will
guarantee that predefined levels of probability 0 < ααα < 1 are met for uncertainties
in the outcome. Therefore, the design parameter ααα is referred to as the safety level.
J is the objective cost to reach the desired goal and velocity smoothly. Here, we
define Jp as the cost to reach the desired F-PIDP set-points, such that:

J =
T

∑
t=0

(
||∆x(t)||2Q + ||u(t)||2R

)
+ ||∆x(T)||2S (5.16)

Jp =
T

∑
t=0
||d(t)− F_PIDPre f (t)||P (5.17)

where J is the classical SMPC cost to reach the reference state ∆x(t) =
x(t)− xre f (t), with weighting matrices Q, S ∈ R3×3 and R ∈ R2×2. d(t) is the inter-
distance after applying the new control inputs u(t) ∈ U, while F_PIDPre f (t) is the
reference safety distance (in Section 5.2). The variable P ∈ R penalizes the extent
to which the reference cost is minimized. By minimizing J and Jp, SMPC is able
to ensure comfortable navigation while minimizing collision risk. It is important
to mention that negligible uncertainties are considered in the state of the PLEV
using the SMPC algorithm in order to focus on analyzing the contributions
of the proposed F-PIDPre f to multi-risk assessment and management during
autonomous navigation. The objective cost using F-sPIDPre f together with the
constraint (5.15) serves as adaptive constraints for the AV motion, instead of the
hard constraints when using MPC.

5.3.2 Road Boundary Constraint

The position of the AV is expected to stay within the lane of the road (cf. Figure
5.4), such that the following constraint is satisfied,

ylane
min ≤ yAV(t) ≤ ylane

max (5.18)

This ensures that the lateral position of the AV denoted yAV(t) at each time t, is
bounded by ylane

min and ylane
max based on the width of the road and the vehicle.
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5.3.3 Control Input Constraint

The motion of the AV is also constrained by the physical limits on the velocity,
acceleration, and steering angle of the vehicle’s wheels. These limits also have a
direct influence on the comfort of the passengers. They are formulated as

uAV
min ≤ u(t) ≤ uAV

max (5.19)

where the vector uAV
min and uAV

max are respectively the bounds on the minimum and
maximum values of the control inputs.

5.3.4 F-PIDP+SMPC Simulation Results and Discussion

The proposed F-PIDP approach is evaluated through the simulation of two scenar-
ios involving an ego-vehicle and a jaywalking PLEV. The initial state of the ego-
vehicle is set to be 15 meters away from the PLEV, with a linear velocity of 5 m/s
and 8 m/s, respectively. In both scenarios, it is assumed that the ego-vehicle does
not have enough time to brake and is expected to perform a swerving maneuver in
order to avoid collision with PLEV, ensure the comfort of passengers, and also pre-
vent exhibiting highly conservative behaviors. (cf. video shown through this link
https://youtu.be/IS0qhTOYbGc?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)

5.3.5 Scenario 1: Jaywalking PLEV Switching from Slow to Fast motion

Figure 5.3: Scenario 1: (a) Velocity plot showing a smooth linear velocity and steering
(b) Probability plot with a switching from Traj 3 (blue) to Traj 2 (green) after
t = 3.9s

In the first scenario, a jaywalking PLEV begins to cross the road at an initial
linear velocity of 0.5m/s and at an angle equivalent to a right turn (cf. Traj 3 in

https://youtu.be/IS0qhTOYbGc?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu


88 f-pidp for multi-risk assessment and management

Figure 5.4: Scenario 1 at t = 0.9s (a) Jaywalking PLEV moving slowly (b) Inter-distance
plot of ego-vehicle and PLEV: The F-PIDPre f plot exhibits a convex curve,
indicating current safety is satisfactory. However, the steep curve suggests a
high risk of future safety distance violations due to PIDP2

Figure 5.4). After approximately 3.9 s, there is an abrupt change in the PLEV’s
behavior, and the velocity increases to 5 m/s (cf. Traj 2 in Figure 5.5). The progress
of the probability of each trajectory is shown in Figure 5.3 b. The sudden switch in
behavior is a dangerous situation that could lead to a collision if the ego-vehicle
predicts the PLEV’s motion solely based on the most probable trajectory. This
sudden change in motion from Traj 3 (blue) to 2 (green) (probability plot cf.
Figure 5.3 (b)) introduces uncertainty and necessitates an anticipatory assessment
of the situation, which is achieved using the F-PIDP. Observe that at t = 0.9s the
F-PIDP plot (cf. Figure 5.4) exhibits a convex curve, indicating current safety is
satisfactory.

However, the high position of the curve from the PIDPs suggests a high risk of
future safety distance violations due to Traj 2(green), since it has the minimum
PIDP and hence the most dangerous trajectory (cf. Figure 5.4). The shape of
the F-PIDP results from the fact that Traj 2 has a high probability (cf. Figure
5.3 (b)), hence more influence on the position of the pCOM of all the predicted
trajectories.
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Figure 5.5: Scenario 1 at t = 4.5s (a) Jaywalking PLEV moving Fast (b) Inter-distance
plot of ego-vehicle and PLEV: As the vehicle moves closer to the PLEV, the
F-PIDP set-point takes a concave form even before Traj 2 enters the collision
zone dcol

As the vehicle moves closer to the PLEV, the F-PIDP takes a concave form even
before Traj 2 enters the collision zone (cf. Figure 5.5). This is because the current
inter-distance between the AV and the PLEV falls below dsa f e, translating the
minimum point of the F-PIDPre f curve upward to exceed dsa f e (as described in
Section 5.2.5) introduces a singularity in the solution of the quadratic equation
(5.7). This singularity leads to the concave profile of the resulting F-PIDPre f curve.
The concave form increases the objective cost JP (cf. Section 5.3.1) of the SMPC,
thereby suggesting a solution that quickly moves the ego-vehicle away from the
collision zone. Therefore, collision is avoided with a minimum inter-distance of
approximately 1.6 meters away from the PLEV (cf. Figure 5.6). The ego-vehicle
does not decrease its velocity at the beginning because the most dangerous
trajectory (Traj 2) has a low probability, hence the velocity plot (cf. Figure 5.3
(a)) shows a smooth velocity profile for the passenger’s comfort without being
overly conservative (e.g., stopping) even when the ego-vehicle decelerates and
then accelerates to avoid a collision.
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Figure 5.6: The overall inter-distance plot of ego-vehicle and PLEV for scenario 1: shows
the region where Safety is Not Respected (SNR) when the PLEV changes its
trajectory from Traj 3 to 2

Figure 5.7: (a) Scenario 2: PLEV overtaking a parked vehicle at t = 4.9s (b) Inter-distance
plot of ego-vehicle and PLEV overtaking a stationary truck: the F-PIDP plot
shows a concave curve that encourages escaping from the risky scenario
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Figure 5.8: Scenario 2: (a) Velocity plot showing a smooth linear velocity and steering (b)
Probability plot with increasing probability for Traj 2 (green)

Figure 5.9: Inter-distance plot showing the overall PIDP: collision is avoided and the
vehicle is able to move into the Safety Respected region (SR)

5.3.6 Scenario 2: PLEV overtaking a parked vehicle

In this scenario, the PLEV attempts to overtake a stationary truck, and in the
process, comes dangerously close to the ego vehicle in the adjacent lane. An initial
assessment of the scene using PIDP suggests a high risk of collision as indicated
by PIDP1 falling below the collision margin (cf. Figure 5.7 (b)). However, the
F-PIDPre f setpoint does not only consider the most dangerous trajectory but also
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considers the most probable trajectory of the PLEV based on the likelihood of
each trajectory shown in the probability plot (cf. Figure 5.8 (b)). Therefore, the
inter-distance plot indicates that the safety distance is respected in the initial few
seconds as the ego-vehicle approaches the PLEV (cf. Figure 5.9).

Whereas, during the time interval from t = 2.6s and t = 8.1s, the safety distance
is temporarily not respected due to the parallel motion of the ego-vehicle and the
PLEV (cf. Figure 5.9). To mitigate this risk, the adaptive behavior of the F-PIDPre f
prompts the ego vehicle to further reduce its speed and gradually approach the
PLEV. Again, the F-PIDPre f has a concave profile that encourages the AV to move
away from the dangerous situation, as shown in Figure 5.7. This ensures that the
AV neither comes to a complete halt nor makes abrupt maneuvers, but instead,
decelerates and then carefully moves past the risky zone. This adaptive response
is visualized in the velocity profile plot (cf. Figure 5.8). Observe that the velocity
of the ego-vehicle decreases to about 2m/s at time t = 4.5s before it accelerates
to move past the PLEV. More simulation with statistical results can be found in
Section 6.2.4, where more uncertainties are introduced.

5.4 the curse of dimensionality in predictive control

As presented in the previous section (cf. Section 5.3) and in subsequent sections
with more simulation results (cf. Section 6.2.9), predictive control algorithms,
such as SMPC, can effectively incorporate the F-PIDP and other constraints for
risk assessment and management in autonomous driving scenarios involving a
PLEV. However, the presence of multiple PLEVs in the environment introduces
additional complexity to the navigation problem. Each PLEV generates its own
set of predicted trajectories, leading to an exponential increase in the number of
PIDPs that need to be considered. This phenomenon is commonly referred to
as the "curse of dimensionality," [167], [243] where the safe state space becomes
increasingly sparse and difficult to navigate as the number of dimensions (in this
case, PLEVs) increases. The curse of dimensionality poses significant challenges
for predictive control algorithms, as they must account for the interactions be-
tween multiple PLEVs and their associated uncertainties. This section discusses
the challenges posed by the curse of dimensionality in the context of predictive
control for autonomous vehicles and presents the proposed mitigation strategy
to address these challenges.

For example, consider a scenario where an autonomous vehicle is navigating in
an environment with N PLEVs. Applying MPC to this scenario requires solving
the following optimization problem at each time step:

min
U

N−1

∑
t=0

(
||∆xAV(t)||2Q + ||uAV(t)||2R

)
+ ||∆xAV(N)||2S (5.20)
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such that:

xAV(t + 1) = f (xAV(t), uAV(t)), t ∈NN (5.21)

xPV(t + 1) = f (xPV(t), uPV(t)), t ∈NN (5.22)

uAV(t) ∈ U (t), t ∈NN, (5.23)

xPV
p,j (t) ∈ Ξsa f e, p ∈NNp × j ∈NNtraj × t ∈NN (5.24)

The control input to the AV is U = (u0, . . . , uN−1)
T and ||x||2M = xT Mx. The

cost to reach the reference state ∆xAV(t) = xAV(t) − xAV
re f (t), with weighting

matrices Q, S ∈ R3×3 and R ∈ R2×2. The prediction model of the AV and PLEV
are respectively f (xAV(t), uAV(t)) and f (xPV(t), uPV(t)). The constraints on the
inputs and collision-safe states are U (t) and Ξsa f e, respectively. Observe that the
size of the state collision avoidance constraint is a product of the number of agents
Np, the number of predicted trajectories Ntraj, and the size of the prediction steps
N. This leads to an exponential growth in the number of constraints that need
to be considered as the number of PLEVs increases. This causes the controller
to behave conservatively, as the optimization problem becomes too complex to
solve efficiently. As a result, the algorithm may either fail to find any feasible
solution that ensures safety or settle for a sub-optimal trajectory that compromises
performance or increases collision risk.

The curse of dimensionality presents several challenges for predictive control
algorithms, including:

• Computational Complexity: As the number of PLEVs increases, the com-
putational burden on the predictive control algorithm grows exponentially.
This can lead to longer computation times, making real-time control infeasi-
ble.

• Increased Uncertainty: The presence of multiple PLEVs introduces addi-
tional sources of uncertainty, as each PLEV may exhibit different motion
patterns and behaviors. This can complicate the prediction process and
make it more challenging to accurately assess and manage risk.

• Scalability Issues: As the number of PLEVs increases, the scalability of the
predictive control algorithm becomes a concern. Algorithms that work well
in low-dimensional spaces may struggle to maintain performance in higher
dimensions involving multiple constraints.

5.4.1 Priority-based Strategy for Risk Management

As earlier mentioned, the need to satisfy multiple safety constraints simultane-
ously further contributes to the conservatism due to the curse of dimensionality
in classical approaches such as MPC, particularly when road space is limited or
multiple agents occupy adjacent lanes. To address this challenge, we introduce
a priority-based risk management strategy [4] that dynamically identifies and
focuses on the most dangerous agent at each planning step. This approach allows
the AV to focus its computational resources and control actions on avoiding the
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agent that poses the greatest risk, thereby improving efficiency and reducing
unnecessary conservatism.

5.4.2 Selection of Most Dangerous PLEV

The priority-based strategy operates under the assumption that a lane change
maneuver is feasible, and systematically evaluates all surrounding agents to
determine which poses the greatest threat. The selection process considers both
the minimum inter-distance and the time when safety not respected tSNR (cf.
Figure 5.10 & Section 4.5) for each agent. By prioritizing the agent with either the
closest proximity or the earliest predicted safety violation, the AV can proactively
plan evasive maneuvers and maintain a safe trajectory.

Algorithm 1 outlines the steps for single priority target selection. This method
enhances the AV’s ability to navigate complex, multi-risk environments while
maintaining safety and operational efficiency (cf. Figure 5.10). This Algorithm
can be characterized with the following 4 steps.

Figure 5.10: Priority-based target selection (a) Example of scenario with multiple PLEVs
(b) F-PIDP plot of AV and multiple PLEVs: Priority-Based Target (PT):=
PLEV3 (Pdmin < dsa f e) else (PT):= PLEV1 the minimum (tSNR1 < tSNR2)

• Step 1: Compute the F-PIDP of all the agents (as given in Section 5.2) and
their tSNR (if any, cf. Figure 5.10),

• Step 2: Find Pdmin: the PLEV with the current minimum inter-distance to
the AV, and PtSNR: the PLEV with the minimum tSNR,

• Step 3: If Pdmin < dsa f e, then set the priority target PLEV PT, to avoid
collision with Pdmin (cf. PLEV3 in Figure 5.10), else set the priority target
PLEV PT as PtSNR (cf. PLEV1 in Figure 5.10). This implies that Pdmin will
be choosen as priority target since it is closest to the AV even if PtSNR has
the smallest tSNR. The also allow the prioritization of agents that suddenly
appear in the field of view of the AV, such as occluded PLEVs. The priority
target PT is considered to be the most dangerous agent.

• Step 4: Compute collision-free trajectory between target PLEV PT and AV
(using e.g. SMPC), goto Step 1.
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Algorithm 1 Priority-based Target Selection Algorithm using F-PIDP [4]

Require: xAV(t, · · · , N), xPV(t, · · · , N)
1: while Goal not reached do
2: Compute F-PIDP of all the PLEVs
3: Compute Pdmin: the PLEV with current minimum inter-distance to the AV
4: Compute PtSNR: the PLEV with the minimum tSNR
5: if Pdmin < dsa f e then
6: PT := Pdmin
7: else
8: PT := PtSNR
9: end if

10: UAV ⇐ F-PIDP+MPC(PT)
11: end while

5.5 simulation results for scenario with a prioritized agent

The priority-based risk management strategy is evaluated through multiple
simulations. The setup features an AV navigating alongside multiple PLEVs
within a dual-lane traffic scenario. A series of challenging and dynamic situations
were evaluated to test the system’s robustness (cf. Figure 5.11). These scenarios
introduce two primary challenges:

• the uncertainty in the actual trajectory that each agent will follow, and

• the potential for sudden behavioral changes, particularly in terms of speed,
by agents such as PLEVs.

Using agents’ parameters in (cf. Table 5.1), PLEV1 in Yellow & PLEV2 in Blue.
PLEV1, for instance, may accelerate significantly from an initial speed of 2 m/s up
to 10 m/s, adding to the unpredictability of the environment. To simplify collision-
checking and minimize computational overhead, each agent is modeled using a
single enclosing circle. While this approximation introduces some conservatism, it
provides a practical balance between accuracy and efficiency. However, a less con-
servative approach could involve modeling agents with multiple circumcircles, as
proposed in [16], to better capture their shape. (cf. video shown through this link
https://youtu.be/oH6yPuocRJk?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)

In this simulation setup, PLEV1 accelerates its speed after approximately
1 second. A range of five speed levels is considered: v ∈ {2, 4, 6, 8, 10}m/s.
The first level represents a constant-speed case, where PLEV1 maintains its
initial velocity of 2 m/s throughout the trajectory. The remaining speed levels
correspond to cases of sudden acceleration, introducing variability in agent
behavior. The total simulation duration is set to 7.5 seconds, with a prediction
time step of ∆t = 0.05 seconds. For N = 40 prediction steps, a prediction horizon
of thorizon = ∆t× N = 2s is used at each step to predict future agent positions.

https://youtu.be/oH6yPuocRJk?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
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Table 5.1: Agents Parameters and initial states

AV Parameters Value Unit

radius 2 m
initial position [0, -6] m
initial velocity [8, 0] m/s

uAV
max [8, 35] [m/s, ◦]

uAV
min [0, -35] [m/s, ◦]

PLEV1 Parameters Value Unit

radius 0.5 m
initial position [10, -9] m
initial velocity [2, 0] m/s

vmax 10 m/s

PLEV2 Parameters Value Unit

radius 0.5 m
initial position [16, -6] m
initial velocity [2, 0] m/s

vmax 2 m/s

5.5.1 Result using Standard MPC formulation

We first evaluate the simulation results using standard MPC. At PLEV1 initial
speed levels of 2 m/s and 4 m/s, the MPC effectively manages these small
variations in agent speeds without violating collision constraints, as illustrated in
Figure 5.11. The PIDP remains above the safe distance threshold, dsa f e, indicating
safe navigation throughout the prediction horizon. This can be observed in the
inter-distance plot between the AV and the two PLEVs at time t ≤ 1s (cf. Figure
5.12 (a) & (c)).

The MPC approach, however, adopts an overly conservative strategy, nearly
halting the motion of the AV to avoid a potential collision with PLEV2. This
caution stems from the PIDP indicating a risk of collision due to a possible
left-turn trajectory by PLEV2 (cf. Figure 5.12 (d), in red). To mitigate this risk,
the MPC algorithm prioritizes maintaining a safe distance behind PLEV2 rather
than attempting to overtake it. Consequently, even at the end of the simulation,
t = 7.5, the AV remains at a significant distance from the final goal position
xgoal = [−2, 60]m (cf. Figure 5.11 (b)).

At higher speeds of 6 m/s and above, the MPC algorithm could not find an
optimal solution that satisfies all safety constraints. Notably, as shown in Figure
5.13, the AV violates the road boundary constraint in an attempt to avoid a
collision with other agents following the sudden acceleration of the PLEV1.
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Figure 5.11: A scenario using MPC showing an AV (in red) and multi-modal PLEVs (1
in Yellow & 2 in Blue): (a) At t = 1 s, the actual speed of both PLEVs is 2

m/s, (b) At t = 7.5 s, AV overtakes PLEV1 but stays beside PLEV2 to avoid a
possible collision with a possible Left turn trajectory of PLEV2

5.5.2 Result using Priority-based F-PIDP+MPC

The approach proposed, which integrates F-PIDP+MPC, outperforms standard
MPC across all speed variations, provided the alternative lane remains collision-
free. By utilizing F-PIDP as a risk metric and prioritizing the target PLEV identi-
fied as the most dangerous, the AV can compute a less conservative trajectory
that effectively meets all safety constraints.

For example, at t = 1s, PLEV1 is identified as the priority target PT, as shown
in Figure 5.14 (a). After the fusion of the PIDPs, the F-PIDP set-point indicates
that the AV should increase its distance from PLEV1 to prevent a potential
collision (cf. Figure 5.15 (a)). By focusing solely on the priority target, PLEV1, the
F-PIDP+MPC algorithm finds a solution that enables the AV to safely overtake
PLEV1. Subsequently, at t = 5s, PLEV2 becomes the new priority target, which
the AV overtakes after passing PLEV1 (cf. Figure 5.14 (b)).

This priority-based behavior enables the AV to quickly leave the dangerous
region by focusing on the most critical agent, rather than simultaneously account-
ing for all multi-modal agents’ motion (using standard MPC), which often results
in overly conservative behavior. Consequently, the AV covers greater distances
in less time compared to the standard MPC method, which remains alongside
PLEV2 after 7.5 seconds (cf. Figure 5.14 (b)). Throughout the simulation, the
proposed F-PIDP+MPC method ensures that the PIDPs of all agents consistently
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Figure 5.12: PIDP plot between the AV and the PLEVs using MPC: (a) & (c) At t = 1 s, all
PIDPs (red, blue, green) of PLEV1 & 2 are above safety distance dsa f e, (b) &
(d) At t = 7.5 s, the PIDPs of PLEV1 are above dsa f e while a PIDP of PLEV2

may lead to collision, reproduced from [4]

Figure 5.13: At t = 3 s, MPC violates the boundary constraint due to the sudden change
in speed of PLEV

remain above the safety distance threshold, as illustrated in Figure 5.15. This
strategy is effective for both PLEVs and other road vehicles.
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Figure 5.14: A scenario using the F-PIDP+MPC reproduced from [4]: (a) At t = 1 s, AV
overtakes the priority target PLEV1 (in red), (b) then at t = 5 s, AV overtakes
the new priority target PLEV2 (in red)

5.6 conclusion

This chapter addresses the challenge of multi-risk assessment and safe control
in the presence of multi-modal, highly uncertain micromobility agents (PLEVs).
It starts by identifying the core problem: classical scalar metrics (e.g., TTC) do
not capture the spatio-temporal evolution and multi-modality of inter-agent
separation, and treating each predicted trajectory independently produces either
brittle or overly conservative behavior.

To overcome this, the Predictive Inter-Distance Profile (PIDP) is used to rep-
resent the distance evolution over the prediction horizon. Building on PIDP,
Fusion of PIDPs (F-PIDP) is introduced: characteristic (start, minimum, and end)
points from each mode are fused via a probability-weighted center-of-mass and
fitted with a smooth quadratic curve. F-PIDP reduces conservatism by combining
likelihood and danger into a single continuous safety set and is integrated as a
setpoint into a Stochastic MPC (SMPC) formulation. A priority-based selection
method is also proposed to mitigate the curse of dimensionality by focusing
computation on the most dangerous agent.

Overall, the chapter presents a multi-risk assessment pipeline from PIDP
to F-PIDP, together with multi-risk management integrations (SMPC, priority
selection) that progressively incorporate multi-modality, producing practical,
computationally tractable solutions for multi-risk assessment and management
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Figure 5.15: PIDP plot between the AV and the PLEVs using F-PIDP+MPC: (a) At t = 1 s,
F-PIDP setpoints suggest creating more distance between AV and PLEV1,
(b), (c), & (d) All PIDPs are above dsa f e as presented in [4]

around PLEVs. The next chapter will extend this approach to situations with
estimation uncertainties in the state of the PLEVs.
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F - S P I D P A N D M U LT I - L E V E L M O T I O N O P T I M I Z AT I O N

This chapter presents a stochastic Predictive Inter-Distance Profile (sPIDP)
to capture estimation uncertainties arising from sensor and model errors. It
extends deterministic PIDP with an additive stochastic component derived
from propagated state-estimation uncertainties. A Fusion of sPIDP (F-sPIDP)
extends this to multi-modal predictions, integrated within the overall Multi-Risk
Assessment and Multi-level Motion Optimization and Control (MiRA-MOC)
architecture. MiRA-MOC combines a sampling-based global planner in the
Frenet frame with a robust local controller formulated as a direct optimization
problem using F-sPIDP for multi-risk Assessment and management of multi-
modal agent behaviors with other sources of uncertainties. Vehicle dynamics,
actuator limits, and safety margins are explicitly enforced, while a multi-priority
target selection strategy further reduces conservatism in dense traffic by focusing
on the most relevant agents.

6.1 introduction

The need for a stochastic formulation of the Predictive Inter-Distance Profile
(sPIDP) arises from the unavoidable uncertainty in the estimated state of sur-
rounding agents (cf. Figure 6.1). Deterministic PIDP and its fusion, F-PIDP (cf.
Section 5.2) neglect estimation noise and can therefore underestimate collision
risk when sensor or prediction errors are significant. By explicitly modeling
the inter-distance as a sum of a deterministic term and a stochastic perturba-
tion, sPIDP (and its probabilistic fusion, F-sPIDP cf. Section 6.2.4) enables a
principled propagation of state prediction uncertainties into safety margins and
chance-constrained decision-making.

Building on this, a Multi-Risk Assessment and Multi-level Motion Optimization
and Control (MiRA-MOC) strategy is proposed to perform multi-risk assessment
and management (cf. Figure 4.1). The overall motion and control optimization
problem is divided into two main tasks (cf. Figure 6.8): Safe global trajectory
selection which takes into account the F-sPIDP for collision avoidance and a
local control optimization. This approach efficiently assesses and manages risk
while accounting for uncertainties (perceived position, velocity) in the motion of
surrounding agents in the traffic environment. Figure 6.8 shows the steps of the
multi-level motion optimization procedure, which are presented in detail in this
chapter. Therefore, the remainder of the chapter details the sPIDP uncertainty
propagation, the F-sPIDP fusion, the multi-level motion optimization strategy,
and simulation results illustrating the benefits of the proposed approach.
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Figure 6.1: Multimodal predictions with state estimation uncertainties

6.2 stochastic pidp (spidp) to deal with motion estimation un-
certainty

Fusion of Predictive Inter-Distance Profile (F-PIDP) presented in Section 5.2 effec-
tively combines multiple PIDPs to provide a comprehensive multi-risk assessment
for an AV navigating in an environment with multi-modal PLEVs. F-PIDP method
can handle PLEVs with high dynamic multi-modal motion provided the estimated
state (positions and velocities) of the agents are very accurate.

Therefore, both PIDP and F-PIDP assume that the states (intentions, positions,
velocities, etc.) of the traffic participants are deterministic, which is not true in
a real-world scenario since only an estimate of the current state of the traffic
participants is known during motion. This implies that estimation uncertainties
due to model inaccuracies, or sensor noises, need to be considered besides the
multiple hypotheses on the future trajectories of a PLEV [133] (cf. Figure 6.2).

For instance, consider a scenario where the AV is navigating alongside a
jaywalking PLEV. The AV estimates the current position and velocity of the PLEV
using its onboard sensors, but these estimates are subject to uncertainties due to
sensor noise and environmental factors. As shown in (cf. Figure 6.2 (a) & (b)), the
estimated PIDP indicates that the safety distance is respected, while the actual
PIDP, which accounts for the true state of the PLEV, shows that the safety distance
is violated. This discrepancy highlights the importance of considering estimation
uncertainties during the multi-risk assessment and management.

This multi-risk problem with estimation uncertainty is addressed in this sec-
tion by computing a Fusion of stochastic PIDPs (F-sPIDP). F-sPIDP explicitly
incorporates the estimated uncertainties in the predicted instantaneous states of
the agents, rather than neglecting these uncertainties as done using PIDP and
F-PIDP (cf. Chapter 5).

The fundamental idea of stochastic PIDP (sPIDP) is to consider the predicted
inter-distance as a combination of two components (cf. Figure 6.2 (c) & (d)):

• A deterministic component equivalent to the expected/standard PIDP
which uses the current best estimate of the agent’s state trajectories, and
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• A stochastic component that accounts for the uncertainty in the estimated
states of the agents.

The stochastic PIDP is parameterized as:

sPIDP(t) = PIDP(t) + w(t) (6.1)

Where the expected PIDP(t) := E[sPIDP] ∈ R+ is the estimated inter-distance
of the position vectors of the interacting agents (also known as the mathematical
expectation or mean value), w(t) denotes the uncertainties in the system, over
the prediction time interval 0 ≤ t ≤ thor. The sPIDP is required in Block “3” of
the global architecture (cf. Figure 4.1).

F-sPIDP computes the stochastic PIDP of all the predicted maneuvers that the
PLEVs can make, together with their prediction uncertainties. Then, a weighted
fusion of the sPIDPs is computed using a quadratic fit. The subsequent sections
present a comprehensive explanation of the procedures involved in calculating the
F-sPIDP. In sub-section (6.2.2), the mean of the sPIDP is computed. Sub-section
(6.2.3) evaluates the variance of the uncertainty of the sPIDP.

Figure 6.2: (a)&(b) Estimated PIDP shows safety distance is respected, while the Actu-
al/True PIDP shows safety distance is not respected (c)&(d) Representing
estimation uncertainties using stochastic PIDP (sPIDP)

6.2.1 Uncertainty-based Motion Prediction of PLEV

For instance, if the predicted state of the PLEV at next time step t + 1 is repre-
sented as a Gaussian distribution:

x̃j(t + 1) = Aj(t) · x̃j(t) + wj (6.2)

z(t + 1) = C(t) · x̃j(t) + ε (6.3)
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where x̃j(t + 1) denotes the predicted state of the PLEV’s jth maneuver at time
step t, Aj(t) is the state transition matrix, the measurement z(t + 1) is same for
all maneuvers, and C(t) is the measurement matrix. Both wj ∼ N (0, Σw

j ) and
ε ∼ N (0, Σε) are assumed to be Gaussian additive noises with covariance matrices
Σw

j and Σε respectively. This assumption is reasonable for small deviations in the
agent’s instantaneous motion and can be obtained from an appropriate estimation
algorithm, like in [134], which gives the predicted state of the PLEV and its
covariance. The estimation of the PLEV’s state is obtained from the perception
Block “P” in the control architecture shown in Figure 4.1. They are inputs to
our architecture, and do not correspond to the investigations in this research
(cf. Section 4.3). Significant changes in PLEV motion are typically captured by a
different mode within the multi-modal prediction framework.

6.2.2 Deterministic Component of sPIDP

The deterministic component of sPIDP is the value of the inter-distance when the
uncertainty in (6.1) is zero. This implies that given the estimated state trajectory
of the position vector p̃(t) = (x̃(t), ỹ(t)), the deterministic part of the sPIDP of
two interacting agents is:

E[sPIDP] = E
[
||p̃a − p̃j||

]
(6.4)

where p̃a and p̃j are the current estimates of the position of the AV and the
i-th traffic participant. Indeed, (6.4) is the expected PIDP that corresponds to the
traditional PIDP in [5] and [17] (cf. Section 4.5 & 5.2).

6.2.3 Stochastic Component of sPIDP

The uncertainty in the motion of the agents represented as w(t) ∈ R in (6.1) often
has a significant impact on the behavior of the AV. Furthermore, the value of
w(t) is typically not provided by state-of-the-art motion prediction algorithms.
Therefore, we project the predicted state covariance uncertainty of the agents to
obtain the predicted inter-distance uncertainty, w(t) : Rn×n → R. Let the variance
of the inter-distance uncertainty be:

V[sPIDP] = E[d2]− (E[d])2 (6.5)

where E[d] =: E[sPIDP] is the expected value of sPIDP given in (6.4), therefore
we present below the derivation of E[d2].

E[d2] = E[(x̃r − x̃i)
2 + (ỹr − ỹi)

2] (6.6)

= E[x̃2
r ] + E[x̃2

i ] + E[ỹ2
r ] + E[ỹ2

i ]− 2(E[x̃r x̃i] + E[ỹrỹi])

The formula for defining the expected values of the agents’ squared position
component is E[x2] = V[x] + E[x]2. The variance of each position component
V[·] derived from the uncertainty provided by the motion prediction algorithm
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[50], [81], [134] can be utilized to compute E[x2]. Hence, given the covariance
matrix Pj(t + 1) as shown in [134], defined in (6.7):

Pj(t + 1) = Aj(t) · Pj(t) · Aj
T(t) + Σw

j (6.7)

where Aj(t) and Σw
j are defined in (6.3). Putting (6.4) and (6.6) in the variance

equation (6.5) will return the uncertainty of the sPIDP.
The sPIDP of a possible PLEV trajectory is depicted in Figure 6.2 (c & d), where

a 2D surface represents the deterministic and stochastic components of sPIDP
between an AV and the PLEV. The proposed approach does not rely on a specific
assumption about the distribution of uncertainty, making it applicable to most
motion prediction algorithms.

Figure 6.3: Fusion of stochastic PIDPs (F-sPIDP) of an AV and a PLEV with three (3)
possible multi-modal maneuvers and their uncertainties (variance)

6.2.4 Fusion of Stochastic PIDP (F-sPIDP) for multi-modal Agents Multi-Risk Assess-
ment

PLEVs are known to exhibit multi-modal behaviors, which increases the complex-
ity of the navigation problem since a single agent may have multiple predictions
from the same or multiple motion prediction algorithms. Similar to the F-PIDP,
the Fusion of sPIDP (F-sPIDP) is proposed to fuse the sPIDPs of all the predicted
maneuvers of a PLEV.

Like F-PIDP, we extract the same characteristic parameters from each sPIDP
that capture the significant points on the sPIDP curve:

1. sPIDPj(t0): the sPIDP value at time (t0), has the same value for all the
sPIDPs of a given agent.

2. sPIDPj(tmin): the sPIDP value at time (tmin), the minimum point of each
sPIDP curve.
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3. sPIDPj(thor): the sPIDP value at time (thor), the end point of each sPIDP
curve.

Consequently, at each time step, all sPIDP parameters are merged into a single
quadratic polynomial curve, weighted by their probability Pr(j). These parameters
are integrated by calculating the probabilistic center of mass (pCOM) (5.6) for all
sPIDPs, this becomes:

F_sPIDP(t) =
Ntraj

∑
j=1

Pr(j)× sPIDPj(t) (6.8)

where, each maneuver j ∈NNtraj has a probability Pr(j), and sPIDPj(t) repre-
sents the sPIDP at any of the feature points t ∈ {t0, tmin, thor}. Ntraj indicates the
total number of maneuvers considered. The F-sPIDP(t) = pCOM(t), a weighted
average of the feature points based on the probability of the PLEV’s maneuver.
As a result, the F-sPIDP curve can be parameterized as:

 F_sPIDP(t0)
...

F_sPIDP(thor)

 =

1 t0 t2
0

...
...

...
1 thor t2

hor

 ·
q0

q1

q2

 (6.9)

where [q0, q1, q2] are unknown variables that describe the F-sPIDP curve and
are obtained by solving the above linear equation by taking the matrix (or pseudo)
inverse at t ∈ [t0, tmin, thor]. As illustrated in Figure 6.3, the outcome is a singular,
cohesive F-sPIDP curve that approximates the information from all of the sPIDPs.
The definition of the appropriate F-sPIDP and a coherent F-sPIDPre f setpoint
required by the multi-risk management algorithm for safety can be derived as
shown in Section 5.2.

6.2.5 F-sPIDP in Uncertainty-aware MPC (U-MPC)

The F-sPIDPre f is integrated into an Uncertainty-aware MPC (U-MPC) framework
for multi-risk management which enhance the AV’s ability to navigate safely in
environments with multiple PLEVs exhibiting uncertain behaviors. The U-MPC
formulation incorporates the F-sPIDP as a dynamic safety constraint, allowing
the AV to adapt its trajectory based on the assessed multi-risk from surrounding
agents. The U-MPC optimization problem is formulated as follows:

min
U

F (x̃(t), xre f , U, Ure f ) (6.10)
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such that



∀t ∈ {0, . . . , N}

x̃(t + 1) = f (x̃(t), u(t))

x̃j(t + 1) = f (x̃j(t), w)

PIDP(t) ≥ Dsa f e(δv, dw(t))

Umin ≤ U(t) ≤ Umax

(6.11)

based on the current estimation of the state of the ego-vehicle x̃(t + 1) and
the PLEV most probable trajectory x̃j(t + 1). The lower and upper bounds of
the acceptable control inputs are denoted as Umin and Umax, respectively. While
U = [u(t), . . . , u(N − 1)] are the desired safe control inputs for the ego-vehicle,
Dsa f e(·) denotes the safety distance constraint function. Therefore, the output of
the U-MPC algorithm is the value of U that minimizes the objective function F ,
defined in the following sub-section 6.2.6. Sub-Section 6.2.7 defines the uncertainty
and speed safety constraint.

6.2.6 Definition of U-MPC Objective Function

It is required that the motion of the ego-vehicle must be as smooth as possible
and also safe as it optimizes its tracking of the defined F-sPIDP set-point (cf.
Section 6.2.4 and Figure 6.3). Therefore, the U-MPC optimizes a combination
of multiple objective functions. For simplicity, the muti-objective functions are
considered to be least-squares functions:

1. The stage cost to reach the target destination xre f : fx = 1
2∥x̃(t)− xre f ∥2

2. The terminal cost to reach the target destination xre f of the ego-vehicle:
fxN = 1

2∥x̃(N)− xre f ∥2

3. The energy cost to reach the reference control action Ure f : fu = 1
2∥U(t)−

Ure f ∥2

4. The deviation cost from the reference F-sPIDP set-point: fp = 1
2∥PIDP(t)−

F_sPIDP(t)∥2

Therefore, the overall multi-objective function F is given by (6.12)

F = γ1 fx + γ2 fxN + γ3 fu + γ4 fp;
4

∑
i=1

γi = 1 (6.12)

with γi ∈ R+ representing global weights to balance the influence of the cost
functions on the overall multi-objective function.
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6.2.7 Uncertainty-Based Safety Constraint

The risk of collision with other traffic agents is assumed to be proportional to the
linear velocity of the AV and the uncertainty in the inter-distance between the AV
and PLEV. This is because the faster the motion of the AV, the more cautious it
needs to be around other road users. Similarly, the more the level of uncertainty
in the predicted state of the PLEV, the higher the risk of collision. Therefore, the
safety distance constraint function is assumed to be dynamic and defined as

Dsa f e(δv, dw(t)) = R + r + δv + dw(t) (6.13)

The braking distance δv depends on the vehicle velocity and
dw(t) := N (0, Var[sPIDP]) (6.5)
is the predicted uncertainty of the current most probable sPIDP. This implies

that the safety distance constraint function Dsa f e in (6.11) is linear with respect to
the sum of the radii of the AV (R) and PLEV (r), the AV’s braking distance, and
the sPIDP uncertainty.

a) Collision Avoidance as a Chance constraint

We employ sPIDP to guarantee safety between the AV and the surrounding road
users. The approach is similar to the traditional PIDP (cf. Section 4.5 & 5.2), here
the collision constraint is expressed as

Dsa f e(δv, dw(t)) ≤ sPIDP(t) (6.14)

The uncertainty due to estimation errors in the AV and PLEVs’ position (and
radius) is addressed through the addition of the noise in the sPIDP to the safety
distance and by formulating (6.14) as a chance-constraint problem with a desired
probability α to be satisfied,

Pr
(

dsa f e + dw(t) ≤ sPIDP(t)
)
≥ α (6.15)

with 0.5 ≤ α ≤ 1, dsa f e = R + r + δv
α is a tunable risk parameter. When α is large, the behavior of the AV becomes

very conservative, which can make the chance-constraint optimization problem
infeasible. However, a small value of α may lead to a high risk of collision. A
value of 0.7 ≤ α ≤ 0.95 provides a good balance between operationality and
risk. The following section presents a method to tighten the chance constraint to
reduce the impact of large levels of estimation uncertainties.

b) Collision Avoidance Constraint Tightening

Directly adding uncertainty to the safety distance may lead to highly conservative
behavior, since the estimated uncertainty may be very large. We address this
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problem by performing constraint tightening using the desired risk parameter
α. Hence, the constraint in (6.15) is separated into a deterministic and stochastic
component with a limit on the inter-distance, such that dsa f e will have a high
probability of being below the PIDP. This implies that:

dsa f e + σ(t) ≤ d(t)

Pr
(

dw(t) ≤ σ(t)
)
≥ α

(6.16)

since the uncertainty in dw(t) ∼ N (0, Var[sPIDP]) is known (cf. Section 6.2.3)

and d(t) = E
[
||p̃a − p̃j||

]
is the current inter-distance as in (6.4), the value of σ(t)

can be computed explicitly during every iteration from the quantile function of
a Gaussian distribution as, σ(t) =

√
2 ∗Var[sPIDP]× erf−1(2α− 1). Where the

function erf−1(·) denotes the inverse error function.

6.2.8 Simulation and Results using F-sPIDP + SMPC

The motion of the AV is subjected to the following constraints in addition to the
safety constraint

y ∈ [0,−8]m, δ ∈ [−35, 35]◦, v ∈ [0, 8]m/s, dsa f e = 3m

The minimum safety distance dsa f e between the AV and a PLEV is set to 3 m,
with values below this indicating a collision. The PLEV has three possible ma-
neuvers with their associated probabilities for slow forward motion (red), fast
forward motion (green) and turning right (blue) (cf. Figure 6.6). The predicted
trajectories of the PLEV and their associated probabilities are assumed to be
provided by an appropriate perception/prediction algorithm (cf. Section 4.3).
However, for simplicity, the evolution of the probability of the trajectories is
assumed to be the same for the tested scenarios depending on the PLEV trajec-
tory. (cf. video shown through this link https://youtu.be/mzyxZoOjUB8?list=

PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)

Figure 6.4: Test Scenario of the AV and a single PLEV crossing the road: showing the
different trajectories of the AV for Varying Risk Factor α ∈ [0.5, 1]

https://youtu.be/mzyxZoOjUB8?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
https://youtu.be/mzyxZoOjUB8?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
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Figure 6.5: Varying Risk Factor α ∈ [0.5, 1]: (a) Velocity, (b) Inter-Distance, and (c) Safety
Distance

6.2.9 Chance Constraint Risk Factor Test

The first scenario involves an AV and a PLEV crossing the road at constant
velocity. The results show that even lower values of the risk factor α ∈ [0.5, 1]
yield safe trajectories for the AV, either by decelerating or performing a lane
change (cf. Figure 6.4). The velocity plot shows a deceleration to low velocity of
about 1 m/s for high values of the risk factor to create more distance, while for
lower values of the risk factor the AV decelerates to an average speed of 2 m/s
(cf. Figure 6.5 (a) & (b)). The difference between the safety distance and the actual
inter-distance for varying parameters of the risk factor is shown in Figure 6.5
(c), with large values when the risk factor is high which indicates a conservative
behavior.

We set α = 0.7, and simulated multiple agents with two PLEVs and two parked
vehicles. The F-sPIDP of each PLEV is computed independently. The result shows
that safety is respected: all stochastic PIDPs and the ground truth PIDPtrue of the
agents are always above dsa f e without constraint violations (cf. Figure 6.6).

Figure 6.6: Scenario with multiple agents: Left, shows the 2D scenario of the AV trying
to avoid collision with the surrounding vehicles. Right, shows the plot of the
estimated sPIDP for each agent and their corresponding variance (V[sPIDP]),
all stochastic PIDP above dsa f e
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6.2.10 Statistical Comparison with SMPC

In this section, we compare the proposed method using (F-sPIDP + U-MPC) with
classical SMPC. The scenario involves a PLEV that suddenly enters the traffic
environment at an average speed of 4 m/s while trying to overtake two parked
vehicles. This scenario is very challenging because the PLEV starts from a position
only a few meters from the AV. Furthermore, different levels of multi-object
detection and tracking errors were considered, starting from low translation
errors for LiDAR-based tracking algorithms to high levels of uncertainty in
camera-based tracking algorithms (ΣT ∈ [0.02, 0.1, 0.5, 1]m) [138].

The following performance metrics are considered for comparison of the results
(cf. Table 6.1):

1. Minimum inter-distance minPIDP (cf. Figure 6.3): this measures the smallest
safety distance or risk of collision between the AV and all the other agents.
A high minPIDP indicates a safer motion.

2. Cost to reach the reference position (Cost to Ref.): measures the algorithm’s
efficiency to reach the desired goal quickly. It measures the distance between
the final position of the AV and the reference position (||xN − xre f ||, where
xre f = 100m) A small value of Cost to Ref. implies an efficient motion
towards the reference position (AV’s destination).

3. Computation Time: measures the time it takes for the ego-vehicle to compute
the control actions required by the AV.

Report of the mean (over 20 runs) of the minimum inter-distance (minPIDP),
cost to reach the reference position (Cost to Ref.), and Computation Time are
shown in Table 6.1.

To ensure clarity, just the outcomes of the interaction between the AV and PLEV
are studied. Due to the high rate of constraint violation using SMPC with only the
most probable trajectory, we considered SMPC with all 3 trajectories as collision
constraints. This approach reduces the collision rate, but have a significant impact
on the efficiency of the method. Therefore, when the uncertainty is low (ΣT ≤
0.1m), the resulting motion is smooth using all the methods considered. SMPC
gives high values of minPIDP due to its conservative behavior since it tries
to avoid all three predicted trajectories of the agents. Whereas, the proposed
approach using only the most probable trajectory and the F-sPIDPre f maintains
a safety distance above dsa f e = 3m, with the lowest Cost to Ref. and computation
time, which can be further optimized for real-time application. A low Cost to
Ref. of 43.80 m using the proposed approach, compared to 67.54 m using SMPC,
shows that the final position of the AV using the proposed approach is about 24

m ahead of the SMPC-based method (cf. Figure 6.7).
For high levels of simulated position errors (ΣT ≥ 0.5m) often observed in

camera-based object detection algorithms [138], SMPC becomes too conservative
while trying to increase the safety distance (min PIDP) between the AV and the
PLEVs. This behavior in such a narrow space often results in poor performance
that violates the constraints and keeps the AV far from the reference position as
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indicated by the high value of the Cost to Ref. (cf. Table 6.1). Moreover, when
the maximum object tracking error is 1 m, SMPC couldn’t find a safe solution,
thereby violating the constraint by moving too close to the road boundary (cf.
Figure 6.7). A limitation of the proposed method, common to most MPC-based
approaches, is its high computational time. This can be improved by strategies
such as increasing the sampling interval ∆t, reducing the number of prediction
steps N, or leveraging sampling-based optimization techniques that are capable
of utilizing GPU acceleration for faster computation.

Figure 6.7: Final Position of AV at Final Time N for both the proposed U-MPC and
SMPC methods with tracking error of 1m: SMPC violates the constraint by
moving too close to the boundary, U-MPC maintains a safe distance without
being too conservative

Table 6.1: Comparison with varying Object Tracking Errors. Report of the mean (over 20

runs) of (min PIDP ↑, Cost to Ref. ↓, and Computation Time ↓)
Method Metric / ΣT 0.02 m 0.1 m 0.5 m 1 m

SMPC
minPIDP [m] 4.64 4.67 4.15 5.50

Cost to Ref. [m] 67.54 67.83 68.72 86.47

Computation Time [s] 0.17 0.17 0.20 0.26

U-MPC
min PIDP [m] 3.28 3.32 3.46 3.45

Cost to Ref. [m] 43.80 43.90 51.64 55.07

Computation Time [s] 0.11 0.13 0.16 0.16

6.3 multi-level motion optimization and control

The main idea is that MPC and its variants, such as SMPC, struggle to han-
dle multiple moving agents, particularly in roads with nonlinear curvatures, as
discussed in Section 4. Although MPC allows adding multiple constraints, the op-
timization problem becomes more complex with each additional constraint (road
or agent), leading to longer computation times and potential infeasibility. This is
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particularly problematic in urban environments where real-time decision-making
is crucial for safety. To overcome these limitations, a Multi-Risk Assessment and
Multi-level Motion Optimization and Control (MiRA-MOC) strategy is proposed
to perform sampling-based global trajectory optimization in the Frenet coordinate
frame to handle road boundaries and agent constraints efficiently. Meanwhile, the
local control optimization tracks the reference trajectory, accounting for vehicle
kinematics and the assessed level of uncertainty. This approach enables more
efficient multi-risk assessment and management while accounting for unforeseen
disturbances in the motion of surrounding agents in the traffic environment.

1. Sampling-based Optimal Trajec-
tory Selection

2. Local Trajectory Optimization

Compute trajectory samples

Select Safe and Optimal Global Path
using Fusion of stochastic PIDP (F-
sPIDP)

Compute Local trajectory respect-
ing vehicle kinematic constraints and
motion uncertainties obtained from
F-sPIDP

Figure 6.8: An overview of the multi-level motion optimization steps: (Left) Sampling-
based Optimal Trajectory Selection, (Right) Local Trajectory Optimization

Figure 6.9: Global path in Frenet coordinates
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6.4 sampling-based safe optimal trajectory selection

Generating traffic-adapted trajectories is challenging in highly dynamic and
uncertain environments, due to the coupled effects of the vehicle’s lateral and
longitudinal dynamics in a Cartesian frame. Furthermore, during collision avoid-
ance, the search for an optimal safe trajectory is a non-convex problem, which
is very challenging for most optimization solvers. To address this challenge,
a sampling-based trajectory optimization approach is proposed in the Frenet
coordinate frame to generate lane-disciplined trajectories that better describe the
relationship between vehicle dynamics and road geometry. Representing the road
environment in the Frenet frame enables transforming the curvilinear road into
a linear representation (cf. Figure 6.9) instead of the straight line assumption in
Section 5.3.2. The algorithm efficiently explores the solution space based on the
road’s shape and identifies optimal, safe trajectories that minimize a defined cost
function while satisfying safety constraints. The main steps of the sampling-based
trajectory optimization approach are presented in the following sections.

6.4.1 Lateral Trajectory Generation

The lateral trajectory generation is based on the quintic polynomial model, widely
used in autonomous driving applications for its ability to ensure smoothness
and continuity in position, velocity, and acceleration profiles. Its main focus is on
obstacle avoidance and lane change. The quintic polynomial is defined as follows:

d(t) = a0 + a1t + a2t2 + a3t3 + a4t4 + a5t5 (6.17)

where d(t) represents the lateral position as a function of the longitudinal distance
t, and a0, a1, a2, a3, a4, a5 are the coefficients of the polynomial. These coefficients
are determined based on boundary conditions, which typically include the initial
and final lateral positions, velocities, and accelerations. The boundary conditions
can be expressed as:

d(t0) = d0, d(t f ) = d f

ḋ(t0) = vd0, ḋ(t f ) = vd f

d̈(t0) = ad0, d̈(t f ) = ad f

where d0 and d f are the initial and final lateral positions, vd0 and vd f are the
initial and final lateral velocities, and ad0 and ad f are the initial and final lateral ac-
celerations. By solving this system of equations, the coefficients a0, a1, a2, a3, a4, a5
can be determined, enabling the generation of a smooth lateral trajectory that
satisfies the specified boundary conditions. This approach ensures that the ve-
hicle can transition smoothly between lanes or navigate around obstacles while
maintaining comfort and safety.

Therefore, given the initial state of the ego vehicle and a set of desired final
lateral positions, velocities, and accelerations, a set of candidate lateral trajectories
can be generated by varying the final conditions. This allows for the exploration
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of different maneuver options, such as lane changes or obstacle avoidance, while
ensuring that each trajectory adheres to road limits and shape constraints. For a
given start point at time t0 and end point at time t f , the matrices of the initial
and final boundary conditions can be expressed as follows:

Y0 =

 d0

vd0

ad0

 and Yf =

 d f

vd f

ad f

 (6.18)

The coefficients of the quintic polynomial can then be computed by solving the
following linear system:

1 d f d2
f d3

f d4
f d5

f

0 1 2d f 3d2
f 4d3

f 5d4
f

0 0 2 6d f 12d2
f 20d3

f

1 d0 d2
0 d3

0 d4
0 d5

0

0 1 2d0 3d2
0 4d3

0 5d4
0

0 0 2 6d0 12d2
0 20d3

0





a0

a1

a2

a3

a4

a5


=



y f

vd f

ad f

d0

vd0

ad0


(6.19)

By solving this system, the coefficients a0, a1, a2, a3, a4, a5 can be determined,
allowing for the generation of a smooth lateral trajectory that meets the speci-
fied boundary conditions. This approach ensures that the vehicle can transition
smoothly between lanes or navigate around obstacles while maintaining comfort
and safety.

6.4.2 Longitudinal Trajectory Generation

The longitudinal trajectory generation is based on the quartic polynomial model
which ignores the final position constraint. This model is particularly useful to
ensure a constant motion along the reference lane. The quartic polynomial is
defined as follows:

s(t) = b0 + b1t + b2t2 + b3t3 + b4t4 (6.20)

where s(t) represents the longitudinal position as a function of time t, and
(b0, b1, b2, b3, b4) are the coefficients of the polynomial. These coefficients are
determined based on boundary conditions, which typically include the initial and
final longitudinal positions, velocities, and accelerations. The boundary conditions
can be expressed as:

s(t0) = s0, ṡ(t0) = vs0, s̈(t0) = as0

ṡ(t f ) = vs f , s̈(t f ) = as f

where s0 is the initial longitudinal position, vs0 and vs f are the initial and final
longitudinal velocities, and as0 and as f are the initial and final longitudinal
accelerations. By solving this system of equations, the coefficients (b0, b1, b2, b3, b4)
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can be determined, allowing for the generation of a smooth longitudinal trajectory
that meets the specified boundary conditions. This approach ensures that the
vehicle can maintain a consistent speed along the reference lane while adapting
to changes in traffic conditions.

Therefore, given the initial state of the ego vehicle and a set of desired final lon-
gitudinal velocities and accelerations, a set of candidate longitudinal trajectories
can be generated by varying the final conditions. This allows for the exploration
of different speed profiles, such as acceleration or deceleration, while ensuring
that each trajectory adheres to speed limits and traffic conditions. For a given
start point at time t0 and end point at time t f , the matrices of the initial and final
boundary conditions can be expressed as follows:

X0 =

 s0

vs0

as0

 and Xf =

[
vs f

as f

]
(6.21)

The coefficients of the quartic polynomial can then be computed by solving the
following linear system:

1 t0 t2
0 t3

0 t4
0

0 1 2t0 3t2
0 4t3

0

0 0 2 6t0 12t2
0

0 1 2t f 3t2
f 4t3

f
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(6.22)

By solving this system, the coefficients (b0, b1, b2, b3, b4) can be determined, allow-
ing for the generation of a smooth longitudinal trajectory that meets the specified
boundary conditions. This approach ensures that the vehicle can maintain a
consistent speed along the reference lane while adapting to changes in traffic
conditions.

6.5 f-spidp for optimal safe trajectory selection

Combining the lateral and longitudinal trajectory generation methods described
in Sections 6.4.1 and 6.4.2, a set of candidate trajectories can be generated by
varying the final conditions for both lateral and longitudinal movements. Each
candidate trajectory is evaluated based on a cost function that considers factors
such as comfort, efficiency, and F-sPIDP for safety. To transform the candidate
trajectories from the Frenet frame back to the Cartesian frame, the following
equations are used:

x(t) = xre f (s(t))− d(t) sin(θre f (s(t))) (6.23)

y(t) = yre f (s(t)) + d(t) cos(θre f (s(t))) (6.24)

where xre f (s) and yre f (s) are the reference path coordinates, and θre f (s) is the
heading angle of the reference path at position s. The derivatives of the trajectory
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in the Cartesian frame can be computed using the chain rule, taking into account
the derivatives of s(t) and d(t). This transformation allows for the evaluation
of the candidate trajectories in the context of the actual road geometry and
surrounding environment, facilitating the selection of the optimal safe trajectory
for the autonomous vehicle in the following sections.

6.5.1 Sampling Objective Cost Function

Given a starting position, the optimization problem aims to find a safe trajectory
xre f [t, thor] from a set of trajectories samples Xtraj that leads the AV to the target
destination without colliding with other traffic agents. The trajectory samples are
computed in the road-aligned Frenet frame, this allows the treatment of curved
roads as straight trajectories and implicitly accounts for motion primitives like
lane change and lane keeping. Table 6.2 summarizes the cost functions used to
evaluate the generated trajectory samples. The cost functions are categorized into
three main aspects: comfort, efficiency, and safety. Each cost function is designed
to quantify specific performance metrics that are crucial for safe and efficient
autonomous driving. The overall cost function in (cf. Section 4.6) for a given
trajectory sample is computed as a weighted sum of the individual cost functions:

J (xtraj) = wc Jcom f ort + we Je f f iciency + ws Jsa f ety (6.25)

The optimal safe trajectory xre f is then selected by minimizing the overall cost
function across all trajectory samples that satisfy the safety constraints, as follows:

xref[t0, t f ] = arg min
xtraj∈Xsafe

J
(
xtraj

)
(6.26)

subjected to:
g
(
ẍ(t), ÿ(t), x(t), y(t)

)
≤ 000 ∀t ∈ [t, t f ], (6.27)

x(t) ∈ Xsa f e ∀t ∈ [t, t f ], (6.28)

where wc, we, and ws are the weights assigned to each aspect, reflecting their
relative importance in the overall evaluation. The trajectory sample with the lowest
total cost J (xtraj) is selected as the optimal safe trajectory for the autonomous
vehicle to follow. This approach ensures that the selected trajectory balances
comfort, efficiency, and safety considerations, leading to a more robust and
reliable autonomous driving experience. The various constraints on the kinematics
of the system are represented by the nonlinear function in (6.27) as proposed
in [226]. The following subsection presents the proposed method to satisfy the
safety constraint in (6.28) to avoid the surrounding agents.

6.5.2 Uncertainty-aware Collision Check

The candidate trajectories are transformed from the Frenet frame to the Cartesian
coordinates to prevent collisions with other traffic agents. Instead of considering
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Table 6.2: Global Objective Cost Functions

Cost Function Description
C

om
fo

rt

Jaccel =
∫ t f

t0
a2 dt Penalizes large accelerations, by evaluating

total squared acceleration a
JJlat =

∫ t f
t0

ȧ2
lat dt Penalizes sudden changes in lateral accel-

eration, by evaluating total squared lateral
jerk ȧlat

JJlon =
∫ t f

t0
ȧ2

lon dt Penalizes sudden changes in longitudinal
acceleration, by evaluating total squared
longitudinal jerk ȧlon

Ef
fic

ie
nc

y

Jtime =
∫ t f

t0
1 dt Calculates the time taken to complete the

maneuver

Jgoal =
∫ t f

t0
s dt Penalizes the longitudinal distance covered

to encourage shorter trajectories

Jvel =
∫ t f

ts
(v(t)− vre f (t))2 Penalizes deviations from a reference veloc-

ity vre f (t) over a given period from ts to t f

Sa
fe

ty

Jlane =
∫ t f

t0
(d(t)− dre f (t))2 dt Penalizing deviations from the lane cen-

ter dre f (t) for lane disciplined driving and
safety

JF-sPIDP =

∑Nagent
∫ t f

t0
(F-sPIDPre f − d(t)) dt

Evaluates the total collision risk for Nagent
obstacles over time to be maximized

multiple trajectories of each agent, we compute the F-sPIDP of all PLEVs. The
F-sPIDP of each candidate trajectory is computed as shown in Section 6.2.4,
effectively reducing the multiple PIDPs to a single abstraction of the Multi-Risk
Assessment (the F-sPIDP). The set of trajectories that satisfy constraint (6.28) for
all i-th PLEVs are defined as:

Xsa f e :=
{

xtraj : F-sPIDPi ≥ dsa f e + V[sPIDP]
}

(6.29)

where Xsa f e is the safe set. Similar to the traditional PIDP, safety is guaranteed
when min(F-sPIDPi) ≥ dsa f e for all the agents. We define dsa f e = R+ r + δv, where
the radius of the AV and PLEV are R and r respectively, δv is a braking distance.
This formulation of the collision avoidance constraint allows for easy adaptation
for different shapes of the AV and PLEVs (e.g., rectangular, circular, elliptical) by
adjusting the safety distance dsa f e. The optimal trajectory xre f and its F-sPIDPre f
is the global trajectory that minimizes the objective function (6.26) and satisfies
the constraints (6.27) and (6.29) (cf. Figure 6.10). Algorithm 2 gives a summary of
the optimal trajectory selection process.
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Figure 6.10: The candidate trajectories and the corresponding F-sPIDP between an AV
and the possible trajectories of an agent: each F-sPIDP curve represents
the fusion of inter-distances between AV’s candidate trajectory and all the
maneuvers of the PLEV

Algorithm 2 Safe Optimal Trajectory Selection

Given set of AV trajectory samples Xtraj (cf. Figure 6.10)
Initialize empty set of safe trajectory Xsa f e
for each trajectory xtraj ∈ Xtraj do

Compute F-sPIDP between xtraj and all trajectories of the i-th Agent
if xtraj satisfy Equation (6.27) & (6.29) then

Add xtraj → Xsa f e
Compute objective cost J (xtraj) in Equation (6.26)

end if
end for
Return xre f ← arg minJ (xtraj), where xre f ∈ Xsa f e

6.6 local control optimization

Once the global optimal safe trajectory xre f is selected, a local control optimiza-
tion problem is formulated to track the reference trajectory while integrating the
vehicle’s dynamic and kinematic constraints, along with the assessed level of
uncertainty in the motion of surrounding agents (e.g., PLEVs). It is formulated as
a robust optimization problem to ensure that the autonomous vehicle can adapt
its control inputs in real-time, maintaining safety and performance even in the
presence of disturbances and uncertainties. The local control optimization prob-
lem requires frequent updates and adjustments to the control inputs based on the
latest state estimate of the vehicle and its environment. The main components of
the local control optimization problem are presented in the following subsections.
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Figure 6.11: The local trajectory of the AV while respecting the uncertainty constraint
V[sPIDP(t)]

6.6.1 Control Objective and Cost Function

The objective of the local controller is to minimize deviations from the global ref-
erence trajectory (cf. Section 6.5.2) while maintaining smooth control actions and
ensuring safety. The control problem is expressed as the following optimization:

min
u[t,thor]

thor

∑
t=0

(
||x(t)− xre f (t)||2Q + ||u(t)||2R + δδδ2

)
, (6.30)

where ||x||A := xT Ax denotes a weighted quadratic norm with A = AT.
Here, x(t) and u(t) represent the state and control input vectors of the AV,
respectively. The first term in the cost function penalizes deviations from the
reference trajectory, ensuring accurate tracking of the system’s state. The second
term penalizes excessive control inputs, promoting smooth and efficient driving
behavior. The third term penalizes deviations from the safe distance defined by
F-sPIDP, ensuring that the vehicle maintains a safe distance from surrounding
PLEVs. This term is critical in dynamic and uncertain environments, as it helps
to mitigate the multi-risks associated with unpredictable agent behaviors. By
minimizing this cost function, the local control optimization problem seeks to
achieve a balance between performance and safety, enabling the autonomous
vehicle to navigate effectively in complex traffic scenarios.

6.6.2 Control Constraints

The optimization problem in MPC typically prioritizes tracking a reference trajec-
tory while respecting constraints. However, it often struggles to react promptly to
obstacles due to the non-convex formulation of the obstacle avoidance constraints,
particularly when the AV requires significant deviations from the planned path.
By computing a safe reference path in the previous section, the optimization
problem is only subjected to the vehicle dynamics, the safety threshold, and the
actuator constraints:
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f
(
x(t), u(t)

)
= x(t + 1), ∀t ∈ [t, thor], (6.31)

||F_sPIDPre f − d(t)|| ≤ δδδ, ∀t ∈ [t, thor], (6.32)

V[sPIDP] ≥ δδδ, ∀t ∈ [t, thor], (6.33)

u(t) ∈ U , ∀t ∈ [t, thor]. (6.34)

The first constraint (6.31) enforces the system dynamics, ensuring state evo-
lution follows the nonlinear kinematic or dynamic model f (·). The second and
third constraints (6.32)–(6.33) ensure that the inter-distance error δδδ between the
AV and the most probable predicted trajectory of the surrounding agent remains
within the uncertainty bounds V[sPIDP]. The inter-distance is defined as:

d(t) = ||p̃AV(t)− pi(t)||2, (6.35)

where pi(t) = (x̃i(t), ỹi(t)) denotes the predicted position of the ith agent at time
t. Finally, constraint (6.34) restricts the control input u(t) (e.g., steering, throttle,
braking) within the admissible bounds U imposed by physical or comfort limits.

6.6.3 Overall Control Optimization Problem

The complete optimization problem integrates tracking, minimization of control
effort, and uncertainty-aware safety constraints. It can be summarized as:

min
u[t,thor]

J(x, u, δδδ) =
thor

∑
t=0

(
||x(t)− xre f (t)||2Q + ||u(t)||2R + δδδ2

)
(6.36)

s.t. f (x(t), u(t)) = x(t + 1), (6.37)
||F_sPIDPre f − d(t)|| ≤ δδδ ≤ V[sPIDP], (6.38)

u(t) ∈ U . (6.39)

This formulation enables the AV to track the locally planned trajectory xre f and
its corresponding probabilistic reference F-sPIDPre f (as obtained in Section 6.5.2)
while maintaining robustness to prediction uncertainty. Given the quadratic struc-
ture of the objective and convex constraints, the problem can be efficiently solved
using real-time optimization solvers such as CasADi optimization framework [10],
allowing for implementation within model predictive control (MPC) frameworks.

6.6.4 Multi-priority-based Collision Avoidance Strategy

In this work, we also address scenarios where there are many potential conflicts
with other vehicles on the road. This often leads to conservative multi-risk
management. Here, the decision-making and control problem regarding the
appropriate maneuver that the AV can execute is divided into two parts:

1. Decision on possible lane maneuver
2. Evaluation of the vehicle control inputs
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The decision on a potential lane change maneuver depends on whether the
adjacent lane is safe for the AV to move into. Hence, instead of a single priority
agent, a set of multiple priority agents is considered based on the level of danger
posed to the AV. To be less conservative, this approach can be used to consider a
priority agent on each lane of the road. Therefore, Algorithm 1 given in Section
5.4.1 is modified to identify multiple priority agents in the environments as
shown in Algorithm 3.

Algorithm 3 Multi-priority-based Target Selection Algorithm using F-sPIDP

Require: xAV(t, · · · , N), xPV(t, · · · , N)
1: Pmulti ⇐ ∅
2: while Goal not reached do
3: Compute F-sPIDP of all the PLEVs
4: for Each Road Lane do
5: Compute Pdmin: the PLEV with the minimum inter-distance to the AV
6: Compute PtSNR: the PLEV with the minimum tSNR
7: if Pdmin < dsa f e then
8: Pmulti ⇐ Pdmin : Add to multi-priority agents list
9: else

10: Pmulti ⇐ PtSNR : Add to multi-priority agents list
11: end if
12: end for
13: end while

6.7 results and discussion

6.7.1 Comparison between F-PIDP and F-sPIDP using Multi-level Motion Optimiza-
tion

F-sPIDP was evaluated against the earlier proposed F-PIDP [5] (cf. Section 5.2)
in a dangerous scenario, where a PLEV was suddenly detected in front of the
AV. Figure 6.12 (a) shows the current state of the agents, the predicted motion
of the AV, and the predicted multi-modal motion that the PLEV can execute in
this scenario. The plot of the inter-distance between their future motion shows a
possibility of violating the safety constraint since both the F-sPIDP and F-PIDP
curves are similar and below the safety distance (dsa f e) (cf. Figure 6.12 (b)). This
implies that both methods can account for the multi-modal uncertainties/proba-
bility in the motion of the detected agent (PLEV). F-PIDP assumes a deterministic
state estimation, which is a liability in the presence of highly dynamic agents. As
shown in Figure 6.12 ((c) & (d)), the reference trajectory using F-PIDP (F-PIDPre f )
is invariant to the degree of noise ΣT in the estimated inter-distance, as compared
to the reference F-sPIDP trajectories (F-sPIDPre f ) that varies with respect to the
magnitude of the estimated state uncertainty. As a result, F-PIDP risks generat-
ing paths that are less conservative but close to the safety distance, potentially
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resulting in dangerous situations in real-world applications. In contrast, F-sPIDP
incorporates the stochastic uncertainty (V[sPIDP]), resulting in safer trajectories.

Figure 6.12: Comparison between F-PIDP and F-sPIDP: (a) the current state of the agents,
the predicted motion of the AV, and the predicted multi-modal motion
of the PLEV, (b) the PIDPs, F-PIDP, F-sPIDP, and estimated inter-distance
uncertainty plot, showing possible collision with PLEV (all PIDPs < dsa f e), (c)
& (d) sampled trajectories for varying levels of uncertainty, where F-PIDPre f
is invariant to the level of uncertainty

6.7.2 Scenario with Multiple Priority PLEVs

In this simulation setup, we incorporate an additional vehicle, V1, moving in
the adjacent lane, which influences the feasibility of a lane change maneuver
based on V1’s motion (cf. Figure 6.13). This introduces the possibility of multiple
priority agents depending on the lane, contrary to the situation in [4] (cf. Section
5.4.1) that uses F-PIDP+MPC. To address this, our proposed multi-priority-based
trajectory sampling method first evaluates whether a safe lane change is viable. If
feasible, the algorithm proceeds with the MPC-based trajectory tracking to follow
the reference trajectory.

We evaluate three speed levels for vehicle V1: v ∈ {2, 4, 6}m/s. At t = 0s, when
V1 operates at lower speeds of 2 m/s or 4 m/s, the algorithm identifies two
priority PLEVs: PLEV 1 (on the same lane as AV) and V1 (on the adjacent lane).
The sampling-based planner then generates a safe lane change maneuver xre f to
avoid collision with both priority agents (cf. Figure 6.13 (a), black dotted lines).
By t = 4.0s, the AV successfully tracks the reference lane change trajectory (cf.
Figure 6.13 (b)). Subsequently, the priority target shifts from PLEV 1 to PLEV 2,
and the reference trajectory transitions to a lane-keeping motion.

However, when vehicle V1 moves at a high speed of 6 m/s, the proposed
multi-priority-based trajectory sampling algorithm could not find a safe lane
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Figure 6.13: A scenario using the proposed multi-priority collision avoidance strategy:
(a) At t = 0 s, AV overtakes the priority targets PLEV 1 (on the same lane as
AV) and vehicle, V1 (on the adjacent lane), (b) then by t = 4 s, AV overtakes
the new priority target PLEV 2 (in red)

change maneuver. As seen in Figure 6.14 (a), at t = 1.5s, the AV decelerates to
wait for V1 to pass to avoid collision with the two priority agents as indicated by
the predicted F-PIDP and PIDP of the agents on the inter-distance plot (cf. Figure
6.14 (b)). Then, at t = 6.0s the AV is able to complete the lane change maneuver
(cf. Figure 6.14 (c)) with the inter-distance plot showing no predicted collision
(all PIDP are above dsa f e) (cf. Figure 6.14 (d)).

6.7.3 Comparative Analysis of the proposed MiRA-MOC

A cut-in scenario was simulated, where a PLEV swiftly enters the road as it
tries to overtake another vehicle (cf. Fig. 6.15). This scenario emulates a realis-
tic challenge for autonomous navigation, characterized by sudden and unpre-
dictable maneuvers from vulnerable road users. We focus on PLEV’s motion
modeled with a spectrum of object detection and tracking errors up to (ΣT = 1.0
m) [138], introducing significant uncertainty into PLEV’s state estimation. The
proposed algorithm, utilizing the multi-level optimization with F-sPIDP, was
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Figure 6.14: A scenario using the proposed multi-priority collision avoidance strategy:
(a) At t = 1.5 s, AV cannot overtake the priority targets PLEV 1 and V1 (in
red), (b) predicted F-PIDP and PIDP of the PLEVs on the inter-distance plot
indicates possible collision, (c) then at t = 6.0 s, the AV is able to complete the
lane change maneuver, (d) with the inter-distance plot showing no predicted
collision (all PIDP are above dsa f e)

benchmarked against the SMPC-based Chance Constraint Optimization (CC-Opt)
method, a well-established baseline for obstacle avoidance under uncertainty
[160]. (cf. video shown through this link https://youtu.be/Ak68s3a9Mos?list=

PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)
Trajectory Performance: Both methods successfully avoid collisions with the

PLEV by computing a local optimal trajectory that accounts for all possible
PLEV trajectories within the uncertainty bounds. However, the baseline (CC-Opt)
approach results in a reactive AV motion, excessively influenced by the PLEV’s
uncertain behavior. The AV’s trajectory exhibits pronounced oscillations (wavy
motion cf. Fig. 6.15 (a)) as it adjusts to the broad envelope of potential PLEV
trajectories, compromising ride comfort and lane discipline.

In contrast, MiRA-MOC employs sampling-based optimization to generate
collision-free trajectories that inherently respect desired lane-keeping and lane-
changing maneuvers. By integrating stochastic uncertainty into the F-sPIDP
model, the algorithm selects an optimal trajectory and an F-sPIDPre f that balances
safety and smoothness, which are then refined via local control optimization to
adhere to vehicle dynamics. This results in a significantly less erratic AV motion,
maintaining smoother transitions despite the sudden cut-in and uncertainties in
the motion of the PLEV (cf. Fig. 6.15 (b)).

Safety Distance Metrics: A critical metric for assessing safety is the minimum
inter-distance between the AV and other vehicles. For clarity, we focus on the

https://youtu.be/Ak68s3a9Mos?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
https://youtu.be/Ak68s3a9Mos?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
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Figure 6.15: Comparison of the trajectory performance: (a) Baseline results in oscillatory
AV motion, excessively influenced by the PLEVs’ uncertain behavior, (b)
Proposed method shows little oscillation by generating collision-free trajecto-
ries that respect desired lane-changing and lane-keeping maneuvers while
accounting for uncertainties in the PLEV motion

interaction between the AV and PLEV. We performed multiple 10-second simu-
lation runs and set the desired safety distance to 3 meters. Fig. 6.16 ((a) & (b))
shows the minimum inter-distance between the AV and the PLEV for different
levels of uncertainty across multiple simulation runs. For the baseline method,
the AV maintains an average safety clearance around the 3-meter threshold across
most runs; however, the minimum inter-distance occasionally drops below the
set 3-meter threshold (cf. Fig. 6.16(a)). This breach occurs because the chance
constraints are optimized locally against a broad uncertainty, resulting in reactive
adjustments to the AV motion. Increasing the desired safety distance (e.g., to 5

meters) to mitigate this issue often renders the problem infeasible due to the
narrow road geometry in the cut-in scenario, highlighting a limitation in the
baseline’s adaptability.

In contrast, the proposed method (MiRA-MOC) (cf. Fig. 6.16(b)) consistently
achieves a robust safety margin, maintaining a minimum inter-distance that
exceeds the 3-meter threshold by up to 1 meter across the varying uncertainty
levels. This large clearance stems from the sampling-based optimization stage,
which leverages the F-sPIDP to select a reference trajectory that inherently respects
safety constraints while accounting for uncertainties in the motion of all the
PLEVs (cf. Fig. 6.12). By sampling trajectories aligned with lane-keeping and
lane-changing intents, the proposed method avoids the reactive corrections,
ensuring a stable and safe path even in narrow conditions. The subsequent local
optimization further refines this trajectory to maintain vehicle dynamics without
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compromising the established clearance. (cf. video shown through this link
https://youtu.be/LdUf5fq4fPs?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)

Figure 6.16: Minimum inter-distance between AV and PLEV over time for varying level
of uncertainty ΣT = [0, 1]m: (a) Baseline showing occasional drops below
(dsa f e = 3 m), (b) Proposed method maintaining clearance up to 1 m above
desired dsa f e

The average computation time of the sampling algorithm is 75 ms, while the
direct local control refinement optimization takes 20 ms. Hence, the average
computation time for the proposed MiRA-MOC is about 95 ms, compared to
≥ 170ms for SMPC-based collision avoidance (cf. Table 6.1). The sampling-based
algorithm can achieve significant speedups by parallelizing the processing of
sampled trajectories. Furthermore, other sub-optimal trajectory samples can serve
as alternative solutions for evasive maneuvers in extreme situations.

6.8 conclusion

This chapter presented the proposed Multi-Risk Assessment and Multi-level Mo-
tion Optimization and Control (MiRA-MOC) framework for uncertainty-aware
safe trajectory planning and control of autonomous vehicles in dynamic environ-
ments. In this framework, F-sPIDP captures the multi-modal uncertainties in the
motion of surrounding agents, enabling the generation of safe and efficient trajec-
tories. MiRA-MOC combines sampling-based lateral and longitudinal trajectory
generation in the Frenet frame with an optimal safe trajectory selection process
based on F-sPIDP. The local control optimization problem is then formulated as
an uncertainty-aware tracking optimization problem that integrates vehicle dy-
namics, kinematic constraints, and uncertainty-aware safety margins. Simulation
results demonstrate the effectiveness of the proposed methods in ensuring safe
and efficient navigation in various traffic scenarios, outperforming SMPC-based
collision avoidance methods. Additional simulation results and experimental
validations of the methods are currently in progress (cf. Appendix A & B).

https://youtu.be/LdUf5fq4fPs?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
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G E N E R A L C O N C L U S I O N A N D P R O S P E C T S

7.1 summary and conclusions

This research investigated in this PhD thesis has presented a comprehensive
exploration of risk-aware motion planning and control for autonomous vehicles
operating in complex urban environments populated by vulnerable road users,
including pedestrians using or not Personal Light Electric Vehicles (PLEVs).
Through progressive chapters, this dissertation has developed a framework that
integrates uncertainty modeling, probabilistic multi-modal motion prediction,
and hierarchical optimization into a single unified approach capable of addressing
the uncertainty, multi-modality, and social behaviors inherent to modern urban
mobility.
The early chapters established the contextual foundations. Chapter 1 motivated
the research by identifying the emerging challenge posed by PLEVs: agents that
blur the traditional dichotomy between pedestrians and large road vehicles and
thus expose the limits of deterministic autonomous driving systems. Chapter 2

situated the study within the broader landscape of autonomous urban driving
research, reviewing architectures, uncertainty quantification, multi-modal pre-
diction, and the evolving role of infrastructure support (RSUs, V2X). Chapter 3

refined this foundation by analyzing planning, risk assessment & management,
and control methodologies: spanning classical algorithms, probabilistic formula-
tions, and learning-based hybrids, while emphasizing the necessity of explicit
uncertainty treatment and compliance with safety standards.
Building on these insights, the subsequent chapters progressively designed,
formalized, and validated a set of complementary contributions:

• Chapters 4 and 5 introduced the Fusion of (stochastic) Predictive Inter-
Distance Profiles (F-PIDP and F-sPIDP), which unify multi-modal motion
predictions and estimation uncertainties into an interpretable, quantita-
tive risk metric for multi-risk assessment and management. This family of
constructs bridges the gap between worst-case conservatism and single-
hypothesis optimism by probabilistically weighting multiple potential fu-
tures.

These metrics were embedded within risk-aware control formulations, in-
cluding Stochastic and Uncertainty-aware Model Predictive Controllers
(SMPC and U-MPC), which dynamically adapt safety margins based on per-
ception noise and prediction variance. The proposed Multi-Priority-based
Target Selection Algorithm ensured tractability for scenarios with multiple
PLEVs without compromising safety.

• Chapter 6 extended the framework to a Multi-Risk Assessment and Multi-
level Motion Optimization and Control (MiRA-MOC) architecture that
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couples a sampling-based global planner (in Frenet coordinates) with an
uncertainty-aware local control optimizer. This decoupled design recon-
ciles global exploration with real-time feasibility, maintaining robust and
comfortable motion even under partial observability.

Across simulation and mixed-reality evaluations, the integrated framework
demonstrated consistent improvements in safety margins, trajectory smooth-
ness, and computational efficiency relative to baseline planners. The findings
collectively validate the central thesis: Explicitly modeling multi-modal, stochastic
agent behaviors and embedding these representations into a multi-level plan-
ning and control hierarchy enables safer, smoother, and more human-compatible
autonomous navigation in mixed-traffic urban environments with PLEVs.

From a broader perspective, this research advances the adaptability of au-
tonomous driving systems to probabilistic decision-making, acknowledging the
inherently uncertain characteristics of personal mobility systems. It also high-
lights that practical autonomy requires not only technical sophistication but also
interpretability and certifiability.

7.2 prospects

Building on the proposed Multi-Risk Assessment and Multi-level Motion Opti-
mization and Control (MiRA-MOC) architecture presented in this thesis, several
promising research and development directions emerge. These prospects empha-
size deeper integration between perception, prediction, decision-making, and
human–infrastructure cooperation:

Extensive Experimentation and Testing of Rare Cases

For safe deployment, theoretical and simulation-based validation must be com-
plemented by extensive experimental campaigns targeting rare, high-risk, or
edge-case scenarios that are statistically underrepresented in current datasets.
These include unpredictable PLEV maneuvers, multi-agent conflicts, or degraded
sensing environments. Future research could therefore develop comprehensive
scenario libraries and mixed-reality testbeds combining simulated agents with real
autonomous platforms. Such setups will enable controlled reproduction of rare
events, safe stress testing of algorithms, and data collection for continual model
improvement. Therefore, testing the proposed MiRA-MOC architecture in long
field trials conducted across varied environments, seasons, and cultural contexts
will provide crucial insights into long-term reliability, behavioral consistency, and
user trust. Through systematic experimentation, the framework’s probabilistic
safety principles can evolve into evidence-backed certification pathways aligned
with international standards for autonomous systems.
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Advanced Prediction through Infrastructure and Cooperative Autonomy

Future progress in autonomous navigation will rely on cooperative perception
and prediction, extending beyond the ego-vehicle’s onboard sensors. Integrating
roadside units (RSUs), vehicle-to-everything (V2X) communication, and shared
situational awareness frameworks (cf. Section 2.4.2) can substantially reduce
perceptual uncertainty, particularly in occluded or congested urban environ-
ments populated by PLEVs and other vulnerable road users. By combining
infrastructure-based sensing with inter-vehicle cooperation, prediction modules
can access broader spatial context and more accurate intent estimation, leading to
safer and smoother navigation decisions. Future research could therefore extend
the application of the proposed MiRA-MOC architecture to distributed prediction
architectures, multi-agent data fusion protocols, and real-time synchronization
mechanisms that jointly model the behavior of all participants in a shared traffic
ecosystem. Such cooperative autonomy will transform the current vehicle-centric
paradigm into a networked intelligence, enabling predictive anticipation of haz-
ards beyond line of sight and supporting collective risk minimization across
agents.

Learning Adaptive Risk Fusion Online

While this thesis introduced the Fusion of stochastic Predictive Inter-Distance Pro-
files (F-sPIDP) as a principled framework for multi-risk-aware decision-making,
future work could move towards continuously learning risk fusion mechanisms
online. This is because during deployments, uncertainty distributions, sensor fi-
delity, and environmental conditions evolve dynamically. Hence, pre-deployment
safety thresholds or confidence margins may be insufficient. An emerging direc-
tion is to embed online learning and meta-adaptive controllers that continuously
adjust the parameters of the F-sPIDP model based on contextual cues, such as traf-
fic density, weather, mission criticality, or observed behavioral deviations of other
agents. Leveraging learning methods could enable self-calibrating risk fusion,
where the system autonomously refines its conservatism-to-efficiency balance
through real-world experience. Such adaptability is essential for maintaining both
robustness and performance as AVs encounter novel conditions beyond their
pre-training domain.

Human-Centered and Societal Integration

Ultimately, technological progress in autonomy must align with human expecta-
tions, ethical norms, and societal acceptance. As autonomous vehicles interact
with pedestrians, cyclists, and users of PLEVs, their behavior must not only be
safe but also perceived as understandable, courteous, and predictable. Future
work should therefore adopt a human-centered design philosophy, combining
engineering rigor with behavioral and social sciences. Conducting user studies
and participatory evaluations of the proposed MiRA-MOC architecture will help
determine acceptable balances between assertiveness and caution, and inform the
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design of decision policies that reflect local driving culture and public comfort.
Furthermore, collaboration with policymakers and urban planners is needed
to ensure that algorithmic choices such as probabilistic risk thresholds or coop-
eration priorities align with societal values and regulatory frameworks. Such
interdisciplinary engagement will be pivotal for fostering trust and ensuring
that risk-aware autonomy becomes a socially integrated, ethically responsible
technology rather than a purely technical achievement.



A
S I M U L AT I O N E N V I R O N M E N T

a.1 introduction

The development and validation of autonomous vehicle (AV) systems, particularly
those incorporating risk assessment and management architectures, require rigor-
ous testing in controlled environments to ensure safety, reliability, and efficacy.
Real-world experiments pose significant challenges, including high costs, logis-
tical complexities, and potential risks to human participants and infrastructure.
The validation process follows a progressive testing methodology: starting with
fully virtual simulations for rapid prototyping and algorithm evaluation, followed
by mixed hardware-in-the-loop (HIL) [77] (in Appendix B.1) experiments that
bridge simulation and real-world implementation. The objective is to ensure that
the proposed methods operate reliably under realistic dynamic scenarios, while
maintaining safety and repeatability during testing.

a.2 simulation test environment

To evaluate the proposed risk assessment and management architecture, extensive
simulations were conducted. These simulations served dual purposes: (1) to
validate the algorithmic components in isolation under controlled conditions, and
(2) to assess the system’s behavior in dynamic, interactive scenarios mimicking
real-world shared spaces. The simulation framework was designed to support
testing in fully virtual environments as well as mixed setups that integrate
virtual elements with physical hardware. This approach allowed for iterative
refinement of the algorithms without the immediate risks associated with physical
deployments [184].

a.2.1 The 2D Simulation Environment

The majority of initial tests were implemented in a custom-built 2D environ-
ment using MATLAB, chosen for its rapid prototyping capabilities and extensive
libraries for numerical computation, optimization, and visualization. This envi-
ronment facilitated quick iterations on the proposed algorithms, enabling the
evaluation of risk assessment metrics, motion planning strategies, and manage-
ment protocols under various uncertainty levels. The 2D simulation environment
consists of two primary components:

• Backend computational module: his module executes the core algorithms
for risk assessment and management. It simulates the dynamics of the
AV, PLEVs, and other environmental agents using kinematic and dynamic
models (cf. Chapter 5 & 6). The backend handles computations such as
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multi-level optimization for trajectory generation (cf. Figure 4.1), and real-
time updates to agent states based on simulated sensor data. Environmental
uncertainties, such as sensor noise and PLEV behavioral variability, were
modeled stochastically to reflect realistic conditions.

• Frontend visualization interface: Provides a graphical visualization of agents
and the environment, allowing observation of positions, velocities, trajec-
tories, collision avoidance behavior, and dynamic risk levels of the inter-
distance plots (cf. Figure A.1).

The 2D MATLAB simulation environment enables rapid iteration and testing
of algorithms in controlled conditions, before transitioning to more complex 3D
and mixed-reality simulations.

Figure A.1: A snapshot of the 2D simulation eenvironment

a.2.2 State-of-the-Art Simulation Environments

Conducting experiments with physical AVs in real-world settings is inherently
challenging due to the complexities of environment setup, ethical considerations,
and the potential for harm to human actors or property. For instance, replicating
dangerous scenarios, such as near-collision or aggressive maneuvers of PLEV
behaviors in a controlled outdoor space requires significant resources and safety
protocols. Consequently, realistic simulation environments are essential for safe,
repeatable testing of autonomous systems [137].

a.2.3 Review of Simulation Platforms

In recent years, several advanced simulators have been developed to support
the design and validation of AV technologies. These tools provide high-fidelity
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modeling of vehicle dynamics, sensor suites, and environmental interactions. Key
examples include [242]:

• SCANeR Studio1: A commercial simulator focused on automotive testing,
offering detailed vehicle models and integration with hardware-in-the-loop
systems. It excels in scenario-based testing for advanced driver-assistance
systems (ADAS) but requires proprietary licensing.

• CARLA2: An open-source simulator built on Unreal Engine, designed
specifically for autonomous driving research. It supports realistic urban
environments, dynamic weather conditions, and multi-agent interactions,
with built-in support for sensors like LiDAR, cameras, and GPS.

• IPG CarMaker3: A professional-grade tool emphasizing vehicle dynamics
and control systems, widely used in the automotive industry for virtual
prototyping and validation.

• Unreal Engine4: A general-purpose game engine adapted for AV simula-
tions, providing high-quality graphics and physics but requiring custom
scripting for specialized scenarios.

• AWSIM5: An open-source simulator leveraging Unity, suitable for cloud-
based testing and integration with AWS services for scalable computations.

• LGSVL Simulator6: Now part of the LG Electronics ecosystem, it focuses
on sensor simulation and integration, making it ideal for perception and
control algorithm testing.

a.2.4 Selected Simulation Platform: CARLA

In this work, CARLA simulator was selected for the 3D simulation components
of this work due to its open-source nature, extensive community support, and
compatibility with Robot Operating System 2 (ROS2) middleware [124]. CARLA’s
ability to simulate complex urban scenarios with pedestrian and vehicle agents
aligned well with the focus on urban driving involving PLEVs [57]. Additionally,
its Python API enabled seamless integration with the proposed MATLAB-based
algorithms, allowing for hybrid simulations where virtual agents interact with
real hardware states.

1 https://www.avsimulation.com/fr/scaner/
2 https://carla.org/
3 https://www.ipg-automotive.com/en/products-solutions/software/carmaker/
4 https://www.unrealengine.com/en-US
5 https://autoware.org/awsim-end-to-end-digital-twin-simulation-platform/
6 https://hidetoshi-furukawa.github.io/post/lgsvl-simulator/

https://www.avsimulation.com/fr/scaner/
https://carla.org/
https://www.ipg-automotive.com/en/products-solutions/software/carmaker/
https://www.unrealengine.com/en-US
https://autoware.org/awsim-end-to-end-digital-twin-simulation-platform/
https://hidetoshi-furukawa.github.io/post/lgsvl-simulator/




B
E X P E R I M E N TA L P L AT F O R M

b.1 introduction

To transition from simulation to real-world applicability, a Robotized Autonomous
Vehicle (RAV) was used as the experimental platform. This platform served as the
foundation for hardware-in-the-loop (HIL) testing [77], ensuring that the proposed
Multi-Risk Assessment and Multi-level Motion Optimization and Control (MiRA-
MOC) architecture could operate within physical constraints while minimizing
risks.

b.1.1 Robotized Vehicle Platform

The primary experimental vehicle is a robotized Renault Zoe electric car housed in
the Heudiasyc Laboratory. This platform enables autonomous operation through
the control of various actuators for steering, acceleration, and braking, controlled
via a custom onboard computer. The vehicle is equipped with a comprehensive
sensor suite to support perception, localization, and navigation:

• Localization Sensors: High-precision GPS (RTK-enabled) and inertial mea-
surement units (IMUs) for accurate positioning in outdoor environments.

• Perception Sensors: LiDAR (e.g., 360
◦ Velodyne) for 3D point cloud map-

ping and obstacle detection, multiple cameras (RGB and stereo) for visual
odometry and object recognition.

• Control Interface: the vehicle is controlled using ROS2, a middleware frame-
work that facilitates modular integration of software components developed
in diverse languages (e.g., MATLAB, Python, C++). This setup forms a com-
plete autonomous navigation stack, including modules for path planning,
obstacle avoidance, and low-level control.

The Renault Zoe was chosen for its compact size, electric propulsion (reduc-
ing emissions during indoor/outdoor tests), and compatibility with laboratory
infrastructure. All experiments were conducted in a controlled environment to
ensure safety.

b.1.2 Test Software Architecture

The test software architecture extends the simulation environment to incorporate
the real robotized autonomous vehicle (RAV) in a hardware-in-the-loop (HIL)
configuration. This hybrid setup bridges the gap between virtual simulations and
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physical deployments, allowing the AV to interact with simulated obstacles as if
they were real.

As depicted in Figure B.1, the architecture comprises three interconnected
components:

Figure B.1: Software Architecture for Real test of the proposed MiRA-MOC architecture

• MATLAB Computational Module: the risk assessment and management
algorithms run here, processing inputs from both virtual and real sources
to generate optimized trajectories.

• Real/Robotized Autonomous Vehicle (RAV): provides real state data (e.g.,
position, velocity) as inputs to the MiRA-MOC and takes computed control
commands via ROS2 topics.

• CARLA Simulator: used for visualization and simulation of environmental
elements, such as PLEVs and static obstacles. The states of these virtual
agents are updated based on the models from Chapter 5, while the AV’s
state is synchronized with the RAV.

In this HIL setup, virtual obstacles are provided to the RAV system, enabling
safe testing of collision avoidance maneuvers. ROS2 bridges facilitate data ex-
change, ensuring low-latency communication between the RAV and the simulator.
This configuration allows evaluation of the multi-level motion optimization and
control architecture in scenarios where the AV navigates around virtual PLEVs,
mitigating risks associated with using real human actors.

b.1.3 Implementation Results

The mixed-reality setup was used to replicate some of the test scenarios evaluated
previously in simulation (cf. Chapter 5 & 6). The experiments demonstrated that
the proposed MiRA-MOC algorithm behaves consistently across both domains.
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Figure B.2: Visualization of Real Autonomous Vehicle (available in Heudiasyc Lab) and
Virtual Environment (cf. video shown through this link https://youtu.be/

zcYIv6yFlZ0?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu)

Figure B.2(Top Left) shows the physical RAV in a controlled laboratory environ-
ment, while Figure B.2(Top Right) illustrates the corresponding virtual scene in
CARLA, with the red vehicle representing the synchronized RAV state and other
elements depicting virtual agents. Figure B.2(Bottom) shows various perspectives
of the RAV and other traffic participants as their states evolve in the environment.

During tests, the RAV successfully detected virtual obstacles and adapted its
trajectory to avoid collisions. The results (Figure B.2) indicate a high correspon-
dence between the simulated trajectories and real vehicle responses, confirming
the accuracy and robustness of the risk assessment and management framework.

This consistency validates both the transferability of the proposed algorithms
and the effectiveness of the HIL setup in approximating real-world dynamics.
The system demonstrated reliable risk mitigation behaviors, such as safe lane
disciplined lateral avoidance, aligning closely with theoretical predictions and
simulation results. Work is currently in progress to perform further experimenta-
tion to validate and refine these findings.

https://youtu.be/zcYIv6yFlZ0?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
https://youtu.be/zcYIv6yFlZ0?list=PLOzhSFDHifx2ruWjKJ1ggbCKfnzertlLu
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