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Preface

The present book includes extended and revised versions of a set of selected papers
from the 14th International Conference on Informatics in Control, Automation and
Robotics (ICINCO 2017), held in Madrid, Spain, from 26 to 28 of July.

The purpose of ICINCO is to bring together researchers, engineers and practi-
tioners interested in the application of informatics to Control, Automation and
Robotics.

ICINCO 2017 received 214 paper submissions from 46 countries, of which 18%
were included in this book. These papers were selected by the event chairs and their
selection is based on a number of criteria that include the classifications and
comments provided by the program committee members, the session chairs’
assessment and also the program chairs’ global view of all papers included in the
technical program. The authors of selected papers were then invited to submit a
revised and extended version of their papers having at least 30% innovative
material.

The 39 papers selected to be included in this book contribute to the under-
standing of relevant trends of current research on Informatics in Control,
Automation and Robotics, including: Intelligent Control Systems, Optimization,
Robotics and Automation, Signal Processing, Sensors, Systems Modelling and
Control. We would like to highlight some research lines that are addressed by
several papers, including the following ones: eight papers propose different opti-
mization algorithms and several of them applied to planning and scheduling, often
using genetic algorithms or involving fuzzy control techniques; two papers address
machine learning in control applications; four papers address computer vision
problems, involving algorithms enabling autonomous systems to work in 3D
environments; seven papers are focused on system modelling and system identifi-
cation, either related to engineering applications such as fault detection or simu-
lation, or addressing theoretical aspects related to hybrid dynamical systems or
signal processing; another seven papers present innovative work on robotics design,
development and control, including mobile and humanoid robots; three papers
addressed sensor models and sensor fusion and, finally, two papers presented
research on distributed control systems and software agents.
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We would like to thank all the authors for their contributions and also to the
reviewers who have helped ensuring the quality of this publication.

July 2017 Kurosh Madani
Oleg Gusikhin
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Abstract. The onset of Industry 4.0 has led to an increased research interest in
mass customization production systems. Reconfigurable jigs and fixtures are
expected to facilitate customer-driven manufacturing. Scheduling of such fix-
tures in a mass customization system is yet to be comprehensively investigated.
The chapter presents a three-stage method for the optimal scheduling of a two-
cell just-in-time manufacturing system that recirculates fixtures for customized
parts. The first two stages implemented clustering to produce fixture-part
mappings, and intracluster sequencing to enable efficient successive fixture
reconfigurations, respectively. The third stage implemented a Mixed Integer
Linear Programming (MILP) model to synchronously schedule operations in the
two specialized cells, such that total idle time was minimized. A heuristic was
developed as an alternative to the MILP model. The paper discusses the three-
stage method, with emphasis on the MILP model and Stage 3 Heuristic (S3H).
The solutions were compared, and the goodness of the S3H solutions was
evaluated in comparison to the optimal solutions. The S3H was found to pro-
duce solutions within a range of 5–35% of the corresponding optimal solutions,
with far superior solutions times and problem size capabilities.

Keywords: Mass customization � Reconfigurable jigs and fixtures � Cellular
manufacturing systems � Mixed integer linear programming � Fixture �
Scheduling

1 Introduction

The fourth industrial revolution is expected to develop advanced manufacturing sys-
tems capable of providing rapid, economical and automatic adaptation to customer-
demands. The research area places an emphasis on mass customization production
systems as the factory of the future [1]. Mass customization involves merging the
advantages of both job shops (for low volume production) and dedicated manufac-
turing lines (for high volume production), whilst minimizing their respective disad-
vantages [2]. Intelligent and reconfigurable jigs and fixtures can facilitate mass
customization by providing the flexibility and responsiveness required for its
realization.
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Traditional methods for the treatment of jigs and fixtures are inadequate for those of
the reconfigurable type [3]. The novel contribution of the research undertaken was a
scheduling method that could schedule reconfigurable fixtures with their corresponding
part manufacturing processes at a more comprehensive level than the research studied
thus far. The research explored the implementation of an on-demand fixture manu-
facturing cell located on the shop floor of a mass customization production system.
This chapter places emphasis on the behaviour and optimization of the scheduling of
this cell in relation to the production system. A three-stage scheduling method was
developed, which involved cluster analysis and a Mixed Integer Linear Programming
(MILP) model. The first stage assigns parts to fixtures; the second stage sequences the
parts on those fixtures; the third stage schedules the fixture reconfiguration and part
processing operations such that total idle time is minimised. A heuristic exhibiting a
greedy algorithm approach was developed to solve the third stage much faster than the
MILP model, with the expectation of feasible near-optimal results. This chapter focuses
on the performance comparison of the MILP model and Stage 3 Heuristic (S3H).

2 Literature Review

2.1 Reconfigurable Jigs and Fixtures

Fixtures are devices used to physically locate, hold and support a part during its
manufacturing process; jigs additionally guide the cutting tool during machining
operations [4]. Mass customization aims to provide customers with unique products at
a low cost. Custom-made products are likely to exhibit geometric differences. Dedi-
cated jigs and fixtures are incapable of processing parts that vary in shape. Recon-
figurable (or flexible) jigs and fixtures provide a cost-effective solution to this problem,
by rapidly adapting to product variations [5].

The state-of-the-art in flexible fixturing includes conformable fixtures and phase-
change materials. Modular fixtures are the most widely implemented reconfigurable
fixture type [6]. Modular fixtures can assume different configurations for different parts
based on the modules attached to them.

2.2 Group Technology and Cellular Manufacturing

Group Technology (GT) is a principle that involves grouping elements based on shared
characteristics; namely grouping similar parts into families within the manufacturing
context. Cellular Manufacturing (CM) facilitates GT by grouping similar machines or
processes into specialized cells, based on the associated part families [7].

The research undertaken utilized a production system based on CM as a demon-
stration of a mass customization production system. Cellular manufacturing is con-
ducive to mass customization, as the advantages exhibited include increased
throughput, flexibility and quality, at a reduced cost [8]. CM systems provide a suitable
platform within which reconfigurable modular fixtures can be implemented [7]. Fixture
modules can be specialized within the restrictions of a dedicated machine cell; this
reduces the degree of customization required, thus improving the effectiveness of the
fixture.
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2.3 Scheduling and Optimization Studies

Scheduling solution techniques were investigated. These can be divided into: exact
methods, heuristics and metaheuristics [9]. Ku and Beck [10] studied the performance
of Mixed Integer Programming (MIP) models for the classical Job Shop Scheduling
Problem (JSSP). The MIP models could be solved in reasonable time (within 3600 s)
for moderately-sized problems (up 15 � 15 size problem) with the optimization
software packages used. Hyper-heuristics have emerged as a technique for generating
heuristics for a given scheduling problem based on established problem-specific
heuristics. The heuristic generation relies on factors such as learning method, attributes,
representation and fitness evaluation [11]. Metaheuristics have received significant
attention from researchers as the current state-of-the art [12]. Genetic Algorithm
(GA) [13], Tabu Search (TS) [14] and Ant Colony Optimization (ACO) [15] include
some of the techniques used.

Scheduling problems within the field of the research problem were reviewed, based
on the manufacturing system employed and the use of fixtures in the models. Lim et al.
[16] conducted a case study on a dynamic production planning and scheduling system
implemented in make-to-order industries. The study aimed to improve production
efficiency by managing products, processes and resources. Doh et al. [17] employed a
priority scheduling approach for a flexible job shop with a reconfigurable manufac-
turing cell. The three decision variables were: selecting operation/machine pairs for
each part; sequencing of parts fed into the cell; and sequencing of parts assigned to
each machine. The objectives investigated were minimization of: makespan, mean flow
time, and mean tardiness. Da Silva et al. [18] conducted a study on an assembly fixture
scheduling problem for the aeronautical industry. The fixtures consisted of several
workstations for securing large aircraft components, which resulted in adjacency
constraints. Mathematical models were developed to optimize the use of fixture
workstations for the assembly procedure. Thörnblad et al. [19] conducted a study on a
multi-task cell, described as a flexible JSSP. A time-indexed formulation was used to
minimize the weighted tardiness, where the weighting increased in proportion to tar-
diness. The availability of standard fixtures was limited through a constraint. Wong
et al. [20] solved a resource-constrained assembly JSSP with lot streaming, by using a
GA to minimize total lateness cost. The fixtures were recyclable, with resource con-
straints employed to limit their availability. Yu et al. [21] used priority rules to schedule
a reconfigurable manufacturing system with multiple process plans and limited
pallets/fixtures. The authors considered multiple objectives: minimizing makespan,
minimizing mean flow time, and minimizing mean tardiness. Jobs were released when
the relevant pallet/fixture was available. Kowang et al. [3] developed a Logical
Framework Approach (LFA) to provide a jig and fixture project management frame-
work. The LFA was based on an objective-oriented project planning and management
theory. The objectives investigated were: cost, time, quality, and customer satisfaction.
The factors affecting jig and fixture project performance were listed as: financial,
technological, physical, supply-related and human-related.

The literature survey revealed that fixture utilization in scheduling was predomi-
nantly limited to placing a constraint on the availability of standard fixtures as a

Scheduling of an On-Demand Fixture Manufacturing Cell 5

lounis.adouane@uca.fr



resource in the system. The research gap revealed the viability of developing a more
comprehensive scheduling method for reconfigurable fixtures.

3 Problem Background

3.1 Reconfigurable Fixture Concept

The fixture concept utilized in the research study was a modular fixture design. The
concept comprised a fixture base plate with 8 � 8 array; 64 holes total. The modules
were dowel pins that restricted part movement in the two-dimensional plane. The pin
configuration for a triangular-shaped part is shown in Fig. 1.

3.2 Manufacturing System Workflow

A two-cell Just-in-Time (JIT) manufacturing system was utilized for the research study.
The workflow through the manufacturing system is represented by the flow diagram in
Fig. 2.

The manufacturing system comprised two cells: Cell 1 for fixture reconfigurations,
and Cell 2 for part processing with the reconfigured fixture. Fixtures are reconfigured in
Cell 1, used in Cell 2 and returned to Fixture Storage for recirculation. The operations
in Cell 1 and Cell 2 should be synchronized, such that idle time is minimized. Buffering
of fixtures before Cell 2 would prevent bottlenecking from asynchronous operations,
but a higher fixture inventory and reduced fixture utilization would result; thus, the JIT
workflow policy is evident. This ensures that fixtures and parts are delivered to their
operations without any intermediate waiting time before those operations, i.e. just-in-
time.

Pin Module

Part

Base Plate

Fig. 1. Reconfigurable fixture concept, configured for triangular-shaped part.
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4 Scheduling Method

The scheduling method was separated into the following three stages:

1. Clustering Stage: Groups similarly-shaped parts to be assigned to the same host
fixture, producing fixture-part mappings. The high similarity within each group
increases the likelihood of quick reconfigurations on that host fixture.

2. Intracluster Sequencing Stage: Sequences parts mapped to the same fixture in an
order that minimizes the degree of dissimilarity for quick successive fixture
reconfigurations.

3. Final Scheduling Stage: Schedules pairs of fixture-part mappings in Cell 1 and Cell
2 such that their respective operation times yield absolute differences that produce a
minimized total idle time; thus, implicitly reducing makespan.

4.1 Assumptions

The following assumptions were used to describe and simplify the production system
for this method [22]:

• There are fewer fixture bases than parts; |H| < |G|.
• Fixtures are already manufactured and stored; only reconfigurations necessary.
• Operation times (fixture reconfiguration and part processing times) are known at

Stage 3, derived from the results of Stage 1 and 2.
• Transportation time between Cell 1 and Cell 2 is negligible.
• No pre-emption; that is, operations are completed without interruption.
• JIT unit workflow between Cell 1 and Cell 2; a job does not exit Cell 1 until Cell 2

is available, Cell 1 does not start a new job until the previous job has exited the cell.
• The fixture reconfigured in Cell 1 in time period k is used to process the part

assigned to it in Cell 2 in the next time period ǩ = k + 1.

Fig. 2. Workflow representation of manufacturing system [22].
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4.2 Stage 1 and Stage 2 Overview

The Clustering Stage (Stage 1) compared pin configurations with a binary dissimilarity
measure. Pin configurations were converted to binary matrices and compared on an
elementwise basis. The measure used was based on the binary similarity coefficient,
due to its applicability to binary data [23]. The dissimilarity measure used is displayed
below:

D ¼ 1� aþ d
aþ b3=2 þ c3=2 þ d

ð1Þ

where:
a number of positive matches (1 to 1)
b number of positive-to-negative mismatches (1 to 0)
c number of negative-to-positive mismatches (0 to 1)
d number of negative matches (0 to 0).

The ratio was subtracted from 1 to produce values analogous to distances, i.e. a
dissimilarity value. Exponential weightings of 3/2 on mismatches enforced a strict
penalty on pins that must be removed/replaced, which is the action by which the
operation time for fixture reconfigurations is increased.

The k-means clustering algorithm [24] was used to group data points. The non-
Euclidean data generated from the dissimilarity measure (as a result of the binary
matrix comparisons) yielded a non-metric distance matrix. The non-metric distance
matrix was scaled to two dimensions using non-metric multidimensional scaling
(MDS), by minimizing Kruskal’s Stress-1 value [25]. The resultant 2D map was used
to group the data to the predetermined number of clusters. This procedure assigned the
parts (data points) to fixtures (clusters), producing the fixture-part mappings. This
ensured that the least dissimilar parts were assigned to be processed on the same
fixture, thus increasing the likelihood of fewer pin manipulations
(removals/replacements) on that host fixture. Figure 3 displays a 2D map generated
from MDS to scale 13 data points, with k-means clustering used to group the data
points to four clusters.

The Intracluster Sequencing Stage (Stage 2) applied agglomerative hierarchical
clustering with single linkage to generate a default dendrogram [23]. This produced a
dendrogram that linked and ranked the grouped parts by dissimilarity. The dendrogram
was then optimally reordered through node-flipping with the algorithm designed by
Bar-Joseph et al. [26] to produce the intracluster sequence. The procedure used the non-
metric distance matrix, instead of the scaled data, for best accuracy. The resultant
sequence was such that the total cumulative dissimilarity was minimized for each
cluster; akin to minimum distance traversed. This ensured minimal pin manipulations
for the reconfigurations assigned to each host fixture, thus reducing the operation time
for each of those tasks. Figure 4 demonstrates the optimal reordering of the default leaf
order to produce the optimal leaf order, i.e. the intracluster sequence.
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4.3 Notation

The MILP model notation is presented as follows [22]:

g; g ε G, G = {1, …, n} G is the set of parts to be processed; g is an index of the ordered set G
h; h ε H, H = {1,…, m} H is the set of fixtures available; h is an index of the ordered set H
i; i ε I, I = {1,…, m} I is the set of i, which is a set of sets that holds all g-h mappings between sets

G and H; i is an index of the ordered set I
î; î ε I, I = {1,…, m} î is an alternate index of the ordered set I

j; j ε i, i = {1,…, |i|} i is the unordered set of g–h mappings corresponding specifically to fixture g,
j is an index of the set i; j denotes a part g that is mapped to the fixture h

ĵ; ĵ ε i, i = {1,…, |i|} ĵ is an alternate index of the unordered set i

Fig. 3. MDS output (left) with k-means clustering on MDS map (right).

Fig. 4. Default dendrogram (above) optimally reordered through node-flipping to produce
intracluster sequence (below).
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k; k ε K, K = {1,…,
n + 1}

K is the set of time periods in which parts or fixtures are processed or
reconfigured, respectively; k is an index of the ordered set K

ǩ; ǩ ε K, K = {1, …,
n + 1}

ǩ is an alternate index of the ordered set K

bij Part processing time; time for part g corresponding to fixture-part mapping j 2
i to be processed; bij is a parameter

aîĵ Fixture reconfiguration time; time for fixture î to be reconfigured to fixture
configuration corresponding to ĵ 2 î from fixture configuration corresponding to
(ĵ − 1) 2 î (implicitly), i.e. subsequent reconfiguration for fixture î; aîĵ is a
parameter

Xijk A binary decision variable; Xijk = 1 if fixture i is reconfigured for the fixture
part mapping j 2 i in time period k, Xijk = 0 otherwise

Piîjĵkǩ A slack variable; Piîjĵkǩ = 1 if fixture-part mapping j 2 i that was reconfigured in
time period k is processed in time period ǩ = k + 1 whilst fixture-part mapping
ĵ 2 î is synchronously being reconfigured in time period ǩ, Piîjĵkǩ = 0 otherwise

Qiîjĵkǩ A slack variable; Qiîjĵkǩ is the absolute time difference between part processing
time bij for fixture-part mapping j 2 i reconfigured in time period k, and fixture
reconfiguration time aîĵ for fixture-part mapping ĵ 2 î reconfigured in time
period ǩ = k + 1, i.e. the idle time for every time period where two operations
are synchronous

4.4 Stage 3 Optimal

The MILP model is presented as follows [22]:

min
Xm

i

Xm

î 6¼i

Xij j

j

X̂ij j

Ĵ

Xn�1

k

uîiĵJk�k; f8�k ¼ kþ 1g ð2Þ

uîiĵJk�k ¼ Tij � Rî̂J

� � � xîiĵJk�k

���
���; f8i; 8î 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð3Þ

�uîiĵJk�k þ Tij � Rî̂J

� � � xîiĵJk�k � 0; f8i; 8î 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8n ¼ kþ 1g ð4Þ

�uîiĵJk�k � Tij � Rî̂J

� � � xîiĵJk�k � 0; f8i; 8̂i 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð5Þ

xîiĵJk�k ¼ Xijk � Xî̂J�k; f8i; 8î 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð6Þ

�xîiĵJk�k þXijk þXî̂J�k � 1; f8i; 8̂i 6¼ i; 8j 2 i;8j 2 î; 8k\n; 8�k ¼ kþ 1g ð7Þ

xîiĵJk�k � Xijk � 0; f8i; 8î 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð8Þ

xîiĵJk�k � Xî̂J�k � 0; f8i; 8̂i 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð9Þ

Xm

i

Xm

î 6¼i

Xij j

j

X̂ij j

Ĵ

Xn

k

xîiĵJk�k ¼ n� 1; f8�k ¼ kþ 1g ð10Þ
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Xijk þXîJ�k � 1; f8i; 8j 2 i; 8̂j 2 i\j 2 i; 8k; 8�k[ kg ð11Þ

Xm

i

Xij j

j

Xijk ¼ 1; f8kg ð12Þ

Xn

k

Xijk ¼ 1; f8i; j 2 ig ð13Þ

Xijk 2 f0; 1g; f8i; 8j 2 i; 8k\ng ð14Þ

PîiĵJk�k � 0; f8i; 8̂i 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð15Þ

QîiĵJk�k � 0; f8i; 8î 6¼ i; 8j 2 i; 8̂j 2 î; 8k\n; 8�k ¼ kþ 1g ð16Þ

Objective Function (2) aims to minimize the total idle time in the system. The part
processing time for fixture-part mapping j 2 i and fixture reconfiguration time for
another fixture-part mapping ĵ 2 î are paired for every synchronous time period
(k = 2, …, n) such that the summation of absolute operation time differences is min-
imized. Constraint (3) calculates the absolute difference between the part processing
time related to fixture part mapping j 2 i in Cell 2 and the fixture reconfiguration time
related to fixture-part mapping ĵ 2 î in Cell 1 for time period ǩ = k + 1 for every valid
Piîjĵkǩ, i.e. the individual idle times. As this constraint is non-linear, Constraints (4) and
(5) are used instead of (3) to linearize the absolute value. Constraint (6) ensures the
successive flow of operations from Cell 1 to Cell 2. This is determined by ensuring that
the binary decision variables related to fixture-part mappings j 2 i and ĵ 2 î for time
periods k and ǩ = k + 1, respectively (i.e. Xijk and Xîĵǩ), must both be active (equal to 1)
for Piîjĵkǩ > 0. As this constraint is quadratic, Constraints (7) to (9) are used instead of
(6) to linearize the non-linearity. Constraint (10) ensures that the number of Piîjĵkǩ > 0
corresponds to the number of time periods in which Cell 1 and Cell 2 perform oper-
ations synchronously, i.e. one less than the total number of jobs (n – 1), since the first
time period hosts an operation in Cell 1 only (the first fixture reconfiguration).
Constraint (11) imposes the intracluster order from Stage 2 by ensuring that two
fixture-part mappings for the same fixture (j 2 i and ĵ 2 i) are scheduled in time periods
relative to each other that correspond to the intracluster order (ǩ > k). Constraint (12)
ensures that there is only one fixture-part mapping j 2 i assigned to each time period k,
while Constraint (13) ensures that each fixture-part mapping j 2 i is assigned to a time
period k only once. Bound (14) ensures the binary condition of the decision variable
Xijk is upheld. Bounds (8) and (9) ensure that slack variables Piîjĵkǩ and Qiîjĵkǩ,
respectively, are non-negative. This validates the linearizing constraints for these slack
variables.
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The constraints and bounds presented in Eqs. (2)–(16), together with the variable
sets for which they are valid, restrict the search space to the behavioral boundaries of
the problem, as per the production system described in Sect. 3.2 and the assumptions
listed in Sect. 4.1.

Figure 5 displays a workflow table with the binary decision variables used to
generate the optimal schedule. The diagram shows how the scheduling of fixture
reconfiguration for fixture-part mapping ĵ 2 î and part processing for fixture-part
mapping j 2 i in time period ǩ = k + 1, implicitly determines the fixture reconfiguration
operation in time period k. This recursive relationship makes the problem difficult to
solve to optimality and, thus, computationally expensive. The interpretation of the
indices of slack variable Piîjĵkǩ is also demonstrated in the figure, from which the final
schedule is consolidated.

4.5 Stage 3 Heuristic

Naidoo et al. [22] found that solving the Stage 3 problem to optimality resulted in
exponentially increasing solution times as the problem size increased, limiting the
maximum problem size tested to a 12 parts. A heuristic that utilized a greedy algo-
rithm approach to create good, feasible solutions with minimal computational effort
was developed. The algorithm flowchart for the Stage 3 Heuristic (S3H) is shown in
Fig. 6.

The Stage 3 Heuristic was designed to exploit the computational efficiency of
matrix manipulations, by representing fixtures as columns and parts as elements
arranged in those columns according to the intracluster sequence. The S3H succes-
sively selects pairs of fixture-part mappings that yield the minimum absolute time
difference for each time period. The part undergoing processing for a given time period
was designated the ‘pivot’. The other parts, for which fixtures were to be reconfigured,
were designated the ‘candidates’. The candidates belong to fixtures other than that of
the pivot. The initial pivot is randomly selected from the ‘heads’, or first part per
fixture. The pivot is then compared to the first available parts from each alternative
fixture. The part processing time bij is compared to the reconfiguration time aîĵ of each

Fig. 5. Time period synchronization of operations described by binary decision variables Xijk

and its alternative Xîĵǩ, with description of how Piîjĵkǩ slack variable is generated and interpreted
thereof.
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candidate. The minimum absolute time difference for the respective operation times is
obtained from the best candidate, which becomes the pivot for the next iteration. The
previous pivot is rendered invalid for future candidacy, while the part directly after the
previous pivot becomes the new candidate for that fixture. The procedure continues
until all valid candidates are expended, which means every part has been accounted for
and scheduled accordingly. The procedure exhibits a greedy algorithm approach, which
searches for a locally optimal solution at each step [27]. This approach eliminates the
possibility of backtracking to find improved solutions, which hinders the ability of the
algorithm to find the global optimum for any given problem.

The S3H comprises a subroutine that prevents infeasible schedules. If a fixture’s
candidate is frequently ignored (denoted a ‘lag column’), the algorithm may arrive at a
point where selecting candidates from alternative fixtures is not possible, i.e. the lag
column becomes the only fixture remaining, with multiple parts left to be scheduled.
Alternating fixtures is necessary to ensure utilization of both Cell 1 and Cell 2 in every
synchronous time period. If only one fixture is available for circulation, the syn-
chronous workflow of the JIT system would result in one cell being occupied with an
operation while the other cell remains idle. The subroutine recognizes a lag column
scenario and acts to forcefully select the candidate from the lag column, despite the
inferior absolute time difference generated from it. This ensures a feasible schedule is
obtained, whereby both cells are occupied for every synchronous time period.

5 Testing

Testing was conducted on two sample problems. Clustering and Intracluster
Sequencing was performed on the sample problems to generate the inputs to the Stage
3 problem.

The example problems investigated problem sizes greater than those tested in [22],
with 13-part and 14-part problems shown to be capable of being solved. The
MATLAB® intlinprog solver was used to solve the MILP problems through a Branch
and Bound (B&B) exact solution technique.

5.1 Sample Problem 1

A 13-part problem was formulated. The pin configurations were randomized within a
range of 8–16 pins per configuration. The configurations for this sample is shown in
Fig. 7.

14 E. Naidoo et al.
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The operation time values (both aîĵ and bij) were randomized integers within a
range of 30–90 s. The operation times for the 13-part sample is displayed in Table 1.

5.2 Sample Problem 2

A 14-part problem was similarly formulated, as shown in Fig. 8.

Fig. 7. Pin configurations as per parts (13-part sample).

Table 1. Operation times for 13-part sample

Part 1 2 3 4 5 6 7 8 9 10 11 12 13

aîĵ(s) 89 58 82 52 54 62 89 62 67 64 38 45 55
bij(s) 73 85 63 53 83 64 44 73 40 32 66 42 36

Fig. 8. Pin configurations as per parts (14-part sample).
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The operation times for the 14-part sample is displayed in Table 2.

5.3 Results

The tests were executed on an Intel® Xeon® CPU E3-1270 v3 at 3.50 GHz with
16 GB RAM on a 64-bit operating system. The problems were both solved for Stage 1
and Stage 2, which produced the fixture-part mappings and intracluster sequences for
the Stage 3 inputs. Table 3 shows the fixture-part mappings defined by semi-colon
separators for each fixture, and the intracluster sequence by the order of part numbers
within those semi-colons.

The MILP performance results are displayed in Table 4.

Figures 9 and 10 present the graphs of convergence generated for the two 5-fixture
problems solved.

The MILP solver settings were adjusted. The primal-simplex algorithm was
employed to obtain the relaxed Linear Programming (LP) solution, which formed the

Table 2. Operation times for 14-part sample.

Part 1 2 3 4 5 6 7 8 9 10 11 12 13 14

a(s) 68 58 55 62 60 58 51 58 53 55 51 78 58 62
b(s) 76 58 70 68 47 41 87 63 46 79 43 84 58 64

Table 3. Stage 3 inputs

13 Parts
3 Fixtures 7–13–9–10–8; 2–13–5–4; 6–11–12
4 Fixtures 7–9–10–8; 6–11–12; 4–5; 2–1–3–13
5 Fixtures 8–10; 7–9–13; 2–13; 6–11–12; 4–5
14 Parts
3 Fixtures 3–1–4–10–14; 13–5–2–9–8–11; 7–6–12
4 Fixtures 3–1–4–10; 7–6–12; 8–9–14; 2–13–5–11
5 Fixtures 3–1–4–10; 12; 6–7; 2–13–5–11; 8–9–14

Table 4. MILP performance results

Test number Parts Fixtures Variables Nodes Feasible points Constraint violation

1 13 3 8394 24101 2 5.33e-15
2 13 4 8688 27754 2 1.78e-15
3 13 5 8898 11684 2 3.66e-15
4 14 3 10738 47107 2 3.55e-15
5 14 4 11128 191720 1 1.78e-15
6 14 5 11206 270340 2 3.55e-15
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root Lower Bound (LB). Cut generation was employed to improve the LB and narrow
the solution search space before the B&B algorithm was initiated. Clique cuts, lift-and-
project cuts, and pivot-and-reduce cuts were applied to varying degrees for the prob-
lems tested. Figures 9 and 10 show the effect of the cuts on the LB of those solutions in
comparison to the root LB. The improvements in LB from cut generation were
noticeable, but marginal. The branch rule was based on the node whose fractional part
was closest to a value of 0.5. Node selection was based on the minimum objective
function that could be obtained. The relative gap tolerance was set to zero, which
ensured that the solver was terminated when the LB and Upper Bound (UB) converged
precisely.

Fig. 9. Graph of convergence for 13-part/5-fixture problem.

Fig. 10. Graph of convergence for 14-part/5-fixture problem.
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The number of nodes explored increased exponentially in comparison to the
number of variables (problem size). Two feasible solutions were found for five test
problems; the 14-part/5-fixture problem yielded the optimal solution only. Constraint
violations of order of magnitude 10−15 were observed for all test problems. The con-
straint violations were regarded as negligibly small in comparison to the order of
magnitude of the integer values used for the problem formulation (100). Relative and
absolute gaps between the LB and UB were found to be zero upon convergence for all
test problems, as designated by the solver settings. Thus, the MILP solutions generated
were regarded as optimal for the six test problems.

A comparison of the results generated by the MILP model and the Stage 3 Heuristic
for the same sample problems are displayed in Table 5. The S3H was run for 10
iterations for each test problem, and the best solution obtained recorded.

Figure 11 shows a graphical representation of the idle time (the solution) com-
parisons for the MILP model and Stage 3 Heuristic. Figure 12 shows a graphical
representation of the solution time comparisons for the MILP model and Stage 3
Heuristic.

Table 5. MILP/S3H results comparison

Test
number

Parts Fixtures MILP
Idle
Time
(s)

MILP Sub-
optimal
solutions (s)

S3H
Idle
time
(s)

Idle time
discrepancy
(%)

MILP
solution
time (s)

S3H
Solution
time (s)

1 13 3 111 115 120 8.11 567 0.015
2 13 4 86 92 98 13.95 688 0.015
3 13 5 74 76 88 18.92 358 0.012
4 14 3 141 145 171 21.28 1568 0.016
5 14 4 101 N/A 136 34.65 7607 0.014
6 14 5 101 105 106 4.95 10800 0.015

Fig. 11. Comparison of MILP and S3H idle time results.
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The S3H produced good, feasible solutions for all test problems. Total idle time
values ranged within 5–35% above the corresponding optimal value. The average
discrepancy observed was 16.98%. The closeness of idle time solutions obtained can be
visualized from Fig. 11. The S3H solutions were within a close range of the MILP
solutions, but did not match the optimal value for any of the test problems. The S3H
solutions did not match the MILP model sub-optimal feasible solutions either.

The S3H solution times were negligibly small in comparison to the MILP solution
times for all test problems. The S3H solution times remained within an order of
magnitude of 10−2 s. The MILP solution times ranged from 4 to 6 orders of magnitude
greater than the corresponding S3H solution times. The superiority of the S3H solution
times can be visualized from Fig. 12. The MILP solution times increased in direct
proportion to the nodes explored, which were found to increase exponentially with
problem size. Part quantities greater than 14 parts did not converge for any case tested.

6 Conclusion

The paper presented a three-stage scheduling method for an on-demand fixture man-
ufacturing cell for mass customization production systems. The fixture design was
described and the production system workflow was explained. A two-cell JIT manu-
facturing system was presented, and the importance of synchronizing the operations in
each cell for every time period was emphasized. The scheduling method was separated
into: clustering, intracluster sequencing, and final scheduling. The final scheduling (or
Stage 3) was optimally solved with a mixed integer linear programming model. An
alternative heuristic (S3H) was developed to overcome the computational shortcomings
of the MILP model at the expense of optimal solutions.

The branch and bound algorithm used is an exact solution method that is known to
increase exponentially with problem size [28], so the results obtained in Table 4 were
theoretically expected. The results of the S3H were sub-optimal, but feasible and

Fig. 12. Comparison of MILP and S3H solution times.
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comparable to the MILP solutions. The solution times of the S3H were up to 6 orders
of magnitude lesser than those of the corresponding MILP solutions. The S3H can be
said to produce the good, feasible solutions expected from a suitable heuristic [11]. The
S3H was not limited to the 14-part sample tested in the paper, but is capable of solving
large-sized problems in minimal time; a 14000-part/500-fixure problem was solved
in <3 s.

The scheduling method is useful for applications in mass customization manu-
facturing environments that are facilitated by reconfigurable jigs and fixtures.
The MILP model can be applied to manufacturing systems representative of the two-
cell JIT system described, as only operation times are required to produce an optimal
schedule with minimized total idle time. The reduction in idle time leads to greater
machine utilization, reduced operating costs and improved delivery times.

The method was limited by the assumptions presented in Sect. 4.1. The MDS
procedure for Stage 1 affected the accuracy of the resultant data as the Stress-1 value is
rarely minimized to zero for non-metric distance matrices [29]. The exponentially
increasing solution time was the main factor that limited the sample problem set to 14
parts. The software’s inability to utilize the parallel computing capabilities of the quad
core processor for intlinprog was a further limiting factor for the MILP model. The
S3H was affected by the subroutine, which sacrificed lower idle times in favor of a
feasible schedule. The greedy approach of the S3H resulted in an inability to backtrack,
which led to locally optimal solutions at each step. The S3H solution quality was
influenced by the iterations employed, which ensured that the initial pivot was the best
available. This was feasible for the test sample set, but impractical for larger-sized
problems. The solution quality is dependent on the initial pivot.

Future work on the research topic includes: exploring the Vehicle Routing Problem
(VRP) [30] as an alternative approach to solving both Stage 1 and 2 in a single step;
exploring metaheuristics as an alternative approach to solving Stage 3 for large-sized
problems; and investigating an efficient means of finding the best initial pivot for the
S3H, such as tabu search.
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Abstract. For linear uncertain systems, we consider a finite-horizon
H∞ control problem. A weight matrix of the control cost in the functional
of this problem is singular. In this case, the Riccati equation approach
is not applicable to solution of the considered H∞ problem, meaning
that it is singular. To solve this problem, a regularization method is
proposed. Namely, the original problem is associated with a new H∞
control problem for the same dynamics, while with a new functional. The
weight matrix of the control cost in the new functional is a nonsingular
parameter-dependent matrix, which becomes the original weight matrix
for zero value of the parameter. For all sufficiently small values of this
parameter, the new H∞ control problem is regular, and it is a partial
cheap control problem. Using its asymptotic analysis, a controller solving
the original singular H∞ control problem is designed. An illustrative
example is presented.

Keywords: Linear uncertain system · Singular H∞ control problem ·
Regularization method · H∞ Partial cheap control problem · Singular
perturbation · Asymptotic analysis

1 Introduction

Systems with uncertainties in dynamics are extensively studied in the literature
(see e.g. [1–9] and references therein). The most studied classes of uncertainties
are: (1) uncertainties belonging to a known bounded set of an Euclidean space;
(2) uncertainties, quadratically integrable in a given finite or infinite interval. For
controlled systems with quadratically integrable uncertainties (disturbances),
the H∞ control problem is frequently considered (see e.g. [2,3,6,10]). If the
weight matrix for the control cost in the functional of the H∞ problem is positive
definite (and, therefore, invertible), the solution of this problem can be reduced to
a solution of a game-theoretic Riccati matrix equation. This equation is algebraic
in the case of the infinite-horizon problem, and it is differential in the case
of the finite-horizon problem. If the weight matrix for the control cost in the
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 23–46, 2019.
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functional of the H∞ problem is non-invertible (singular), then the mentioned
above Riccati equation does not exists. Such H∞ control problems are called
singular or nonstandard. Linear dynamics singular H∞ control problems were
studied in the literature, mainly in the infinite-horizon case. Thus, in [11], the
H∞ problem with no control in the output equation was considered. For this
problem, an “extended” game-theoretic Riccati matrix algebraic equation was
constructed. Based on the assumption of the existence of a proper solution to
this equation, the solution of the considered H∞ problem was derived. In [12],
an H∞ problem with the non-injective direct feedthrough matrix is considered.
The minimum entropy of this problem was studied subject to the requirement
on the internal stability of the problem’s dynamics and the requirement that the
closed loop transfer matrix has the H∞ norm smaller than a given number. In
[13], a zero compensation approach to solution of some singular H∞ problems
was proposed. In [14], H∞ problems were studied in the case where the direct
feedthrough matrices from the input to the error and from the exogenous signal
to the output are not injective. The linear matrix inequality approach to the
design of controllers, solving these problems, was proposed. In [15], a numerical
algorithm for computing the optimal performance level in an H∞ problem with
rank-deficient feedthrough matrices was developed. In [16], an H∞ problem with
no control in the output equation was considered. The solution of this problem
is based on its approximate transformation to a regular H∞ problem. In [17,
18], a Riccati matrix inequality approach was used to solve some singular H∞
problems. In [19], the controller design was based on a physical model of the
Atomic Force Microscope studied in the paper. In [20], an H∞ problem with
a non-injective (but not zero) matrix of the coefficients for the control in the
output equation was studied. This problem was solved by regularization and
asymptotic analysis approaches.

In contrast with the infinite-horizon case in the topic of singular H∞ control
problems, the finite-horizon case was studied much less. Thus in [21], an H∞
problem with non-injective matrices of the coefficients for the control and the
disturbance in the output equations was considered. Necessary and sufficient
solvability conditions in the terms of Riccari differential inequalities were derived.
In a short conference paper [22], an H∞ problem for linear time delay systems
was studied in the case where the output equation is independent of the control.
The regularization and asymptotic study of the regularized problem were applied
to analysis and solution of the original problem.

In the present paper, we consider a finite-horizon H∞ control problem with
a singular (but not zero) weight matrix of the control cost in the functional. Due
to this feature, the problem is singular. A regularization of this problem leads
to a new finite-horizon H∞ problem with a partial cheap control. The latter is
solved by its reduction to a singularly perturbed game-theoretic Riccati matrix
differential equation and an asymptotic analysis of this equation. Based on this
analysis, it is shown on how accurately the controller, solving the H∞ partial
cheap control problem, solves the original singular H∞ control problem.
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The regularization approach has been widely applied in the literature for
solution of various singular control problems. In [23–27], using this approach,
different singular optimal control problems were solved. In [28], this approach
was applied to design of a robust state-feedback control in a trajectory tracking
problem for uncertain dynamics systems. In [29–32], various singular zero-sum
and non zero-sum differential games were solved by application of the regulariza-
tion approach. In [22,33], finite-horizon and infinite-horizon singular H∞ control
problems for linear time delay systems were studied in the case where a weight
matrix of the control cost in the problem’s functional is zero.

In the present paper, we consider the case where a weight matrix of the
control cost in the functional of a finite-horizon H∞ control problem, being
singular, is not zero. To the best of our knowledge, in the present paper, the
rigorous analysis of such a problem by application of the regularization approach
and the singular perturbation techniques is carried out for the first time in the
literature. It also should be noted that the results of this paper are a considerable
extension of the results of [20] where the infinite-horizon singular H∞ control
problem was studied by the regularization approach.

2 Problem Formulation

Consider the system

dZ(t)
dt

= A(t)Z(t) + B(t)u(t) + F(t)w(t), t ∈ [0, tf ], Z(0) = 0, (1)

where tf > 0 is a given time instant; for any t ∈ [0, tf ], Z(t) ∈ En, u(t) ∈ Er,
(r ≤ n), (u(t) is a control), w(t) ∈ Em, (w(t) is a disturbance); A(t), B(t), F(t),
t ∈ [0, tf ], are given matrix-valued functions of the corresponding dimensions;
for any integer k > 0, Ek denotes the real Euclidean space of the dimension k.

Assuming that w(t) ∈ L2[0, tf ;Em], consider the functional

J (u, w) = ZT (tf )KZ(tf ) +

∫ tf

0

[
Z

′
(t)D(t)Z(t) + uT (t)G(t)u(t) − γ2wT (t)w(t)

]
dt,

(2)

where K is a symmetric positive semi-definite matrix; D(t) is a symmetric pos-
itive semi-definite matrix for all t ∈ [0, tf ]; γ > 0 is a given constant (the
performance level); the matrix G(t) has the form

G(t) = diag
(
g1(t), g2(t), ..., gq(t), 0, ..., 0

︸ ︷︷ ︸
r−q

)
, 0 ≤ q < r, t ∈ [0, tf ]. (3)

The H∞ control problem for the system (1) with the functional (2) is to find
a controller u0

[
Z(t), t

]
that ensures the inequality

J (u0, w) ≤ 0 (4)

along trajectories of (1) for all w(t) ∈ L2[0, tf ;Em]. Since the matrix G(t) is
singular (non-invertible), then this problem is singular.
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3 Transformation of the H∞ Problem (1)–(2)

We partition the matrix B(t) into the blocks as: B(t) =
(
B1(t),B2(t)

)
, t ∈ [0, tf ],

where the matrices B1(t) and B2(t) are of dimensions n × q and n × (r − q).
In what follows, we assume:

(A1) the matrix B(t) has full column rank r for all t ∈ [0, tf ];

(A2) gk(t) > 0, k = 1, ..., q, t ∈ [0, tf ];

(A3) det
(
BT
2 (t)D(t)B2(t)

)
�= 0, t ∈ [0, tf ];

(A4) KB2(tf ) = 0;

(A5) A(t), F(t), G(t) are continuously differentiable in the interval [0, tf ];

(A6) B(t), D(t) are twice continuously differentiable in the interval [0, tf ].

Let the matrix-valued function Bc(t) be a twice continuously differentiable
complement matrix-valued function to B(t) in the interval [0, tf ], meaning that
the dimension of Bc(t) is n × (n − r), and the block matrix

(Bc(t),B(t)
)

is
nonsingular for all t ∈ [0, tf ]. Thus, B̃c(t) =

(Bc(t),B1(t)
)

is a complement to
B2(t) for all t ∈ [0, tf ]. For all t ∈ [0, tf ], consider the following matrices:

H(t) =
(BT

2 (t)D(t)B2(t)
)−1BT

2 (t)D(t)B̃c(t), L(t) = B̃c(t) − B2(t)H(t). (5)

Using the matrix L(t), we transform the state in the H∞ problem (1)–(2) as:

Z(t) = R(t)z(t), R(t)
�
=

(L(t),B2(t)
)
, t ∈ [0, tf ], z(t) ∈ En is a new state. (6)

Based on the results of [35], we obtain that the transformation (6) is invertible.
Let us partition the matrix H(t) into blocks as: H(t) =

(H1(t),H2(t)
)
, where

the blocks H1 and H2 are of the dimensions (r − q) × (n − r) and (r − q) × q.

Remark 1. In what follows, we use the notation On1×n2 for the zero matrix of
dimension n1 × n2, excepting the cases where the dimension of zero matrix is
obvious. In such cases, we use the notation 0 for the zero matrix. By Ik, we
denote the identity matrix of dimension k.

Proposition 1. Let the assumptions (A1), (A3)–(A6) be valid. Then, the trans-
formation (6) converts the system (1) and the functional (2) to the following new
system and functional:

dz(t)
dt

= A(t)z(t) + B(t)u(t) + F (t)w(t), t ∈ [0, tf ], z(0) = 0, (7)

J(u,w) = zT (tf )Kz(tf )+
∫ tf

0

[
zT (t)D(t)z(t)+uT (t)G(t)u(t)−γ2wT (t)w(t)

]
dt,

(8)
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where

A(t) = R−1(t)
[A(t)R(t) − dR(t)/dt

]
, F (t) = R−1(t)F(t), (9)

B(t) = R−1(t)B =

⎛

⎝
O(n−r)×q O(n−r)×(r−q)

Iq Oq×(r−q)

H2(t) Ir−q

⎞

⎠ , (10)

K = RT (tf )KR(tf ) =
(

K1 O(n−r+q)×(r−q)

O(r−q)×(n−r+q) O(r−q)×(r−q)

)
, (11)

D(t) = RT (t)D(t)R(t) =
(

D1(t) O(n−r+q)×(r−q)

O(r−q)×(n−r+q) D2(t)

)
, (12)

K1 = LT (tf )KL(tf ), D1(t) = LT (t)D(t)L(t), D2(t) = BT
2 (t)D(t)B2(t). (13)

The matrix D1(t) is symmetric positive semi-definite, while the matrix D2(t)
is symmetric positive definite for all t ∈ [0, tf ]. The matrix K1 is symmetric
positive semi-definite. Moreover, the matrix-valued functions A(t), B(t), F (t),
D(t) are continuously differentiable in the interval [0, tf ].

Proof. The Eqs. (7)–(13) are proven similarly to the work [30] (Lemma 1). The
positive semi-definiteness of D1(t) and the positive definiteness of D2(t) directly
follow from the expressions for these matrices (see Eq. (13)), the positive semi-
definiteness of D(t) and the assumption (A3). The positive semi-definiteness of
K1 is proven similarly. The smoothness of the matrix-valued functions A(t),
B(t), F (t), D(t) follows immediately from the expressions for these functions
(9)–(12), the Eqs. (5)–(6) and the assumptions (A5)–(A6).

The H∞ control problem for the system (7) with the functional (8) is to find
a controller u∗[z(t), t] that ensures the inequality J(u∗, w) ≤ 0 along trajectories
of (7) for all w(t) ∈ L2[0, tf ;Em]. Similarly to the problem (1)–(2), the H∞
control problem (7)–(8) is singular.

Lemma 1. Let the assumptions (A1), (A3)–(A6) be valid. If the con-
troller u0

[
Z(t), t

]
solves the H∞ problem (1)–(2), then the controller

u0
[(L(t),B2(t)

)
z(t), t

]
solves the H∞ problem (7)–(8). Vice versa, if the

controller u∗[z(t), t] solves the H∞ problem (7)–(8), then the controller
u∗

[(L(t),B2(t)
)−1

Z(t), t
]

solves the H∞ problem (1)–(2).

Proof. We start with the first statement of the lemma. Since the controller
u0

[
Z(t), t

]
solves the H∞ problem (1)–(2), then the inequality (4) is satisfied

along trajectories of (1) for all w(t) ∈ L2[0, tf ;Em]. Due to the transformation
(6) and Proposition 1, the H∞ problem (1)–(2) becomes the H∞ problem (7)–(8).
The inequality (4) becomes the inequality J

(
u0

[(L(t),B2(t)
)
z(t), t

]
, w(t)

)
≤ 0

along trajectories of (7) for all w(t) ∈ L2[0, tf ;Em], meaning that the controller
u0

[(L(t),B2(t)
)
z(t), t

]
solves the H∞ problem (7)–(8). This completes the proof

of the first statement. The second statement is proven similarly.
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Remark 2. Due to Lemma 1, the initially formulated H∞ control problem (1)–(2)
is equivalent to the new H∞ control problem (7)–(8). From the other hand, due
to Proposition 1, the latter problem is simpler than the former. Therefore, in
the sequel of this paper, we deal with the problem (7)–(8) as an original one and
call it the Singular H∞ Control Problem (SHICP).

4 Regularization of the SHICP

We study the SHICP by its regularization. Namely, we replace the SHICP with
a regular H∞ control problem. This new H∞ control problem has the same
dynamics (7). However, the functional in the new problem is of the form

Jε(u,w) = zT (tf )Kz(tf )

+
∫ tf

0

[
z

′
(t)D(t)z(t) + uT (t)

(
G(t) + E)

u(t) − γ2wT (t)w(t)
]
dt, (14)

where E = diag
(
0, ..., 0
︸ ︷︷ ︸

q

, ε2, ..., ε2
︸ ︷︷ ︸

r−q

)
, ε > 0 is a small parameter. Due to (3),

G(t) + E = diag
(
g1(t), ..., gq(t), ε2, ..., ε2

)
. (15)

Due to (15) and the assumption (A2), the matrix G(t) + E is nonsingular for all
t ∈ [0, tf ] and ε > 0. Thus, the control cost in (14) is regular for ε > 0, while for
ε = 0, the functional (14) becomes the functional (8) of the SHICP.

Remark 3. The H∞ control problem for the system (7) with the functional (14)
is to find a controller u∗

ε[z(t), t] that ensures the inequality Jε(u∗
ε, w) ≤ 0 along

trajectories of (7) for all w(t) ∈ L2[0, tf ;Em]. This problem is regular for all
ε > 0. Moreover, due to (15) and the smallness of ε, this H∞ problem is a
partial cheap control problem, i.e., the problem where the cost only of some
(but not all) control coordinates is small. In what follows, we call the problem
(7), (14) the H∞ Partial Cheap Control Problem (HIPCCP).

5 Solution of the HIPCCP

To solve the HIPCCP, we use the game-theoretic Riccati matrix differential
equation with respect to the unknown matrix P

dP (t)
dt

= −P (t)A(t) − AT (t)P (t) + P (t)
(
Su(t, ε) − Sw(t)

)
P (t) − D(t), t ∈ [0, tf ],

(16)

Su(t, ε) = B(t)
(
G(t) + E)−1

BT (t), Sw(t) = γ−2F (t)FT (t). (17)

The Eq. (16) is subject to the terminal condition

P (tf ) = K. (18)
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In the sequel, we assume
(A7) For a given ε > 0, the terminal-value problem (16), (18) has the solution
P (t, ε) in the entire interval [0, tf ].

As a particular case of Theorem 2.1 from the work [34], we have the assertion.

Proposition 2. Let a value of ε > 0 be specified. Let for this value, the assump-
tion (A7) be valid. Then, the following controller solves the HIPCCP:

u∗
ε[z(t), t] = −(

G(t) + E)−1
BT (t)P (t, ε)z(t) (19)

6 Asymptotic Analysis of the HIPCCP

We start the asymptotic analysis of the HIPCCP with an asymptotic solution
of the terminal value problem (16), (18).

6.1 Transformation of the Problem (16), (18)

Using the block form (10) of the matrix B(t) and the diagonal form (15) of the
matrix G(t) + E , we can represent the matrix Su(t, ε) of (17) in the block form

Su(t, ε) =

⎛

⎝
Su1(t) Su2(t)

ST
u2

(t) (1/ε2)Su3(t, ε)

⎞

⎠ , (20)

where the (n− r + q)× (n− r + q)-matrix Su1(t), the (n− r + q)× (r − q)-matrix

Su2(t) and (r−q)×(r−q)-matrix Su3(t, ε) have the form Su1(t) =

⎛

⎝
0 0

0 G−1
q (t)

⎞

⎠,

Su2(t) =

⎛

⎝
0

G−1
q (t)HT

2 (t)

⎞

⎠ , Su3(t, ε) = ε2H2(t)G−1
q (t)HT

2 (t) + Ir−q,

Gq(t) = diag
(
g1(t), ..., gq(t)

)
. (21)

Due to the form of the matrices Su(t, ε) and Su3(t, ε), the right-hand side
of the differential equation (16) has the singularity at ε = 0. To remove this
singularity and to transform (16) to a differential equation of an explicit singular
perturbation form, we look for the solution of (16), (18) in the block form

P (t, ε) =

⎛

⎝
P1(t, ε) εP2(t, ε)

εPT
2 (t, ε) εP3(t, ε)

⎞

⎠ , PT
l (t, ε) = Pl(t, ε), l = 1, 3, (22)

where the matrices P1(t, ε), P2(t, ε) and P3(t, ε) have the dimensions (n − r +
q) × (n − r + q), (n − r + q) × (r − q) and (r − q) × (r − q), respectively.
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We also partition the matrices A(t) and Sw(t) into blocks as:

A(t) =

⎛

⎝
A1(t) A2(t)

A3(t) A4(t)

⎞

⎠ , Sw(t) =

⎛

⎝
Sw1(t) Sw2(t)

ST
w2

(t) Sw3(t)

⎞

⎠ , (23)

where the blocks A1(t), A2(t), A3(t) and A4(t) have the dimensions (n − r +
q) × (n − r + q), (n − r + q) × (r − q), (r − q) × (n − r + q) and (r − q) ×
(r − q), respectively; the blocks Sw1(t), Sw2(t) and Sw3(t) have the form Sw1(t) =
γ−2F1(t)FT

1 (t), Sw2(t) = γ−2F1(t)FT
2 (t), Sw3(t) = γ−2F2(t)FT

2 (t), and F1(t)
and F2(t) are the upper and lower blocks of the matrix F (t) of the dimensions
(n − r + q) × m and (r − q) × m, respectively, i.e.,

F (t) =
(

F1(t)
F2(t)

)
. (24)

Substitution of (11), (12), (20), (22), (23) into the problem (16), (18) converts
the latter after a routine rearrangement into the following equivalent problem:

dP1(t, ε)
dt

= −P1(t, ε)A1(t) − εP2(t, ε)A3(t) − AT
1 (t)P1(t, ε) − εAT

3 (t)PT
2 (t, ε)

+P1(t, ε)
(
Su1(t) − Sw1(t)

)
P1(t, ε) + εP2(t, ε)

(
ST

u2
(t) − ST

w2
(t)

)
P1(t, ε)

+εP1(t, ε)
(
Su2(t) − Sw2(t)

)
PT
2 (t, ε) + P2(t, ε)

(
Su3(t, ε) − ε2Sw3(t)

)
PT
2 (t, ε)

−D1(t), P1(tf , ε) = K1,

(25)

ε
dP2(t, ε)

dt
= −P1(t, ε)A2(t) − εP2(t, ε)A4(t) − εAT

1 (t)P2(t, ε) − εAT
3 (t)P3(t, ε)

+εP1(t, ε)
(
Su1(t) − Sw1(t)

)
P2(t, ε) + ε2P2(t, ε)

(
ST

u2
(t) − ST

w2
(t)

)
P2(t, ε)

+εP1(t, ε)
(
Su2(t) − Sw2(t)

)
P3(t, ε) + P2(t, ε)

(
Su3(t, ε) − ε2Sw3(t)

)
P3(t, ε),

P2(tf , ε) = 0,
(26)

ε
dP3(t, ε)

dt
= −εPT

2 (t, ε)A2(t) − εP3(t, ε)A4(t) − εAT
2 (t)P2(t, ε) − εAT

4 (t)P3(t, ε)

+ε2PT
2 (ε)

(
Su1(t) − Sw1(t)

)
P2(t, ε) + ε2P3(t, ε)

(
ST

u2(t) − ST
w2(t)

)
P2(t, ε)

+ε2PT
2 (t, ε)

(
Su2(t) − Sw2(t)

)
P3(t, ε) + P3(t, ε)

(
Su3(t, ε) − ε2Sw3(t)

)
P3(t, ε)

−D2(t), P3(tf , ε) = 0.

(27)

The problem (25)–(27) is a singularly perturbed terminal-value problem for
a set of Riccati-type matrix differential equations. In the next subsection, based
on the Boundary Function Method (see e.g. [36]), an asymptotic solution of this
problem is constructed and justified.
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6.2 Asymptotic Solution of the Problem (25)–(27)

Due to the Boundary Function Method [36], we look for the zero-order asymp-
totic solution to the problem (25)–(27) in the form

Pi,0(t, ε) = P o
i,0(t) + P b

i,0(τ), i = 1, 2, 3, τ = (t − tf )/ε, (28)

where the terms with the upper index “o” constitute the so called outer solution,
while the terms with the upper index “b” are the boundary correction terms in a
neighbourhood of t = tf . Equations and conditions for these terms are obtained
by substitution of (28) into the problem (25)–(27) instead of Pi(t, ε), (i = 1, 2, 3),
and equating coefficients for the same power of ε on both sides of the resulting
equations, separately the coefficients depending on t and on τ .

For the boundary correction term P b
1,0(τ), we obtain the equation

dP b
1,0(τ)
dτ

= 0, τ ≤ 0. (29)

Due to the Boundary Function Method, we require that P b
1,0(τ) → 0 for τ →

−∞. This requirement, along with the equation (29), yields P b
1,0(τ) ≡ 0, τ ≤ 0.

For the outer solution terms P o
i,0(t), (i = 1, 2, 3), we have the equations

dP o
1,0(t)
dt

= −P o
1,0(t)A1(t) − AT

1 (t)P o
1,0(t) + P o

1,0(t)
(
Su1(t) − Sw1(t)

)
P o
1,0(t)

+P o
2,0(t)

(
P o
2,0(t)

)T − D1(t), P o
1,0(tf ) = K1,

(30)

0 = −P o
1,0(t)A2(t) + P o

2,0(t)P
o
3,0(t), (31)

0 =
(
P o
3,0(t)

)2 − D2(t). (32)

Solving the algebraic equations (32) and (31) with respect to P3,0(t) and
P2,0(t), respectively, we have

P o
3,0(t) =

(
D2(t)

)1/2
, P o

2,0(t) = P o
1,0(t)A2(t)

(
D2(t)

)−1/2
, (33)

where the superscript “1/2” denotes the unique positive definite square root
of corresponding positive definite matrix, the superscript “−1/2” denotes the
inverse matrix of this square root.

Remark 4. Since D2(t) is continuously differentiable in the interval [0, tf ], then
(
D2(t)

)1/2 and
(
D2(t)

)−1/2 are continuously differentiable for t ∈ [0, tf ].

Substitution of the expression for P o
2,0(t) from (33) into (30) yields

dP o
1,0(t)
dt

= −P o
1,0(t)A1(t) − AT

1 (t)P o
1,0(t)

+P o
1,0(t)S1,0(t)P o

1,0(t) − D1(t), P o
1,0(tf ) = K1, (34)
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S1,0(t) = Su1(t) − Sw1(t) + A2(t)D−1
2 (t)AT

2 (t). (35)

In what follows, we assume: (A8) the problem (34) has the solution P o
1,0(t)

in the entire interval [0, tf ].

Remark 5. Note that if the matrix S1,0(t) is positive semi-definite for all t ∈
[0, tf ], then the assumption (A8) is valid.

For the boundary correction terms P b
2,0(τ) and P b

3,0(τ), we have the terminal-
value problem

dP b
2,0(τ)/dτ = P o

2,0(tf )P b
3,0(τ) + P b

2,0(τ)P o
3,0(tf ) + P b

2,0(τ)P b
3,0(τ), τ ≤ 0,

dP b
3,0(τ)/dτ = P o

3,0(tf )P b
3,0(τ) + P b

3,0(τ)P o
3,0(tf ) +

(
P b
3,0(τ))2, τ ≤ 0,

P b
2,0(0) = −P o

2,0(tf ), P b
3,0(0) = −P o

3,0(tf ).

Using the expression for P o
2,0(t) (see Eq. (33)) and the terminal condition for

P o
1,0(t) (see Eq. (34)), we obtain the unique solution of this problem

P b
2,0(τ) = −2K1A2

(
D2

)−1/2 exp
(
2
(
D2

)1/2
τ
) [

Ir−q + exp
(
2
(
D2

)1/2
τ
)]−1

,

P b
3,0(τ) = −2

(
D2

)1/2 exp
(
2
(
D2

)1/2
τ
) [

Ir−q + exp
(
2
(
D2

)1/2
τ
)]−1

,

satisfying the inequality max
{‖P b

2,0(τ)‖, ‖P b
3,0(τ)‖} ≤ c exp(βτ), τ ≤ 0, where

‖·‖ denotes the Euclidean norm of a matrix; c > 0 and β > 0 are some constants.

Lemma 2. Let the assumptions (A1)–(A6), (A8) be valid. Then, there exists a
positive number ε0 such that, for all ε ∈ (0, ε0], the problem (25)–(27) has the
unique solution Pi(t, ε), (i = 1, 2, 3), in the entire interval [0, tf ]. This solution
satisfies the inequalities

∥
∥Pi(t, ε) − Pi,0(t, ε)‖ ≤ aε, t ∈ [0, tf ], where Pi,0(t, ε),

(i = 1, 2, 3), are given by (28); a > 0 is some constant independent of ε.

Proof. The lemma is proven similarly to Theorem 1 of the work [29].

6.3 ε-Free Conditions for Solvability of the HIPCCP

Based on Proposition 2 and Lemma 2, we obtain the following theorem.

Theorem 1. Let the assumptions (A1)–(A6), (A8) be valid. Then, for all ε ∈
(0, ε0], the HIPCCP is solvable. The controller (19), where P (t, ε) has the block
form (22) and

{
Pi(t, ε), (i = 1, 2, 3)

}
is the solution of (25)–(27), solves the

HIPCCP.

Remark 6. The ε-free conditions of Theorem 1 provide the solvability of the
HIPCCP for all sufficiently small values of ε > 0, i.e. robustly with respect to ε.
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6.4 Reduced H∞ Control Problem

First of all, let us note that, due to the results of [30], the matrix S1,0(t) (see
Eq. (35)) can be rewritten in the form

S1,0(t) = B1,0(t)Θ−1(t)BT
1,0(t) − Sw1(t), (36)

B1,0(t) =
(
B̃, A2(t)

)
, B̃ =

(
O(n−r)×q

Iq

)
, Θ(t) =

(
Gq(t) Oq×(r−q)

O(r−q)×q D2(t)

)
,

(37)

Gq(t) is defined in (21). Due to the assumption (A2) and Proposition 1 (positive
definiteness of D2(t)), the matrix Θ(t) is positive definite for t ∈ [0, tf ]. Now,
consider the H∞ control problem for the following system and functional:

dx̄(t)
dt

= A1(t)x̄(t) + B1,0(t)ū(t) + F1(t)w̄(t), t ∈ [0, tf ], x̄(0) = 0,

J̄(ū, w̄) = x̄T (tf )K1x̄(tf )

+
∫ tf

0

[
x̄T (t)D1(t)x̄(t) + ūT (t)Θ(t)ū(t) − γ2w̄T (t)w̄(t)

]
dt, (38)

where, for any t ∈ [0, tf ], x̄(t) ∈ En−r+q, ū(t) ∈ Er, (ū(t) is a control),
w̄(t) ∈ Em, (w̄(t) is a disturbance). We call this problem the Reduced H∞
Control Problem (RHICP). We say that the controller ū∗[x̄(t), t] solves the
RHICP if it ensures the inequality J̄(ū∗, w̄) ≤ 0 along trajectories of the sys-
tem in (38) for all w̄(t) ∈ L2[0, tf ;Em]. Based on the Eqs. (36)–(37), we have
(similarly to Proposition 2) the following assertion.

Proposition 3. Let the assumption (A8) be valid. Then, the controller
ū∗[x̄(t), t] = −Θ−1(t)BT

1,0(t)P
o
1,0(t)x̄(t) solves the RHICP. Moreover, this con-

troller can be represented in the block form ū∗[x̄(t), t] =
(

ū∗
1[x̄(t), t]

ū∗
2[x̄(t), t]

)
, where

ū∗
1[x̄(t), t] = −G−1

q (t)B̃T P o
1,0(t)x̄(t), ū∗

2[x̄(t), t] = −(
D2(t)

)−1
AT

2 (t)P o
1,0(t)x̄(t).

7 Controller for the SHICP

7.1 Formal Design of the Controller

Lemma 3. Let the assumptions (A1)-(A6), (A8) be valid. Then, for all ε ∈
(0, ε0], the controller (19), solving the HIPCCP, solves also the SHICP.

Proof. Comparing the functionals (8) and (14) of the SHICP and HIPCCP,
respectively, we directly obtain the inequality

J
(
u[z(t), t], w(t)

)
≤ Jε

(
u[z(t), t], w(t)

)
, (39)
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where u[z(t), t] is any admissible controller in both problems; w(t) is any func-
tion from L2[0, tf ;Em]. The controller (19) is admissible in the SHICP and
HIPCCP for all ε ∈ (0, ε0]. Since this controller solves the HIPCCP, then
Jε

(
u∗

ε[z(t), t], w(t)
)

≤ 0 for all ε ∈ (0, ε0] and w(t) ∈ L2[0, tf ;Em]. The latter,
along with the inequality (39), yields immediately the statement of the lemma.

Remark 7. The design of the controller (19) is a complicated task, because it
requires the solution of the high dimension singularly perturbed system of non-
linear differential equations (25)–(27). To overcome this difculty, in the sequel
of this section, another (simplied) controller for the SHICP is designed and its
properties are studied.

Consider the matrix P o
0 (t, ε) =

(
P o
1,0(t) εP o

2,0(t)
ε
(
P o
2,0(t)

)T
εP o

3,0(t)

)

, t ∈ [0, tf ], ε ∈
(0, ε0]. Also, let us partition the vector z(t) into blocks as:

z(t) = col
(
x(t), y(t)

)
, x(t) ∈ En−r+q, y(t) ∈ Er−q. (40)

Consider the auxiliary controller, obtained from u∗
ε[z(t), t] (see (19)) by

replacing P (t, ε) with P o
0 (t, ε): uaux[z(t), t] = −(

G(t) + E)−1
BT (t)P o

0 (t, ε)z(t).
Substitution of the block representations for the matrix P o

0 (t, ε), as well as for
the matrices B(t), G(t)+E and the vector z(t) (see (10), (15) and (40)), into the
expression for uaux[z(t), t] and use of the block form of the matrix B̃ (see (37))
yield after a routine algebra the block representation for the vector uaux[z(t), t]

uaux[z(t), t] = −
⎛

⎝
G−1

q (t)
[
Q1(t, ε)x(t) + εQ2(t, ε)y(t)

]

(1/ε)
[(

P o
2,0(t)

)T
x(t) + P o

3,0y(t)
]

⎞

⎠ , (41)

where Q1(t, ε)
�
= B̃T P o

1,0+εHT
2 (t)

(
P o
2,0(t)

)T , Q2(t, ε)
�
= B̃T P o

2,0+εHT
2 (t)P o

3,0(t).
Calculating the pointwise (with respect to

(
z(t), t

) ∈ En × [0, tf ]) limit of the
upper block in (41) for ε → 0+, we obtain the simplified controller for the SHICP

u∗
ε,0[z(t), t] = −

⎛

⎜
⎝

G−1
q (t)B̃T P o

1,0(t)x(t)

(1/ε)
[(

P o
2,0(t)

)T
x(t) + P o

3,0y(t)
]

⎞

⎟
⎠ . (42)

Remark 8. Comparing the simplified controller u∗
ε,0[z(t), t] with the controller

ū∗[x̄(t), t], solving the RHICP (see Proposition 3), we can see that the upper
blocks of both controllers coincide with each other.

7.2 Properties of the Simplified Controller (42)

Let for given ε > 0 and w(t) ∈ L2[0,+∞;Em], z∗
0

(
t, ε;w(·)), t ∈ [0, tf ] be the

solution of the initial-value problem (7) with u(t) = u∗
ε,0[z(t), t]. Let

Qo
0(t)

�
=

((
P o
2,0(t)

)T
, P o

3,0(t)
)
. (43)
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Theorem 2. Let the assumptions (A1)-(A6), (A8) be valid. Then, there exists
a positive number ε∗

1 such that, for all ε ∈ (0, ε∗
1] and w(t) ∈ L2[0,+∞;Em], the

following inequality is satisfied along trajectories of the system (7):

J
(
u∗

ε,0[z(t), t], w(t)
)

≤ −
∫ tf

0

[
z∗
0

(
t, ε;w(·))]T (

Qo
0(t)

)T
Qo

0(t)z
∗
0

(
t, ε;w(·))dt.

(44)

The proof of the theorem is presented in Appendix A.

Theorem 3. Let the assumptions (A1)–(A6), (A8) be valid. Then, there exists
a positive number ε∗

2 such that, for all ε ∈ (0, ε∗
2] and w(t) ∈ L2[0,+∞;Em], the

integral in the right-hand side of (44), being nonnegative, satisfies the inequality

∫ tf

0

[
z∗
0

(
t, ε;w(·))]T (

Qo
0(t)

)T
Qo

0(t)z
∗
0

(
t, ε;w(·))dt ≤ aε

(
‖w(t)‖L2

)2

, (45)

where ‖ ·‖L2 denotes the norm in the space L2[0, tf ;Em]; a > 0 is some constant
independent of ε and w(·).

The proof of the theorem is presented in Appendix B.
As a direct consequence of Theorem 3, we obtain the corollary.

Corollary 1. Let the assumptions (A1)-(A6), (A8) be valid. Then, there exists
a positive number ε∗

3 and a function g(ε), (0 ≤ g(ε) ≤ aε, ε ∈ (0, ε∗
3], the

constant a > 0 is defined in Theorem 3), such that for all ε ∈ (0, ε∗
3] the controller

u∗
ε,0[z(t), t] solves the singular H∞ control problem for the system (7) with the

following functional:

Jg(u,w) = zT (tf )Kz(tf )

+
∫ tf

0

[
zT (t)Dz(t) + uT (t)G(t)u(t) − (γg(ε))2wT (t)w(t)

]
dt, (46)

where the performance level γg(ε) has the form γg(ε) =
√

γ2 − g(ε) > 0, γ > 0
is the performance level in the SHICP.

Remark 9. Due to Theorems 2, 3 and Corollary 1, the controller u∗
ε,0[z(t), t]

solves not only the original SHICP for the system (7) and the functional (8), but
also the singular H∞ control problem for the same system (7) and the new func-
tional (46). The latter has a smaller performance level γg(ε) than SHICP. This
performance level depends on ε and satisfies the limit equality limε→0+ γg(ε) = γ.
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8 Example

Consider the example of the SHICP with the data: n = r = m = 2, q = 1, A(t) =(−1.5 1
t exp(t)

)
, B(t) =

(
1 0

−t 1

)
, F (t) =

(−1 2
t2 cos(t)

)
, K =

(
2.2 0

0 0

)
,

D(t) ≡
(

2 0
0 0.5

)
, G(t) ≡

(
0.5 0

0 0

)
, γ = 1, tf = 1. Using this data, we obtain:

u∗
ε,0[z(t), t] = −

⎛

⎝
2P o

1,0(t)x(t)
√
2

ε

[
P o
1,0(t)x(t) + 1

2y(t)
]

⎞

⎠ , P o
1,0(t) =

(
6 exp(t−1)−1

)−1 +2.

The extensive computer simulation has shown that this controller solves the
considered SHICP for all ε ∈ (0, 0.002]. Moreover, this controller solves another
singular H∞ control problems with the same matrices of the coefficients, the
same tf and with (γ, ε) ∈ [0.998, 1] × (0, 0.002].

9 Conclusions

A finite-horizon H∞ control problem for a linear time-varying system was con-
sidered. The feature of this problem is that the weight matrix of the control
cost in the quadratic functional of the problem is singular but, in general, non-
zero. The singularity of the control cost’s weight matrix means the singularity
of the H∞ problem itself. The control coordinates appearing in the functional
are regular, while the other ones are singular. Subject to proper assumptions,
the initially formulated H∞ control problem was converted equivalently to a
new singular H∞ control problem. The dynamics of the new problem consists
of three modes with different types of the dependence on the control. The first
mode does not contain the control at all, the second mode contains only the
regular control coordinates, while the third mode contains the entire control.
The solution of this new problem was obtained by a regularization method.
Namely, this problem was approximately replaced by auxiliary regular H∞ con-
trol problem with the same dynamics and a similar functional, augmented by
a finite-horizon integral of the squares of the singular control coordinates with
a small positive weight ε2, (ε > 0). Hence, the auxiliary problem is an H∞
partial cheap control problem. An asymptotic solution of the singularly per-
turbed Riccati matrix differential equation, associated with this partial cheap
control problem by the solvability conditions, was constructed and justified.
Based on this asymptotic solution, a simplified controller for the H∞ partial
cheap control problem was designed. It was established that this controller also
solves the singular H∞ control problem. Moreover, it was shown that this con-
troller also solves a finite-horizon singular H∞ control problem with a smaller
performance level, depending on ε. This smaller performance level tends to the
original one for ε → 0+.
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Appendix A: Proof of Theorem 2

The proof consists of four stages.
Stage 1. At this stage, we transform the HIPCCP with u(t) = u∗

ε,0[z(t), t] to
an equivalent H∞ problem. Remember that the controller u∗

ε,0[z(t), t], given by
(42), solves the HIPCCP if the inequality

Jε

(
u∗

ε,0[z(t), t], w(t)
)

≤ 0 (47)

is fulfilled along trajectories of the system (7) for all w(t) ∈ L2[0, tf ;Em].
Substituting the controller u∗

ε,0[z(t), t] into the system (7) and the functional
(14), as well as using of the block representations for the matrices B(t), D(t),
G(t) + E , A(t) and for the vector z(t) (see equations (10), (12), (15), (23) and
(40)), we obtain the following system and functional:

dz(t)
dt

= Â(t, ε)z(t) + F (t)w(t), t ∈ [0, tf ], z(0) = 0, (48)

Ĵε

(
w(t)

) �
= Jε

(
u∗

ε,0[z(t), t], w(t)
)

= zT (tf )Kz(tf ) +
∫ tf

0

(
zT (t)D̂(t)z(t) − γ2wT (t)w(t)

)
dt, (49)

where

Â(t, ε) =

(
Â1(t) Â2(t)
(1/ε)Â3(t, ε) (1/ε)Â4(t, ε)

)

, D̂ =

(
D̂1(t) D̂2(t)
D̂T

2 (t) D̂3(t)

)

, (50)

Â1(t) = A1(t) − B̃G−1
q (t)B̃T P o

1,0(t), Â2(t) = A2(t), Â3(t, ε) = εA3(t)

−εH2(t)G−1
q (t)B̃T P o

1,0(t) − (
P o
2,0(t)

)T
, Â4(t, ε) = εA4(t) − P o

3,0(t),
(51)

D̂1(t) = D1(t) + P o
1,0(t)B̃G−1

q (t)B̃T P o
1,0(t) + P o

2,0(t)
(
P o
2,0(t)

)T

= D1(t) + P o
1,0(t)B1,0(t)Θ−1(t)BT

1,0(t)P
o
1,0(t),

D̂2(t) = P o
2,0(t)P

o
3,0(t) = P o

1,0(t)A2(t), D̂3(t) = D2(t) +
(
P o
3,0(t)

)2 = 2D2(t).
(52)

Due to (49), the inequality (47) is equivalent to the inequality

Ĵε

(
w(t)

) ≤ 0 (53)

along trajectories of the system (48) for all w(t) ∈ L2[0, tf ;Em]. The latter
means that the solvability of the HIPCCP by u(t) = u∗

ε,0[z(t), t] is equivalent to
the solvability of the H∞ problem (48)–(49), (53).
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Stage 2. At this stage, we derive solvability conditions of the H∞ problem (48)–
(49), (53). Consider the terminal-value problem for the Riccati matrix differential
equation with respect to the matrix P̂ (t) in the interval [0, tf ]:

dP̂ (t)
dt

= −P̂ (t)Â(t, ε) − ÂT (t, ε)P̂ (t) − P̂ (t)Sw(t)P̂ (t) − D̂(t), P̂ (tf ) = K.

(54)

We are going to show that the existence of the solution P̂ (t, ε) to the problem
(54) for a given ε ∈ (0, ε0] in the entire interval [0, tf ] yields the fulfilment of the
inequality (53).

For a given ε ∈ (0, ε0], consider the Lyapunov-like function

V (z, t, ε) = zT P̂ (t, ε)z, z ∈ En, t ∈ [0, tf ]. (55)

Based on (55), consider the function V
[
z∗
0

(
t, ε;w(·)), t, ε]. Since z∗

0

(
t, ε;w(·))

is the solution of the initial-value problem (7) with u(t) = u∗
ε,0[z(t), t], then

it is the solution of the initial-value problem (48). Differentiating the function
V

[
z∗
0

(
t, ε;w(·)), t, ε] with respect to t, and using (48), (54) and (55) yield

dV
[
z∗
0

(
t, ε;w(·)), t, ε]

dt
=

(
dz∗

0

(
t, ε;w(·))

dt

)T

P̂ (t, ε)z∗
0

(
t, ε;w(·))

+
(
z∗
0

(
t, ε;w(·))

)T dP̂ (t, ε)
dt

z∗
0

(
t, ε;w(·))

+
(
z∗
0

(
t, ε;w(·))

)T

P̂ (t, ε)
dz∗

0

(
t, ε;w(·))

dt

=
(
Â(t, ε)z(t) + F (t)w(t)

)T

P̂ (t, ε)z∗
0

(
t, ε;w(·))

+
(
z∗
0

(
t, ε;w(·))

)T [
− P̂ (t)Â(t, ε) − ÂT (t, ε)P̂ (t)

−P̂ (t)Sw(t)P̂ (t) − D̂(t)
]
z∗
0

(
t, ε;w(·))

+
(
z∗
0

(
t, ε;w(·))

)T

P̂ (t, ε)
(
Â(t, ε)z(t) + F (t)w(t)

)

= wT (t)FT (t)P̂ (t, ε)z∗
0

(
t, ε;w(·))

−
(
z∗
0

(
t, ε;w(·))

)T

P̂ (t, ε)Sw(t)P̂ (t, ε)z∗
0

(
t, ε;w(·))

−
(
z∗
0

(
t, ε;w(·))

)T

D̂(t)z∗
0

(
t, ε;w(·)) +

(
z∗
0

(
t, ε;w(·))

)T

P̂ (t, ε)F (t)w(t).

(56)
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Using the function w∗(t, ε;w(·)) �
= γ−2FT (t)P̂ (t, ε)z∗

0

(
t, ε;w(·)), and taking into

account the expression for Sw(t) (see Eq. (17)), we can rewrite (56) as:

dV
[
z∗
0

(
t, ε;w(·)), t, ε]

dt
= −γ2

(
w(t) − w∗(t, ε;w(·))

)T (
w(t) − w∗(t, ε;w(·))

)

−
(
z∗
0

(
t, ε;w(·))

)T

D̂(t)z∗
0

(
t, ε;w(·)) + γ2wT (t)w(t).

(57)

From the Eq. (57), we directly obtain the inequality for all t ∈ [0, tf ]:

dV
[
z∗
0

(
t, ε;w(·)), t, ε]

dt
+

(
z∗
0

(
t, ε;w(·))

)T

D̂(t)z∗
0

(
t, ε;w(·)) − γ2wT (t)w(t) ≤ 0.

Integration of this inequality from t = 0 to t = tf and use of (55) yield

(
z∗
0

(
tf , ε;w(·))

)T

Kz∗
0

(
tf , ε;w(·))

+
∫ tf

0

[(
z∗
0

(
t, ε;w(·))

)T

D̂(t)z∗
0

(
t, ε;w(·)) − γ2wT (t)w(t)

]
dt ≤ 0,

meaning the fulfilment of the inequality (53) along trajectories of the system
(48) for all w(t) ∈ L2[0, tf ;Em]. This completes the proof of the statement that
the existence of the solution P̂ (t, ε) to the problem (54) in the entire interval
[0, tf ] guarantees the fulfilment of the inequality (53) along trajectories of (48)
for all w(t) ∈ L2[0, tf ;Em].
Stage 3. At this stage, we show the existence of the solution P̂ (t, ε) to the
problem (54) in the entire interval [0, tf ]. Similarly to the problem (16), (18), we
look for the solution of the terminal-value problem (54) in the block form

P̂ (t, ε) =

⎛

⎝
P̂1(t, ε) εP̂2(t, ε)

εP̂T
2 (t, ε) εP̂3(t, ε)

⎞

⎠ , P̂T
l (t, ε) = P̂l(t, ε), l = 1, 3, (58)

where the matrices P̂1(t, ε), P̂2(t, ε) and P̂3(t, ε) have the dimensions (n−r+q)×
(n − r + q), (n − r + q) × (r − q) and (r − q) × (r − q), respectively. Substitution
of the block representations for the matrices Sw(t), Â(t, ε), D̂(t) and P̂ (t, ε)
(see Eqs. (17), (50), (58)) into the problem (54) converts this problem into the
following equivalent problem:

dP̂1(t, ε)
dt

= −P̂1(t, ε)Â1(t) − P̂2(t, ε)Â3(t, ε) − ÂT
1 (t)P̂1(t, ε) − ÂT

3 (t, ε)P̂T
2 (t, ε)

−P̂1(t, ε)Sw1(t)P̂1(t, ε) − εP̂2(t, ε)ST
w2

(t)P̂1(t, ε) − εP̂1(t, ε)Sw2(t)P̂
T
2 (t, ε)

−ε2P̂2(t, ε)Sw3(t)P̂
T
2 (t, ε) − D̂1(t), P̂1(tf , ε) = K1,

(59)
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ε
dP̂2(t, ε)

dt
= −P̂1(t, ε)Â2(t) − P̂2(t, ε)Â4(t, ε) − εÂT

1 (t)P̂2(t, ε)

−ÂT
3 (t, ε)P̂3(t, ε) − εP̂1(t, ε)Sw1(t)P̂2(t, ε) − ε2P̂2(t, ε)ST

w2
(t)P̂2(t, ε)

−εP̂1(t, ε)Sw2(t)P̂3(t, ε) − ε2P̂2(t, ε)Sw3(t)P̂3(t, ε) − D̂2(t), P̂2(tf , ε) = 0,
(60)

ε
dP̂3(t, ε)

dt
= −εP̂T

2 (t, ε)Â2(t) − P̂3(t, ε)Â4(t, ε) − εÂT
2 (t)P̂2(t, ε)

−ÂT
4 (t, ε)P̂3(t, ε) − ε2P̂T

2 (t, ε)Sw1(t)P̂2(t, ε) − ε2P̂3(t, ε)ST
w2

(t)P̂2(t, ε)

−ε2P̂T
2 (t, ε)Sw2(t)P̂3(t, ε) − ε2P̂3(t, ε)Sw3(t)P̂3(t, ε) − D̂3(t), P̂3(tf , ε) = 0.

(61)

Looking for the zero-order asymptotic solution of the problem (59)–(61) in
the form P̂i,0(t, ε) = P̂ o

i,0(t) + P̂ b
i,0(τ), (i = 1, 2, 3), τ = (t − tf )/ε, we obtain

similarly to Sect. 5.2
P̂ b
1,0(τ) ≡ 0, τ ≤ 0. (62)

Furthermore, the terms of the outer solution P̂ o
i,0(t), (i = 1, 2, 3), satisfy the

following terminal-value problem for t ∈ [0, tf ]:

dP̂ o
1,0(t)
dt

= −P̂ o
1,0(t)Â1(t) − P̂ o

2,0(t)Â3(t, 0) − ÂT
1 (t)P̂ o

1,0(t) − ÂT
3 (t, 0)

(
P̂ o
2,0(t)

)T

−P̂ o
1,0(t)Sw1(t)P̂

o
1,0(t) − D̂1(t), P̂ o

1,0(tf ) = K1,

(63)

0 = −P̂ o
1,0(t)Â2(t) − P̂ o

2,0(t)Â4(t, 0) − ÂT
3 (t, 0)P̂ o

3,0(t) − D̂2(t), (64)

0 = −P̂ o
3,0(t)Â4(t, 0) − ÂT

4 (t, 0)P̂ o
3,0(t, 0) − D̂3(t). (65)

Using that Â4(t, 0) = −P o
3,0(t) = −(

D2(t)
)1/2, D̂3(t) = 2D2(t), we obtain

the unique symmetric positive definite solution of (65)

P̂ o
3,0(t) =

(
D2(t)

)1/2 = P o
3,0(t). (66)

Using (66) and the fact that Â2(t) = A2(t), Â3(t, 0) = −(
P o
2,0(t)

)T , D̂2(t) =
P o
1,0(t)A2(t), one directly has from (64)

P̂ o
2,0(t) = P̂ o

1,0(t)A2(t)
(
D2(t)

)−1/2
. (67)

Substitution of (67) into (63) and use of (51)–(52) yields the terminal-value
problem for P̂ o

1,0(t)

dP̂ o
1,0(t)

dt
= −P̂ o

1,0(t)A1(t) + P̂ o
1,0(t)B̃G−1

q (t)B̃T P o
1,0(t)

+P̂ o
1,0(t)A2(t)

(
D2(t)

)−1/2(
P o
2,0(t)

)T − AT
1 (t)P̂ o

1,0(t) + P o
1,0(t)B̃G−1

q (t)B̃T P̂ o
1,0(t)

+P o
2,0(t)

(
D2(t)

)−1/2
AT
2 (t)P̂1,0(t) − P̂ o

1,0(t)Sw1(t)P̂
o
1,0(t) − D1(t) −

P o
1,0(t)B1,0(t)Θ

−1(t)BT
1,0(t)P

o
1,0(t), P̂ o

1,0 = K1.

(68)
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It is verified directly by substitution of P o
1,0(t) into (68) instead of P̂ o

1,0(t) and
using (33), (34), (36) that the terminal-value problem (68) has a solution on the
entire interval [0, tf ] and this solution equals to P o

1,0(t), i.e.,

P̂ o
1,0(t) = P o

1,0(t), t ∈ [0, tf ]. (69)

Moreover, due to the linear and quadratic dependence of the right-hand side of
the differential equation in (68) on P̂ o

1,0(t), this solution is unique.
For the terms P̂ b

2,0(τ) and P̂ b
3,0(τ), similarly to Sect. 5.2, we have the problem

dP̂ b
2,0(τ)
dτ

= −P̂ b
2,0(τ)Â4(tf , 0) − ÂT

3 (tf , 0)P̂ b
3,0(τ), τ ≤ 0, P̂ b

2,0(0) = −P̂ o
2,0(tf ),

dP̂ b
32,0(τ)
dτ

= −P̂ b
3,0(τ)Â4(tf , 0) − Â4(tf , 0)P̂ b

3,0(τ), τ ≤ 0, P̂ b
3,0(0) = −P̂ o

3,0(tf ).

Using (33), (51), (66), (67), we obtain the unique solution of this problem

P̂2,0(τ) = −K1A2(tf )
(
D2(tf )−1/2 exp

((
2D2(tf )−1/2τ

)
,

P̂3,0(τ) = −(
D2(tf )1/2 exp

((
2D2(tf )−1/2τ

)
, τ ≤ 0. (70)

This solution satises the inequalities

‖P̂ b
2,0(τ)‖ ≤ c exp(βτ), ‖P̂ b

3,0(τ)‖ ≤ c exp(βτ), τ ≤ 0, (71)

where c > 0 and β > 0 are some constants.
Now, based on the Eqs. (62), (66), (67), (69), (70) and the inequalities

(71), we obtain (similarly to Lemma 2) the existence of a positive number ε∗
1

such that, for all ε ∈ (0, ε∗
1], the problem (59)–(61) has the unique solution{

P̂1(t, ε), P̂2(t, ε), P̂3(t, ε)
}

in the entire interval [0, tf ]. Since the problem (54) is
equivalent to (59)–(61), then it has the unique solution (58) in the entire interval
[0, tf ] for all ε ∈ (0, ε∗

1]. The latter, along with the results of the Stages 1 and
2 of this proof, means that the controller u∗

ε,0[z(t), t], given by (42), solves the
HIPCCP, i.e., the inequality (47) is fulfilled.
Stage 4. Using the equations (8), (14), (15), (42), (43), we obtain

Jε

(
u∗

ε,0[z(t), t], w(t)
)

= J
(
u∗

ε,0[z(t), t], w(t)
)

+
∫ tf

0

[
z∗
0

(
t, ε;w(·))]T (

Qo
0(t)

)T
Qo

0(t)z
∗
0

(
t, ε;w(·))dt. (72)

This equation, along with the inequality (47), directly yields the inequality (44).
This completes the proof of Theorem 2.
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Appendix B: Proof of Theorem 3

The proof is based on an auxiliary lemma.

Auxiliary Lemma

Let, for a given ε > 0, n×n-matrix-valued function Φ(t, s, ε), 0 ≤ s ≤ t ≤ tf , be
the fundamental solution of the system dz(t)/dt = Â(t, ε)z(t). This means that
Φ(t, s, ε) satisfies the initial-value problem

∂Φ(t, s, ε)
∂t

= Â(t, ε)Φ(t, s, ε), 0 ≤ s ≤ t ≤ tf , Φ(s, s, ε) = In. (73)

Remember that the block matrix Â(t, ε) is defined in (50)–(51).
Let us partition the matrix Φ(t, s, ε) into blocks as:

Φ(t, s, ε) =
(

Φ1(t, s, ε) Φ2(t, s, ε)
Φ3(t, s, ε) Φ4(t, s, ε)

)
, (74)

where the matrices Φ1(t, s, ε), Φ2(t, s, ε), Φ3(t, s, ε) and Φ4(t, s, ε) are of the
dimensions (n − r + q) × (n − r + q), (n − r + q) × (r − q), (r − q) × (n − r + q)
and (r − q) × (r − q), respectively.

Along with the problem (73), we consider the following problem with respect
to the (n − r + q) × (n − r + q)-matrix-valued function Φ0(t, s):

dΦ0(t, s)
dt

= A0(t)Φ0(t, s), 0 ≤ s ≤ t ≤ tf , Φ0(s, s) = In−r+q, (75)

where A0(t) = Â1(t) − Â2(t)Â−1
4 (t, 0)Â3(t, 0), Â1(t), Â2(t), Â3(t, ε), Â4(t, ε) are

blocks of of the matrix Â(t, ε). Since Â4(t, 0) = −P o
3,0(t) = −(

D2(t)
)1/2, then

Â4(t, 0) is invertible. It is clear that the problem (75) has the unique solution
Φ0(t, s), 0 ≤ s ≤ t ≤ tf .

By virtue of the results of [37] (Lemma 3.1), we have the following assertion.

Lemma 4. Let the assumptions (A1)-(A6), (A8) be valid. Then, there exists a
positive number ε∗

2 such that, for all ε ∈ (0, ε∗
2], the following inequalities are

satisfied:
∥
∥Φ1(t, s, ε) − Φ0(t, s)

∥
∥ ≤ aε,

∥
∥Φ2(t, s, ε)

∥
∥ ≤ aε,

∥
∥Φ3(t, s, ε) + Â−1

4 (t, 0)Â3(t, 0)

Φ0(t, s)
∥
∥ ≤ a

[
ε+exp

(
−β(t−s)/ε

)]
,
∥
∥Φ4(t, s, ε)

∥
∥ ≤ a

[
ε+exp

(
−β(t−s)/ε

)]
,

where 0 ≤ s ≤ t ≤ tf ; a > 0 and β > 0 are some constants independent of ε.

Main Part of the Proof

Due to the proof of Theorem 2, the vector-valued function z∗
0

(
t, ε;w(·)), t ∈

[0, tf ], being the solution of the initial-value problem (7) with u(t) = u∗
ε,0[z(t), t],

also is the solution of the initial-value problem (48).
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Since Φ(t, s, ε) is the fundamental matrix solution of the system dz(t)/dt =
Â(t, ε)z(t), then the solution of (48) can be represented in the form

z∗
0

(
t, ε;w(·)) =

∫ t

0

Φ(t, s, ε)F (s)w(s)ds, t ∈ [0, tf ]. (76)

Let us partition the vector z∗
0

(
t, ε;w(·)) into blocks as

z∗
0

(
t, ε;w(·)) = col

(
x∗
0

(
t, ε;w(·)), y∗

0

(
t, ε;w(·))

)
, (77)

where x∗
0

(
t, ε;w(·)) ∈ En−r+q, y∗

0

(
t, ε;w(·)) ∈ Er−q.

Substitution of (24), (74) and (77) into (76) yields after a routine algebra

x∗
0

(
t, ε;w(·)) =

∫ t

0

(
Φ1(t, s, ε)F1(s)+Φ2(t, s, ε)F2(s)

)
w(s)ds, t ∈ [0, tf ], (78)

y∗
0

(
t, ε;w(·)) =

∫ t

0

(
Φ3(t, s, ε)F1(s)+Φ4(t, s, ε)F2(s)

)
w(s)ds, t ∈ [0, tf ]. (79)

Using Lemma 4, we obtain the inequalities for all 0 ≤ s ≤ t ≤ tf and ε ∈ (0, ε∗
2]:

∥
∥(

Φ1(t, s, ε)F1(s) + Φ2(t, s, ε)F2(s)
) − Φ0(t, s)F1(s)

∥
∥ ≤ aε, (80)

∥
∥(

Φ3(t, s, ε)F1(s) + Φ4(t, s, ε)F2(s)
)

+ Â−1
4 (t, 0)Â3(t, 0)Φ0(t, s)F1(s)

∥
∥

≤ a
[
ε + exp

(
− β(t − s)/ε

)]
, (81)

where a > 0 is some constant independent of ε.
Consider the following vector-valued functions of the dimensions n − r + q

and r − q, respectively: ϕx

(
t;w(·)) =

∫ t

0
Φ0(t, s)F1(s)w(s)ds and ϕy

(
t;w(·)) =

−Â−1
4 (t, 0)Â3(t, 0)ϕx

(
t;w(·)), t ∈ [0, tf ]. We have that

Â3(t, 0)ϕx

(
t;w(·)) + Â4(t, 0)ϕy

(
t;w(·)) = 0, t ∈ [0, tf ]. (82)

Moreover, using the Eqs. (78)–(79), the inequalities (80)–(81) and the Cauchy-
Bunyakovsky-Schwarz integral inequality, we directly obtain the inequalities

∥
∥x∗

0

(
t, ε;w(·)) − ϕx

(
t;w(·))∥∥ ≤ a1ε

1/2‖w(t)‖L2 ,
∥
∥y∗

0

(
t, ε;w(·)) − ϕy

(
t;w(·))∥∥ ≤ a1ε

1/2‖w(t)‖L2 , t ∈ [0, tf ], ε ∈ (0, ε∗
2] ,(83)

where a1 > 0 is some constant independent of ε and w(·).
Let us denote: Δx

(
t, ε;w(·)) �

= x∗
0

(
t, ε;w(·)) − ϕx

(
t;w(·)), Δy

(
t, ε;w(·)) �

=
y∗
0

(
t, ε;w(·)) − ϕy

(
t;w(·)). Then, the use of the Eqs. (43), (77), (82) and of the

fact that Â3(t, 0) = −(
P o
2,0(t)

)T , Â4(t, 0) = −P o
3,0(t) (see Eq. (51)) yields

[
z∗
0

(
t, ε;w(·))]T (

Qo
0(t)

)T
Qo

0(t)z
∗
0

(
t, ε;w(·)) =
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(
ϕx

(
t;w(·)) + Δx

(
t, ε;w(·))

)T

P o
2,0(t)

(
P o
2,0(t)

)T
(
ϕx

(
t;w(·)) + Δx

(
t, ε;w(·))

)

+2
(
ϕx

(
t;w(·)) + Δx

(
t, ε;w(·))

)T

P o
2,0(t)P

o
3,0(t)

(
ϕy

(
t;w(·)) + Δy

(
t, ε;w(·))

)

+
(
ϕy

(
t;w(·)) + Δy

(
t, ε;w(·))

)T (
P o
3,0(t)

)2(
ϕy

(
t;w(·)) + Δy

(
t, ε;w(·))

)

=
(
Δx

(
t, ε;w(·))

)T

P o
2,0(t)

(
P o
2,0(t)

)T Δx
(
t, ε;w(·))

+2
(
Δx

(
t, ε;w(·))

)T

P o
2,0(t)P

o
3,0(t)Δy

(
t, ε;w(·))

+
(
Δy

(
t, ε;w(·))

)T (
P o
3,0(t)

)2Δy
(
t, ε;w(·)).

(84)

The Eq. (84), along with the inequalities (83), yields the inequality
∥
∥[

z∗
0

(
t, ε;w(·))]T (

Qo
0(t)

)T
Qo

0(t)z
∗
0

(
t, ε;w(·))∥∥ ≤ a2ε

(‖w(t)‖L2

)2
, (85)

where t ∈ [0, tf ]; ε ∈ (0, ε∗
2]; a2 > 0 is some constant independent of ε and w(·).

The inequality (85) immediately yields the inequality (45), which completes
the proof of Theorem 3.
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Abstract. The increasing complexity of energy systems leads to a growing
interest in energy management that is actively studied using modelling methods
and simulation tools capable to represent the re system’s behavior. In this study,
a functional energetic modelling method is proposed to design the control
architecture for the management of the energy flow. This method relies on local
control loops, a decision manager (DM) and basic equations. When the func-
tional level of abstraction is used to model a complex system, the evaluation of
the model accuracy (from an energetic point of view) and the validation of
energy management strategies are simplified by fast simulations due to low
model complexity. Even if the functional model allows a first-stage validation of
the energy allocation within the system, the energy management strategies have
to be tested using a more precise model, which is the multi-physical model of
the system. The multi-physical modelling level has its own local controllers and
global resource manager (GRM) to handle the energy allocation between the
different components. The second-stage in the validation is completed by
adapting the functional model in order to obtain the high-level controller (i.e. the
GRM) for the multi-physical level. The development of the control architecture
of the multi-physical model based on the functional model requires two steps:
(i) adjusting the functional elements’ parameters and (ii) proposing a method to
interconnect the models at both levels of representation (functional and multi-
physical levels). The modelling and the parametrization of the functional ele-
ments are demonstrated on a hybrid electric vehicle (HEV). The GRM design is
detailed and the simulation results of the HEV system at multi-physical level are
illustrated to validate the system architecture, the component sizing and the
energy management strategy. The fuel consumption is evaluated in comparison
to the HEV’s design specifications.
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Keywords: Control design � Energy management � Complex systems �
Modelling � Integrated design � Systems modelling � Interconnected systems �
System-level design � System verification � Automotive engineering � System
architecture

1 Introduction

It is important to refer to the economic and ecological framework that leads the industry
and the research towards an innovative energy management involving an association of
energy technologies, optimal control laws and refined components. The advancements
on components technology, the communication between components and the data
acquisition methods make systems more intelligent but also more complex. Further-
more, the high complexity of energy systems renders the control design and the energy
management more difficult, which motivates research in system engineering. The most
important challenges on this topic can be summarized as follows:

• Choosing the system architecture;
• Setting and sizing the system components;
• Optimizing the energy flow between multi-sources and multi-consumers;
• Designing the control system architecture.

In order to handle these challenges, the research is focused on developing mod-
elling approaches and simulation tools that permit the achievement of the following
results:

• A global and interactive approach to improve the systematic innovation;
• A methodology for the architecture evaluation and the system verification from the

early stages of the system life cycle;
• Multiple representations to describe the system from multiple points of view for the

definition and the analysis of the main objectives;
• Definition of the control system.

A solution to improve the time to market is to represent a complex system at a
higher level of abstraction, which eases its global understanding within a structured
environment. In the literature, this type of representation is associated with systemic
theory [5]. Usually, the physical models of complex systems have been represented and
analyzed using the Bond Graph modelling and the multi-domain simulation [1].
However, another interesting approach is the functional modelling [6, 7, 10] that is
based on the following principle: a system can be defined by basic elements modelled
with an adequate level of complexity that can sufficiently describe the system behavior.

By construction, the model-based system engineering (MBSE) allows the systems
design at different levels of abstraction and it also supports the specification of their
elements and of the links between them. These links are: components and information,
requirements, architecture (functional, multi-physical or otherwise), use cases and
validation tests [4].
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In [4, 6], three levels of modelling are introduced as:

1. Teleological Modelling: defining a system of missions (set of services to be real-
ized by the system) and the purpose of the system in its environment.

2. Functional Modelling: defining the main functions of the system of missions and
the associated architecture.

3. Multi-physical Modelling: analytical modelling of the system’s components and
equipment that are provided by suppliers.

Figure 1 illustrates the modelling steps for each system representation at a different
level of abstraction. The development starts with the requirements formulation. Once
the requirements are fixed, the parameters (P) and the objectives (O) are defined in
order to obtain the simulation model and its associated controller. The obtained control
system is evaluated in simulation with the validation criteria. If the criteria are satisfied,
the parameters of higher levels of modelling define or adjust the requirements of lower
levels of modelling. Otherwise, necessary modifications are made in the design process
of the higher level of modelling. This mechanism helps to pass on objectives or
parameters between different representations of the system. Besides, due to this hier-
archical representation, a higher modelling level can be adapted in order to build the
controller of a lower modelling level [4].

At functional level of abstraction, the system behavior is represented from an
energetic point of view, using simple equations to reduce the complexity of the system,
and thus, the amount of time needed to complete a simulation. The functional mod-
elling methodology and its semantics [2, 3, 6] are based on functional units (FUs), also
referred as organico-functional sets (OFS). In Fig. 2, the representation of the func-
tional model of an energy system is given. Each R element represents a functional unit
while D elements are used for energy allocation [6].

Fig. 1. Multi-level integrated design and simulation [4].
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However, at multi-physical level, the system can be represented as a composition of
controlled subsystems [6]. The block diagram of a multi-physical representation is
shown in Fig. 3, where C, I, T and E denote the local controller, the input conditioning,
the transformer and the effector, respectively. The global resource manager
(GRM) block acts like an energy management system for the whole multi-physical
model.

Indeed, in the early stages of the design process, a functional model is preferred to
represent the complex system in order to validate (by fast simulations) the system
architecture and the components sizing, and to evaluate the performances of the local
controllers and the energy management strategies for different missions using different
criteria. Naturally, the next stage in the system design process is to apply the super-
vision and control strategies that have been developed using the functional model to the
multi-physical model. In Fig. 4, the control architecture is illustrated at functional and
multi-physical levels of abstraction. On the left side of the figure, the system is rep-
resented at functional level. The energy allocation is performed by using the necessary
information obtained from the DM (Decision Manager) block, which has acquired its
properties from a higher level of abstraction of the system. On the right side of the
figure, the C block is a composition of local controllers of the system, and the P block
consists of physical subsystems. Therefore, the main difficulty is to obtain the global
resource manager of the multi-physical model using information provided by the
functional model.

Fig. 2. Functional modelling representation [11].

Fig. 3. Multi-physical modelling representation [11].
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The problem can be formulated in the following manner: which input/output of which
physical subsystem should be measured/estimated? How to use these signals in order to
provide information on the energy transfer to the functional model? After processing
this information at functional level, how to transform the computed power references
into physical reference signals and transfer them to the controllers of the physical
subsystems?

For a better understanding of these challenges in the context of an energy system, a
hybrid electric vehicle (HEV) is considered as an example of a multi-source/multi-
consumer system.

In this work, a solution for the interconnection of the functional and multi-physical
models is proposed by showing how the GRM is extracted from the functional rep-
resentation of the system and how it is connected to the local controllers of the multi-
physical model.

The work is organized as follows: the multi-physical and the functional modelling
methods are briefly introduced in Sect. 2. Moreover, the functional model
parametrization is presented based on the properties of a group of components at multi-
physical level. In Sect. 3, the interconnection procedure between the two modelling
levels is discussed. Section 4 presents both models for a parallel hybrid vehicle, along
with the final multi-physical model obtained from the interconnection. Its performances
are tested in simulation for a specific vehicle mission. Conclusions and future work are
summarized in Sect. 5.

2 Modelling Method Reminders

This section introduces briefly the multi-physical and functional modelling methods,
which are further applied to model the physical and the energy behavior of a gear motor
group at multi-physical and functional level, respectively.

2.1 Multi-physical Modelling

The multi-physical modelling aims to represent the technological equipment archi-
tecture of a complex system. Generally, the 0D-1D multi-physical modelling is used in
an industrial environment for optimized sizing, control laws design and validation. This

Fig. 4. Control system representation [11].
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multi-physical model allows the representation of the complex system as a whole and it
is used for simulations, analysis and prediction of the system performances.

Analytical models that provide an accurate description of the multi-physical
behavior of the complex system compose the multi-physical model. This model can be
developed under a simulation environment (e.g. MATLAB/Simulink) using a
component-based approach derived from the Bond Graph methodology. In this
methodology, the passage between physical and mathematical models is accomplished
by using a block-diagram environment [1].

In this work, the simulation tool is based on a multi-port concept: a unique link is
used to represent and simulate all the interactions between the different components. In
the multi-physical methodology, this link is represented by energy transfer. Moreover,
every link between the physical model components consists of a flow variable and an
effort variable that depend on the physical domain. In Fig. 5, some examples are given
for different domains.

Even if the multi-physical modelling offers advantages such as accuracy and
intermediate signals availability, the design, the simulation and the validation of the
model are time consuming and they require a high-level of expertise.

For these reasons, it is necessary to use a model of a higher level of abstraction that
does not need the definition of multi-physical elements and can easily evaluate the
system in the early stages of the design process.

An example of multi-physical model of a gear motor group is given in Fig. 6a. The
transformation of the electrical flow into mechanical flow is done using a converter (1),
an electrical motor (2), (3) and a gear reducer (4), along with their local controllers. For
this example, simple analytical models represent the physical behavior of components
as follows:

uR ¼ uE
ton

ton þ toff
ð1Þ

uR ¼ RRiR þ LR
diR
dt

þE ð2Þ

Fig. 5. Multi-physical domains [11].
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JCR
d2hm
dt2

¼ sem � sp � sext ð3Þ

sext ¼ asout ð4Þ

where uR denotes the rotor voltage; uE is the converter supply voltage; ton and toff are
the converter on and off time, respectively; RR, iR, LR are the resistance, the current and
the inductance of the rotor, respectively; E is the electromotive force; JCR is the
mechanical inertia; hm is the motor angular position; sem is the electromagnetic torque,
sp is the torque loss; sext is the motor output torque; a is the gear constant and sout is the
gear output torque.

2.2 Functional Modelling

The concept of functional modelling has been introduced and detailed in [6]. Unlike the
multi-physical modelling concept, in this approach, the flow exchanges within the
complex system are represented by functional links. In a functional model, the flow
exchange can have different natures such as energy, matter and information. The
exchange is made between five types of elements (source, storage, distributor, trans-
former and effector), each of them having source and consumer ports. Source ports
receive expressed need from consumer ports and they answer by supplying the
requested need. This gives the modelling methodology its modularity. Brief informa-
tion about the basic elements of the functional modelling is given in Table 1.
The functional model can be simulated using the simulation environment
MATLAB/Simulink, for example, and a specific functional modelling library that
contains all these basic elements.

Fig. 6. Multi-physical (a) and functional (b) model representations [11].

Table 1. Types of elements for functional energetic modelling and the associated functions [6].

Source Storage Transformer Distributor Effector

Energy and
matter
source

Energy and
matter
storage

Energy and matter
transformation in different
domains

Energy and
matter
distribution

Energetic
services
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At functional level, the need computation starts from the effector. For example, the
energy need of a hybrid electric vehicle (HEV) is calculated by the electrical auxiliary
element or the vehicle dynamics element, both of them being effectors of the system.
Then, the energy need is sent to storages or sources via the distributor and the trans-
former elements. Based on the information flow and the elements properties, the
storages and the sources can determine whether they are able to provide the requested
energy or not. Furthermore, the distributor elements are used to manage the energy flow
between sources and storages, according to the information retrieved from the elements
connected to them, and to supply the requested energy to the effectors as an answer to
their need. If a hotel water treatment system is considered, the water need is calculated
by the hotel consumer element (effector) and the hotel logistics element must supply
the required amount of water with suitable properties.

Figure 6(b) illustrates the functional model of a gear motor group. It consists of an
energy transformer element that transforms the electrical energy into mechanical and
thermal energy without considering the physical behavior. The model is described as:

Pmech ¼ gPel ð5Þ

where Pmech denotes the mechanical output power, Pel is the electrical input power and
g is the efficiency. Besides (5), maximum and minimum power limitations, Pmax and
Pmin, are specified for the transformer element.

Moreover, functional elements can be represented by static or dynamic models. The
dynamic behavior is taken into account either by integration to represent the energy-to-
power transition, either by adding 1st (or 2nd) order transfer functions for different
elements such as transformers, storages or effectors. Using the functional modelling
formalism and the energetic model, the system (i.e. the sizing, the architecture, the
requirements management process) can be quickly evaluated before choosing the
technology, designing the GRM of the multi-physical model and simulating the system
as a whole (i.e. the multi-physical model using the functional model as an energy
management system).

The next sections describe how the functional model parametrization is derived
based on the properties of a group of components at multi-physical level. Then, the
solution proposed to interconnect the functional and multi-physical models is pre-
sented, which comes to design the GRM based on the functional model.

2.3 Functional Model Design and Parametrization Based
on Multi-physical Component Groups

Besides a fast evaluation of the system’s performances from an energetic point of view,
the functional model is essential for the control architecture design at multi-physical
level of abstraction.

As each functional unit of the functional model represents one or multiple com-
ponents of the multi-physical model, the functional model design based on an existing
multi-physical model plays a major role in accelerating the system design and vali-
dation process. However, setting the functional model parameters in the early stages of
system design can be a challenging task. If the functional model is used to design the
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control architecture at multi-physical level, then it can be used as an energy manage-
ment system. In this case, the parameters of the functional model have to be adapted so
that the flow exchanges at both levels of modelling are appropriate and necessary flow
references can be transferred between the multi-physical model and the functional
model. Nonetheless, before using the latter model to build a control architecture, the
energy management strategy (e.g. algorithms based on priorities) is validated at
functional level. In addition, this model is used to check the sizing of the functional
units (functional elements representing functions of component groups with local
controllers at multi-physical level).

If the functional elements sizing and the distribution strategies are established based
on a poor parametrization, the optimality of resource allocation and distribution is lost
and the functional model cannot serve to design the control architecture of the multi-
physical model. Improper parametrization can lead to serious complications at func-
tional level and multi-physical level such as exceeding power limitations, wrong
resource allocation, wrong measurements that can make local control-loops unstable.
Thus, the parametrization of the functional elements has to rely on the properties of the
groups of components defined at multi-physical level.

An example of functional element design and parametrization is illustrated in
Sect. 4.

3 Interconnection Between Functional and Multi-physical
Modelling

The functional modelling defines functional units (FUs), allocates and refines end-
mission requirements to the FUs and decides the energy management strategy. How-
ever, the multi-physical modelling describes the physical architecture (physical units),
allocates and refines the functional requirements to the physical units. In order to
overcome the challenges associated with the control laws design and energy man-
agement within the whole system, the functional and multi-physical models are
interconnected. In this section, the problems related to this interconnection are pre-
sented along with the proposed solution. This solution is detailed for the gear motor
group and the electromechanical energy transformation that are introduced as examples
in Sect. 2.

3.1 Issues of Interconnection

As presented in Fig. 4, the functional modelling level includes a control strategy that
can be used by the control system of the multi-physical model. Moreover, this strategy
is independent from the physical components and is defined according to the energy
flow allocation established by the distributor elements. The energy distribution is done
using necessary information from the decision manager and the end-mission model.

In Fig. 7, the control systems and the flow exchanges at functional and multi-
physical levels are shown for a battery electric vehicle (BEV). Here, the challenge is to
find the adequate domain transformation language to connect both models.
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As the flux exchanges are different between functional and multi-physical models, the
direct connection of these domains is impractical. The challenge comes from the fact
that the multi-physical model components need physical domain references whereas
the functional model elements require a power (energy) demand reference for simu-
lation. At this stage, the appealing features of the interconnection can be expressed as
follows:

• Functional modelling allows fast control architecture design and fast adaptation to
eventual changes within the system and its architecture;

• Multi-physical representation is accurate but too complex and time consuming
when trials are realized,

The benefits of both models can be exploited if the architecture, the sizing and the
resource management strategy are first validated at functional level and the best
solution is then applied at multi-physical level for further investigations required in the
validation process.

3.2 Proposed Solution

The solution to the interconnection problem is to build an interface between the multi-
physical model and the functional model. As illustrated in Fig. 8, this interface contains
passage equations between the physical domain and the functional domain. It
accomplishes the following functions: determines the equivalent physical references
required for the multi-physical model based on the power demand provided by the
functional model; measures/estimates the power supply that the system is able to
deliver using the information from the multi-physical model; transfers the estimated
power supply to the functional model. For each element of the functional model, an
interface is required in order to calculate/adapt the necessary values according to the
parameters of the equivalent multi-physical component groups.

Fig. 7. Control system and flow exchanges of functional and multi-physical models [11].
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If the electromechanical transformer element is considered, the interface between this
element and the electrical propulsion group (electric machine and its drive in this
example) uses the following equations:

P�
fnc

ŵrj j ¼ s�cns ð6Þ

Pmech ¼ P̂fnc ð7Þ

where P�
fnc denotes the power demand; ŵr is the estimated/measured angular speed of

the rotor; s�cns is the torque demand; Pmech is the calculated mechanical power of the
electrical machine and P̂fnc is the estimated/measured output power of the motor.

In the next section, an example of HEV is presented. First, the architectures of the
functional and multi-physical models are illustrated. Afterwards, the simulation results
using the functional model and the multi-physical model with GRM are discussed.

4 Application to a Hybrid Vehicle Energy Management
System

4.1 Motive

Despite their high performances, economic advantages and maintenance costs, elec-
trified vehicles have been abandoned until the last decade. The increasing pollution

Fig. 8. Interconnection between functional and multi-physical domains [11].
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caused by conventional vehicles, the decrease in oil reserves and the rising fuel prices
triggered the need for fuel economy and motivated the research on electrified vehicles,
especially on fuel cell and hybrid electric vehicles. Considering that the fuel cell
vehicles are currently in development process, hybrid electric vehicles (HEVs) are
assumed as the most viable solution for the coming years [8].

The HEV powertrain consists of an internal combustion engine (ICE) and one or
several additional electric motors (EMs). The ICE is supplied by fuel while the EMs are
supplied by batteries. These components, usually allowing different possible inter-
connections, form a complex and challenging multi-source/multi-consumer system in
terms of optimal control design and energy management. Both objectives of the design
process have to satisfy several vehicle services like fuel consumption and comfort
level. Although several optimization methods have been used in HEV applications,
they are implemented for a specific architecture of the HEV and they usually require
the a priori knowledge of the driving cycle. Thus, the question is how to manage the
energy allocation that globally satisfies the vehicle services whenever the vehicle has a
new task [8, 9] and/or the system architecture is reconfigured.

In this study, a hybrid electric vehicle with a complex powertrain architecture is
considered, which has been highly investigated over the last few years.

4.2 Functional Model Design and Parametrization for HEVs

The first step in the design of a functional model is to define the key functions of the
system without neglecting that each system has at least one source element and one
effector element. For HEVs, the source is the fuel station and the effectors are the
vehicle services such as the mobility (the energy need is calculated using the vehicle’s
dynamics) and the thermal comfort (the energy need is calculated using the thermal
balance equations). As for the energy storage elements of the functional model, the
battery and the converters connected to the battery form the electrical storage element,
while the fuel tank with its pumping system form the fuel storage element. The
transformer elements are defined by regrouping the traction components since their
functionality is transforming the physical domain. There are three transformer elements
for the considered HEV system: F2M (fuel to mechanical) energy transformer, M2E
(mechanical to electrical) energy transformer and E2 M (electrical to mechanical)
energy transformer. They represent the energetic functions of the following groups of
multi-physical components: {internal combustion engine (ICE) + gearbox}, {gear
reducer + electric generator + rectifier} and {inverter + electric motor + gear redu-
cer}, respectively.

In the next subsection, the functional elements of the HEV traction component
group are defined and parametrized. More precisely, the design of the F2M energy
transformer element is detailed based on the multi-physical fuel traction group (FTG).
Figure 9 shows the main components of the FTG.

58 M. Mökükcü et al.

lounis.adouane@uca.fr



F2M Transformer Element Design

The design starts with the definition of input (I) and output (O) power limitations.
Usually the energy transfer is bidirectional for the transformer element. However, in
this particular case, the F2M transformer element represents a component group that
permits a unidirectional energy transfer. Thus, the acceptance of the source port of the
F2M transformer element is set to 0. The maximum power and the efficiency of the
FTG are used to define the acceptance of the consumer port of the functional element.
The acceptance defines the maximum power that the F2M transformer element can
receive from another functional element at a given instant.

In order to set the transformer element’s parameters, the FTG is considered as a
black-box component for which I/O ports have to be defined. As the FTG function is to
transform the fuel energy into mechanical energy, the I/O energies are not the same.
Thus, the F2M transformer element receives fuel energy on the input port (consumer
port) and provides a mechanical energy on the output port (source port). Therefore, the
input port is connected to the fuel storage element and the delivered mechanical energy
is mainly used for the vehicle’s motion (i.e. differential and vehicle wheels at multi-
physical level) and is partially recovered to recharge the battery or to supply the
thermal comfort effector if necessary.

The acceptances from the mobility to the F2M element and from the F2M element to
the fuel storage element are parametrized once the I/O ports are defined. As already
mentioned, the acceptance from the mobility effector to the F2M element (source port)
equals 0. If the vehicle is not equipped with an electric machine for regenerative
braking, this means that during deceleration phases, the mechanical brakes are activated
and the F2M element is not used as a source of torque anymore. The acceptance from
the F2M element to the fuel storage element is chosen as the maximum output power of
the FTG, including the overall component group efficiency.

Fig. 9. FTG system of a vehicle.
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The maximum output power of the FTG can be obtained from the manufacturer.
Figure 10 presents the static characteristics of the ICE. The engine without gear box
has similar characteristics to an electrical motor. If the physical system of the FTG
regroups the ICE with a gearbox, the characteristics of the engine alone is not enough
to anticipate the maximum output power to the vehicle wheels. Generally, all vehicles
with FTG have a gearbox with at least three gear shifts. Hence, the global efficiency
and performance of the FTG are not constant.

The maximum output power-speed characteristics of the ICE with its gearbox are given
in Fig. 11. They depend on the gear shifts values that change the FTG performances.
From these characteristics, the overall maximum output power is derived (represented
in Fig. 11 with a dot line) that yields the maximum output power for the F2M trans-
former element. In this example, the maximum output power of the FTG is of
approximately 62 kW. This means that for an ICE output power of 70 kW (manu-
facturer’s value) and a FTG output power (after the gear box and shaft) of 62 kW, the
mechanical power losses are about 8 kW.

Still, the knowledge of the FTG efficiency is required to determine the acceptance
from the F2M element to the fuel storage element. The torque values can be calculated
for a given speed and output power with the following relation:

snxn ¼ Poutn ð8Þ

where, s is the torque, n is the gear ratio number, x is the given angular speed and Pout

is the output power of the FTG.
The torque-speed characteristics for three gear shifts with the associated operating

zones are given in Fig. 12 and the efficiency-torque characteristics of FTG is shown in
Fig. 13. They are obtained based on the manufacturer’s torque-speed characteristics

Fig. 10. ICE static characteristics: (a) output mechanical power-speed characteristics, (b) effi-
ciency-speed characteristics and (c) output torque-speed characteristics.

60 M. Mökükcü et al.

lounis.adouane@uca.fr



and by modifying the gear ratio. The local controller of the FTG has to keep the system
in these operating zones in order to maximize the efficiency of the component
group. The efficiency value of the F2M transformer element can be determined as the
average of the maximum efficiencies of all operating zones, which means that the local
controller of the FTG ensures that the component group operates in these zones
(Fig. 12).

Fig. 11. FTG output power characteristics with three gear shifts.

Fig. 12. Torque-speed characteristics for three gear shifts with high efficiency operating zones.
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As the local controller of the FTG is considered to be performing at maximum effi-
ciency at each point, the operating points with torque values less than 50 Nm are
neglected. In this example, the acceptance of the F2M element is calculated as follows:

Pacc1 ¼ Pout2
1

g1�2
¼ 70 kW

1
0:225

ffi 310 kW ð9Þ

where Pacc1 is the acceptance of the input port (consumer port), Pout2 is the output
power of the output port (source port) and g1�2 is the efficiency from the input port to
the output port. The parametrization of the F2M element is summarized in Table 2.

The parametrization of the E2M transformer element can be done in a similar way. This
functional element represents the function of the electric traction group (ETG) that has
only one gear ratio. In this case, the global efficiency takes into account the invertor and
the gear reducer efficiencies. Yet, the difference is the capacity of the E2M element to
absorb regenerative breaking energy, which means that the efficiency and the accep-
tance from vehicle to E2M element are to be determined.

Fig. 13. Efficiency – torque static characteristics.

Table 2. Parametrization of the F2M transformer element.

Parameter Value

Input-output efficiency 0.225
Output-input efficiency 0 kW
Acceptance to fuel storage 310 kW
Acceptance from vehicle 0 kW
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With the right parametrization of functional model elements, the resource allocation
and the energy management strategies are validated and are prepared to be used for
further simulations. Hence, the functional model can be adapted to design the super-
vision system (GRM) of the multi-physical model. Section 4.3 details the design of the
control architecture at multi-physical level.

4.3 Control Architecture

The functional model of the HEV has been developed in [6]. The developed model,
shown in Fig. 14, is used to compute the energy allocation between the multiple
sources and the multiple consumers of the system for different configurations and
missions of the vehicle. Moreover, it allows to evaluate the vehicle performances like
the fuel consumption, the maximum speed, the maximum acceleration and the
regenerative braking power [6].

Thereafter, the next step in the design process is to use the information provided by
the functional model (i.e. power signals for each source) for the control design of a
more complex multi-physical model. For this purpose, the power signals are trans-
formed into physical reference signals using a unique interconnection element, which is
added to each element of the functional model to convert the flow nature as shown in
Fig. 15.

Using this link, the functional model and the multi-physical model are able to
exchange necessary information of power or physical references, as well as
measured/estimated values.

Fig. 14. Functional model of the HEV [6].
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The multi-physical model of the system is given in Fig. 16, where each component is a
subsystem itself. For example, Fig. 17 illustrates the representation of the electric
machine subsystem and the Engine component represents the FTG that has been
detailed previously.

As it can be noticed, the system architectures are similar in both functional and
multi-physical models. Thus, if there is any change at multi-physical level, the func-
tional model has to be adapted respectively. Comments on the functional model
reconfiguration are given in Sect. 4.5.

Fig. 15. Functional model of the M2E transformer element with its connection elements [11].

Fig. 16. Multi-physical model of the HEV [11].
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4.4 Simulation Results

The simulations are run under the following assumption: the vehicle always moves
forward. The model parameters are consistent with those of HEVs available on the
market. Table 3 provides the technical characteristics of the vehicle.

The vehicle performance indicators are given in Table 4. These values will be com-
pared to the ones obtained from simulations.

Fig. 17. Electric machine component group [11].

Table 3. Technical characteristics of the HEV.

Technical characteristics Value

Fuel tank max. volume 45 l
ICE max. output power 70 kW @ 5000 rpm
ICE max. output torque 140 Nm @ 4500 rpm
Battery voltage 210 V
Battery capacity 50 Ah
EM max. output power 60 kW
EM max. output torque 200 Nm
Combined max. output power 100 kW
Vehicle curb mass 1500 kg
Vehicle SCx (aerodynamic drag coeff.) 0.63
Vehicle wheel radius 0.635 m

Table 4. Performance indicators of HEV.

Performance Indicator Value

Combined consumption (WLTC) 3.2 l/100 km
Electric drive range 25 km
Vehicle max. speed 180 km/h
Vehicle max. speed in e-drive mode 85 km/h
Vehicle max. acceleration (0–100 km/h) 11.4 s
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First of all, the functional model with its decision manager is simulated using the
worldwide harmonized light vehicles test cycle (WLTC) that yields the vehicle speed
and the power demand/supply illustrated in Fig. 18a, b. The model uses a rule-based
energy management strategy relaying on priorities, which is implemented in the dis-
tributor element of the functional model. In this example, the functional model has
three main distributor elements that are detailed in Table 5 with the associated
priorities.

Distributor 1 element allocates the mechanical energy supply received from the fuel to
mechanical transformer element between the drive and the mechanical to electrical
transformer element. Distributor 2 element allocates the electric storage energy supply
between the electrical auxiliary and the electric to mechanical transformer elements.
Distributor 3 element transmits the energy need received from the vehicle dynamics
element between the electric drive (electric to mechanical transformer + electrical
storage), the fuel drive (fuel to mechanical transformer + fuel storage) and the brake
system element.

The obtained simulation results are shown in Fig. 18. The vehicle speed and power
achieve the desired profiles and meet the requirements of the WLTC. The regenerative

Fig. 18. Simulation results using the functional model of the HEV [6].

Table 5. Distributor elements priorities.

Priority No Distributor 1 Distributor 2 Distributor 3

1 Drive Electrical Aux. Electric drive
2 Battery charge Drive Fuel drive
3 N/A N/A Brake system
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braking can be observed between 1600 and 1800 s in Fig. 18c, d. The vehicle speed on
electric drive is limited to 85 km/h and the electrical storage/battery state of charge
(SOC) is limited to %20; beyond these values, the electric drive is abandoned and the
electrical energy is consumed just by the electrical auxiliaries.

These results represent the first validation of the components sizing, the chosen
architecture of the vehicle and the energy management strategy used to handle the
energy distribution within the system. However, at this level of abstraction, the energy
model cannot generate specific physical signals such as electric motor output torque or
battery output current.

Simulation results of the multi-physical model and the proposed control architec-
ture are illustrated in Fig. 19.

According to Fig. 19, the following remarks can be made:

• The vehicle power need pattern is compatible with the allocated source powers;
• When the vehicle surpasses 85 km/h (Fig. 19c) the source power allocation shifts to

fuel source power while the battery SOC continues to decrease (Fig. 19d). The
reason behind this is the constant electrical auxiliary load;

• A slight increase in the battery SOC is noticed at the end of the simulation showing
the regenerative braking effect;

• Based on the parameters values shown in Table 3, the results are consistent with the
physical limits of the components;

• From the acquired data, the fuel consumption can be calculated using the following
equation:

Fig. 19. Simulation results using the multi-physical model with GRM of the HEV [11].
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fuelcons ¼ DSOCfuel

Dd
volfuel100 ð10Þ

For this test scenario (WLTC), the calculated fuel consumption is of 3.5 l/100 km. This
result is well approximated by the value given in Table 4 (3.2 l/100 km). Besides the
fuel consumption, the power need and the supply patterns have been compared. Slight
differences can be observed due to the system dynamic behavior, especially at time
instants with negative power supply.

With the proposed solution, the system can be examined globally but also locally.
Each component of the vehicle can be investigated separately if the simulation model
permits. Figure 20 shows the electric machine results.

From the specific physical signals of the electric motor, the following comments can be
made using the information given in Table 3:

• The output torque values of the electric traction machine are within their physical
limits (maximum output torque is of 200 Nm);

• The angular speed of the electric traction machine follows the vehicle speed with a
certain gear ratio;

• The electric motor current is between the physical limits with possibility of detailed
analysis for regenerative braking (for example, the motor torque constant Kt is
approximately 1, which is acceptable);

• The electric motor mechanical output power is illustrated in order to calculate the
motor and the generator efficiencies.

Fig. 20. HEV traction machine results [11].
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These results highlight the advantages of the multi-physical model with the GRM
obtained from the functional model: detailed analysis of components, better precision
and, therefore, reliable validation of simulations. Other physical components (ICE,
auxiliaries, battery etc.) can also be analyzed using the same simulation data. However,
data exploitation depends on the multi-physical model complexity.

4.5 Additional Comments on Reconfiguration

Another major advantage of the functional model is the ability to handle the system
architecture reconfiguration without reviewing the analytical modelling, which cannot
be avoided for the multi-physical representation of the system. If a component is added
or removed, the new configuration can be validated in a fast and efficient way.
Therefore, due to faster simulations and ease of reconfiguration, the functional mod-
elling becomes a very useful methodology for the system modelling and simulation.

An example of this interesting feature is demonstrated in Fig. 21, highlighting the
modularity of the functional modelling. Compared to Fig. 14, an additional component
is added to the system: a second electrical to mechanical energy transformer element
used for traction.

A first validation of the reconfigured HEV is given in Fig. 22. Here, the results are
shown for both E2M transformer elements, the F2M transformer element and all the
other components that are used for this simulation.

Fig. 21. Reconfigured HEV functional model [11].
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The simulation results of the reconfigured vehicle system show the following advan-
tages of the functional modelling approach:

• The global system efficiency and the fuel consumption can be calculated and
compared with the values obtained for a vehicle architecture having one E2M
transformer element. This type of analysis helps to choose the most appropriate
configuration for the system and to perform the sizing of the elements accordingly.

• Just one E2M transformer element can handle the traction and the regenerative
braking. If necessary, the F2M transformer element alone can be used for traction.

After the first validation of the system reconfiguration and the energy management
strategy, the obtained power flow information can be transmitted to the multi-physical
model using the proposed solution for a more reliable validation.

5 Conclusion and Future Work

In this study, a methodology for the control architecture design is proposed using a
functional model. The developed procedure is general and can be applied for complex
systems in order to obtain the supervision system for the energy flow management.

One of the main advantages of the proposed modelling approach is the possibility
to validate the energy distribution strategy, at first, by using an energetic functional
model, which is a model of reduced complexity compared to the multi-physical model
of the same system. The simplicity of equations and the modularity of the functional
model, associated with an appropriate simulation environment, allows to quickly
evaluate the energy management strategy using fast simulations, to easily adapt the
strategy in case of architecture changes and ultimately to validate the system’s com-
ponents sizing.

Fig. 22. Simulation results of the reconfigured HEV model.
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Another important advantage of this control design methodology is that it uses the
system representation at a functional level of abstraction for decision-making at multi-
physical level. Therefore, once the functional model is obtained and the interconnection
elements are defined, the global resource manager is determined and the energy
management strategy can be evaluated with a more accurate multi-physical model. At
this stage, the system performance indicators can be computed and compared to the
ones from the manufacturers’ brochures for validation. This procedure simplifies sig-
nificantly the laborious design process based entirely on the multi-physical represen-
tation of a complex system, which makes it of great interest to a large number of
companies.

The functional model and the control architecture at multi-physical level are
designed and successfully validated for a hybrid electric vehicle (HEV). Simulation
results are obtained in MATLAB/Simulink environment using the WLTC driving
cycle. The interconnection between two system representations at different level of
abstraction and the functional elements parametrization based on component groups of
multi-physical model are detailed for the HEV system.

Further research on a generalized element of interconnection for the two levels of
representation will be conducted.

In addition, the models of the multi-physical components can be refined in order to
enhance the accuracy of the global multi-physical model (i.e. use more complex models
for the transformation component groups), which can lead to more relevant and con-
clusive results.

A long-term perspective is to replace the priority-based energy management
strategy with a more efficient one, based on optimization methods. The new strategy
has to be integrated within the distributor elements such that to ensure an optimum
need/supply allocation. For instance, the predictive control strategy can be considered
to optimally manage the energy allocation within the system. Furthermore, the
robustness of the control architecture can also be investigated. Finally, the proposed
methodology can eventually be applied to different types of applications like water
treatment systems or building energy management systems to prove the method’s
generality.
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Jožef Stefan Institute, Jamova cesta 39, Ljubljana, Slovenia
{matija.perne, samo.gerksic, bostjan.pregelj}@ijs.si

Abstract. Quadratic programs resulting from a model predictive con-
trol problem in real-time control context are solved using a dual gra-
dient method. The projection operator of the method is modified so
as to implement soft state constraints with linear and quadratic cost
on constraint violation without directly calculating values of slack vari-
ables. Evolution of iterates and residuals throughout iterations of the
modified method is studied. We notice that in most iterations, the set
of the constraints that are active and the ones that are violated does
not change. Observing the residuals through multiple iterations in which
the active and violated sets do not change leads to interesting results.
When the dual residual is transformed into a certain base, its compo-
nents are decaying independently of each other and at exactly predictable
rates. The transformation only depends on the system matrices and on
the active and violated sets. Since the matrices are independent of the
system state, so is the transformation, and the decay rate of the com-
ponents stays constant through multiple iterations. The predictions are
confirmed by numerical simulations of MPC control, which is shown for
the AFTI-16 benchmark example.

Keywords: Model predictive control · Gradient method ·
Optimization

1 Introduction

Model predictive control (MPC) is traditionally limited to processes with
relatively slow dynamics because of the computational complexity of online opti-
mization [1]. In the last decade, a considerable advance has been made in the
field of fast online optimization [2–8].

The advantages of MPC appear promising for the implementation of
advanced plasma current and shape control in a tokamak fusion reactor [9]. For
MPC purposes, a relatively low accuracy of the solution is sufficient, diminishing
the importance of convergence rate for selection of the method. We are focus-
ing on fast online implementations of first-order methods adapted for use with
MPC [10–13]. They converge sublinearly, in strongly convex case linearly [14].
c© Springer Nature Switzerland AG 2020
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In contrast, active set methods converge in a finite number of iterations [14]
and interior point methods have a superlinear convergence rate [15]. However,
first order methods have certain advantages. It is possible to implement them in
restricted hardware as each iteration is simple. Although they tend to require
more iterations than second-order methods to achieve the desired accuracy, each
iteration typically requires much less computation, possibly resulting in lower
total computational time.

When moderate accuracy is required, observing the change of residual from
one iteration to the next one is of interest [16]. The concept of decay of residuals
is closely related to both complexity certification and to convergence rate. As
defined in [14], the computational complexity certificate for an iterative solution
method comes as a fixed, a priori computable upper iteration bound from a
non-asymptotic convergence rate analysis of the method. It is a proof, valid for
every possible system state included in a given set, that the calculated control
input will be at most for a certain amount ε away from (or costlier than) the
optimal control input after a certain number of iterations N of the solver. In
contrast, convergence rate is a theoretical concept describing the relative decrease
of the error contributed by one additional iteration in the limit when the number
of iterations N → ∞. Convergence rate is the last rate of the local decay of
residuals, the one that is valid from some number of iterations on indefinitely.
As the complexity certificate is the quality of the solution after a given number
of iterations, generalized to a set of cases, all the local decay rates of the residuals
throughout the iterations are of interest when obtaining it.

The MPC problem may not have a feasible solution, meaning that its con-
straints may be in disagreement. However, in practice we want the controller
to produce a sensible output also when the constraints cannot be satisfied. In
many cases this may be achieved by relaxing the state constraint, allowing it
to be violated, while adding a term corresponding to the violation to the cost
function, with a high violation penalty [17–22].

We examine the rates of decay of residuals observed with a dual gradient
method in the presence of soft state constraints, where the violation is penalised
with linear and quadratic cost. The dual gradient method that is used imple-
ments both linear and quadratic cost on constraint violation without explicitly
calculating the slack variables. The decay of residuals without constraint viola-
tion or with linear cost on constraint violation, as implemented in the QPgen
library [23], has been addressed in our preliminary work [16]. However, linear-
only cost on constraint violation is deemed not adequate for control applica-
tions because it fails to sufficiently penalize constraint violations relatively to
the quadratic costs on the state and control signal deviations. Both linear and
quadratic costs are needed for implementing exact penalties [19] or for manual
tuning of the performance near constraints. Therefore we consider the exten-
sion of the approach presented in [16] with the additional quadratic cost on
constraint violation necessary. We derive an expression for the decay rates in
intervals within which the sets of active and violated constraints do not change.
The predicted decay rates depend on the particular set of active constraints and
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set of violated constraints, explaining the differences in decay rates observed in
practical calculations. The result is demonstrated on a MPC application to the
AFTI-16 control benchmark [10,24]. As the effect of quadratic cost on constraint
violation only manifests when constraints are violated, the emphasis of the work
is on constraint violation.

The computational problem and the studied solution algorithm are presented
in Sect. 2. In Sect. 3, it is described how the residual in a given iteration is
determined by the previous one. The resulting rates of decrease are presented
in Sect. 4. Section 5 describes some necessary tools for performing practical
calculations, and Sect. 6 presents the computational results that support the
theoretical conclusions.

2 Problem Description

A MPC problem is defined by linear system dynamics, a quadratic cost function,
and linear constraints. The calculation of the optimal control input for a given
initial state is formulated as a quadratic program (QP). Some QPs directly
resulting from the MPC problem may not be feasible. The state constraints
of the MPC problem, and consequently of the QP, can be softened to ensure
feasibility and thus predictability of the control input.

2.1 Model Predictive Control

Consider a discrete time linear system with the dynamics described as

x (t + 1) = Ax (t) + Bu (t) , (1)

where t is the time index, x is the system state, u is the system input, the
matrices A and B model the dynamics. To optimally control the system over a
time horizon N , a quadratic cost function J is introduced [10] as

J =
1
2

N∑

k=0

(xk − xref)
T Q (xk − xref) + (uk − uref)

T R (uk − uref) . (2)

The signals are constrained to polyhedra x ∈ X ,u ∈ U where X ={
x ∈ R

l|C ′
x x � b ′

x

}
, U =

{
u ∈ R

m|C ′
u u � b ′

u

}
. The question of finding the

minimizer of the cost for a given value of x(0) is the QP [15,16]

minimize
(x0,...,xN ,u0,...,uN )

J (xk,uk) (3a)

subject to xk+1 = Axk + Buk , (3b)
xk ∈ X ,uk ∈ U , (3c)
x0 = x (0) . (3d)

With the receding horizon implementation, u0 is applied as the current value of
the controller output u(0).
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2.2 Quadratic Program Formulation With Soft Constraints

Working around the infeasibility problem with the constraints-softening app-
roach, we relax the state constraint (3c) while adding linear and quadratic terms
for its violation to the cost function. We obtain

minimize
(x0,...,xN ,u0,...,uN )

J (xk,uk) +
1
2

N∑

k=0

(
sT
k Ssk + sT

linsk

)
(4a)

subject to xk+1 = Axk + Buk , (4b)
C ′

x xk � b ′
x + sk , (4c)

C ′
u uk � b ′

u , (4d)
x0 = x (0) , (4e)
sk � 0 . (4f)

The vectors sk ∈ R
p are called slack variables, the linear cost on them slin ∈ R

p

has only positive components, slin � 0. The matrix S ∈ R
p×p is diagonal positive

semidefinite. Compared to the formulation of the soft constraints in QPgen [23]
and Ullmann and Richter [16], the quadratic term with the cost matrix S has
been added. The original formulation can be recovered by setting S = 0.

We proceed by eliminating the state variables as in Ullmann and Richter [25],
using (4b,4e) in (4c) to obtain the condensed form of the QP

minimize
z ,s

1
2
zTHz + cTz +

1
2
sTWs + wTs (5a)

subject to Cxz � bx + s , (5b)
Cuz � bu , (5c)
s � 0 . (5d)

The vectors z ∈ R
(N×m) and s ∈ R

(N×p) are the optimization variables con-
structed as

z =

⎡

⎢⎢⎢⎣

u0

u1

...
uN

⎤

⎥⎥⎥⎦ , s =

⎡

⎢⎢⎢⎣

s0

s1

...
sN

⎤

⎥⎥⎥⎦ .

By construction, the vector w ∈ R
(N×p) has only positive components and

the matrix W ∈ R
(N×p)×(N×p) is diagonal positive semidefinite. The only QP

constants dependent on x(0) are bx and c.

2.3 Dual Proximal Gradient Method Algorithm

As described in Perne et al. [26], yk of the iteration

yk = − H−1
(
CTvk + c

)
(6a)

vk+1 =vk + Cyk − p̃roxb,W,w

(
vk + Cyk

)
(6b)
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converges to the solution z∗ of the QP (5) as k → ∞. The vectors yk ∈ R
(k×m)

are the approximate primal solution and vk ∈ R
r is the dual variable, r is the

number of all the constraints. The parameters of (5b, 5c) are used to construct
C and b as

C =
[
Cx

Cu

]
, b =

[
bx

bu

]
. (7)

The operator p̃roxb,W,w (t) is defined by component as

p̃roxb,W,w (t)i :=

⎧
⎨

⎩

ti if i inactive
bi if i active

ti+Wjjbi−wj

Wjj+1 if i violated.
(8)

For soft constraints, the matrix or vector element with the index j is the one
that corresponds to the constraint i. Inactive constraints are the ones for which
ti ≤ bi, for active ones bi < ti and if i is soft, ti ≤ bi + wj . Violated are the
soft constraints for which ti > bi + wj . The sufficient condition for convergence
is that the eigenvalues of M := CH−1CT are smaller than or equal to 1, and
it can be ensured by scaling the cost function (5a) which does not change the
solution of the QP. Compared to the earlier algorithm in Perne et al. [16], the
proximity operator is modified.

3 Behaviour of Residuals of Dual Gradient Method

Consider three iterations, k, k + 1, k + 2, for which the sets of the constraints
that are active and of constraints that are violated remain constant. Let us define
dual residuals to be

Δk = vk+1 − vk (9a)

Δk+1 = vk+2 − vk+1 (9b)

like in Perne et al. [16] and analyse the relationship between Δk and Δk+1.
We see from (9b) and from (6b) with the index k advanced for 1 that

Δk+1 = Cyk+1 − p̃roxb,W,w

(
vk+1 + Cyk+1

)
(10)

and applying (6a) we obtain

Δk+1 = −Mvk+1 − CH−1c − p̃roxb,W,w

(
vk+1 − Mvk+1 − CH−1c

)
. (11)

Substituting vk+1 from (9a), Eq. (11) further expands into

Δk+1 = − M
(
vk + Δk

)
− CH−1c

− p̃roxb,W,w

(
vk + Δk − M

(
vk + Δk

)
− CH−1c

)
.

(12)
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Using (11) again, this time with index k in place of k + 1, it follows from (12)
that

Δk+1 = Δk − MΔk − Δprox . (13)

In (13), we substituted

Δprox :=p̃roxb,W,w

(
vk + Δk − M

(
vk + Δk

)
− CH−1c

)

− p̃roxb,W,w

(
vk − Mvk − CH−1c

)
.

(14)

Taking into account that the sets of the active and of the violated constraints
do not change in the studied iterations, it can be shown from (8) that

(Δprox)i =

⎧
⎪⎪⎨

⎪⎪⎩

(
Δk − MΔk

)

i
if i inactive

0 if i active
1

Wjj+1

(
Δk − MΔk

)

i
if i violated .

(15)

The vector Δprox is thus a linear function of Δk and (13) can be written in the
form

Δk+1 = PΔk . (16)

We can see how the matrix P is constructed from (13) and (15):

– If i is inactive, the i-th line of P only contains zeros.
– If i is active, the i-th line of P is equal to the i-th line of (I − M).
– If i is violated, the i-th line of P is equal to the i-th line of (I − M) multiplied

by Wjj/ (Wjj + 1).

The symbol I denotes an identity matrix. To investigate the local decay of resid-
uals, we demonstrate that the eigenvalues of P are in the interval [0, 1].

The matrix M is positive semidefinite [16] and we ensured that its eigen-
values are in the interval [0, 1]. By construction, the matrix (I − M) is positive
semidefinite as well and its eigenvalues are also in the interval [0, 1]. It is evi-
dent from construction that P is a product of a a positive semidefinite diagonal
matrix that can be labelled F and the matrix (I − M). The diagonal elements of
F are in the interval [0, 1] by construction of P. The matrix P is thus a product
of two matrices with eigenvalues in the interval [0, 1] so its eigenvalues are in the
interval [0, 1].

4 Rates of Decrease of Residuals

Equation (16) can be diagonalized using eignedecomposition into

dk+1 = Ddk . (17)

Here, D = Q−1PQ, dk,k+1 = Q−1Δk,k+1, columns of Q are eignevectors of P,
D is diagonal with eigenvalues λi of P on the diagonal.
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In each iteration, the i-th component of dk gets multiplied by λi. If 0 < λi <
1, the component is decreasing toward 0. As long as all eigenvalues of P are
below 1, the residual is decreasing toward 0.

The case when 1 is an eigenvalue of P deserves further attention. Consider
a vector Δ for which it is PΔ = Δ. It follows that

F (I − M) Δ = Δ . (18)

Since eigenvalues of both F and (I − M) are in the interval [0, 1], this can only
be the case if

(I − M) Δ = Δ , FΔ = Δ . (19)

From the left equation it follows that MΔ = 0, and the right equation tells us
that the non-zero components of Δ all correspond to active constraints (not to
violated ones). It is shown in Perne et al. [16] that these eigenvectors do not
influence the primal solution and they are equal to 0 for feasible active sets.

Only eigenvalues of P that are λi < 1 thus influence the decay of residuals
influencing the primal solution. The smaller the λi, the faster the decay of the
corresponding component of dk and the corresponding linear combination of
components of Δk. The slowest component of the residual to decay corresponds
to the biggest λi < 1; the components of the residual proportional to smaller
λi’s have faster dynamics. If the P being studied is the final one and the active
and violated sets do not change in subsequent iterations, the biggest λi < 1
determines the convergence rate.

5 Practical Extensions

In this section, we introduce preconditioning and a way of treating upper and
lower bounds on the same signals at the same time. If done properly, precondi-
tioning improves the convergence rate. On the other hand, treating upper and
lower bounds together has no influence on the behaviour of the iteration proce-
dure but it reduces the computational complexity. Both improvements can be
used together.

5.1 Preconditioning

Consider the following quadratic program:

minimize
z ,s

1
2
zTHz + cTz +

1
2
sTE −2

x Ws + E −1
x wTs

subject to ExCxz � Exbx + s ,

EuCuz � Eubu ,

s � 0 .

(20)
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where Ex and Eu are diagonal positive definite matrices and E =
[
Ex 0
0 Eu

]
. The

quadratic program (20) is equivalent to (5). It has the same form as well, so it
can be solved through the same algorithm (6), applied as

yk = − H−1
(
CTEvk + c

)
(21a)

vk+1 =vk + ECyk − p̃roxEb,E −2
x W,E −1

x w

(
vk + ECyk

)
. (21b)

While yk converges to the same solution as in (6), provided that eigenvalues of
ECH−1CTE are smaller than or equal to 1, the iteration steps and the con-
vergence rate are not the same. The better the choice of E, the smaller the
eigenvalues of the encountered sets P, the faster the decay of residuals and the
convergence rate.

5.2 Upper and Lower Boundaries

The same signals are often bound from above and from below in MPC, leading
to the same linear functionals of the optimization variable in QP having both
upper and lower bounds as well [16]. If the QP is given in the form of (5), Cx

and Cu can thus be written as

Cx =
[

Cx1

−Cx1

]
, Cu =

[
Cu1

−Cu1

]
. (22)

The QP (5) can be reformulated as

minimize
z ,s

1
2
zTHz + cTz +

1
2
sT
1 W1s1 + wT

1 s1 (23a)

subject to bx1 − s1 � Cx1z � bx2 + s1 , (23b)
bu1 � Cu1z � bu2 , (23c)
s � 0 . (23d)

A solver for this QP can be implemented more efficiently because some problem
dimensions are smaller. The implementation is

yk = − H−1
(
C T

1 vk + c
)

(24a)

vk+1 =vk + C1y
k − p̃roxb2,W1,w1

(
vk + C1y

k
)

− p̃rox−b1,W1,w1

(
vk − C1y

k
)

, (24b)

where C1 =
[
Cx1

Cu1

]
and the dimension of v is half what it is in (6). In the

definition of M, the matrix C is replaced with C1. If preconditioning is used
together with combining upper and lower boundaries, it is done with matrix E
of half the size as well.
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6 Example

A discrete-time form of the AFTI-16 benchmark model as in [10] has the system
matrices

A =

⎡

⎢⎢⎣

0.9993 −3.0083 −0.1131 −1.6081
−0.0000 0.9862 0.0478 0.0000
0.0000 2.0833 1.0089 −0.0000
0.0000 0.0526 0.0498 1.0000

⎤

⎥⎥⎦

B =

⎡

⎢⎢⎣

−0.0804 −0.6347
−0.0291 −0.0143
−0.8679 −0.0917
−0.0216 −0.0022

⎤

⎥⎥⎦

in (1). The constraints are:

X =
{
x ∈ R

4;−0.5 − s1 ≤ x2 ≤ 0.5 + s1, −100 − s2 ≤ x4 ≤ 100 + s2}
U =

{
u ∈ R

2;−25 ≤ u1 ≤ 25, −25 ≤ u2 ≤ 25} , (25)

where s1, s2 stand for slack variables corresponding to soft constrained compo-
nents of the system state. The cost matrices are

Q = diag(10−4, 102, 10−3, 102) ,

R = diag(10−2, 10−2) . (26)

Following the procedure from Ullmann and Richter [25] implemented in
QPgen [23,27] modified as in [26], we obtain QPs in the form (5) and then (23)
for N = 10. Cost on slack has to be chosen: we choose W1 = 1000× I ∈ R

20×20,
w1 is a vector of length 20 with all components equal to 1300. The linear cost
vector c reflects the chosen reference vector xref = [0, 0, 0, 10]T and the cur-
rent state. We simulate 10 samples and the initial condition is x0 = [0, 0, 0, 0]T.
The matrices C ∈ R

40×20 and H ∈ R
20×20 are constant. The preconditioning

diagonal matrix E is chosen so as to minimize the condition number of the
non-singular part of M while setting the highest eigenvalue of M to 1. QPgen
finds E = diag(10.4796, 3.5413, 9.9973, 10.0080, 9.9987, 10.0005, 10.0000,
10.0037, 9.9990, 9.9997, 10.0001, 10.0033, 9.9989, 9.9979, 10.0003, 10.0036,
9.9999, 9.9965, 9.9972, 10.0034, 0.2058, 0.0918, 0.1003, 0.1000, 0.1007, 0.1001,
0.1005, 0.1000, 0.1004, 0.1001, 0.1007, 0.1000, 0.1004, 0.1001, 0.1009, 0.0999,
0.1004, 0.1000, 0.1013, 0.1000). The model is initially simulated in closed loop
with 106 iterations in every sample. The system state x is recorded at every sam-
ple and used as the input initial state for observing convergence of the resulting
QPs. Algorithm behaviour is analysed in all samples for 1 to 2000 iterations.

Figure 1 shows the active and violated constraints through the iterations.
The white columns delimit samples.
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Fig. 1. Activity of constraints for the first 10 samples. The constraints are listed from
the bottom to the top: the first 20 correspond to the soft constraints on x from 1st to
N -th time step within the prediction horizon, the following 20 are from constraints on
u for 10 steps and are hard. Samples are listed from left to right, the white columns
separate blocks corresponding to different samples. For a given sample, the first list of
active and violated constraints is in the leftmost column of the block and every change
in the activity or violation during iterations results in a new column.

In Fig. 2, convergence through the active set changes in sample 2 is shown
graphically.

We see from Fig. 2 that the last two changes in the sets of active and violated
constraints in sample 2 happen in iterations 121 and 227. In Fig. 1, we see
that some constraints are violated both from iteration 121 on and from 227
on. These two intervals are thus chosen for further study. The dual residual
is decomposed into components corresponding to eigenvectors of the matrix P
corresponding to both sets of active and violated constraints and plotted in
Figs. 3 and 4. Each component seems to decay exponentially in the relevant
interval, just as predicted by (17). We can also check the decay rates. The highest
three eigenvalues of P for iterations 121 to 226 are λ1 = 0.9846, λ2 = 0.8898,
λ3 = 0.8673. The ratio d 226

i /d 121
i is expected to be equal to λ 226−121

i and in all
three cases λ 226−121

i /
(
d 226
i /d 121

i

)
= 1 is accurate to 6 decimal places. Similarly,

for iterations from 227 on, the highest three eigenvalues of P are λ1 = 0.9844,
λ2 = 0.8887, λ3 = 0.8646. Calculations again show that the ratio of λ j−227

i to
the ratio of the components di in different iterations is equal to 1 with 3 decimal
places of accuracy. The initial iteration in observing the decrease of di is 227 in
all three cases and for the final iteration j we take the last one where the residual
is above 10−10 to avoid numerical errors. In accordance with this rule, the final
iteration j in determining the decay of components is number 1675, 373, and
347 respectively.
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Fig. 2. Convergence of the quadratic norm of the primal (blue) and the dual (red)
solution in sample 2 as a function of the iteration number. The yellow circles mark
iterations in which the set of active constraints changes, the purple x’s mark changes
in the set of violated constraints.

7 Conclusions

The local decay of residuals when solving a QP a gradient method with linear and
quadratic cost on violation of soft constraints is predicted. It is determined only
by the system matrices and the current sets of active and violated constraints. It
is independent from the vectors defining the QP, or in the case of MPC, it is not
directly dependent on the system state, the reference, and the limit values. It is
shown that a conceptually similar approach for the computation of the rate of
the local decay of residuals as in the earlier result involving only the linear cost
on the violation shown in Perne et al. [16] can be used, the main difference being
the use of a redefined proximity operator. The predictions are confirmed by a
numerical example, explaining varying rates of convergence through samples and
iterations. In the example, the local decay of residuals is studied in iterations
with violation of soft constraints, because that is where the quadratic cost on
the violation manifests itself and the difference from the earlier results in Perne
et al. [16] can be observed.

The local decay of residuals is determined by the eigenvalue of the matrix P
that is the highest among the ones that are smaller than 1. For a given QP, the
matrix P is determined by the set of active constraints and the set of violated
constraints, so the set of possible P is limited. Thus there exists an upper bound
smaller than 1 for the eigenvalues of P smaller than 1. The better one is able
to select the choices of possible matrices P, the stricter upper bound could be
obtained.

lounis.adouane@uca.fr



84 M. Perne et al.

Iteration
0 200 400 600 800 1000 1200 1400 1600 1800 2000

C
om

po
ne

nt
 o

f r
es

id
ua

l (
12

1 
to

 2
27

)

10 -15

10 -10

10 -5

10 0

10 5

Fig. 3. The components of the dual residual dk between iterations 121 and 226 (red
frame) for sample 2 as a function of the iteration number.
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Fig. 4. The components of the dual residual dk from iteration 227 on (red frame) for
sample 2 as a function of the iteration number.
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Abstract. Due to its wide applicability, the problem of semi-supervised clas-
sification is attracting increasing attention in machine learning. Presented in this
article are semi-supervised artificial neural network- (ANN) and support vector
machine- (SVM) based classifiers designed by the self-configuring genetic
algorithm (SelfCGA) and the fuzzy controlled meta-heuristic approach Co-
operation of Biology Related Algorithms (COBRA). Both data mining tools are
based on dividing instances from different classes using both labelled and
unlabelled examples. A new collective bionic algorithm, namely fuzzy con-
trolled cooperation of biology-related algorithms, which solves constrained
optimization problems, COBRA-cf, has been developed for the design of semi-
supervised SVMs. Firstly, the experimental results obtained by the two types of
fuzzy controlled COBRA are presented and compared and their usefulness is
demonstrated. Then the performance and behaviour of the proposed semi-
supervised SVMs and semi-supervised ANNs were studied under common
experimental settings and their workability was established. Then their effi-
ciency was estimated on a speech-based emotion recognition problem. Thus, the
workability of the proposed meta-heuristic optimization algorithms was
confirmed.

Keywords: Support vector machines � Neural networks � Biology-inspired
algorithms � Genetic algorithm � Semi-supervised learning � Classification

1 Introduction

Data mining is the computational process of discovering patterns in large data sets
involving methods at the intersection of artificial intelligence, machine learning,
statistics and database systems [1]. The basic idea of the data mining process is to
extract information from a data set and transform it into an understandable structure for
further use.

Data mining involves different classes of tasks and one of the most important of
them is classification. The classification problem consists in identifying to which of a
set of categories a new instance belongs. There exist various techniques to address such
a task, for example, artificial neural networks [2], fuzzy logic classifiers [3] or Support
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Vector Machines (SVM) [4]. The above-mentioned examples are supervised methods
and they are usually used if sufficient labelled training data are given. However,
labelled data are often rare in real-world applications. Therefore, semi-supervised
learning has recently attracted increasing attention among researchers [5].

In contrast to supervised methods, the latter class of techniques takes both labelled
and unlabelled data into account to construct appropriate models. A well-known
concept in this field is semi-supervised support vector machines [6], which depict the
direct extension of support vector machines to semi-supervised learning scenarios.
However, in recent times other data mining tools have been adapted for semi-
supervised learning, including artificial neural networks trained by evolutionary algo-
rithms [7].

Described in this study are semi-supervised SVMs generated by a new collective
bionic optimization algorithm for solving constrained optimization problems, namely
fuzzy controlled cooperation of biology related algorithms or COBRA-cf [8], as well as
semi-supervised ANNs automatically generated by the self-configuring genetic algo-
rithm SelfCGA [9].

Initially, a meta-heuristic approach called Co-Operation of Biology Related
Algorithms or COBRA [10] was developed for solving unconstrained real-parameter
optimization problems. Its basic idea consists in the cooperative work of different
nature-inspired algorithms, which were chosen due to the similarity of their schemes.
However, there are still various algorithms which can be used as components for
COBRA as well as previously conducted experiments demonstrating that even the
bionic algorithms already chosen can be combined in various ways. Thus, to solve the
described problem, COBRA was modified by implementing controllers based on fuzzy
logic [11]. The aim of this was to determine in an automated way which bionic
algorithm should be included in the co-operative work. The proposed modification also
allows resources to be allocated properly while solving unconstrained optimization
problems. Following this, the obtained modification was adopted for solving con-
strained optimization problems.

Therefore, firstly in this paper brief descriptions of the semi-supervised SVMs as
well as the semi-supervised ANNs are given. Then the self-configuring genetic algo-
rithm SelfCGA and the COBRA meta-heuristic approach with the fuzzy controller are
described. In the next section, the experimental results obtained by different types of
fuzzy controllers for the algorithm COBRA are discussed and after that the imple-
mentation of the best obtained fuzzy controlled COBRA is applied for solving con-
strained optimization problems. Subsequently, a new optimization technique and the
self-configuring genetic algorithm are used for the semi-supervised SVMs and ANNs
training respectively. The following section concerns the conducted experiments:
several datasets have been chosen, among which there are synthetic and real datasets.
Specifically, a popular two moons problem [12], two datasets from the UCI repository
(namely Breast Cancer Wisconsin (BCW) and Pima Indian Diabetes (PID) [13]), and
the speech-based emotion recognition problem are solved. Finally, some conclusions
are given in the last section.
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2 Semi-supervised Techniques

2.1 Semi-supervised ANN Design by Evolutionary Algorithms

The perceptron with 5 hidden layers and 5 neurons in each hidden layer as the max-
imum size of the structure for the ANN was chosen. Each node was represented by a
binary string of length 4. If the string consisted of zeros (“0000”) then this node did not
exist in the ANN. Thus, the whole structure of the neural network was represented by a
binary string of length 100, or in other words, one hidden layer was represented by
each 20 binary variables. The number of input neurons depended on the problem in
hand and the ANN had one output layer.

In this study, 15 well-known activation functions such as a bipolar sigmoid, a
unipolar sigmoid, a Gaussian function, a threshold function and a linear function were
used. For determining which activation function was used on a given node, the integer
corresponding to its binary string was calculated.

Although the automated design of the ANN structure by self-adapting optimization
techniques improves their efficiency, it can work unsatisfactorily with large real-world
problems. Therefore, the automation of the most important input selection can have a
significant impact on the efficiency of neural networks. Thus, in this study the addi-
tional bits in every string were used for the choice of relevant variables to be put in the
model. The number of these bits was equal to the number of input variables. If the
additional bit was ‘0’, then the corresponding input variable was not used in the model
and was removed from the sample. This idea can help the final users to avoid the
significant and complicated procedure of choosing an appropriate set of input variables
with the necessary impact on the model performance.

Thus, the optimization method for problems with binary variables for finding the
best structure and the optimization method for problems with real-valued variables for
the weight coefficient adjustment of each structure were used. In this study, the Self-
CGA approach was used for the automated choice of effective structures and weight
tuning of ANN-based predictors. For such purposes, classification accuracy was used
as a fitness function.

Generally, any supervised techniques contain two stages: the extracted attributes or
the most relevant of them should be involved in the supervised learning process to
adjust a classifier, and then the trained classification model receives an unlabelled
feature vector to make a prediction. The proposed semi-supervised ANNs had the
following basic steps [14]:

1. train ANNs on the labelled set;
2. use the obtained ANN to classify all unlabelled instances from U by checking the

confidence criteria;
3. label instances from the set U if this is possible;
4. repeat from the first step.

The main question was about which ANN from the population of ANNs should be
making the decision about labelling some example. There were two possible answers:
the best individual in the generation was used for labelling examples if the confidence
criterion was met (SelfCGA-ANN-Elitism) and all population members voted, and if
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the majority of them were confident in one decision, the example was labelled
(SelfCGA-ANN-Ensemble). Also, two types of semi-supervised ANNs were obtained:
for the first one only the weight coefficients were adjusted (SelfCGA-ANN-w), and the
ANNs of the second type were completely designed by the SelfCGA, including both its
structure and weight coefficients (SelfCGA-ANN). And finally, the following settings
were chosen for the process of instance labelling:

1. the SelfCGA for the automated ANN structure design made a pause every 5 gen-
erations, tried to label the data and after this continued its work with a new learning
set (additional examples that took a label);

2. the SelfCGA for ANN weight training made a pause every 10 generations, tried to
label data and after that continued its work with a new learning set (additional
examples that took the label).

2.2 Semi-supervised Support Vector Machines

In Support Vector Machines (SVM), the intuition is to try to create a separating
hyperplane between the instances from different classes [4]. SVM is based on the
maximization of the distance between the discriminating hyperplane and the closest
examples. In other words, since many choices could exist for the separating hyper-
plane, in order to generalize well on test data, the hyperplane with the largest margin
has to be found.

Let us suppose that L = {(x1, y1), …, (xl, yl)}, where xi is from Rm, is a training set
with l examples (instances), each instance xi has m attributes and is labelled as yi, where
i changes from 1 to l. Let v be a hyperplane going through the origin, d be the margin
and w is equal to ratio of v to d. The margin maximizing hyperplane can be formulated
as a constrained optimization problem in the following manner:

1
2

wk k2! min ð1Þ

yi w � xið Þ� 1 ð2Þ

To solve the given optimization problem, a new fuzzy controlled meta-heuristic
approach based on the cooperation of biology related algorithms for solving con-
strained optimization problems (COBRA-cf) was used.

In this study, semi-supervised SVMs were considered and their description was
firstly introduced in [8]. Thus, given the additional set U = {xl+1, …, xl+u} of unla-
belled training patterns, semi-supervised support vector machines aim at finding an
optimal prediction function for unseen data based on both the labelled and the unla-
belled part of the data [15]. For unlabelled data, it is assumed that the true label is the
one predicted by the model based on what side of the hyperplane the unlabelled point
ends up being.

In this study, self-training was used to learn from the unlabelled data, with the idea
being to design the model with labelled data and then use the model’s own predictions
as labels for the unlabelled data to retrain a new model with the original labelled data
and the newly labelled data and then iteratively repeat this process.
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The problem with this method is that considering its own predictions as true labels
can cause the model to drift away from the correct model if the predictions were wrong
initially. The model would then continue to mislabel data and use it again and continue
to drift away from where it should be. Therefore, to prevent this problem the technique
described in [16] was used. More specifically, the model’s predictions were used to
label the data only when there is high confidence in the predictions.

The notion of confidence used for the SVM model is the distance from the found
hyperplane. The larger the distance from the hyperplane, the higher the probability that
the instance belongs to the corresponding side of the separating hyperplane.

Consequently, the following basic steps were performed:

1. train the SVM on the labelled set L by the proposed meta-heuristic approach;
2. use the obtained SVM to classify all unlabelled instances from U by checking the

confidence criteria from [16];
3. label instances from the set U if this is possible;
4. repeat from the first step.

Thus, the simplest semi-supervised learning method was used for examining the
workability of COBRA-cf.

3 Self-configuring Genetic Algorithm

If the decision is made to use evolutionary algorithms for solving real-world opti-
mization problems, it will be necessary to choose effective variants of algorithm
parameters such as the kind of selection, recombination and mutation operators.
Choosing the right settings of the evolutionary algorithm for each problem is a difficult
task even for experts in the field of evolutionary computation. It is the main problem in
effectively implementing evolutionary algorithms for the final users. Thus it can be
concluded that it is necessary to find the solution to the main problem of evolutionary
algorithms before any of their applications in the automated design of tools for solving
real world problems can be suggested to final users.

Therefore the self-configuring evolutionary algorithm (SelfCEA), which does not
need any end user efforts as the algorithm itself adjusts automatically to the given
problem, was proposed. In this algorithm, the dynamic adaptation of operators’
probabilistic rates on the level of the population with centralized control techniques is
applied [9].

Instead of adjusting real parameters, setting variants were used, namely the types of
selection (fitness proportional, rank-based, and tournament-based with three tourna-
ment sizes), crossover (one-point, two-point, as well as equiprobable, fitness propor-
tional, rank-based and tournament-based uniform crossovers [9]), population control
and level of mutation (medium, low and high for two mutation types). Each of these
setting variants has its own initial probability distribution which is changed as the
algorithm executes.

This self-configuring technique can be used for the genetic algorithm (SelfCGA). In
[9], SelfCGA’s performance was estimated on 14 test problems from [16]. The sta-
tistical significance was estimated with ANOVA. By analysing the results related to
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SelfCGA, it can be seen that self-configuring evolutionary algorithms demonstrate
higher reliability than the average reliability of the corresponding single best algorithm
but sometimes worse than the best reliability of this algorithm.

4 Co-operation of Biology Related Algorithms

4.1 Original Version

The meta-heuristic approach called Co-Operation of Biology Related Algorithms or
COBRA [10] was developed based on five biology-inspired optimization techniques,
namely Particle Swarm Optimization (PSO) [17], Wolf Pack Search (WPS) [18], the
Firefly Algorithm (FFA) [19], the Cuckoo Search Algorithm (CSA) [20] and the Bat
Algorithm (BA) [21]. All mentioned nature-inspired algorithms were chosen due to the
similarity of their schemes. They were used as components of the meta-heuristic
COBRA (“component-algorithms”). Later, the Fish School Search (FSS) [22] was also
added as a component-algorithm of COBRA.

The main reason for the development of a cooperative meta-heuristic was the
inability to say which of the above-listed algorithms is the best one or which algorithm
should be used for solving any given optimization problem [10]. The idea was to use
the cooperation of these biology-inspired algorithms instead of any attempts to
understand which one is the best for the problem in hand.

The originally proposed approach consists in generating one population for each
biology-inspired component-algorithm (thus generating six populations with the FSS
algorithm added). Then all populations are executed in parallel, cooperating with each
other.

The population size for each component-algorithm changes automatically during
the optimization problem solving. More specifically, the number of individuals in the
population of each algorithm can increase or decrease depending on the fitness values:
if the overall fitness value was not improved during a given number of iterations, then
the size of each population increased, and vice versa, if the fitness value was constantly
improved during a given number of iterations, then the size of each population
decreased.

There is also one more rule for population size adjustment, whereby a population
can “grow” by accepting individuals removed from other populations. The population
“grows” only if its average fitness value is better than the average fitness value of all
other populations. Therefore, the “winner algorithm” can be determined as an algo-
rithm whose population has the best average fitness value. This can be done at every
step.

The described competition among component-algorithms allows the biggest pop-
ulation size to be allocated to the most appropriate bionic algorithm on the current
generation. The main goal of this communication between all populations is to bring
up-to-date information on the best achievements to all component-algorithms and
prevent their preliminary convergence to their own local optimum.
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The meta-heuristic approach COBRA also has the migration operator, which is
defined as “communication” between the populations. In more detail, “communication”
was determined in the following way: populations exchange individuals in such a way
that a part of the worst individuals of each population is replaced by the best indi-
viduals of other populations. Thus, the group performance of all algorithms can be
improved.

The performance of the COBRA algorithm was evaluated on a set of various
benchmark problems and the experiments showed that COBRA works successfully and
is reliable on different benchmarks [10]. Besides, the simulations showed that COBRA
is superior to its component-algorithms when the dimension grows or when compli-
cated problems are solved, and therefore it can be used instead of them.

The COBRA approach was modified for solving constrained optimization prob-
lems, namely the meta-heuristic COBRA-c was developed [23]. Three constraint
handling methods were used for this purpose: dynamic penalties [24], Deb’s rule [25]
and the technique described in [26]. The method proposed in [26] was implemented in
the PSO-component of COBRA; at the same time other components were modified by
implementing Deb’s rule followed by calculating function values using dynamic
penalties. The performance of this modification was evaluated with a set of various test
functions. It was established that COBRA-c works successfully; it is sufficiently reli-
able and outperforms all component-algorithms.

4.2 Fuzzy Controller

The main idea of using a fuzzy controller is to implement a more flexible tuning
method, compared to the original COBRA tuning algorithm. Fuzzy controllers are well
known for their ability to generate real-valued outputs using special fuzzification,
inference and defuzzification schemes. Previously they were implemented to the
original version of the meta-heuristic approach called COBRA [11]. In the mentioned
study, components’ success rates were used as inputs and population size changes as
outputs. The similar fuzzy logic controllers were also implemented to the COBRA-c
algorithm, and a new modification was called COBRA-cf [8].

The size control of the COBRA-c populations was performed by the fuzzy con-
troller, which received the success rates of algorithms as inputs, and returned the
populations’ size modification values. Overall, there were 7 input variables, i.e. one
variable for each of the meta-heuristic’s 6 component-algorithms, showing its success
rate, plus the overall success rate of all components.

The success rate for all input variables except for the last one was evaluated as the
best fitness value of its population. This type of success rate evaluation was chosen due
to the experimental results presented in [11]. More specifically, two types of success
rate evaluation, namely the best fitness value of the population or its average fitness
value, were compared. It was established that the first success rate evaluation allows the
fuzzy controlled COBRA to outperform the original meta-heuristic.
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Finally, the last input variable was determined as the ratio of the number of iter-
ations, during which the best-found fitness value was improved, to the given number of
iterations, which was a constant period. In addition, the number of outputs was equal to
the number of components

The fuzzy rules had the following form:

Rq : IF x1 isAq1 and. . .and xn isAqn THEN y1 isBq1 and. . .yk isBqk; ð3Þ

where Rq is the q-th fuzzy rule, (x1, …, xn) are the input values (components’ success
rate) in n-dimensional space (n is equal to 7 in this study), (y1, …, yk) is the set of
outputs (k is equal to 6 in this study), Aqi is the fuzzy set for the i-th input variable, Bqj

is the fuzzy set for the j-th output variable. The Mamdani-type fuzzy inference with a
centre of mass calculation was used as the defuzzification method.

In the recent work [8] two variants of the fuzzy controller, which differed in the
number of terms for output variables, have been implemented. All inputs were values in
the range [0, 1], so that the input fuzzy terms were equal for all variables. Also, 3 basis
triangular fuzzy terms were used, and in addition the A4 term, combining A2 and A3, as
well as the “Don’t Care” condition (DC) have been included to decrease the number of
rules. The term shapes are shown in Fig. 1 [8].

Fig. 1. Fuzzy sets for inputs.
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The first fuzzy controller’s 3 fuzzy terms, which were used for the output, are
demonstrated in Fig. 2 [8].

The adjustable parameters of the first fuzzy controller are the values encoding
positions of output fuzzy terms, i.e. the position of the central term and side terms. For
the example shown in Fig. 2, these values are −20, −10, 10 and 20, i.e. four values
were encoded, so the terms may appear to be non-symmetric after optimization.

A part of the rule base for the first controller is presented in Table 1 [8].
The second controller had 7 terms for output variables instead of 5. Two additional

terms were used for the last part of the rule base, which defined the influence of the
overall success rate, i.e. the 7-th variable. The fuzzy terms for the second controller are
shown in Fig. 3 [8].

Fig. 2. Fuzzy terms for all 6 outputs, first controller.

Table 1. Part of the first controller’s rule base.

No IF THEN

1 X1 is A3 X2–X6 is A4 X7 is DC Y1 is B5 Y2–Y6 is B2

2 X1 is A2 X2–X6 is A4 X7 is DC Y2 is B5 Y2–Y6 is B2

3 X1 is A1 X2–X6 is A4 X7 is DC Y3 is B5 Y2–Y6 is B2

…

19 X1–X6 is DC X7 is A1 Y1 is B1

20 X1–X6 is DC X7 is A2 Y1 is B3

21 X1–X6 is DC X7 is A3 Y1 is B5
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Terms 1 and 5 in the second controller have different shapes, thus allowing the size
control of overall populations to be tuned more accurately. The rule base is also
different; it uses different terms for the output. A part of the rule base is presented in
Table 2 [8].

The second controller tends to be more flexible, although it requires the tuning of 6
parameters instead of 4 for the first one. For the case shown in Fig. 3, the parameter
values are −30, −20, −10, 10, 20, 30, but terms may end up non-symmetric afterwards.

It should be noted that for the new modification COBRA-cf, only two constraint
handling techniques were used, namely dynamic penalties and Deb’s rule. In addition,
they were implemented separately, and as a result, not only the best type of the fuzzy
controller changed during experiments, but also the constraint handling method. Thus
the four versions of the COBRA-cf algorithm were developed:

1. COBRA-cf with the first controller, which had 4 parameters; the constraint handling
technique is dynamic penalties;

2. COBRA-cf with the first controller, which had 4 parameters; the constraint handling
technique is Deb’s rules;

3. COBRA-cf with the second controller, which had 6 parameters; the constraint
handling technique is dynamic penalties;

Table 2. Part of the second controller’s rule base.

No IF THEN

1 X1 is A3 X2–X6 is A4 X7 is DC Y1 is B6 Y2–Y6 is B3

2 X1 is A2 X2–X6 is A4 X7 is DC Y2 is B6 Y2–Y6 is B3

3 X1 is A1 X2–X6 is A4 X7 is DC Y3 is B6 Y2–Y6 is B3

…

19 X1–X6 is DC X7 is A1 Y1 is B1

20 X1–X6 is DC X7 is A2 Y1 is B4

21 X1–X6 is DC X7 is A3 Y1 is B7

Fig. 3. Fuzzy terms for all 6 outputs, second controller.
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4. COBRA-cf with the second controller, which had 4 parameters; the constraint
handling technique is Deb’s rules.

5 Experimental Results

5.1 Constrained Optimization Problems

In this study, 6 benchmark problems taken from [27] were used in experiments for
comparing the constrained optimization algorithms. The optimal solutions for these
problems are already known, so the algorithm’s reliability was estimated using the
achieved error value.

The given benchmark functions were considered to evaluate the robustness of the
fuzzy controlled COBRA for solving constrained optimization problems. Conse-
quently, firstly test problems were used to determine the best parameters for the four
versions of the proposed approach COBRA-cf.

The standard Particle Swarm Optimization algorithm was used for this purpose [8].
Therefore, the individuals were each represented as parameters of the fuzzy controlled
COBRA, namely as the positions of the output fuzzy terms. The following objective
function was optimized by the PSO algorithm:

F xð Þ ¼ 1
6

X6

i¼1

1
T

XT

t¼1

f ti xð Þ; ð4Þ

where T, which is equal to 10, is the total number of program runs for each benchmark
problem listed earlier. Thus, on each iteration all test problems were solved T times by
a given fuzzy controlled COBRA and then the obtained results were averaged. Cal-
culations were stopped on each program run if the number of function evaluations
exceeded 10000D (D defines the number of variables). The population size for the PSO
algorithm was equal to 50 and the number of iterations was equal to 100; calculations
were stopped on the 100-th iteration for the PSO heuristic.

Accordingly, the following parameters for the fuzzy controllers were obtained [8]:

1. �9;�5; 5; 27½ �;
2. �33;�10; 27; 34½ �;
3. �14; 0; 0; 1; 24; 29½ �;
4. �23;�6;�3; 14; 16; 21½ �.

On the following step, the obtained parameters were applied to the fuzzy controlled
COBRA and it was tested on the mentioned benchmark functions. There were 51
program runs for each constrained optimization problem, and calculations were stopped
if the number of function evaluations was equal to 10000 D.

Also, for example, a change in population sizes was obtained while testing using
the benchmark problems. This change for the third problem is presented in Fig. 4 [8].

Semi-supervised Data Mining Tool Design 97

lounis.adouane@uca.fr



Based on the results received for other functions, it was concluded that the algo-
rithm with Deb’s rule tends to increase the size of all populations, while dynamic
penalties show more complicated cooperation. More specifically, for the second fuzzy
controller with 6 variables, for example, CSA is one of the worst algorithms for the first
20000 calculations (it has around 3 points available), but after 20000 it rapidly
increases its population size to 300 and more, because it shows a much better ability to
optimize the function. At the same time, BA and WPS, which were winners in the first
phase, gradually decrease their resource.

In Tables 3 and 4, the results obtained by the fuzzy controlled COBRA, the con-
troller of which has 4 parameters, are presented with the best parameters [8]. The
following notations are used: the best found function value (Best), the function value
averaged by the number of program runs (Mean) and the standard deviation (STD).

Table 3. Results obtained by the COBRA-cf with 4 parameters and dynamic penalties.

Best Mean STD

1 0.000222883 0.000450223 0.000269495
2 4.44089e-016 1.20453e-006 5.73208e-006
3 0.0168729 0.0861003 0.106644
4 0.00246478 0.0270861 0.0240794
5 0.000349198 0.00205344 0.00184918
6 4.07214e-005 0.00012163 7.28906e-005

Fig. 4. Change in population sizes.
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In Tables 5 and 6, the results obtained by the fuzzy controlled COBRA, the con-
troller of which has 6 parameters, are presented with the best parameters [8]. The same
notations as in the previous tables are used.

For comparison, in Table 7 the results obtained by the COBRA-c approach with six
component-algorithms with the standard tuning method and three implemented con-
strained handling techniques, mentioned in the previous section, are given [8].

Table 4. Results obtained by the COBRA-cf with 4 parameters and Deb’s rules.

Best Mean STD

1 0.000194127 6.48378 12.6967
2 1.37668e-014 0.0508509 0.153545
3 0.241445 1.59201 1.35446
4 0.093186 6.36309 6.95277
5 0.0646682 5.93762 7.14939
6 0.00463816 3.50586 19.3554

Table 5. Results obtained by the COBRA-cf with 6 parameters and dynamic penalties.

Best Mean STD

1 0.000222799 0.0023863 0.00386538
2 4.44089e-016 5.45027e-006 1.14566e-005
3 0.0265527 0.249473 0.645633
4 0.0114249 0.0379335 0.0643213
5 0.000159134 0.0380605 0.125444
6 0.000236098 0.000955171 0.00178648

Table 6. Results obtained by the COBRA-cf with 6 parameters and Deb’s rules.

Best Mean STD

1 1.47682e-009 0.00234639 0.0054576
2 3.10862e-015 0.000577974 0.00155304
3 0.015536 0.055806 0.0984222
4 0.00559601 0.038134 0.113326
5 0.000160994 0.0656134 0.130952
6 6.15548e-006 0.000296266 0.000680345

Table 7. Results obtained by COBRA-c with six component algorithms.

Best Mean STD

1 2.54087e-005 0.00710629 0.0177543
2 2.08722e-014 0.000114461 5.15068e-005
3 6.39815e-005 0.0477759 0.0422946
4 0.0267919 0.0324922 0.00119963
5 0.000341288 0.0678906 0.0331402
6 1.21516e-005 0.000278707 0.000268217
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Thus, the comparison demonstrates that the fuzzy controlled COBRA with dynamic
penalties outperformed the same algorithms with Deb’s rule. Aside from this, there is
no significant difference between the results obtained by the fuzzy controlled COBRA
with either 4 or 6 parameters. However, the 4-parameter fuzzy controlled COBRA with
dynamic penalties also outperformed the COBRA with six components without a
controller. Therefore, it can be used for solving the optimization problems instead of
the given algorithm’s versions.

5.2 Benchmark Classification Problems

Several benchmark data sets described in Table 8 were considered in this study,
namely the well-known two-dimensional “Moons” data set [12] and data sets for two
medical diagnostic problems, namely the Breast Cancer Wisconsin problem
(BCW) and the Pima Indian Diabetes problem (PID) [13]. Each data set instance was
split into a labelled part and an unlabelled one, and the different ratios for the particular
settings were used. Descriptions of the solved classification problems are given in
Table 8 [8].

For the sake of exposition, firstly the well-known two-dimensional “Moons” data
set [12] was considered. This choice is conditioned by the fact that the given data set is
a difficult training instance for semi-supervised techniques due to its non-linear
structure while it is a very simple problem for humans. The “Moons” problem is a
classical semi-supervised problem for testing algorithms; therefore it is often used as a
test problem for different machine learning algorithms. It consists of two groups of
moon-like sets of points. In the conducted experiments, the starting learning set con-
tains only 4 labelled examples, 2 from one class and 2 from another one that were
randomly chosen. All other examples must be labelled during the run.

As an example, the usual results obtained by the semi-supervised SVMs, generated
by the fuzzy controlled COBRA approach for solving constrained optimization prob-
lems (COBRA-SVM), on the “Moons” problem are shown in Fig. 5.

Outcome analysis of the proposed semi-supervised techniques showed that the
algorithms did not recognize all the points correctly. However, most of the points were
in the right class. The semi-supervised SVMs built an almost linear classification and
most of the points were classified properly. On the other hand, the semi-supervised
ANNs automatically generated by the SelfCGA algorithm built a more complex sep-
arating hyperplane. The best result was shown by the semi-supervised networks
SelfCGA-ANN-Elitism, which usually made mistakes only on 1–2 points. It is

Table 8. Data sets considered in the experimental evaluation (n patterns, d features)

Data Set n d

Moons 200 2
Breast Cancer Wisconsin 699 9
Pima Indians Diabetes 768 8
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probable that SelfCGA-ANN-Ensemble excessively averaged single ANN results, and
thus it performed less well.

Then two medical diagnostic problems, namely Breast Cancer Wisconsin
(BCW) and Pima Indian Diabetes (PID), were solved. For Breast Cancer Wisconsin
Diagnostic, there are 10 attributes (patient’s ID that was not used for calculations and 9
categorical attributes which possess values from 1 to 10), 2 classes, 458 records of
patients with benign cancer and 241 records of patients with malignant cancer. For
Pima Indians Diabetes, there are 8 attributes (all numeric-valued), 2 classes, 500
patients that tested negative for diabetes and 268 patients that tested positive for
diabetes). Benchmark data for these problems also were taken from [13].

For these data sets, 10 examples were randomly selected to be used as labelled
examples, and the remaining instances were used as unlabelled data. The experiments
are repeated 50 times and the average accuracies and standard deviations are recorded.
The results are shown in Table 9 [7, 8]. Alternative algorithms (linear SVMs) for
comparison are taken from [28].

Table 9. Performance comparison for the medical diagnostic problems.

Algorithm Breast Cancer Wisconsin Pima Indians Diabetes

TSVM 89.2 ± 8.6 63.4 ± 7.6
S3VM-c 94.2 ± 4.9 63.2 ± 6.8
S3VM-p 93.9 ± 4.9 65.6 ± 4.8
S3VM-us 93.6 ± 5.4 65.2 ± 5.0
COBRA-SVM 95.5 ± 1.8 69.3 ± 1.5
SelfCGA-ANN-w 94.8 ± 2.1 66.7 ± 2.3
SelfCGA-ANN-Elit. 96.5 ± 1.9 69.4 ± 1.8
SelfCGA-ANN-Ens. 95.6 ± 1.3 68.7 ± 1.5

Fig. 5. Semi-supervised classification of “Moons” by COBRA-SVM.
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Experimental results demonstrated that both semi-supervised SVMs generated by
the fuzzy controlled meta-heuristic COBRA for solving constrained optimization
problems and semi-supervised ANNs automatically designed by the self-configuring
genetic algorithms are sufficiently effective for solving semi-supervised classification
problems.

5.3 Speech-Based Emotion Recognition Problem

Generally, any approach (supervised or semi-supervised technique) applied to the
speech-based recognition problem contains the step of acoustic characteristic extrac-
tion. An appropriate set of acoustic characteristics representing any speech signal was
introduced at the INTERSPEECH 2009 Emotion Challenge. This set of features
comprises attributes such as power, mean, root mean square, jitter, shimmer, 12
MFCCs, 5 formants and the mean, minimum, maximum, range and deviation of the
pitch, intensity and harmonicity. The number of characteristics is 384. To obtain the
conventional feature set introduced at INTERSPEECH 2009, the Praat [29] or Open-
SMILE [30] systems might be used.

In this study, an emotional database was considered. It consists of labelled emo-
tional utterances, which were spoken by actors. Each utterance has one of the emotional
labels, neutral or strong. The average duration of one recording is 2.7 s. It contains
3210 examples, of which 426 belong to a neutral class. This dataset was used for the
preliminary testing of semi-supervised techniques before the implementation in a real
problem with unlabelled data.

During the algorithm run only 10% of the data set was used as labelled data (321
examples), while the rest was considered as unlabelled. The experiments were repeated
50 times and the average accuracies and range of variation are recorded in Table 10 [7].
In all experiments, weighted accuracy was assessed to compare the quality of classi-
fication. The statistical robustness of the results obtained was confirmed by ANOVA
tests, which were used for processing the received evaluations of our algorithms’
performance.

The classification quality is relatively high even with only 10% of labelled
examples in the training set. This result gives the possibility to use a small amount of
data labelled by experts with a huge amount of available unlabelled data for nonlin-
guistic information extraction in the future.

Table 10. Performance comparison for the emotion recognition problem.

Algorithm F-score Range of variation

COBRA-SVM 0.8799 [0.8763; 0.8832]
SelfCGA-ANN-Elit. 0.8864 [0.8794; 0.8901]
SelfCGA-ANN-Ens. 0.8807 [0.8775; 0.8849]
SelfCGA-ANN-w 0.8582 [0.8534; 0.8623]

102 S. Akhmedova et al.

lounis.adouane@uca.fr



6 Conclusions

The problem of semi-supervised classification is important due to the fact that
obtaining labelled examples is often very expensive. However, using this data during
classification may be helpful. In this study, two semi-supervised techniques were
described:

1. the semi-supervised SVMs, which were trained using a cooperative algorithm,
whose components were automatically adjusted by a fuzzy controller (COBRA-cf);

2. the semi-supervised ANNs automatically generated by the self-configuring genetic
algorithm (SelfCGA).

The fuzzy controller for the COBRA approach itself was tuned to deliver better
results for constrained optimization problems. This tuning of the meta-heuristic
allowed better results of SVM training to be achieved compared to other studies.
Furthermore, the proposed approach COBRA-cf, combining biology-related algorithms
and fuzzy controllers could be applied to other complex constrained optimization
problems.

Furthermore, during experiments different classification problems were solved: a
two moons problem, the Breast Cancer Wisconsin problem, the Pima Indian Diabetes
problem, and the speech-based emotion recognition problem. The last one is the
nonlinguistic information extraction problem. The results show that the proposed
approaches are sufficiently effective for solving this kind of problem. The comparison
of their results show that models with a more complex structure, for example, ANNs
with a more flexible structure, can give better results.
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Abstract. The problem of discrete-time multi-agent systems governed
by general MIMO dynamics is addressed. By employing a PID-like dis-
tributed protocol, we aim to solve two relevant consensus problems,
namely the leaderless weighted consensus under disturbances and the
leader-follower weighted consensus under time-varying reference state.
Sufficient conditions for stability as well as a LMI approach to tune the
controller gains are provided. The two consensus techniques are then
applied to solve two issues concerning the wind farm (WF) power maxi-
mization problem under wake effect. Leaderless consensus aims at aver-
aging out zero-mean wind disturbance effects on the optimal WF power
sharing, while leader-follower control is employed to restore it in the
case of power reference errors. Simulations are carried out on a small
WF example, whose wind turbines parameters are the ones of NREL’s
CART turbine.

Keywords: Consensus control · Multi-agent systems · Wind farm ·
Wake effect

1 Introduction

In recent years much research effort has been devoted to the area of multi-
agent cooperative control because of its wide range of applications and poten-
tial benefits. Cooperation of a coordinated multi-agent network is sought via
distributed algorithms as they present some interesting advantages over their
centralized counterpart, e.g. avoiding single point of failure, reducing communi-
cation and computational burden, etc. The main problem in distributed coordi-
nation, known as consensus problem, is the one of achieving an agreement on
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some variables of interest, named coordination variables, of each agent via local
interactions. These variables evolve according to prescribed dynamics describing
the physics of the problem, while interactions among agents are defined by a
given communication graph. Finding a distributed protocol to solve the afore-
mentioned problem has been extensively treated for single and double integrator
dynamic agents, e.g. [1]. However, in a more general framework, general dynam-
ics need to be considered in order to describe the agents behavior.

The consensus problem in this case has been discussed for both continuous
and discrete-time multi-agent systems. In addition, it can be further divided
in two main classes of problems, namely leaderless and leader-follower ones. As
far as the former is concerned, the most employed distributed protocol is given
by a static state feedback law, also called P-like distributed control. One can
cite, for instance, [2–4] for the continuous-time framework, and [3,5–7] for the
discrete one, where the consensus problem is reduced to the one of simultaneously
stabilizing multiple LTI systems. References [3,6] also solve a leader-follower
problem where the leader has an autonomous time-invariant dynamics. Another
interesting problem is the one of finding the optimal P-like protocol gain in order
to improve consensus under system uncertainties, as in [8], and disturbances as
in [9,10], for continuous time systems, and in [11] for discrete-time ones. The
proposed approaches usually make use of some H2 or H∞ constraints to be
respected, and they are in general more involved than the one of simultaneously
stabilizing multiple systems. For instance, reference [10] provides necessary and
sufficient conditions for the continuous-time case to solve the consensus problem
while guaranteeing desired properties on the aforementioned norms. On the other
hand, for discrete-time systems only sufficient conditions are provided using
results from robust control as in [11]. Dynamic distributed controllers are also
proposed for consensus achievement based on local output measurements, e.g.
[3]. In the continuous-time framework, authors of [12] provide a controller with
limited energy, while a general full order one is presented in [13] to achieve some
H∞ performance. Other possible structures have been explored too. Indeed,
given the common P-like controller, one can easily think of a more general PID-
like structure. In continuous-time, for instance, authors of [14] propose a PI-
like distributed algorithm for single integrator dynamic agents, and in [15] the
authors provide a PID-like controller for general high-order SISO systems. A
similar control design is applied to solve a leader-follower consensus under time-
varying reference state, as in [16], and in its sampled-data counterpart [17],
where a PD-like protocol is given. Even though the presented literature review
is nowhere near exhaustive, one can remark that poorer attention has been
devoted to discrete-time dynamic protocols for general LTI MIMO systems, and
this is on what we wish to focus our attention in the sequel.

In this chapter our first contribution concerns the proposal of a PID-like
distributed controller for the aforementioned systems, and we provide a pos-
sible way of tuning the controller parameters based on the solution of LMIs.
The results here presented have been object of our previous work in [18],
where we treated the problems of leaderless consensus under the presence of
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disturbances, and leader-follower consensus under a time-varying reference state.
As an additional contribution to the aforesaid work, here we generalize the con-
trol technique in order to treat weighted consensus problems, i.e. those multi-
agent systems in which consensus has to respect predefined gains determining
given distances among the coordination variables. Despite presenting some simi-
larities to what we already presented, this additional step reveals to be necessary
to tackle a great variety of real-world problems such as the one considered in
this chapter, namely the wind farm distributed control problem.

Our second main additional contribution in this work is indeed concerned
with applying the proposed consensus techniques for the sake of controlling a
wind farm. In particular, we focus on the issues related to the power maxi-
mization problem for those wind farms experiencing the so-called wake effect.
In such case, it turns out that considering the aerodynamic coupling among
the wind turbines (WTs) leads to potential power gains when maximizing the
power production, (see e.g. [19]), and it justifies the growing interest in coop-
erative methods to control WTs within a WF. Typically the problem of power
maximization under wake interaction is handled via a first optimization step
under the assumption of a static system. This approximation is mainly due to
the high nonconvexity of the wake model that makes the problem hard to be
treated directly under a control theory perspective. Here, cooperation is reached
by considering a common WF optimization problem among the WTs rather than
the more classic greedy WT operation mode represented by the maximum power
tracking point (MPPT) algorithm for individual WTs. The overall WF control
architecture thus exhibits a two-layer hierarchical structure, where the higher
control level is concerned with providing optimal power references to the local
WT controllers. These are then operated in decentralized mode, i.e. once received
the power reference to track, no additional cooperation is performed among the
WT controllers. In this chapter we claim that allowing cooperation also at the
WT control level can lead to interesting benefits. In particular we show how
cooperation at the lower level can be achieved via the consensus control tech-
niques object of the first part of this chapter. The lower control considered in
this work is thus said to be distributed.

It is important to point out that wind farm power maximization can be
alternatively seen as the problem of finding the optimal power sharing of the
available wind source among the WTs. Similar power sharing problems for wind
farms have been treated in [20–22]. Based on the common assumption that the
available wind power is higher than the demanded one, and with no wake effect
consideration, they employ different distributed control approaches to deal with
the problem of meeting the desired WF power output. The distributed WF
control approach here presented addresses the problem of allowing proper power
sharing among the WTs, enhancing the respect of the imposed higher level power
gains despite the system dynamics and the presence of wind disturbances. Even if
it has some common ideas, it substantially differs from the mentioned references
either in the problem addressed and in the control techniques proposed to tackle
it. The developments here proposed have been suggested in our preliminary work
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of [23]. Nonetheless, in this chapter, these are extended by considering new wind
farm control applications and the theorems cited therein are here provided with
the according proof.

The remainder of the chapter is organized as follows. Sections 2 and 3 are
devoted to the leaderless and leader-follower techniques respectively. The wind
farm control problem is introduced in Sect. 4, while its control design is described
in Sect. 5. Simulations are shown in Sect. 6. The chapter ends with conclusions
and future perspectives in Sect. 7.

2 Leaderless Consensus Under the Presence
of Disturbances

2.1 Problem Formulation

In the sequel, the reader may refer to Appendix 1 for some basic notions and
definitions concerning graph theory. We consider N identical agents governed by
general discrete-time linear dynamics, according to{

x+
i = Axi + B2ui + B1ωi, i = 1, . . . , N

yi = Cxi

(1)

where A ∈ R
n×n, B2 ∈ R

n×l, B1 ∈ R
n×h, C ∈ R

m×n, xi � xi(k) ∈ R
n and

x+
i � xi(k + 1) ∈ R

n are respectively the agent state at the current step k, and
at the next step k + 1, ui � ui(k) ∈ R

l is the agent control, ωi � ωi(k) ∈ R
h its

disturbance, and yi � yi(k) ∈ R
m is the measured output and the variable on

which agreement among the agents is sought. Moreover we require the system
to satisfy l ≥ m, i.e. to have a greater or equal number of inputs with respect
to its outputs. For the sake of leaderless consensus, a priori we do not require
A to be Schur stable. Indeed, as shown in [7], A has a role in determining the
consensus function to which the agents converge under proper control. Here it
can be thought to be assigned by a previous control design step. The agents
can communicate on an undirected connected graph whose Laplacian matrix L
has positive minimum nonzero and maximum eigenvalues respectively equal to
λL, and λ̄L. Thus, we can address the problem of finding a distributed control
law for ui such that ‖yi/χi − yj/χj‖ is minimized for i, j = 1, . . . , N with respect
to the disturbance ω � col(ω1, . . . , ωN ), and where the weight are χi ∈ R

+,
i = 1, . . . , N , i.e. for the sake of simplicity of analysis they are considered to be
scalar. If error yi/χi − yj/χj = 0, i, j = 1, . . . , N , then we say that weighted
consensus is achieved. By naming D � diag(1/χ1, . . . , 1/χN), we additionally
define matrix L̂ � DL, which satisfies Lemma 3 in Appendix 1, and whose
positive minimum nonzero and maximum eigenvalues are respectively λL̂, and
λ̄L̂. In this work we focus on local controllers of the form{

x+
ci

= Acxci
+ Bcsi, i = 1, . . . , N

ui = Ccxci
+ Dcsi

(2)
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where xci
� xci

(k) ∈ R
2l is the agent controller state, and

Ac =
[

Il Il

0l×l 0l×l

]
2l×2l

Bc =
[

(Ki − Kd)
Kd

]
2l×m

Cc =
[
Il 0l×l

]
l×2l

Dc = [(Kp + Ki + Kd)]l×m

(3)

where Kp = [kp,ij ],Ki = [ki,ij ],Kd = [kd,ij ] ∈ R
l×m are gain matrices to be

tuned, Il, 0l×l ∈ R
l×l the identity matrix and a matrix with all zero entries

respectively, and where si � si(k) ∈ R
m is defined as

si �
N∑

j=1

aij

(
yi

χi
− yj

χj

)
(4)

where aij is the (i, j)-th element of the adjacency matrix A defined in
Appendix 1. Thus the closed-loop system for agent i has dimension n̄ � n + 2l.
As shown in [24], system (2) is a state representation of the discrete-time PID
MIMO controller, whose z-transform between si and ui is the transfer matrix

Kp + Ki
z

z − 1
+ Kd

z − 1
z

where its generic element at position (i, j) is a PID whose gains are kp,ij , ki,ij ,
kd,ij ∈ R. The problem can be now restated as the one of finding matrices
Bc, and Dc such that the effect of disturbance ω on the weighted consensus is
minimized.

2.2 Fast Weighted Consensus

In our previous work of [18], we provided two possible ways to tune the dis-
tributed PID controller, the first of which being based on imposing a given H∞
constraint via LMIs on the closed-loop multi-agent system in order to minimize
the effect of additive disturbance on weighted consensus. In this work though we
only focus on the second proposed possible way of tuning. This is concerned with
achieving a multi-agent system fast response with respect to exogenous signals,
such as disturbances, to reach weighted consensus. The two tuning techniques
are quite similar, and the reader may refer to the mentioned reference for further
details on H∞ consensus design.

Let us introduce the following

Definition 1. System (1) is said to achieve fast weighted consensus with per-
formance index τ ∈ R

+ if for ω = 0, and any initial condition, limk→∞ ‖yi/χi −
yj/χj‖ = 0 for i, j = 1, . . . , N , and (1 − e−1)% of consensus is achieved in a
maximum number of steps equal to �τ�.
Note that the same kind of definition can be considered for sampled-data systems,
by saying that system (1) achieves fast weighted consensus with a time constant
inferior to τTs, where Ts is the system sampling time.
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The following result is based on Theorem 4 of [24] shown in Appendix 2.

Theorem 1. Given the system described by (1), where N agents can commu-
nicate on an undirected connected graph; consider the distributed protocol of
equations (2), (3), (4); then the systems achieve fast weighted consensus with
performance index τ = −1/ln(ψ), where ψ ∈ R : 0 ≤ ψ < 1, if there exist two
symmetric positive definite matrices P , P̄ ∈ R

n̄×n̄ such that the LMI condi-
tions of Theorem 4 in Appendix 2 are simultaneously satisfied for two LTI sys-
tems whose dynamic, input, and output matrices are respectively (A,B2, λL̂C),
and (A,B2, λ̄L̂C), and where the real constants (a, b) to be set in Theorem 4 in
Appendix 2 are chosen to be (a, b) = (0, ψ).

Proof. In the sequel, the cited lemmas are shown in Appendix 1. The closed-loop
dynamics of the generic agent i, by using (1), (2), and by defining the augmented
state ξi � col(xi, xci

) ∈ R
n̄, and matrices C̄ � [C 0m×2l], B̃ �

[
B�

1 0h×(2l)

]�
is given by ⎧⎪⎨

⎪⎩
ξ+i = Âξi + B̂

N∑
j=1

aij

(
ξi

χi
− ξj

χj

)
+ B̃ωi

yi = C̄ξi

where

Â =
[

A B2Cc

0 Ac

]
, B̂ =

[
B2DcC̄
BcC̄

]
(5)

By naming ξ � col(ξ1, . . . , ξN ), y � col(y1, . . . , yN ), gathering together the
closed-loop agents dynamics, and performing the change of coordinates ξ̄ =
(D ⊗ In̄)ξ, it yields

{
ξ̄+ =

(
IN ⊗ Â + DL ⊗ B̂

)
ξ̄ +

(
IN ⊗ B̃

)
ω̄

ȳ =
(
IN ⊗ C̄

)
ξ̄

(6)

where we named ω̄ � (D ⊗ Ih)ω, ȳ � (D ⊗ Im)y, and we used point (i) of
Lemma 6. Similarly to [11,13], we define

ζi � ȳi − 1
N

N∑
j=1

ȳj , δi � ξ̄i − 1
N

N∑
j=1

ξ̄j

Thus ζi = C̄δi. Note that if ζi = 0 for i = 1, . . . , N then ȳi = ȳj , i.e. weighted con-
sensus is achieved. If we now name δ � col(δ1, . . . , δN ), and ζ � col(ζ1, . . . , ζN ),

we have that ζ =
(
IN ⊗ C̄

)
δ, and δ = ξ̄ − 1 ⊗ 1

N

∑N
j=1 ξ̄j =

(L̄ ⊗ In̄

)
ξ̄,

where L̄ satisfies the conditions of Lemma 2. Thus ζ and ξ̄ variables are linked
by relationship ζ =

(
IN ⊗ C̄

) (L̄ ⊗ In̄

)
ξ̄ =

(L̄ ⊗ C̄
)
ξ̄. Considering the change of

coordinates δ =
(L̄ ⊗ In̄

)
ξ̄ for system (6), it yields
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δ+ =
(L̄ ⊗ In̄

) (
IN ⊗ Â + L̂ ⊗ B̂

)
ξ̄ +

(L̄ ⊗ In̄

) (
IN ⊗ B̃

)
ω̄

=
(
L̄ ⊗ Â + L̄L̂ ⊗ B̂

)(
δ + 1 ⊗ 1

N

N∑
k=1

ξ̄k

)
+
(
L̄ ⊗ B̃

)
ω̄

=
(
L̄ ⊗ Â + L̄L̂ ⊗ B̂

)
δ +

(
L̄ ⊗ B̃

)
ω̄

where we used points (i) of Lemma 2, 3, and 6. According to (ii) point of
Lemma 2, we employ the orthogonal matrix U ∈ R

N×N to define the change of
coordinates: δ̂ �

(
U� ⊗ In̄

)
δ, ω̂ �

(
U� ⊗ Ih

)
ω̄, ζ̂ �

(
U� ⊗ Im

)
ζ, so that the

system equations in the new coordinates are given by⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

δ̂+ =
(
U� ⊗ In̄

) (L̄ ⊗ Â + L̄L̂ ⊗ B̂
)

(U ⊗ In̄) δ̂

+
(
U� ⊗ In̄

) (L̄ ⊗ B̃
)

ω̄

=
(
Λ̄ ⊗ Â + Λ̄U�L̂U ⊗ B̂

)
δ̂ +

(
Λ̄ ⊗ B̃

)
ω̂

ζ̂ =
(
U� ⊗ Im

) (
IN ⊗ C̄

)
(U ⊗ In̄) δ̂ =

(
IN ⊗ C̄

)
δ̂

(7)

As shown in Lemma 2, and 3, being the last row and column of Λ̄, as well as
the last column of U�L̂U all zero vectors, we can split (7) in two by dividing
the system variables as δ̂ = col(δ̂1, δ̂2), ω̂ = col(ω̂1, ω̂2), and ζ̂ = col(ζ̂1, ζ̂2). It
follows that, to conclude on system stability, we can study the reduced order
system described by{

δ̂+1 =
(
IN−1 ⊗ Â + L̂1 ⊗ B̂

)
δ̂1 +

(
IN−1 ⊗ B̃

)
ω̂1

ζ̂1 =
(
IN−1 ⊗ C̄

)
δ̂1

From Lemma 3, it exists an invertible matrix V ∈ R
(N−1)×(N−1) : V −1L̂1V �

Λ = diag(λ1, . . . , λN−1), where 0 < λL̂ ≤ λi ≤ λ̄L̂ for i = 1, . . . , N − 1. Thus
we can define a further change of coordinates such that δ̃1 �

(
V −1 ⊗ In̄

)
δ̂1,

ω̃1 �
(
V −1 ⊗ Ih

)
ω̂1, and ζ̃1 �

(
V −1 ⊗ Im

)
ζ̂1. This yields

{
δ̃+1 =

(
IN−1 ⊗ Â + Λ ⊗ B̂

)
δ̃1 +

(
IN−1 ⊗ B̃

)
ω̃1

ζ̃1 =
(
IN−1 ⊗ C̄

)
δ̃1

(8)

We can now separate system (8) in N − 1 subsystems, each of which being
governed by⎧⎪⎨

⎪⎩
δ̃+1i

=

[
x̃+
1i

x̃+
1,ci

]
=

[
(A + B2Dc(λiC)) B2Cc

Bc(λiC) Ac

][
x̃1i

x̃1,ci

]
+

[
B1

0

]
ω̃1i

ζ̃1i
= Cx̃1i

(9)
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System (9) can be equivalently seen as the closed-loop form of the two following
systems⎧⎪⎨

⎪⎩
x̃+
1i

= Ax̃1i
+ B2ũi + B1ω̃1i

ỹ1i
� (λiC)x̃1i

ζ̃1i
= Cx̃1i

,

{
x̃+
1,ci

= Acx̃1,ci
+ Bcỹ1i

ũi � Ccx̃1,ci
+ Dcỹ1i

(10)

where ỹ1i
, and ζ̃1i

are respectively the measured and controlled output variables
of the controlled system. Consequently, we can reformulate the problem as the
one finding matrices Bc, and Dc such that for i = 1, . . . , N − 1 the closed-loop
system (9) is Schur stable when ω1i

= 0. Moreover, since we are interested in
speeding up the convergence to consensus with respect to perturbing exogenous
signals, we want to push the overall closed-loop system eigenvalues closed to
zero as much as possible. For this purpose we invoke Theorem 4 in Appendix 2,
whose results can be directly applied to one generic system of the form of (10).
Here it is shown that, given two constants a ∈ R, and b ∈ R

+
0 , if there exists a

symmetric positive definite matrix Pi such that the given LMI conditions in the
theorem are satisfied, then system (10) is stable with all its eigenvalues laying
in the complex plane region defined by

FD �
{
(	[λ],
[λ]) : (	[λ] + a)2 + 
[λ]2 < b2

}
where λ is the complex variable, (see Fig. 1). It is important to stress that
the mentioned LMI conditions are affine in the system matrices, variables and
matrix Pi. We make use of this fact to provide sufficient conditions for which
it exists a controller of the considered form such that the mentioned LMIs are
simultaneously verified for i = 1, . . . , N−1. Since the generic eigenvalue of L̂1 : λi

is such that λL̂ ≤ λi ≤ λ̄L̂, then it always exists αi ∈ R : 0 ≤ αi ≤ 1 so that
λi = αiλL̂ + (1 − αi)λ̄L̂. Notice that the systems to be stabilized, appearing in
the first set of equations in (10), can be seen as one single system with an uncer-
tain measurement matrix, whose parameter is λi. In other words, by naming
Ci � λiC, ∃αi : Ci = αiClow +(1−αi)Cup, where Clow � λL̂C, and Cup � λ̄L̂C,

a

j

1
�[λ]

�[λ]

b

Fig. 1. FD region in the complex plane defined via parameters (a, b).
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i.e. Ci can be written as a convex combination of the extreme matrices Clow,
and Cup. Thus, as in [11], we make use of classic results of robust linear con-
trol. In particular we introduce an affine parameter dependent Lyapunov matrix
P (αi) � αiP + (1 − αi)P̄ , where P , P̄ are Lyapunov matrices solution of simul-
taneous LMI of Theorem 4 in Appendix 2 written for respectively Clow, and
Cup. As a consequence, it is easy to show that if P , P̄ exist, then the controller
solves the LMI problem ∀λ ∈ R : λL̂ ≤ λ ≤ λ̄L̂, and in particular for λ = λi, for
i = 1, . . . , N − 1. Such a controller is easily found from the solution of the afore-
mentioned LMI condition. Indeed, among the LMI variables, there are matrices
Bc, and Dc, from which it is easy to deduce the PID gain matrices Kp, Ki, and
Kd by employing relations in (3). Eventually, in order to place the closed-loop
system eigenvalues closed to 0, we set a = 0, and b = ψ, where ψ : 0 ≤ ψ < 1.
Thus, all system eigenvalues are guaranteed to have a module inferior to ψ. As a
result, the system has the slowest time-constant inferior to −Ts/ln(ψ). In terms of
number of iterations, such performance is equal to a maximum value �−1/ln(ψ)�
of iterations. �
Remark 1. If the mentioned LMI has a solution, then the closed-loop multi-
agent system is guaranteed to be stable. In addition, the PID structure for the
distributed controller may suggest that consensus should be reached for any con-
stant disturbance vector ω. Unfortunately, this is not automatically guaranteed
in the MIMO case by the mentioned LMI conditions, and in this framework it
is only verified a posteriori. Note that the MIMO PID controller is not block
diagonal. Nonetheless, if such LMI has a solution then, according to the well-
known Francis equations, a necessary condition for the proposed controller to
reject constant exogenous signals is l ≥ m.

Remark 2. If the mentioned LMI has a solution and consensus is reached, still
the disturbance has a role in determining the common function to which the
agents converge, called consensus function.

3 Leader-follower Consensus with Time-varying
Reference State

3.1 Problem Formulation

The results shown in Sect. 2 can be easily applied to solve the following leader-
follower problem. Consider N + 1 discrete-time linear agents, whose dynamics
are described by{

x+
0 = Ax0 + B1u0

y0 = Cx0

,

{
x+

i = Axi + B2ui, i = 1, . . . , N

yi = Cxi

(11)

where A ∈ R
n×n, B1 ∈ R

n×h, B2 ∈ R
n×l, C ∈ R

m×n, x0 � x0(k) ∈ R
n is the

state of the N + 1 agent, called leader, y0 � y0(k) ∈ R
m is its measured output

and the variable on which we want the follower measured and controlled outputs
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yi to converge, and u0 � u0(k) ∈ R
h is a time-varying unknown control acting

on the leader dynamics. We additionally suppose that l ≥ m. Concerning the
remaining N follower agents, system description equivalent to (1) holds. The
followers are assumed to communicate on an undirected connected graph whose
Laplacian matrix is L. The leader can pass information to a subset of followers.
If agent i receives information from the leader, then we set ai0 equal to 1, and
equal to 0 otherwise. Thus we can define M � L + diag(a10, . . . , aN0), which is
symmetric and positive definite. Differently from the leaderless consensus case,
without loss of generality we consider A to be Schur stable. The aim of the present
problem is indeed not the one of stabilizing each single agent, but rather to steer
the follower agents state to the leader one despite the presence of u0, which
makes the leader dynamics time-varying. Moreover, as done for the leaderless
case, we consider the general case of weighted consensus. In other words we aim
at finding a distributed control law to minimize ‖yi/χi − y0/χ0‖ for i = 1, . . . , N ,
where χi, χ0 ∈ R

+. In order to accomplish such objective we aim to employ the
controller of form (2), (3), where we consider a modified variable si in order to
take into account the communication with the leader agent, according to

si =
N∑

j=1

aij

(
yi

χi
− yj

χj

)
+ ai0

(
yi

χi
− y0

χ0

)
(12)

Eventually, by using D, which we recall to be D = diag(1/χ1, . . . , 1/χN), we
can additionally define M̂ � DM, which satisfies Lemmas 4, and 5, and it
has minimum and maximum positive real eigenvalues equal to λM̂, and λ̄M̂
respectively.

3.2 Fast Weighted Leader-follower Consensus

Similar to Definition 1, we provide the following

Definition 2. System (11) is said to achieve fast weighted leader-follower
consensus with performance index τ ∈ R

+ when u0 = 0, if for any initial condi-
tion, limk→∞ ‖yi/χi − y0/χ0‖ = 0 for i = 1, . . . , N , and (1 − e−1)% of consensus
is achieved in a maximum number of steps equal to �τ�.
The following result, similar to Theorem 1, is based on Theorem 4 of [24] reported
in Appendix 2.

Theorem 2. Given the system described by (11), where N follower agents can
communicate on an undirected connected graph, and one leader can communi-
cate with a non-empty subset of followers; consider the distributed protocol of
equations (2), (3), (12); then the systems achieve fast leader-follower consensus
with performance index τ = −1/ln(ψ), where ψ ∈ R : 0 ≤ ψ < 1, if there exist two
symmetric positive definite matrices P , P̄ ∈ R

n̄×n̄ such that the LMI conditions
of Theorem 4 in Appendix 2 are simultaneously satisfied for two LTI systems
whose dynamic, input and output matrices are respectively (A,B2, λM̂C), and
(A,B2, λ̄M̂C), and where the real constants (a, b) to be set in Theorem 4 in
Appendix 2 are chosen to be (a, b) = (0, ψ).
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Proof. The proof is similar to the one of Theorem 1. By defining error ei �
xi − x0

χi/χ0, ξi � col(ei, xci
), and ζi � Cei the closed-loop system for the

generic follower agent i is given by⎧⎪⎨
⎪⎩

ξ+i = Âξi + B̂

(
N∑

j=1

aij

(
ξi

χi
− ξj

χj

)
+ ai0

ξi

χi

)
+ χiB̃u0

ζi = C̄ξi

where Â, B̂, C̄ are defined in (5), and B̃ � [−B�
1 /χ0 0h×2l]�. Defining u0 �

1N ⊗ u0, and u0 � (D ⊗ In̄)ũ0 ,we then gather the N agent equations together
{

ξ+ =
(
IN ⊗ Â + MD ⊗ B̂

)
ξ +

(
IN ⊗ B̃

)
ũ0

ζ =
(
IN ⊗ C̄

)
ξ

(13)

We consider the change of coordinates ξ̄ � (D⊗In̄)ξ, and define ū0 � (D⊗In̄)ũ0,
ζ̄ � (D ⊗ In̄)ζ, system (13) can be rewritten in the new coordinates as

{
ξ̄+ =

(
IN ⊗ Â + M̂ ⊗ B̂

)
ξ̄ +

(
IN ⊗ B̃

)
ū0

ζ̄ =
(
IN ⊗ C̄

)
ξ̄

From the definition of M̂, there exists an orthogonal matrix U : U�M̂U � Λ =
diag(λ1, . . . , λN ), where λi ∈ R : λi > 0 for i = 1, . . . , N , so that we can define
the change of coordinates ξ̄ � (U ⊗ In̄)ξ̂, ũ0 � (U ⊗ Ih)û0, ζ̄ � (U ⊗ Im)ζ̂. By
applying similar calculation as in the previous sections, the global system in the
new coordinates is{

ξ̂+ =
(
IN ⊗ Â + Λ ⊗ B̂

)
ξ̂ +

(
IN ⊗ B̃

)
û0

ζ̂ =
(
IN ⊗ C̄

)
ξ̂

(14)
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(a) CART power coefficient.
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(b) Two-mass model of WT mechanics.

Fig. 2. Wind turbine aerodynamics and mechanics.
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Splitting (14) in N subsystems yields the following equation for subsystem i⎧⎪⎨
⎪⎩

ξ̂+i =

[
(A + B2Dc(λiC)) B2Cc

Bc(λiC) Ac

]
ξ̂i +

[
−B1/χ0

0

]
û0

ζ̂i = Cêi

(15)

where ξ̂i � col(êi, x̂ci
). System (15) can be equivalently described as the connec-

tion of the two following systems⎧⎪⎨
⎪⎩

ê+i = Aêi + B2ûi − B1/χ0û0

ŷi � (λiC)êi

ζ̂i = Cêi

,

{
x̂+

ci
= Acx̂ci

+ Bcŷi

ûi � Ccx̂ci
+ Dcŷi

(16)

The rest of the proof is similar to the last part of the one of Theorem 1. In
particular, since system (15) can be seen as one system with uncertain parameter
λi ∈ [λM̂, λ̄M̂], we make use of LMI conditions of Theorem 4 in Appendix 2, and
we impose them to be simultaneously satisfied for two systems at the vertexes
of the polytope having matrices (A,B2, λM̂C), and (A,B2, λ̄M̂C). The proof is
concluded as for Theorem 1. �
Remark 3. A similar remark to the one of Remark 1 holds for the leader-follower
consensus case too. In particular, having imposed a PID structure for the dis-
tributed controller is not sufficient to guarantee rejection of constant u0 vectors
in the MIMO case. A necessary condition though is given by l ≥ m.

4 Wind Farm Control Problem

4.1 Wind Turbine Model

The wind turbine model describes the conversion from wind power to electric
power. The wind kinetic energy captured by the turbine is turned into mechanical
energy of the turbine rotor, turning at an angular speed ωr and subject to a
torque Tr. In terms of extracted power, it can be described by the nonlinear
function

Pr = ωrTr =
1
2
ρπR2v3Cp (λ, ϑ) (17)

where ρ is the air density, R is the radius of the rotor blades, ϑ is the pitch angle, v
is the effective wind speed representing the wind field impact on the turbine, λ is
the tip speed ratio given by λ = ωrR

v . Cp, nonlinear function of the tip speed ratio
and pitch angle, is the power coefficient. This is typically provided in turbine
specifications as a lookup table. As far as the turbine parameters are concerned,
in this work we make use of the CART (Controls Advanced Research Turbine)
power coefficient shown in Fig. 2(a). This turbine is located at NREL’s National
Wind Technology Center. Nonetheless, we employ a polynomial approximation
of Cp for the purpose of the synthesis of the controller. Referring to a two-mass
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model as in [25], shown in Fig. 2(b), then the low speed shaft torque Tls acts as a
braking torque on the rotor, and the generator is driven by the high speed torque
Ths and braked by the generator electromagnetic torque Tem. The drive train
turns the slow rotor speed into high speed on the generator side, ωg. Finally Jr

is the rotor inertia, Kr, and Kg damping coefficients, ng the gear ratio, and Jg

the generator inertia. The dynamics of the WT is thus described by⎧⎨
⎩Jrω̇r =

Pr

ωr
− Krωr − Tls

Jgω̇g = Ths − Kgωg − Tg

In this work we also consider a first order system to model the pitch actuator,
endowed with a sigmoid function σ : R → [ϑmin, ϑmax] to model the pitch
saturation. In addition, for ease of further development we can represent the
system dynamics on the only low speed shaft side, obtaining the reduced overall
model ⎧⎪⎪⎨

⎪⎪⎩
τϑϑ̇s = −ϑs + ϑr

ϑ = σ(ϑs)

Jtω̇r =
Pr(ωr, ϑ, v)

ωr
− Ktωr − Tg

(18)

where Tg � ngTem, Jt � Jr + n2
gJg, Kt � Kr + n2

gKg, and where we used the
relationship ng = ωg/ωr = Tls/Ths. Eventually, neglecting the generator losses,
the electric power delivered to the grid is P = Tgωr. The system inputs are Tg,
and ϑr, while the wind speed v acts as a disturbance. The feasible domain of the
state variable is X �

{
(ωr, ϑ) ∈ R

2 : ωr ∈ [ωr,min, ωr,max], ϑ ∈ [ϑmin, ϑmax]
}
.

4.2 Problem Statement

In the sequel, for consistency of notation, we add index i to the WT variables
described in the previous subsection when referring to turbine i variables, and
we drop it when the results hold for any WT. At low wind speed, WTs are
usually operated according to the well-known MPPT algorithm. The maximum
power that a WT can extract from the wind is thus always attained for the
same constant value of ϑ, named here ϑo, depending on the turbine Cp, and by
controlling the WT to track the optimal tip speed ratio value

λo � arg max
λ

Pr(v, ϑo, λ) = arg max
λ

Cp(λ, ϑo)

We name Co
p � Cp(λo, ϑo), and P o(v) � Pr(v, ϑo, λo). For the considered CART

turbine λo ∼= 8. Nonetheless, when considering the wake effect in the optimization
step of a farm of N WTs, the optimal value of Cp related to the generic turbine
i is such that C�

p,i ≤ Co
p . As a matter of fact, this implies that a turbine i should

track an optimal power reference P �
i (vi) that satisfies P �

i (vi) ≤ P o
i (vi), i.e. it

has to be deloaded if maximum wind farm power is seek. The reader may refer
to the works of e.g. [19,26] to see how values C�

p,i can be computed. According
to the usually employed wake models, as well as the following
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Assumption 1. For i = 1, · · · , N , vi is such that P �
i (vi) < Pn, where Pn is the

WT nominal power.

Then, the static optimization step needs to be run only when the wind direction
changes, as optimal values C�

p,i do not depend on the wind speed value, but only
on its direction [19].

Assumption 2. The average wind direction is considered to be slowly varying
with respect to the system dynamics. Thus, it is considered to be constant.

We can formulate the overall WF control problem in two subproblems, the first
of which being

Problem 1. Consider the system described by (18). Given an effective wind
speed signal v(t), and a time-varying reference trajectory P ref (t), verifying
P ref (t) ≤ P o(t) ∀t ≥ 0, find the signals (ϑr(t), Tg(t)) ∀t ≥ 0 such that
lim

t→∞ |P ref (t) − P (t)| = 0 for every initial condition (ωr(0), ϑ(0)) ∈ X : P (0) ≤
P o(0).

Let us now assume that each local WT controller can measure, or estimate, the
effective wind speed vm,i(t) such that vi(t) = vm,i(t) + vd,i(t) ∀t ≥ 0. Thus vd,i

represents a nonmeasurable time varying disturbance for turbine i.

Assumption 3. We consider small zero-mean disturbances vd,i with respect to
vm,i, and slowly-varying with respect to the dynamics of (18).

Each WT can compute its power reference, as described in [27], from its maxi-
mum available power P o

i , according to

P fw
i � Pi(vm,i) =

C�
p,i

Co
p

P o
i (vm,i) (19)

which is optimal in nominal conditions, i.e. P �
i (vi) =

C�
p,i

Co
p

P o
i (vi) when vd,i ≡ 0.

We can additionally require the WTs to meet an optimal relative power sharing
condition given by

Pi

χi
=

Pk

χk
i, k = 1, · · · , N (20)

Indeed, by naming P o
∞ the maximum power that a WT can extract from the

wind if there is no wake effect, from (19) we have that

Pi

C�
p,i

=
P o

i

Co
p

= γi
P o

∞
Co

p

, i = 1, · · · , N

Pi

γiC�
p,i

=
Pk

γkC�
p,k

i, k = 1, · · · , N

We name χi � γiC
�
p,i ∈ R

+, and where γi = P o
i /P o

∞ = (vi/v∞)3 are constant
values for any value of v∞ according to Assumptions 1, and 2, being v∞ the
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free stream wind speed. In the sequel, in order to make the difference with
condition (20) clear, we will refer to (19) as the absolute power reference. This
is optimal if the corresponding vd,i = 0. Despite being redundant information
with respect to (19) in nominal conditions, as it will be made clear in the sequel,
condition (20) provides additional signals that can be exploited when the system
is subject to disturbances. We can now state the second subproblem.

Problem 2. Given N identical WTs, allowed to communicate on an undirected
connected graph G; given optimal values C�

p,i, and χi, i = 1, . . . , N ; find P ref
i (t)

∀t ≥ 0, i = . . . , N such that each Pi tracks (19), while minimizing the error
|Pi/χi − Pj/χj|, i, j = 1 . . . , N , under the presence of vd,i(t).

The idea behind Problem 2 is to exploit additional information concerning opti-
mal WTs relative power values in order to even out the system disturbances on
the optimal power sharing defined by the higher optimization step.

5 Wind Farm Control Design

5.1 Wind Turbine Control for Deloaded Mode

According to the WF optimization problem, it turns out that every WT causing
a reduction of available wind power of another one, is very likely to be subject
to an optimal Cp value such that C�

p,i < Co
p , i.e. strictly inferior. Thus, WTs

whose C�
p,i verifies C�

p,i = Co
p should simply perform classic MPPT regardless

the disturbances of the system and the other WTs operating points, and they
can be controlled with classic local controllers. In the sequel we only consider
WTs that have to be strictly deloaded with respect to their P o

i .
In this subsection we propose an approximated asymptotic output tracking
(AOT) technique to control a WT in deloaded mode, and it is based on the
work of [25]. However, differently from [25], power tracking is here achieved by
employing both the rotor angular speed and the pitch angle. The local WT con-
troller is composed of a first loop to control ωr. We impose a first order dynamics
to the rotor speed tracking error εω � ωref − ωr, i.e.

ε̇ω + a0εω = 0

by choosing a0 ∈ R
+. If we name w � a0ω

ref +ω̇ref , this is attained by using (18)
as

Tg = Tr − (Kt − a0Jt)ωr − Jtw (21)

We choose to regulate the power output P by acting on the pitch angle, and
by imposing a first order dynamics to the electric power tracking error εp �
P ref − P , i.e.

ε̇p + b0εp = 0 (22)
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where b0 ∈ R
+. This is attained via feedback linearization (FL) on (18) by

choosing the feedback linearizing input

ϑr =
1

β(ωr, ϑs, v)

(
Ṗ ref − ωr

∂Tr

∂v
v̇ +

ωr

τϑ

∂Tr

∂ϑ

dσ

dϑs
ϑs + Jtẇωr

+
(

2(Kt − a0Jt)ωr − Tr + Jtw − ωr
∂Tr

∂ωr

)
(−a0ωr + w) + b0εp

)
(23)

where
∂Tr

∂ωr
,

∂Tr

∂ϑ
, and

∂Tr

∂v
are functions of (ωr, ϑ, v), and β � ωr

τϑ

dσ

dϑs

∂Tr

∂ϑ
.

As pointed out in our previous work [28], there exist points in which β = 0,
called singular points, i.e. points in which (23), feedback linearizing input with
respect to output P , is not well-defined. These points are determined by the
solution of

∂Cq

∂ϑ
(ωr, ϑ, v) =

∂Cq

∂ϑ
(λ, ϑ) = 0

being Cq � Cp

λ
, since

β(ωr, ϑs, v) =
ωr

2τϑ
ρπR3v2 dσ

dϑs

∂Cq

∂ϑ
(ωr, σ(ϑs), v) ∼= ωr

2τϑ
ρπR3v2 ∂Cq

∂ϑ
(ωr, ϑ, v)

in the domain of interest of ϑ, and ωr, v > 0. In Fig. 3(a) the white area rep-
resents Λ � {(λ, ϑ) : (ωr, ϑ) ∈ X ∧ β < 0}. If ωref is chosen to let λ be in a
neighborhood of λo, and ϑ > ϑo in order to deload the WT, where ϑo � 0◦ for
CART turbine, then it is clear that β is negative-valued in the points of function-
ing of interest. In order to ensure that the trajectories of the closed loop system,
defined by (18), (21), (23), do not pass through singular points, we consider a
modified FL function for ϑr, by replacing the β function appearing in (23) with

β̂ � ωr

2τϑ
ρπR3v2 dσ

dϑs

(
∂Cq

∂ϑ
(λ, ϑ) − ε(λ, ϑ)

)

ε(λ, ϑ) �

⎧⎨
⎩�max

{
∂Cq

∂ϑ
(λ, ϑ), 0

}
if

∂Cq

∂ϑ
(λ, ϑ) �= 0

ε1 otherwise

(24)

where ε1 is a small positive value, and � > 1 is a tunable parameter to let some
margin to have β̂ negative-valued in the system trajectories. Thus we obtain
an expanded negative-valued area Λ̂ �

{
(λ, ϑ) : (ωr, ϑ) ∈ X ∧ β̂ < 0

}
, shown in

Fig. 3(b). The idea is thus to perform an approximated FL only when the system
trajectories come close to a singular point. Clearly, in this case, the chosen ϑr no
longer guarantees satisfaction of (22). Nonetheless, under proper choice of ωref ,
and deloading technique, approximation (24) may occur only during transients.
We can summarize the results in this subsection by stating the following
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(a) Λ, white area, set of (λ, ϑ) such
that β(λ, ϑ) < 0.

(b) Λ̂, white area, set of (λ, ϑ) such
that β̂(λ, ϑ) < 0.

Fig. 3. Singular points with and without β approximation.

Theorem 3. Given system (18), controlled via (21), and (23), where the β
function is replaced with (24). For any initial condition (ωr(0), ϑ(0)) ∈ Λ̂, the
system trajectories are bounded if parameters b0, ε1, and � are chosen such that
ε1 > 0 is sufficiently small, � > 1, and b0 > − 	

1−	 . In addition, if ∃t̄ ≥ 0 such

that
∂Cq

∂ϑ
(λ(t), ϑ(t)) < 0 ∀t ≥ t̄, then lim

t→∞ |P ref (t) − P (t)| = 0.

Proof. First of all, initial conditions in Λ̂ imply β̂(0) < 0, then ε1 > 0, � > 1
allow β̂(t) < 0 ∀t ≥ 0. In particular β̂(t) �= 0 ∀t ≥ 0, thus (23) is well-defined.
Note that initial conditions considered in Problem 1 satisfy β̂(0) < 0, belonging
to Λ̂ shown in Fig. 3(b). The system dynamics in closed loop is given by

ε̇p =
(

−b0 + 1 − β

β + βε

)
εp +

(
1 − β

β + βε

)
ϕ(ς) (25)

where we named βε � β̂ − β, and ϕ(ς) the function composed of all the terms
appearing in the right factor of (23) deprived of the term b0εp, and being ς �
(ωr, v, ϑs, v̇, w, ẇ, Ṗ ref ), i.e.

ϕ(ς) � Ṗ ref − ωr
∂Tr

∂v
v̇ +

ωr

τϑ

∂Tr

∂ϑ

dσ

dϑs
ϑs + Jtẇωr

+
(

2(Kt − a0Jt)ωr − Tr + Jtw − ωr
∂Tr

∂ωr

)
(−a0ωr + w)

The term
(

1 − β

β + βε

)
ϕ(ς) is bounded in the trajectories thanks to the choice

of βε, and being ϕ a continuous function on a compact set. In fact, this is compact
because the wind is limited, w, ẇ, Ṗ ref are chosen to be so, ωr is bounded thanks

to (21), and term
dσ

dϑs
ϑs is bounded. Thus it will be considered as a bounded
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input of (25) to simplify the analysis. Finally system (25) with ϕ(ς) ≡ 0, given
by

ε̇p =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
−b0 + 1 − 1

ε1

)
εp if β = 0

(
−b0 + 1 − 1

1 − �

)
εp if β > 0

−b0εp otherwise

(26)

is stable if, for instance, we choose b0 > − �

1 − �
, and ε1 < 1. This can be proved

by choosing V (εp) � 1
2ε2p as a common Lyapunov function for the family of

systems (26), (see [29]). Eventually, if for some t̄ ≥ 0 :
∂Cq

∂ϑ
< 0 ∀t ≥ t̄, then (25)

reduces to ε̇p = −b0εp, thus P → P ref for t → ∞.

Remark 4. Concerning ωref , we make the choice to use the MPPT signal
ωo

r = λov
R sufficiently filtered of its high frequency components. There are dif-

ferent motivations to support this choice. First of all, if v varies rapidly so it
does ωo

r , then if we consider ωref = ωo
r , its variation would directly effect ϑr

via (23), and in turns ϑ. This fact risks to make ϑ hit the saturation constraints
of the sigmoid function and, more in general, not to let the constraints on ϑ̇
be respected, as in this framework they are only verified a posteriori. Secondly,
if ωref varies too rapidly, by empirical results it turns out that the closed-loop
system trajectories are more likely to approach singular points, letting the acti-
vation of ε(λ, ϑ) defined in (24), and not allowing satisfaction of (22). On the
other hand, filtering ωo

r let (23) be defined, i.e. it fulfils the requirement of track-
ing the desired deloaded power reference. The physical explanation of this fact
is that for a given deloaded P ref there exist infinite pairs (ωr, ϑ) ∈ X that let
a WT track it, (see e.g. [30,31]), and by filtering ωo

r , we are simply considering
another possible choice of couples (ωr, ϑ) than the one in which ωr = ωo

r .

5.2 Disturbance Effect and Additional Local Control Settings

Assumption 4. Trajectories of the closed-loop system described by (18), (21),

(23) verify
∂Cq

∂ϑ
< 0.

As previously mentioned, we assume that turbine i local controller is able to
measure vm,i such that vi = vm,i + vd,i. The effect of vd,i on the closed loop
dynamics can be thus approximated as

ε̇p,i = −b0εp,i + μ1(ζ̂i)vd,i + μ2(ζ̂i)v2
d,i + μ3(ζ̂i)v̇d,i (27)

obtained via first order Taylor expansion of the functions depending on vi, in

a neighborhood of vm,i, e.g. Tr(vi) ∼= Tr(vm,i) +
∂Tr

∂v
(vm,i)vd,i, and where ζ̂i �

(ωr,i, ϑi, vm,i, v̇m,i). Functions μ1, μ2, μ3 are not reported here for the sake of
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brevity. According to Assumption 3 we neglect μ3(ζ̂i)v̇d,i. Moreover, by numerical
simulation, the contribution of term μ2v

2
d,i can be neglected with respect to

μ1vd,i. On the compact set on which μ1 is defined, the function satisfies μ1,min ≤
μ1 ≤ 0, thus in the sequel we treat μ1 as a parametric uncertainty, and we drop
its dependency on ζ̂i for ease of notation. Being interested in a discrete-time
communication set-up among the WTs, we shall consider system (27) discretized
at sampling time Ts. This is given by[

ξi(k + 1)
Pi(k + 1)

]
=
[

0 0
−1 (1 − Tsb0)

] [
ξi(k)
Pi(k)

]
+[

1
(1 + Tsb0)

]
P ref

i (k) +
[

0
μ1Ts

]
vd,i(k)

(28)

where we used Euler approximation, Ṗ ref
i

∼= (P ref
i (k) − P ref

i (k − 1))
Ts

, and we

named ξi(k) � P ref
i (k − 1). System (28) is required to track the optimal power

reference provided by the higher optimization step according to (19). For the
moment, let us assume that P fw

i , i = 1, . . . , N are not affected by wind mea-
surement error, i.e. P fw

i (vi). Because of the presence of vd,i in (28), affecting the
controlled WT dynamics, a simple setting of P ref

i = P fw
i does not guarantee

Pi to asymptotically converge to P fw
i , nor the satisfaction of relationship (20),

describing the optimal relative power sharing values among the WTs. Under
the assumption of communicating WTs on an undirected connected graph G,
whose associated Laplacian matrix is L, one could think to exploit the lead-
erless PID-like distributed protocol developed in Sect. 2 to reduce the effect of
vd on the weighted consensus among the WTs, by acting on P ref

i . Nonetheless,
as pointed out in Remark 2, still the consensus function to which the system
converges depends in the disturbance signals. As a result, even if relative dis-
tances on power values according to (20) can be respected thanks to consensus
control, there is no general guarantee for the power values to reach P fw

i . This is
why before continuing our analysis on WF consensus control, we introduce an
additional local PI loop to system (28) to let convergence to the absolute power
value P fw

i . Note that the two integral actions, namely the internal loop one con-
trolling Pi to P fw

i , and the distributed control one controlling Pi to satisfy con-
dition (20), are not in contradiction if P fw

i are measurement error free. Indeed,
by naming P fw � col(P fw

1 , . . . , P fw
N ), then by construction, LDP fw = 0, where

recall D � diag( 1
χ1

, · · · , 1
χN

), which is exactly the weighted consensus condition
seek by the distributed protocol. As a consequence, in such case of perfect infor-
mation on P fw

i , the distributed consensus is not necessary to let condition (20)
be satisfied, as it is already ensured by the internal PI. However, even in this
case, consensus control can be employed to enhance closed-loop performance.

The above discussion holds for the case in which the wind disturbance vd,i

only affects the system equations as shown in (28). However, vd,i has also a
role in the computation of P fw

i , since in reality we have P fw
i (vm,i) �= P fw

i (vi).
In this case, condition LDP fw = 0 generally does not hold, i.e. the power
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references provided to the local WT controller may not let satisfaction of the
optimal relative power sharing. Under these circumstances, the distributed PID
does have a role in forcing weighted consensus among the WTs. Moreover, the
two integral actions may come to a conflict. In the following we decide to give
priority to consensus seeking over the local PI effect by allowing the distributed
control action modify the local error P fw

i − Pi. This is achieved by considering
the dashed arrow shown in the control scheme of Fig. 4, where the overall WT
control is illustrated. The idea behind this choice is that zero-mean disturbances
on the local power references P fw

i can be globally evened out by enforcing relative
power distances among the network of wind turbines.

P fw
i

Kl
I

∫
Kl

P

AOT
control

PID{Pj |j ∈ Ni}

+

+ + +

P ref
i

−

Pi

+

ui

+

Pi

Fig. 4. WT control scheme: the local control is composed of an AOT step and of a
PI; the distributed control has a PID structure. Each WT i receives P values from its
neighbors, i.e. WTs j ∈ Ni.

By naming Kl
I , and Kl

P respectively the integral, and proportional gains of the
local PI, we can write (28) in closed-loop as xi(k + 1) = Axi(k) + B2ui(k) +
BfwP fw

i (k) + Bwvd,i(k), where

A �

⎡
⎢⎢⎣

1 0 −Kl
ITs

1 0 −Kl
P

(1 + Tsb0) −1 (1 − Tsb0
− Kl

P (1 + Tsb0))

⎤
⎥⎥⎦ , Bw �

⎡
⎣ 0

0
μ1Ts

⎤
⎦

B2 �

⎡
⎣ Kl

ITs

1
(1 + Tsb0)

⎤
⎦ , Bfw �

⎡
⎣ Kl

ITs

Kl
P

(1 + Tsb0)Kl
P

⎤
⎦

(29)

and where we named xi � col(δi, ξi, Pi), being δi the state of the local integral
action, P fw

i a forward signal, and ui is left as a degree of freedom to let dis-
tributed control. Note that other choices for the introduction of ui in the internal
WT control loop would have been possible.
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5.3 Wind Farm Distributed Protocols

Leaderless Consensus. As previously mentioned, consensus control over the
WF can be employed to let satisfaction of relationship (20) over a set of N
controlled WTs of the form of (29). This can be done by making use of the tools
concerning leaderless consensus shown in Sect. 2. This is simply obtained by
choosing as A, B2 the matrices of (29), C = [0 0 1], i.e. Pi is the measured and
controlled output, and B1 = [Bfw Bw], i.e. P fw

i , and vd,i are both considered
as disturbances with respect to the weighted consensus.
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time (s)
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(a) Free stream wind speed.
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v
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v
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v
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(b) Wind disturbances speed.

Fig. 5. Wind signals.

Remark 5. The considered control approach relies on Assumption 3. In particu-
lar disturbances vd,i are supposed to be zero-mean signals. If there exist WTs for
which vd,i has not zero mean, then the corresponding absolute power reference
P fw

i would be in average different from the optimal one. Unfortunately under
these circumstances, there is no hope for the optimal absolute power sharing
to be satisfied by the only means of consensus control, even if optimal relative
power sharing condition (20) is satisfied. This is due to the fact that in a net-
work of agents communicating on an undirected graph, each of them has a role in
determining the consensus function to which they converge. Thus, WTs affected
by nonzero-mean wind disturbance would make the whole network deviate from
the optimal absolute power values in average.

Leader-follower Consensus. Since leaderless consensus technique fails to
restore optimal absolute power references when some WTs in the wind farm are
subject to nonzero-mean wind measurement errors, if the WTs being affected by
nonzero-mean wind disturbances can be detected and isolated then, for instance,
the leader-follower techniques developed in Sect. 3 can be employed to restore
the optimal power references in the concerned WTs. This could be achieved by
letting the faulty WTs be follower agents, and the unfaulty WT network serve
as a leader.

If, for the sake of simplicity, we consider only one WT not to be affected
by absolute power reference error, and we thus let it be the only leader in the
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WF, then Theorem 2 can be applied by choosing A, B2 the matrices of (29),
C = [0 0 1], and B1 = Bfw. In addition to what shown in the leader-follower
development of Sect. 3, in this case either the followers and the leader are addi-
tionally subject to disturbances via matrix [Bfw Bw], i.e. P fw

i , and vd,i are
both considered as disturbances with respect to the weighted consensus.

6 Simulation

In the following we propose some numerical simulations to show the overall
WF control performance in both leaderless and leader-follower modes. In the
considered simulation test, the system is subject to two sources of model-plant
mismatches. The first one is caused by differences between the polynomial Cp

approximation used for the AOT-based controller design and the CART power
coefficient given as a lookup table, shown in Fig. 2(a). The second one is given
by the way vd,i acts on WT i. Indeed, each vd,i affects the according WT i
dynamics via the mechanical power Pr, (see Eq. (17)). This causes an additional
mismatch as recall that vd,i effect was approximated in Subsect. 5.2, leading to
the approximated model of system (28). We consider a WF composed of N = 6
WTs aligned one after the other according to the wind direction. We suppose the
6-th WT to be the last one of the row according to the wind direction. Thus it
is required to always operate in classic MPPT mode. In the following tests, it is
supposed to not intervene in the consensus control, and its power signals will not
be reported. Concerning leaderless control, the remaining WTs are supposed to
communicate on the undirected graph shown in Fig. 6(a). The free stream wind
speed v∞ blowing in front of WT 1 is chosen to have the profile of Fig. 5(a). The
other wind speed signals vi, i = 2, . . . , 5 are obtained from v∞ according to the
wake model, (e.g. see [19]). The local WT PI gains are set equal to Kl

P = 0.2,
and Kl

I = 0.8, while the PID gains for the aforementioned multi-agent system
found via Theorem 1 are Kp = 0.0072, Ki = −0.0638, Kd = 0.0013, and they
allow weighted consensus achievement with performance index τ = 24.5. The
disturbance vd � col(vd,1, . . . , vd,5) affecting the system is chosen to be the one
shown in Fig. 5(b). In this case P fw is computed on the available measurements
vm,i. Thus, they are corrupted by measurement error, and they do not respect the
optimal relative power sharing condition (20). For this simulation we show signals
LDP , DP , and P , where P � col(P1, . . . , P5). Indeed consensus is reached
when LDP = 0, which can be alternatively seen as weighted power signals

1 2 3 4 5

(a) Leaderless consensus graph.

1 2 3 4 5

(b) Leader-follower consensus
graph.

Fig. 6. WF example communication graph.
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Fig. 7. Wind farm leaderless control.
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Fig. 8. Zoom on LDP and DP during WF leaderless control.

DP reaching a common value, or as power signals P reaching defined constant
relative distances. These are illustrated in Fig. 7, from which we can also notice
that the aforesaid model-plant mismatches, as well as temporary dissatisfaction
of Assumption 4, cause persistent small oscillations around the reached weighted
consensus. For the sake of clarity, LDP , and DP are also shown in a zoomed
window in Fig. 8.

Eventually, we aim at showing how optimal absolute power references P �
i

can be restored via leader-follower consensus when some WTs in the WF are
affected by power reference error. In order to do, we consider a simple example
in which only the first WT in the row is error-free, and thus acts as the leader. In
such case, we consider the WF communication graph to be modified according
to Fig. 6(b), where the leader, WT 1, can communicate with WT 2 and WT 5
directly. The remaining WTs from 2 to 5 are followers and they can communicate
on an undirected connected graph. We suppose the leader vd,1 to be equal to the
one shown in Fig. 5(b), whereas the followers wind disturbances are nonzero-
mean signals of the form of vd,i = v̄d,i + ṽd,i, where ṽd,i is a zero-mean signal,
and v̄d,i a constant nonzero value. ṽd,i, i = 2, . . . , 5 are supposed to be equal to
the corresponding i-th signal in Fig. 5(b) used in the previous simulation, while
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(d) WT 5 restored power.

Fig. 9. Wind farm leader-follower control.

v̄d,i are such that the computed power references via (19) are P fw
2 = 80%P �

2 ,
P fw
3 = 60%P �

3 , P fw
4 = 30%P �

4 , P fw
5 = 40%P �

5 , i.e. without leader-follower
control action they would track a non-optimal power reference. By employing fast
leader-follower weighted consensus technique, the PID gains are Kp = 0.0082,
Ki = −0.0656, and Kd = −0.0028, and they allow a performance index equal
to τ = 24.5. Simulation results are illustrated in Fig. 9, where the red dashed
signals represent the original optimal power reference P �

i , and the blue solid
line the obtained power output via consensus control. We are able to conclude
that consensus control shows good performance in restoring the optimal absolute
power values. Small persistent errors are due to model-plant mismatches, by the
fact that the PID structure cannot reject general time-varying reference state,
and because wind disturbance ṽd,i also affects the system consensus function.

7 Conclusion

We presented a PID-like distributed protocol for general LTI MIMO discrete-
time agents. By employing LMIs we showed how the controller gains can be tuned
to solve two different, yet similar, problems, namely a leaderless under system
disturbances and a leader-follower under time-varying reference state weighted
consensus problem. The distributed control approaches were then applied to
treat some issues concerning the wind farm power maximization problem under
wake effect. In order to do so, first an approximated AOT control technique
allows a WT to track a general deloaded power reference by acting on both
the rotor speed and the pitch angle. Leaderless control technique was then used
to average out zero-mean wind disturbances from the optimal WF power shar-
ing, while we showed how leader-follower control can be applied to restore the
optimal power sharing in the case of power reference errors.
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In the near future it would be interesting to consider other LMI approaches,
such as H∞ loop-shaping, to tune a distributed controller that could take into
account prior knowledge about system disturbances for a better rejection on con-
sensus reaching. Concerning the wind farm control problem, consensus control
represents a fairly new approach, and it may lead to a great variety of other
applications, such as the distributed estimation of the wind field within a wind
farm.
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centralesupelec.fr/en/risegrid-institute-research-institute-smarter-electric-grids), joint
program between CentraleSupélec and EDF (’Electricité de France’) on smarter electric
grids.

Appendix

Appendix 1

A directed graph G, called digraph, is a pair (V, E), where V = {1, . . . , N} is
the set of nodes, and E ⊆ V × V is the set of unordered pairs of nodes, named
edges. Two nodes i, j are said to be adjacent if (i, j) ∈ E . In such case the
communication is supposed to be directed from i to j. We additionally define Ni

to be the set of neighbors of node i, i.e. Ni � {j ∈ V : (j, i) ∈ E}. The weighted
adjacency matrix A = [aij ] ∈ R

N×N associated with the digraph G, is defined
by aii = 0, i.e. self-loops are not allowed, and aij > 0 if (i, j) ∈ E . The Laplacian
matrix L = [lij ] ∈ R

N×N is defined as lii =
∑

j �=i aij and lij = −aij , i �= j.
Typically, if the adjacency matrix is not weighted, then we simply assign aij = 1
if (i, j) ∈ E . Moreover, under the assumption of undirected graph, (i, j) ∈ E
implies that (j, i) ∈ E too. In this report an undirected graph is always considered
to be not weighted. An undirected graph is connected if there exists a path
between every pair of distinct nodes, otherwise it is disconnected. If there exists
an edge between any two nodes, the graph is said to be complete. We provide
the following useful lemmas.

Lemma 1. [32] The Laplacian matrix has the following properties: (i) if A
refers to an undirected graph, then L is symmetric and all its eigenvalues are
either strictly positive or equal to 0, and 1 is the corresponding eigenvector to 0;
(ii) 0 is a simple eigenvalue of L if and only if the graph is connected.

Lemma 2. [33] Let L̄ =
[
l̄ij
] ∈ R

N×N be a Laplacian matrix such that
l̄ij = N−1/N if i = j, and l̄ij = −1/N otherwise, then the following hold: (i)
the eigenvalues of L̄ are 1 with multiplicity N − 1, and 0 with multiplicity 1. 1�

and 1 are respectively the left and right eigenvector associated to eigenvalue 0;
(ii) there exists an orthogonal matrix U ∈ R

N×N , i.e. U : U�U = UU� = I,
and whose last column is equal to 1/

√
N, such that for any Laplacian matrix L

associated to any undirected graph we have
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U�L̄U =
[

IN−1 0(N−1)×1

01×(N−1) 0

]
� Λ̄,

U�LU =
[ L1 0(N−1)×1

01×(N−1) 0

]

where L1 ∈ R
(N−1)×(N−1) is symmetric and positive definite if the graph is

connected.

Moreover we deduce the following extension of Lemma 2.

Lemma 3. Let L ∈ R
N×N be the Laplacian matrix associated to an undirected

connected graph, and let D ∈ R
N×N � 0, and symmetric, then the following

hold: (i) L̂ � DL � 0, all its eigenvalues are real, and 0 is a simple eigenvalue
with associated eigenvector 1; (ii) consider the orthogonal matrix U ∈ R

N×N

defined in Lemma 2, then

U�L̂U =
[ L̂1 0(N−1)×1

∗ 0

]

where ∗ indicates a generally nonempty row, L̂1 ∈ R
(N−1)×(N−1) � 0, and its

eigenvalues are real.

Proof. We have that DL = D1/2(D1/2LD1/2)D−1/2, thus DL is similar to a sym-
metric semi-definite positive matrix, so its eigenvalues are positive real. L̂ pre-
serves the 0 eigenvalue, and its associated eigenvector 1, as DL1 = 0. 0 is a
simple eigenvalue as D is nonsingular, and L has one simple 0 eigenvalue by
hypothesis. The last column of U�L̂U has all its entries equal to 0 because the
last column of U is 1/

√
N. Being U�L̂U block triangular, and similar to L̂, L̂1

has all real strictly positive eigenvalues. �
Lemma 4. Given two symmetric matrices A, and B of equal dimension such
that A � 0, and B � 0; then σ(AB) ⊂ C≥0.

Proof. It exists the symmetric matrix B1/2 : B1/2B1/2 = B, where B1/2 � 0, and
it exists B−1/2 : B−1/2B1/2 = B1/2B−1/2 = I. We have that AB = AB1/2B1/2 =
B−1/2

(
B1/2AB1/2

)
B1/2, thus σ(AB) ≡ σ(B1/2AB1/2). Moreover B1/2AB1/2 � 0

because A � 0 and B1/2 is symmetric. Thus σ(B1/2AB1/2) ⊂ C≥0. �
Lemma 5. Given two symmetric matrices A, and B of equal dimension; if A �
0 then AB is diagonalizable in R.

Proof. It exists the symmetric matrix A1/2 : A1/2A1/2 = A, where A1/2 � 0, and
it exists A−1/2 : A−1/2A1/2 = A1/2A−1/2 = I. We have A−1/2ABA1/2 = A1/2BA1/2,
and the latter is symmetric. Thus AB is similar to a symmetric matrix, so it is
diagonalizable in R. �
We recall the following lemma on Kronecker product ⊗
Lemma 6. [34] Suppose that U ∈ R

p×p, V ∈ R
q×q, X ∈ R

p×p, and Y ∈ R
q×q.

The following hold: (i) (U ⊗ V ) (X ⊗ Y ) = UX ⊗ V Y ; (ii) suppose U , and V

invertible, then (U ⊗ V )−1 = U−1 ⊗ V −1.
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Appendix 2

In the following we report the cited theorem of [24]. Consider the system of
equations {

x+ = Ax + Bu

y = Cx
(30)

where A ∈ R
n×n, B ∈ R

n×l, C ∈ R
m×n, x � x(k) ∈ R

n and x+ � x(k +1) ∈ R
n

are respectively the system state at the current step k, and at the next step
k + 1, u � u(k) ∈ R

l is the control input, and y � y(k) ∈ R
m is the measured

and controlled output. Define the matrices K �
[
D�

c B�
c

]�, and

Ã �
[

A BCc

02l×n Ac

]

where Ac, Bc, Cc, and Dc are defined in (3). Assuming B to be of full column
rank without loss of generality, there exists an invertible Tb ∈ R

n×n : TbB =[
0l×(n−l) Il×l

]�. Finally define

T �
[

Tb 0n×2l

02l×n I2l×2l

]

Thus, we have the following theorem

Theorem 4. Consider system (30). If there exists a positive definite matrix
P ∈ R

n̄×n̄, and a matrix

J =
[

J11 0(n̄−q)×3l

J21 J22

]

J22 ∈ R
3l×3l, and X ∈ R

3l×m, and we further name

Ω �
[

0(n̄−3l)×n 0(n̄−3l)×2l

XC 03l×2l

]

such that the following LMI has a solution[
bP ∗

Ω + JTÃ + aJT b(JT + (JT )� − P )

]
> 0

where ∗ indicates the transposed of the opposite term with respect to the matrix
diagonal, and if J is nonsingular, then by choosing K = J−1

22 X, the eigenvalues
of the following matrix

Acl �
[

(A + BDcC) B2Cc

BcC Ac

]

lie in the region FD �
{
(	[λ],
[λ]) : (	[λ] + a)2 +
[λ]2 < b2

}
.
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Abstract. In this paper, we study the problem of scheduling jobs on identical
parallel machines where the jobs are constrained with release dates and delivery
times and the machines must work under the non-idling constraint. This means
that each machine must process all the jobs affected to it continuously without
any intermediate delays. The objective is to minimize the maximum completion
time of all jobs (or makespan). This problem is strongly NP-hard [8] since its
particular case on only one non-idling machine has been proved to be strongly
NP-hard (see [4]). We first study the particular case on only one non-idling
machine. Then, we propose a new resolution methodology for the problem with
identical machines working under the non-idling constraint. We first suggest a
generalization of the well known rule of Jackson [10] in order to construct an
efficient feasible schedule for this problem. This rule gives priority to the ready
jobs with the greatest delivery time. Then, we extend the algorithm of Potts
which has been proposed in [13] to solve the one machine problem and later
extended in [12] to solve its non-idling version. Finally, we present the results of
a computational study which shows that the proposed heuristics are fast and
yields in most tests schedules with relative deviation which is on average less
than 0.5% and more than 50% of problem instances are solved optimally in few
seconds.

Keywords: Scheduling � Identical parallel machines � Non-idling constraint �
Release dates � Delivery times � Makespan � Approximation resolution

1 Introduction

In this paper, we consider the problem of scheduling a set I of n jobs on m identical
non-idling machines n[m� 2ð Þ. Each job i 1� i� nð Þ has to be processed for pi units
of time by one machine out of the set of machines and has a release date (or head) ri
before which it cannot be started. The job i has also a delivery time (or tail) qi that must
elapse between its completion on the machine and its exit from the system. The job i is
completed after spending pi time on one machine and then qi time in the system (i.e.
not on machine). Giving, a feasible schedule r, let fi rð Þ denotes the completion time of
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the job i and Ci rð Þ denotes the completion time of the job i on machine. Thus, we have
fi rð Þ ¼ ti rð Þþ pi þ qi and Ci rð Þ ¼ ti rð Þþ pi where ti rð Þ is the starting time of the job i
in the scheduling order of r. All data are assumed to be deterministic and integer and
all machines are ready from time zero onwards. The machines must work under the
non-idling constraint which means that each machine k 1� k�mð Þ must process all the
jobs affected to it continuously without any idle time. The makespan of the schedule r
is then calculated as follows:

fmax rð Þ ¼ max1� i� n ti rð Þþ pi þ qið Þ ¼ max1� i� n Ci rð Þþ qið Þ ð1Þ

The schedule r is said to be feasible if the following conditions are satisfied:

• We have ti rð Þ� ri for all i ¼ 1; . . .; n.
• Each machine must process at most one job at one time and no job is processed by

more than one machine.
• There is no idle time between two consecutive jobs on the same machine. If the job

i1 precedes immediately the job i2 on machine k, then, we must have,
Ci1 rð Þ ¼ ti1 rð Þþ pi1 ¼ ti2 rð Þ.
In the 3-field notation a bj jc, the non-idling constraint is represented in [4] by the

notation NI associated with the machine field a. Thus, the considered problem is
denoted P;NI ri; qij jfmax. As mentioned in [2], the problems P;NI ri; qij jfmax and
P;NI rij jLmax (i.e. minimizing the maximum lateness on identical parallel non-idling
machines) are equivalent. It is enough to set qi ¼ D� di for all i 2 I, where
D ¼ maxi2I di. In the equivalent form P;NI rij jLmax, Jackson’s rule schedules the
available job with the smallest due date instead of scheduling the job with the largest
delivery time.

The problem P;NI ri; qij jfmax is NP-hard in the strong sense since it is a general-
ization of the one machine scheduling problem 1;NI ri; qij jfmax which has been proved to
be strongly NP-hard in [4]. It is also an extension of the problem P ri; qij jfmax which is
also strongly NP-hard. We note that PjjCmax and P;NIjjCmax are equivalent since the set
of dominant schedules (i.e. the earliest ones) for the problem PjjCmax are non-idling.
However, Carlier deduced in [2] that when all data are integers and the processing times
are unit (or equal), the classic problem P pi ¼ 1; ri; qij jfmax is solved in polynomial time
using Jackson’s rule (see [10]). Otherwise, the deviation of Jackson’s schedule from the
optimum is smaller than twice the largest processing time. Also, the preemptive version
P ri; qi; pmtnj jfmax is solvable in polynomial time using a network flow formulation
(see [9]) and gives a tight lower bound for the classic problem P ri; qij jfmax. With adding
the non-idling constraint, the complexity of the problem P;NI pi ¼ 1; ri; qij jfmax remains
unknown (see [5]). Also, the preemptive problem P;NI ri; qi; pmtnj jfmax is not yet
studied and its complexity is thus unknown.

The non-idling machine constraint has just begun to receive research attention in
the literature and there are few papers dealing with such problems. Recently, some
aspects of the impact of the non-idling constraint on the complexity of the one machine
scheduling problems as well as the important role played by the earliest starting time of
a non-idling schedule has been studied in [4]. Moreover, a branch and bound method
has been designed to solve the problem 1;NI ri; qij jfmax in [3]. In a recent paper [12], the
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authors developed approximation algorithms for the same problem 1;NI ri; qij jfmax with
extending some classic results. Another exact method has been presented in [11] where
the author defined some necessary and/or sufficient conditions for obtaining non-idling
dominant sets of schedules (i.e. a dominant set is a set containing at least one optimal
schedule). He also described a constraint programming approach for solving exactly the
one non-idling machine scheduling problem with release dates and optimizing a regular
criterion (i.e. an objective function which is non-decreasing with respect to all com-
pletion times of jobs). We note that the makespan is a regular criterion.

In the case of parallel non-idling machines, the first works considering the non-
idling constraint are, to the best of our knowledge, those of [14] where the authors
introduced the Homogeneously Non-Idling (HNI in short) constraint. A schedule sat-
isfies the HNI constraint if, for any subset M0 of machines, the time slots at which at
least one machine of this subset is active make an interval. They studied the problem
where weakly dependent unit-time jobs have to be scheduled within the time windows
between their release dates and due dates. They also introduced the notion of pyramidal
structure and provided a structural necessary and sufficient condition for an instance of
the problem to be feasible. Later, Chrétienne gave in [5] an overview of the main
results obtained on the complexity of scheduling under the non-idling constraint for
non-idling one machine scheduling problems and some cases of non-idling parallel
machines scheduling problems.

The rest of the paper is organized as follows: In Sect. 2, we review the particular
case of one non-idling machine scheduling problem where we present the main results
obtained in the literature and we give some improvements. In Sect. 3, we study the case
of identical non-idling machines. We, first, discuss some dominant sets of solutions
(i.e. a set which must contain at least one optimal solution) and we expose some
conditions for obtaining non-idling dominant schedules. Then, we propose some
heuristics which construct good feasible schedules for the studied problem using
Jackson’s rule. We also present the lower bounds used to evaluate the proposed
heuristics. In Sect. 4, we present an evaluation of computational tests and we conclude
in Sect. 5.

2 The One Machine Problem 1;NI ri; qij jfmax

Some classic algorithms, proposed to solve the problem 1 ri; qij jfmax, has been easily
extended to solve its non-idling version 1;NI ri; qij jfmax with keeping the same effi-
ciency (see [4, 12]). According to [3], to solve the problem 1;NI ri; qij jfmax, we must
first adjust the release dates of all jobs by increasing some ones, then we apply
Jackson’s rule for the modified instance. More accurately, we first apply Jackson’s rule
to the problem instance. Let C denotes the machine ending time of the schedule
obtained after the first application of Jackson’s rule. A new instance is generated after
transforming the release dates of each job i i ¼ 1; . . .; nð Þ as follows:

ri ¼ max ri;C �
Xn

l¼1
pl

� �
ð2Þ
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If we apply again Jackson’s rule for the new instance as mentioned in [3], the
obtained schedule is non-idling and thus it is a feasible schedule for the problem
1;NI ri; qij jCmax. This solution is far from the optimal schedule with a distance smaller
than max1� i� n pi [4] and has a tight worst-case performance ratio of 2 (see [12]). To
improve the performance of Jackson’s algorithm for the relaxed problem 1 ri; qij jCmax,
Potts proposed in [13] to run Jackson’s algorithm at most n times to some modified
instances. Potts’s algorithm starts with Jackson’s sequence. Let r ¼ 1; 2; . . .; nð Þ be the
Jackson’s schedule where we suppose that the jobs are reindexed according to this
order and let B be the critical block (i.e. the set of jobs in the critical path). The job c
which attains the maximum completion time in Jackson’s schedule is called the critical
job. It is the last job in the sequence of B. The maximum completion time of r is
defined as follows:

Cmax rð Þ ¼ mini2B ri þ
X

i2B pi þ qcx ð3Þ

We suppose that a is the first job in the block B. Thus, there is no-idle time between
the processing of a to c. The sequence of jobs, a; aþ 1; . . .; c in the critical block B,
represents the critical path. An interference job b is a job in the critical path having a
delivery time smaller than c qb\qcð Þ. If there is an interference job b, then Pot’s
algorithm forced it to be scheduled after the critical job c in the next iteration by setting
rb ¼ rc. Kacem and kellerer [12] extended Potts’s algorithm (see [13]) and proved that
it has a tight worst-case performance ratio of 3

2. The non-idling version of Potts’s
algorithm solving the problem 1;NI ri; qij jCmax is described as follows. It can be exe-
cuted in O n2 log nð Þ operations.

We Note also that Chrétienne proved in [4] that when the preemption of jobs is
allowed or when the jobs are unit-time, the obtained schedules are respectively optimal
for the problems 1;NI pmtn; ri; qij jCmax and 1;NI pi ¼ 1; ri; qij jCmax.

NIPotts algorithm for the one machine problem 
Begin

Step 1.
Initialization:

2.1 Apply Jackson’s rule to the instance I ;
2.2 Update the current instance I by applying for each job 

2.3 Apply Jackson’s rule to I and store the obtained 
schedule
2.4 Set 

Step 3.
3.1 If or if there is no interference job in ,
then stop and return the best generated schedule among 

.
Otherwise, identify the interference job and the 
critical job c in .
3.2 Set  and go to step 2. 

End NIPotts
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Jouglet defines in [11] a non-idling semi-active schedule for the one machine
scheduling problem as a feasible schedule where no job can be scheduled earlier
without either changing the sequence of execution of jobs or violating a model con-
straint including the non-idling constraint. He demonstrates that the set of semi-active
schedule is dominant if the considered criterion is regular. In other words there exists at
least one optimal schedule which is semi-active. NIPotts algorithm construct a semi-
active schedule for the problem 1;NI ri; qij jCmax. Let j0 denotes the greatest index of job
such that rj0 ¼ tj0 . According to the position of j0 compared with jobs b and c in r, we
have three cases as follows.

• Case 1: The job j0 is scheduled before the interference job b (see Fig. 1.). In this
case, scheduling b after c rb ¼ rcð Þ can lead to a better schedule since the job c will
be scheduled earlier than in r. But, since the block 1; . . .; b� 1ð Þ can be scheduled
later than in r, this move will not improve the fmax-value whatever the instance of
the problem.

• Case 2: The job j0 is scheduled after the job b and before the job c (see Fig. 2.). In
this case, we have qj0 � qb or j0 ¼ b. So, scheduling b after c can improve the
obtained schedule only if j0 ¼ b. Otherwise, the job c cannot be scheduled earlier.

• Case 3: The job j0 is scheduled after the critical jobs c (see Fig. 3.). In this case, we
have qj0\qc or j0 ¼ c. So, scheduling the job b after the job c can lead to a better
schedule on machine since the job c will be scheduled earlier than in r.

Thus, we deduce that the move of the job b can improve the current schedule in all
cases.

Machine 

Time

Fig. 1. Case 1: The job j0 is scheduled before the interference job b.

Machine 

Time

Fig. 2. Case 2: The job j0 is scheduled after the interference job b and before the critical job c.

Machine 

Time

Fig. 3. Case 3: The job j0 is scheduled after the critical job c.
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3 The m Identical Machines Problem P;NI ri; qij jfmax

In parallel scheduling, a schedule r is represented by a permutation r ¼ �t1;�t2; . . .;�tnð Þ
where �t1 ��t2 � � � � ��tn. In this permutation �ti denotes the starting time of the ith job
which is scheduled on the first available machine. A schedule r can also be seen as a
set of sub-schedules r ¼ r1; r2; . . .;rmð Þ where rk is the sequence of jobs scheduled
on machine k and Ik the subset of jobs affected to machine k. Thus, we have:

Cmax rð Þ ¼ max1� k�m Cmax rkð Þð Þ ð4Þ

where

Cmax rkð Þ ¼ maxi2Ik ti þ pi þ qið Þ ð5Þ

and
[m

k¼1
Ik ¼ I ð6Þ

3.1 Dominance Rules

A dominant set of solutions (i.e. schedules) is a set in which there is at least one optimal
solution. In this section we discuss the set of dominant solution with adding the non-
idling constraint

The Non-idling Semi-active Schedules. A non-idling semi-active schedule for the
problem P;NI ri; qij jCmax is a feasible schedule where, on each machine, no job can be
scheduled earlier without either changing the sequence of execution of jobs or violating
a model constraint including the non-idling constraint. Each sub-schedule rk on
machine k must also be a non-idling semi-active sub-schedule of the correspondent
sub-problem on the set Ik.

The following theorem gives a necessary and sufficient condition for a non-idling
schedule to be semi-active for a non-idling identical parallel machines scheduling
problem optimizing a regular criterion.

Theorem [8]. A non-idling schedule r for the problem P;NI ri; qij jCmax is semi-active if,
and only if, on each machine k, there is at least one job which starts at its release date, i.e.

mini2Ik ti rð Þ � rið Þ ¼ 0 ð7Þ

where Ik is the set of jobs scheduled on machine k.

Proof. See [8].

Without loss of generality, we suppose that the release dates are arranged as follows
�r1 ��r2 � � � � ��rn where�ri present the ith greatest release time. This date isn’t necessarily
the release time of job i. An upper bound of the earliest starting time on machines in a
non-idling semi-active schedule is provided in the following corollary proved in [8].
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Corollary 1 [8]: The latest starts times for a non-idling semi-active schedule on
machines 1; . . .;m are respectively �rn�mþ 1; ; . . .�rn�1;�rn and these bounds are tight.

In the same way, a lower bound of the earliest starting time on machines in a non-
idling semi-active schedule is provided in the following corollary.

Corollary 2 [8]: The earliest starts times for a non-idling semi-active schedule on
machines 1; . . .;m are respectively r1; r2; . . .; rm and these bounds are tight.

The set of non-idling semi-active schedules is dominant for non-idling problems
where a regular criterion is to be minimized (proposition proved in [8]). This means
that there exists at least one optimal non-idling schedule which is semi-active for
problems with a regular criterion.

3.2 Construction of a Feasible Schedule

Carlier proved in [2] that a schedule constructed with applying Jackson’s rule for the
problem P ri; qij jCmax is far from the optimal schedule with a distance smaller than
2 max1� i� n pi � 1ð Þ. Gusfield proved in [6] that this schedule is far from the optimal
schedule with a distance smaller than 2m�1

m max1� i� n pi. In order to construct a good
feasible schedule for the problem P;NI ri; qij jCmax, we propose the following proce-
dure. First, we apply Jackson’s rule for the relaxed problem P ri; qij jCmax. Then, we
consider the obtained solution r as a set of sub-schedules r ¼ r1; r2; . . .; rmð Þ where
rk is the sequence of jobs scheduled on machine k and Ik the subset of jobs affected to
machine k

Sm
k¼1 Ik ¼ I

� �
. Thus, we have m sub-schedule rk where rk is related to the

one machine scheduling problem of the subset of jobs Ik on machine k. So, we can
apply Jackson’s rule to each sub-set Ik as a non-idling one machine sub-problem. Let
Ck denotes the minimal ending time of the sub-set Ik on machine k. Finally, we can see
that as a result, we have constructed a feasible non-idling schedule for the identical
parallel non-idling machines problem. The corresponding algorithm is described
below:

The Algorithm NIJSPARA 
Begin

Step 1. Initialization: 
Step 2. Apply Jackson’s rule to the instance I on  machine;
   
Step 3.

3.1 For  from 1 to 
Begin

Update the instance by applying for each job :

Apply Jackson’s rule to  and store the obtained 
subschedule

End for 
3.2

End NIJSPARA
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The algorithm NIJSPARA can be computed inO n log nð Þ operations. Indeed, step 1
needs n operation, Step 2 needs n log n operations and Step 3 needs n1 log n1 þ
n2 log n2 þ � � � þ nm log nm operations where nk is the number of jobs attribuated to
the machine k.

Since, we have the following inequation

n1 log n1 þ n2 log n2 þ � � � þ nm log nm � n1 þ n2 þ ::nmð Þ log n ¼ n log n ð8Þ

We deduce that the algorithm NIJSPARA can be computed in O n log nð Þ
operations.

3.3 The Proposed Heuristic

After applying the algorithm NIJSPARA, we obtain a feasible NI schedule r ¼
r1; r2; . . .; rmð Þ for the studied problem P;NI rj; qj

�� ��fmax where fmax ¼ max Cj þ qj
� �

and Cj ¼ tj þ pj. In this section we try to improve the quality of this schedule. Let Ik be
the set of jobs scheduled on machine k and let nk be the number of jobs scheduled on
machine k. Thus, we have nk ¼ Ikj j where Pm

k¼1 nk ¼ n and
Sm

k¼1 Ik ¼ I. We first note
that the schedule r ¼ r1; r2; . . .; rmð Þ encompasses, on each machine k, a feasible NI
sub-schedule rk for the corresponding one machine problem under the non-idling
constraint on machine k for the set of jobs Ik . The corresponding sub-schedule rk must
have a critical path sk. Since the sub-schedule rk is non-idling then all the jobs
scheduled on machine k according to rk are arranged on one block. Let k0 be the index
of the critical machine verifying fmax rk0ð Þ ¼ maxk¼1;...;m fmax rkð Þð Þ ¼ fmax rð Þ. We
renumber the jobs on machine k0 as follows: 1; . . .; bk0 ; bk0 þ 1; . . .; ck0 ; ck0 þ 1; . . .; nk0
where nk0 is, as mentioned above, the number of jobs scheduled on machine k0. We
denote by ck0 the critical job with minimal index having fmax rk0ð Þ ¼ tck0 þ pck0 þ qck0 .
The following list of reordered jobs 1; 2; . . .; bk0 � 1; bk0 ; bk0 þ 1; . . .; ck0 � 1; ck0ð Þ
represents the critical path on machine k0. We denote by bk0 the interference job which
means that we have qbk0\qck0 and qj � qck0 for j ¼ bk0 þ 1; . . .; ck0 . In order to reduce
the fmax-value of the current schedule r ¼ r1; r2; . . .; rmð Þ, we propose to remove one
of the jobs scheduled on the critical machine k0. Then, the removed job j0 will be
scheduled on another machine k�. This action allows to lighten the load of the critical
machine k0. However, we must also decrease the fmax-value on the machine k0. The
machine k� is chosen so that the fmax-value of the resulting schedule
r0 ¼ r

0
1; r

0
2; . . .; r

0
m

� �
, does not increase after inserting the removed job from k0. In

other words, the fmax-value of the resulting schedule r
0
k� (i.e. fmax r

0
k�

� �
) on machine k�

must not exceed the current fmax-value of r (i.e. fmax rð Þ).
Let decj denotes the delay made by the job j from its date of availability rj on r. It is

calculated as follows: decj ¼ tj � rj. Since r ¼ r1; r2; . . .; rk; . . .; rmð Þ is a semi-active
schedule then there is at least one job j such that tj ¼ rj on each machine k. Let jk0
denotes the job with maximal index, on machine k0, verifying this condition (i.e. the
last job in the list rk0 ¼ 1; 2; . . .; nk0ð Þ verifying tjk0 ¼ rjk0 ). According to the position of
jk0 compared with jobs bk0 and ck0 in the list rk0 on machine k0, we discuss the
possibilities of improving the fmax-value on the critical machine k0 by moving the job
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bk0 from this machine and inserting it to another machine k k 6¼ k0ð Þ without increasing
the current fmax-value of the current schedule r. For each case, we consider the pos-
sibilities of removing one of these jobs.

According to the position of jk0 compared with jobs bk0 and ck0 in the list rk0 on
machine k0, we have three cases as follows.

• Case 1: The job jk0 is scheduled before the interference job bk0 (i.e. before critical
job ck0 (see Fig. 4)). In this case, removing bk0 can lead to a better sub-schedule on
machine k0. Indeed, if we remove bk0 then the block bk0 þ 1; . . .; nk0ð Þ can be
scheduled earlier with minðpbk0 ; dec bk0 þ 1; ::; nk0ð ÞÞ and then the job ck0 can be
scheduled earlier.

• Case 2: The job j0 is scheduled between the jobs bk0 and ck0 (i.e. after bk0 and before
ck0 (see Fig. 5)). In this case, removing bk0 will improve the sub-schedule on
machine k0 if there are some jobs on the critical path except jk0 which are ready
before tjk0 . Otherwise, the job ck0 cannot be scheduled earlier. Furthermore,
scheduling jk0 later will not improve the current schedule since we have qjk0 � qck0 .

• Case 3: The job j0 is scheduled after the critical jobs ck0 (i.e. after bk0 (see Fig. 6)).
In this case, removing bk0 can lead to a better sub-schedule on machine k0 if there
are some jobs scheduled after jk0 on rk0 which are ready before tjk0 . Otherwise, we
must schedule the set of jobs 1. . .jk0 � 1f g later in order to verify the non-idling
constraint and this can deteriorate the quality of the current schedule.

Machine 

Time

Fig. 4. Case 1: The job jk0 is scheduled before the interference job bk0 .

Machine 

Time

Fig. 5. Case 2: The job jk0 is scheduled after the job bk0 and before the critical job ck0 .

Machine 

Time

Fig. 6. Case 3: The job j0 is scheduled after the critical job ck0 .
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We deduce that the move of the job bk0 still interesting in the case of identical non-
idling machines. We propose below an extension of Potts’s algorithm for the case of
identical parallel machines under the non-idling constraint. We first construct a feasible
schedule by applying NIJSPARA. Let r ¼ r1; r2; . . .; rmð Þ be the obtained schedule.
Then, we find the indice k0 of the critical machine, that is, the machine having
Cmax rkð Þ ¼ Cmax rð Þ. So, if there is an interference job on this machine, we update the
instance I as in [13] and we apply again NIJSPARA.

The algorithm NIPottsPARA 
Begin

Step 1. Initialization:  ; LB is a Lower 
bound of the problem.
Step 2. /*Apply NIJSPAR*/ 

2.1 Apply Jackson’s rule to the instance I on m machines;
2.2 For k from 1 to do

Update the instance  by applying for each job :

Apply Jackson’s rule to  and store the obtained sub-
schedule

End for
2.3 Store the obtained schedule 
2.4 Set ;

Step 3.
3.1 Find the indice  of the critical machine 
3.2 If or there is no interference job in on the 
critical machine  or  or  = LB 
then stop and return the best generated schedule among 

Else, identify the interference job and the critical job 
c in  of . Set  and go to step 2. 

End NIPottsPARA 

NIPottsPARA can be computed in O n2 log nð Þ operations since we apply at most n
times NIJSPARA which has a complexity of O n log nð Þ. We stop the process when we
have rh�1 ¼ rh�2. We have deduced experimentally that this condition improves
considerably the CPU time. Indeed, it indicates that we have a local optimum.

In conclusion, it is easy to see that the algorithms NIJSPARA and NIPottsPARA
construct semi-active schedules.

3.4 Lower Bounds

A lower bound for the classic problem P ri; qij jCmax is also a lower bound for its non-
idling version P;NI ri; qij jCmax (see [8]). Indeed, the optimal Cmax for the problem
P ri; qij jCmax is a tight lower bound for the optimal Cmax of the problem P;NI ri; qij jCmax

(proposition in [8]). To evaluate the quality of the constructed solutions, we can use the
lower bounds proposed for the classic problem P ri; qij jCmax. We briefly describe the
best one.
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The first lower bound for the classic problem P ri; qij jCmax is

LB0 ¼ max ri þ pi þ qið Þ ð9Þ

According to [2], if we associate the data mri; pi;mqið Þ of a one machine problem
with the data ri; pi; qið Þ of an m-machines problem, then the optimal value of a pre-
emptive solution of the one machine problem is a lower bound for the problem
P ri; qij jCmax. Let LB1 be this value which can be computed in O n log nð Þ operations.

The problem P ri; qij jCmax is strongly NP-hard. However its preemptive relaxation
denoted P pmtn; ri; qij jCmax can be computed in polynomial time using a max-flow
formulation as showed in [9]. Given a P pmtn; ri; qij jCmax instance, the optimal Cmax is
obtained after repeatedly checking the existence of a preemptive schedule with Cmax

equal to an integer trial value Ctrial. If LB and UB denote a lower bound and upper
bound on the trial value CC, then the optimal Cmax of the problem a P pmtn; ri; qij jCmax

is computed using a bisection search on the trial interval LB;UB½ �. We can attribue to
LB the value of max LB0;LB1ð Þ as an initial value and to UB the value obtained with
NIJSPARA. A deadline di is associated with each job i 2 I where di ¼ Ctrial � qi. Let
e1; . . .; eHf g be the set of containing all release dates and deadlines of all jobs ranked in

increasing order. A time interval Eh ¼ eh; eh þ 1½ � is defined for each h ¼ 1; . . .;H � 1.
Consider the flow network composed of job nodes J1; . . .; Jnf g, interval nodes
E1; . . .;EH�1f g, a source node s and a sink node t. For each job node Ji j ¼ 1; . . .; nð Þ

there is an arc s; Jið Þ with capacity pi. For each interval node Eh h ¼ 1; . . .;H � 1ð Þ,
there is an arc Eh; tð Þ with capacity m ehþ 1 � ehð Þ. There is an arc Ji;Ehð Þ with capacity
ehþ 1 � eh if and only if ri � eh and ehþ 1 � di. A preemptive schedule with Cmax ¼
Ctrial is defined as an assignment of portions of processing times of each job
i i ¼ 1; . . .; nð Þ to different time interval Eh h ¼ 1; . . .;H � 1ð Þ. The obtained preemptive
schedule is feasible if and only if the maximum flow value obtained is equal to

Pn
i¼1 pi.

Let LB3 be the value obtained for the preemptive solution. The preemptive lower bound
provides a strong lower bound for the problem P ri; qij jCmax. To the best of our
knowledge, the only lower bound which has been proved to dominate this bound is the
semi preemptive lower bound introduced in (see [7]). This concept was used to derive a
max-flow-based lower bound for the P ri; qij jCmax in order to improve the classic
preemptive lower bound. A semi-preemptive schedule is defined as a schedule where
the fixed parts of jobs are constrained to start and to finish at fixed times with no
preemption, whereas the free parts can be preempted.

The semi preemptive lower bound is similar in spirit to the preemptive lower
bound. It consists in checking the feasibility of a schedule with Cmax equal to a trial
value Ctrial for the corresponding semi preemptive problem. In a semi preemptive
problem, we first associate, to each job i i ¼ 1; . . .; nð Þ a deadline di where
di ¼ Ctrial � qi. Then, each job i satisfying di � ri\2pi is composed of a fixed part and
a free part. Its fixed part is the amount of time 2pi � di � rið Þ which must be processed
in di � ri; ri þ pi½ � and its free part is the amount of time p

0
i ¼ di � ri þ pið Þ which has

to be processed in ri; di � pi½ � [ ri þ pi; di½ �. The other jobs are composed only of a free
processing part p

0
i ¼ pi which has to be processed in ri; di½ �. That is, a free part of any

job is i 2 I is p
0
i ¼ min pi; di � ri þ pið Þf g. The feasibility of a semi-preemptive
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schedule with Cmax equal to a trial value CC can be checked as follows. Let S ¼ fi 2
I; di � ri\2pig denotes the set of jobs having a fixed processing part. Let e1; e2; . . .; eW
be the different values of ri i 2 Ið Þ, di i 2 Ið Þ, di � pi i 2 Sð Þ and ri þ pi i 2 Sð Þ ranked in
increasing order. We denote by mw the number of machines which are idle during the
time interval ¼ ew; ewþ 1½ � 1�w�Wð Þ. In [7], the authors proposed an extension of
Horn’s approach to solve the feasibility problem. They consider the flow network
composed of job nodes J1; J2; . . .; Jnf g, interval nodes E1;E2; . . .;EW�1f g, a source
node s, and a sink node t. For each job node Ji i ¼ 1; ::nð Þ such that p

0
i [ 0, there is an

arc s; Jið Þ with capacity p
0
i representing the free part of job i. For each

w ¼ 1; . . .;W � 1, there is an arc Ew; tð Þ with capacity mw ewþ 1 � ewð Þ. There is an arc
Ji;Ewð Þ with capacity ewþ 1 � ew if and only if one of the three following conditions
holds: di � ri\2pi; ri � ew and ewþ 1 � di � pi; di � ri\2pi; ri þ pi � ew and
ewþ 1 � di, di � ri � 2pi; ri � ew and ewþ 1 � di. To evaluate the proposed heuristics for
the problem P;NI ri; qij jCmax, we use as lower bound the value of the semi-preemptive
schedule which is the best one as we know. Let LB4 be this value.

4 Experimentation

We have implemented NIJSPARA and NIPottsPARA in the programming language C
and we have used an experimental analysis. The experiments were run on a packard
bell intel R core i5-3230 M with 4 GB DDR3 Memory. We have also implemented the
different lower bounds described in Sect. 5. The data set for experiments was generated
in the same way as the data set in [1]. The tests were randomly generated according to a
uniform distribution for a number of jobs n 2 100; 200; 400; 600; 800; 1000f g and
m 2 5; 10; 20; 50f g. The jobs processing times were random integers from a uniform
distribution in 1; pmax½ �, the jobs release dates were random integers from a uniform
distribution in 1; rmax½ � and the jobs delivery times were random integers from a uni-
form distribution in 1; qmax½ �: We fix the value of pmax at 50 pmax ¼ 50ð Þ and we fix the
values of rmax and qmax such that rmax ¼ qmax ¼ 1

50

� �
npmaxk where k ¼ 1; 2; . . .; 50 (i.e.

50 tests for each value of n and m).
Table 1 shows the performance of NIJSPARA and Table 2 shows the performance

of NIPottsPARA. We provide the average relative gap produced by each algorithm
where the gap is equal to 100 Cmax � LB4ð Þ=LB4. Table 2 shows the average CPU time of
NIPottsPARA.We have omitted to report the CPU time required by NIJSPARA because
for all of the instances this time was negligible ((� 0). NBzero denotes the number of
tests solved optimally in Tables 1 and 2 and denotes the number of tests solved with a
negligible CPU time (� 0Þ in Table 2 for NIPottsPARA. In fact NIJSPARA the CPU
time is negligible for all tests. Table 1 provides evidence that NIJSPARA is fast and
effective. Indeed its average relative deviation from the semi-preemptive lower bound is
equal to 0.48 and 46.41% of tests are solved optimally on average.
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It shows that NIPottsPARA improves slightly the quality of solutions obtained by
NIJSPARA. However, it needs more CPU time than NIJSPARA. Indeed, 68.81% of
tests are solved optimally, on average. Also, the average relative deviation from the
semi-preemptive lower bound is equal to 0.44%. Table 2 shows that the CPU time is
negligible (� 0Þ for this heuristic for 31.16% tested problems, on average.

We also note that the performance of the heuristics is improved when the number of
jobs is greater for the two heuristics.

Table 1. Performance of NIJSPARA and NIPottsPARA.

n m NIJSPARA NIPottsPARA
%NBzero Average Maximum %NBzero Average Maximum

100 5 44 0.4754 3.2 58 0.2796 3.2
10 66 1.0824 10.46 68 1.0270 10.46
20 58 1.6612 11.43 58 1.6503 11.43
50 68 1.3160 10.48 58 1.3160 9.35

200 5 50 0.081 0.75 58 0.0284 0.53
10 62 0.4264 4.26 68 0.3844 4.26
20 60 0.9332 9.17 60 0.9332 9.17
50 58 1.2258 10.48 58 1.2258 10.48

400 5 44 0.0582 0.29 76 0.0154 0.23
10 52 0.1532 2.48 78 0.1032 2.48
20 50 0.1682 2.48 76 0.1102 2.48
50 46 0.6440 4.5 46 0.6342 4.5

600 5 52 0.0291 0.19 82 0.0064 0.1
10 56 0.173 2.38 86 0.1268 2.38
20 62 0.4106 3.63 70 0.3806 3.63
50 46 0.882 4.51 46 0.882 4.51

800 5 26 0.0462 0.24 94 0.0011 0.02
10 28 0.0431 0.31 100 0 0
20 24 0.0452 0.31 100 0 0
50 38 0.7456 2.9 38 0.7456 2.9

1000 5 16 0.0326 0.15 80 0.003 0.05
10 28 0.0312 0.4 96 0.0016 0.05
20 38 0.2086 1.45 56 0.1936 1.45
50 42 0.734 2.76 42 0.734 2.76

Minimum 16 0.0291 0.15 38 0 0
Maximum 68 1.661 11.43 100 1.6503 11.43
Average 46.416 0.4836 3.717 68.8333 0.4492 3.6008
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5 Conclusion

In this paper, we have investigated heuristic approaches for minimizing makespan
subject to release dates and delivery times under the non-idling constraint. We have
proposed a new methodology of resolution adapted to this new problem with adding
the non-idling constraint. We have first proposed an extension of Jackson’s rule in
order to construct a feasible non-idling schedule. So we have built the algorithm
NIJSPARA. This heuristic solved optimally 46.416% of tests and provides an average
relative deviation from the semi-preemptive lower bound with 0.48%. Then we have
tried to improve this heuristic by exploring the neighbors of the starting solution built
by NIJSPARA. So, we have proposed the heuristic NIPottsPARA. This heuristic
solved optimally 68.83% of tests and provides an average relative deviation from the
semi-preemptive lower bound with 0.44%. we have proved experimentally that the

Table 2. The average CPU time of NIPottsPARA in milliseconds.

n m Minimum Average Maximum %NBzero

100 5 0 4.9215 19 66
10 0 0.7 15 94
20 0 0.6862 16 92
50 0 0.9607 16 92

200 5 0 9.94 69 44
10 0 8.52 182 32
20 0 1.12 16 40
50 0 0.7 2 34

400 5 0 108.92 2621 8
10 0 20.26 247 40
20 0 21.74 169 42
50 0 1.82 20 60

600 5 0 126.36 607 2
10 0 61.602 619 14
20 0 17.32 152 28
50 0 5.58 20 38

800 5 14 1743.78 22547 0
10 4 595.078 1788 0
20 13 623.176 1760 0
50 0 10.98 22 22

1000 5 15 1160.76 41570 0
10 16 549.28 3385 0
20 15 136.22 2513 0
50 3 16.56 32 0

Minimum 0 0.6862 2 0
Maximum 16 1743.78 41570 94
Average 3.33333 217.791 3266.95 31.1666
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proposed heuristic is efficient. We have also proposed a second heuristic NIPottsPARA
in order to improve the feasible non-idling schedule obtained by the first heuristic
NIJSPARA. The computational tests proved that there is a slightly improvement with
NIPottsPARA. This paper presents a first attempt and proposed a good upper bound
and a way to construct feasible schedules for this type of problem. The computational
results show that the semi preemptive lower bound is tight. In future research we intend
to use these heuristics as starting solutions either to propose more efficient heuristics or
to develop a branch and bound in order to built optimal solutions.
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Abstract. This chapter proposes an intelligent energy management for
hydraulic-electric hybrid vehicle in order to minimize its total energy
consumption while ensuring a better battery life. It proposes first to
model the total energy consumption of the vehicle and investigate the
minimization of an expended energy function, formulated as the sum
of electrical energy provided by on-board batteries and consumed fuel.
More precisely, it is proposed in this chapter an intelligent hierarchical
controller system which shows its capabilities of increasing the overall
vehicle energy efficiency and therefore minimizing total energy consump-
tion, permitting to increase the distance between refueling. The proposed
strategy consists of fuzzy supervisory fault management at the highest
level (third), that can detect and compensate the battery faults, regu-
late all of the possible vehicles operation modes. In the second level, an
optimal controller is developed based on artificial intelligence to manage
power distribution between electric motor and engine. Then, in the first
level, there are local fuzzy tuning proportional-integral-derivative con-
trollers to regulate the set points of each vehicle subsystems to reach the
best operational performance. TruckMaker/MATLAB simulation results
confirm that the proposed architecture can satisfy the power requirement
for any unknown driving cycles and compensate battery faults effects.

Keywords: Artificial intelligence · Battery management system ·
Fuzzy observer · Hybrid electric vehicles ·
Power management strategy · Sensor faults ·
Takagi-Sugeno fuzzy model

1 Introduction

Growing environmental concerns coupled to the decreasing of fossil fuel energy
sources stimulate highly research on new vehicle technologies. Electric vehi-
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cles (EVs) and Hybrid Electric Vehicles (HEV) appears to be one of the
most promising technologies for reducing fuel consumption and pollutant emis-
sions [1]. Energy management in vehicles is an important issue because it can
significantly influence the performances of the vehicles. Improving energy man-
agement in vehicles can deliver important benefits such as reducing fuel con-
sumption, decreasing emission, lower running cost, reducing noise pollution, and
improving driving performance and ease of use [2]. Several methods for energy
management and optimization aiming at the minimization of different cost func-
tions have been published [3–8], such as Dynamic Programming (DP) in [3] to
formulate numerically a global optimum for reducing fuel consumption under
the assumption of full knowledge of the future driving conditions. Analytical
optimization methods, on the other hand, use a mathematical problem formu-
lation to find an analytical solution that makes the obtained solution faster
than the purely numerical methods. Within this category, Pontryagin’s Mini-
mum Principle (PMP) based energy management strategy is introduced as an
optimal control solution [4]. This approach can only generate an optimal solu-
tion if implemented offline since in this case the future driving conditions are
supposed to be known in prior. For online implementation Rule Based Strategy
(RBS) from heuristic ideas have been proposed for HEVs [5] and the Hybrid
controller based on rule-based and StateFlow (SF) is given in [6]. The problem
of this method is that it needs highly engineering experience, extensive experi-
mental data, etc. to create these rules. In addition, it gives limited benefits for
fuel economy. To overcome this problem, the fuzzy system is added to RBS [7]
and Artificial Neural Network (ANN) is introduced [8]. One of the main objec-
tives of this chapter is the development and experimental verification of such
control framework to minimize the energy consumption based on the merging
of the two paradigms (ANN and fuzzy system) to benefit from their advantages
and avoids their disadvantages.

Nowadays, there are different blending levels of pure EV and HEV available
on the automobile market. According to the blending level, various size, type
and number of battery cells are mounted in HEVs and EVs [9]. The battery
management system (BMS) is an essential emerging component of both EVs and
HEVs alongside with modern power systems. Recently, Lithium-ion batteries can
drastically improve the technical characteristics of EVs and HEV for various uses.
However, Lithium-ion batteries require very special supervision. Hence, the need
to integrate BMS as a supervision system becomes of great interest. Different
approaches have been proposed to study battery faults [10–16]. Model based
sensor using FDI scheme for a battery pack with a low computational effort is
proposed in [10]. To implement the model-based fault diagnosis, a battery model
is needed to capture the electrochemical properties [10]. Different battery models
were studied by several researchers. The most commonly used models can be
summarized as two kinds: the equivalent circuit models and the electrochemical
models [11–16]. Recently, energy management optimization in consideration of
battery life/degradation for HEV are studied in several works [17–21], in order
to improve the total economy in driving process.
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According to the previous studies, a reliable battery fault tolerant control to
guarantee the battery performance, safety and life while simultaneously mini-
mizing the total energy consumption (summation of electric battery and fuel)
for Hybrid Hydraulic-Electric Vehicle (HHEVs) are addressed in this chapter.
In order to study and develop an efficient and reliable energy management strat-
egy for HHEV, a precise vehicle modelling is desirable based on [4,15–20]. The
studied vehicle is a hybrid bus based on parallel power split hybrid architecture.
This hybrid bus is called BUSINOVA and is developed by SAFRA Company
(cf. Figs. 1 and 2). BUSINOVA is composed of Electric Motor (EM), Internal
Combustion Engine (ICE), Hydraulic Motor (HM), and battery as the propul-
sion powertrain system of the vehicle. The EM and HM motors are both directly
connected to the transmission and can ensure simultaneously or independently
the traction of the bus. On the other hand, the ICE is coupled to a Hydraulic
Pump (HP) for driving the HM. This gives a big number of working models for
the bus which increases the combinations of optimizing its energy management.

In [20], the Energy Management Strategy (EMS) is designed based on two
control levels based on neural network, fuzzy logic and rules based optimization.
Based on the analysis results of the EMS [20], it is proposed in this chapter
an intelligent Robust Hierarchical Hybrid Controller Strategy (IRHHCS), in
order to enhance the bus energy efficiency, leading therefore to minimize the
total energy consumption (summation of electric energy and fuel energy). The
proposed IRHHCS consists of three control levels. An Intelligent Supervisory
Switching Mode and Battery Management Controller (ISSMBMC) based on
fuzzy logic is developed in the third level (the highest level) that is capable of
managing all of the possible bus operation modes, compensate the battery faults,
generating optimal mode and SOC set points for second level. In the second
level, an Intelligent Power Distribution and Optimization Controller (IPDOC)
is proposed. It is based on neural fuzzy logic control to manage and optimize the
power distribution between the two different sources. Then, in the first level (the
lowest one), there are Local Fuzzy tuning Proportional-Integral-Derivative Con-
trollers (LFPIDC) to regulate the set points of each vehicle sub-systems (EM,
battery, ICE, HP, HM) to achieve optimal operational performance. The overall
proposed control and energy management strategy is compared with alternative
frameworks existing in the literature based on PMP [4] in order to demonstrate
the advantages of the proposed methodology (cf. Sect. 4).

The results of this chapter support that the proposed strategy is capable of:
(i) being applied to various types of hybrid vehicles; (ii) detect, isolate and com-
pensate the battery voltage sensor faults and battery currant actuator faults;
(iii) reducing total energy consumption compared with several traditional meth-
ods; (iv) reducing the number of rules needed in fuzzy control; (v) keeping SOC
within the range which promotes battery longevity; (vi) being implemented in
real time; (vii) it does not require beforehand a-priori knowledge of the driv-
ing events. Therefore, this chapter, will provide both a novel model and novel
approach for an advanced energy management system of hybrid vehicles.

lounis.adouane@uca.fr



Reliable Energy Management Optimization in Consideration 153

The chapter is organized as follows. The overall HHEV description and mod-
eling is given in Sect. 2. In Sect. 3, the proposed intelligent robust hierarchical
hybrid controller structure is developed. Section 4 shows the experiment model
validation and fault effects analysis. Section 5 is devoted to give a conclusion and
some prospects.

2 Overall HHEV Modeling and Description

This section presents modelling and analysis of the studied HHEV based on [4],
[16,18] with its different operations modes. TruckMaker/MATLAB software is
used to simulate precisely the studied hybrid vehicle.

2.1 HHEV Description and Modelling

The studied vehicle corresponds to BUSINOVA bus shown in Fig. 1 [20]. The
parameters used for the vehicle modeling is presented in [18]. This bus has three
actuations: electric, hydraulic and thermal. The principle source of the propul-
sion in the vehicle is an EM which may be supplemented by the HM via ICE.
The hydraulic system block consists of variable-displacement of HM, and an ICE
driven fixed-displacement of HP. The ICE is directly connected to a fixed dis-
placement pump, which converts engine mechanical power into hydraulic power
as shown in the vehicle configuration and power flow diagram (cf. Fig. 2 [20]). The
BUSINOVA is equipped with electric, hydrostatic and dissipative braking capa-
bilities. The dissipative brake is a mechanical brake which dissipates energy as
heat through friction. Electric and hydrostatic brakes are linked to the hydraulic
motor in a regenerative braking system that is capable of recovering a portion
of the kinetic energy of braking that would otherwise be dissipated. An Elec-
trical Junction (EJ) exists between the battery, accessories (Access) and dual
converter as well as a Mechanical Junction (MJ) between the HM and EM.

Fig. 1. BUSINOVA a Hydraulic-Electric Hybrid bus.

lounis.adouane@uca.fr



154 E. Kamal and L. Adouane

2.2 Motoring Models

HM model through ICE and the EM models based on [3,4] are given in this
section as the following.

Hydraulic Motor Coupled to Internal Combustion Engine. In this
chapter, ICE torque versus ICE speed is directly derived from the ICE fuel
consumption model. The fuel flow rate ṁf of the ICE is defined based on [20],

ṁf = fICE(TICE , ωICE) (1)

where ωICE is the ICE rotational speed. The function fICE is obtained from
the ICE bench tests. The power consumed by the ICE (PICE) is given by
PICE=ṁf (TICE , ωICE)Q [3], (i.e., PICE is the instantaneous power of the fuel
expressed in terms of ṁf and the lower heating value of the fuel (Q = 43MJ/kg)).
Figure 3 (left) shows the relationship between HM speed, HM torque and HM
consumed power. Developing an accurate fuel consumption model is very impor-
tant for addressing energy consumption optimization problems.

Fig. 2. BUSINOVA bus configuration and power flow. TICE , THM , TEM and PICE ,
PHM , PEM are the produced torque and power for the ICE, HM and EM, respectively.

Electric Motor. The studied hybrid bus uses a 103 KW permanent magnet
synchronous machine as EM. The powers required for the EM were calculated
from the known EM torque and speed by using EM efficiency curve as shown in
Fig. 3 (right). The output torque TEM of the EM is defined based on [20],

TEM = fEM (PEM , ωEM ) (2)

where PEM is the EM input power, ωEM is the EM current speed. The function
fEM is also obtained from the EM bench test. The EM can operate in motor
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or generator mode. In generator mode, the electric motor converts the kinetic
energy from vehicle regenerative braking into electrical energy stored in the
battery. In the motor mode, the electric motor converts electrical energy into
kinetic energy to move the vehicle. The efficiency characteristics data of the EM,
and HM coupled to the ICE given in Fig. 3 are implemented in IPG automotive
TruckMaker software.

Fig. 3. Power consumption mapping; (left) efficiency characteristics of the HM coupled
to ICE; (right) efficiency characteristics of the EM.

2.3 BUSINOVA Lithium-Ion Battery Modeling

The battery model is necessary for its SOC estimation. Different Lithium-ion
battery models are developed in the literatures [11–16]. The equivalent electrical
circuit models and the electrochemical models are the most widely used in EV
studies. The electrical circuit models use equivalent electrical circuits to show
current-voltage characteristics of batteries by using voltage and current sources,
capacitors, and resistors. For the BUSINOVA bus battery, its model is based
on [14,16] (cf. Fig. 4 [20]). Using Kirchhoff’s voltage law, the dynamics of the
nonlinear battery behavior can be characterized by the following equations [20],

ẋ(t) = Ax(t) + Bu(t)
y(t) = C(x)x(t) (3)

Where x(t) =

⎡
⎣

V1(t)
V2(t)
SOC

⎤
⎦, Vbat is the battery terminal voltage, Voc is the battery

open circuit voltage (OCV), Ibat is the battery input current, t is the time
varying, V1, V2 are the voltages across R1//C1 and R2//C2, where R1 and C1 are
the electrochemical polarisation resistance, capacitance, respectively, R2 and C2

are the concentration polarisation resistance, capacitance, respectively and Ro

is the internal resistance which consists to the bulk resistance and surface layer
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impedance, A =

⎡
⎣

1
R1C1

0 0
0 1

R2C2
0

0 0 0

⎤
⎦, B =

⎡
⎣

1
C1
1

C2
η

Cn

⎤
⎦, C(x) =

⎡
⎣

q1(x)
1

q2(x)

⎤
⎦

T

, u(t) = Ibat,

y(t) = Vbat, SOCi is the initial value of the SOC, Cn is the nominal capacity in
Ampere-hours (A−s) and ηco is the efficiency of the Coulombic. The tested cells
are done always between 10% and 95% of the SOC, which corresponds to the
imposed operational work of the bus. In addition, V1 and V2 are assumed to be
not zero conditions.

Fig. 4. BUSINOVA Lithium-ion battery equivalent electrical model.

where q1(x) = (IbatRo+V1(t))
V1(t)

and q2(x) = Voc

SOC . Due to the nonlinearity in Voc,
the output of the battery system is nonlinear.

2.4 HHEV Torque Distribution and Operation Modes

During the bus displacement, its optimal control depends on the accurate knowl-
edge of torque required to propel the bus and charge the battery. One of the
objective of the control strategy is to split the total torque between the HM
via ICE and EM to optimize the efficiency of the main components (cf. section
III.B). Figure 2 shows the torque paths between HM via ICE and the EM as the
following [20]: Mode 1: EM only (path 2); Mode 2: HM via ICE only (path 1);
Mode 3: EM assisted by HM via ICE (path 1 and 2); Mode 4: charging mode
(path 1 and 3); Mode 5: regenerative braking mode (path 3). As far as possible,
each component of the TruckMaker simulator should correspond to an actual
component of the actual studied HHEV.

3 Proposed Intelligent Robust Hierarchical Hybrid
Controller Strategy (IRHHCS)

The aim of this section is to make the focus on the proposed IRHHCS, embedded
in the bus in order to minimize its total energy consumption while maximizing
the global vehicle efficiency and compensate the battery faults. Therefore, in this
section, an IRHHCS structure is proposed which is capable of meeting various
objectives including optimized power flow management, maintaining high oper-
ational efficiency of the ICE, and balancing EM and battery charge to maximize
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the global vehicle efficiency and detect and compensate the effect of the bat-
tery faults. The first block of the proposed IRHHCS (cf. Fig. 5) corresponds to
a driver command interpreter which converts the driver inputs from the brake
and accelerator pedals to required torque to apply at the wheels level in order
to follow, as accurate as possible, the desired velocity profile.

This proposed strategy consists of three control levels (cf. Fig. 5). The third
level has been developed by fuzzy strategy and fuzzy observer which decide
which operating mode or combination of modes would be most efficient based
on a healthy SOC (cf. Sect. 3.1). This level consist of two blocks, the first block
of this level is Battery Management Fuzzy Fault Tolerant Controller (BMFFTC)
to detect and the compensate the battery faults and generate the healthy SOC
(the healthy SOC means SOC value determination without faults) for the Fuzzy
Switching Mode Controller (FSMC) which selects the optimal mode for the sec-
ond level. At the second level (cf. Sect. 3.2), an advanced IPDOC (Intelligent
Power Distribution and Optimization Controller) has been developed for power
splitting which decide the optimal combination of power sharing between dif-
ferent energy sources to maximize the overall vehicle efficiency. In Sect. 3.3, an
LFPIDC (Local Fuzzy tuning Proportional-Integral-Derivative Controllers) is
described and used to track the set points of EM and HM via the ICE generated
at the second level, in order to reach peak performance and acceptable operation
indexes while taken in consideration of the dynamic behavior of EM, ICE and
HM. The proposed strategy can be used for both offline and online scenarios.
Offline scenario implies that the information about the future driving cycle and
the environment (road profile, vehicle weight, etc.) is fully known, whereas for
the online scenarios this information is obtained in real time. In this chapter, we
will focus more on level 3 and level 2 (cf. respectively, Sects. 3.1 and 3.2).

3.1 Intelligent Supervisory Switching Mode and Battery
Management Controller (Level 3: ISSMBMC)

The objective of this section is to optimize the selection mode and detect and
compensate the battery sensor fault (battery terminal voltage sensor) and the
actuator fault (battery input current actuator). This level consists of BMFFTC
and FSMC blocks to generate the selected mode and the SOC set point for the
second level. Figure 6 shows the block diagram of the proposed level 3 block.

Fuzzy Switching Mode Controller (FSMC). As mentioned in Sect. 2.4,
there are five modes of operations. In order to improve the studied HHEV oper-
ation, the proposed FSMC based on fuzzy logic and rule based, has to decide
which operating mode (or combination of them) is appropriate. Many parame-
ters (such as the value of SOC for the battery, required vehicle power, vehicle
speed and maximum power supplied by the battery, etc.) must be considered
to choose the most efficient operation mode to manage and optimize the power
flow. FSMC is formed by replacing Boolean logic and fixed parameters with fuzzy
logic and fuzzy parameters. The basic idea of a fuzzy logic controller is to formu-
late human knowledge and reasoning, which can be represented as conditional
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Fig. 5. Developed IRHHCS for BUSINOVA bus. In this figure the following acronyms
are used: PCVE (Produced and Consumed Vehicle Energy); Tdemand (Torque Demand)
which is required to drive the vehicle and is defined by the global torque set point;
TICE,SP is the ICE torque set point and TEM,SP is the EM torque set point.

statements with broader application than explicitly stated, in a tractable way for
computers. Based on the available output torque, the pedal position is converted
into torque demand (Tdemand). If Tdemand < 0, the driver intends to decelerate
the vehicle therefore regenerative braking mode is chosen. But, if Tdemand > 0,
the requiring torque is split between EM or/and HM via ICE. In the proposed
algorithm, modes 1, 2, 3, and 4 are selected by fuzzy logic and mode 5 is selected
by traditional logic. Fuzzy logic is well suited for selecting between modes 1, 2,
3 and 4. The ISSMBMC input variables are Vehicle Speed (VS), Tdemand and
SOC, and its output variable is the operation mode (Mode). We use Gaussian
Membership Functions (GMF) and Center of Gravity (COG) defuzzification to
calculate the output fuzzy signal, the advantage of this method is its simplicity
in reducing the calculations complexity. The fuzzy rule is constructed from 27
individual fuzzy rules based on [20].

Battery Management Fuzzy Fault Tolerant Controller (BMFFTC).
The main objective for the BMFFTC is to mange and control the battery faults
and generate the healthy SOC point for FSMC and the second level which affects
the studied HHEV power optimization. The general configuration of BMFFTC
is given in Fig. 6. This section presents a systematic fault diagnosis and con-
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Fig. 6. Schematic of the proposed level 3.

trol scheme for a battery cell to detect current and/or voltage sensor faults, and
compensate its effect. For the diagnostic and control scheme implementation,
new Fuzzy Fault Tolerant Control (FFTC) based on fuzzy adaptive observer
is proposed, to estimate and compensate the effect of the battery faults (cur-
rent sensor faults, and/or voltage sensor faults). The concept of PDC (Parallel
Distributed Compensation) [22] is employed to design fuzzy control and fuzzy
adaptive observer from the TS fuzzy models. Sufficient conditions are derived
for robust stabilization in the sense of Lyapunov stability, for voltage sensor
fault, current actuator fault and state variables unavailable for measurements.
The sufficient conditions are formulated in the format of LMI (Linear Matrix
Inequalities).

In this chapter, we consider the sensor faults or the actuator faults can occur
at the same time or only one sensor fault can occur at a time. Most of the
HEV battery sensors (current sensor and voltage sensor) are Hall effect sensors,
which are subject to bias (offset) and gain fault (scaling) [23]. Bias fault is a
constant offset from the nominal statistics of the sensor signal, while gain fault
is a time-varying offset. The current and the voltage sensor are usually abrupt
changes [23]. The bias and gain faults are considered additive faults in industrial
applications and they are modeled as the following [24].

δm = δ + Exfx(t) (4)

where δm is the current or voltage sensor measurement, δ is the battery input
current (Ibat) or terminal voltage (Vbat), fx is the fault value and Ex is the fault
matrix. In order to design BMFFTC, we need to represent the battery model
based on TS fuzzy model, design fault estimation based on the fuzzy adaptive
observer and design FFTC as the following.
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Takagi-Sugenos Fuzzy Plant Model with Sensor and/or Actuator Faults Consider
the overall fuzzy model achieved by fuzzy blending of each individual plant rule
is given by,

ẋ(t) =
p∑

i=1

μi(q(t))[Aix(t) + Biu(t) + Eaifa(t)]

y(t) =
p∑

i=1

μi(q(t))[Cix(t) + Esifs(t)]
(5)

where x(t) is the state vector, u(t) is the control input vector, y(t) is the out-
put vector, (j = 1, 2, . . . , ψ) and hij (i = 1, 2, . . . , p; j = 1, 2, . . . , ψ) are the
premise variable and the fuzzy sets that are characterized by the membership
function, ψ is the number of the premise variable, p is the number of rules of the
TS fuzzy model Ai ∈ κn×n, Bi ∈ κn×m and Ci ∈ κg×n are system, input and
output matrices, respectively, fa(t), fs(t) are the actuator faults, sensor faults,
Esi is the sensor fault matrix, Eai is the actuator fault matrix and q1(t),. . . ,
qψ(t) are assumed measurable variables and do not depend on the sensor faults

and the actuator faults, Qi(q(t)) =
ψ∏

j=1

hij(qj(t)), μi(q(t)) = Qi(q(t))
p∑

i=1
Qi(q(t))

in which

hij(qj(t)) is the grade of membership of qj(t) in hij . Some basic properties of

Qi(q(t)) are given by, Qi(q(t)) ≥ 0,
p∑

i=1

Qi(q(t)) > 0, i = 1, 2, . . . , p. It is known

that μi(q(t)) ≥ 0,
p∑

i=1

μi(q(t)) = 1, writing μi(q(t)) as μi for simplicity. Consid-

ering also the state Z ∈ κg×1 that is a filtered version of the output y(t) [25].
This state is given by:

Ż(t) =
p∑

i=1

μi[−AziZ(t) + AziCix(t) + AziEsifs(t)] (6)

where −Aziκ
r×r is the stable matrix, from the (5) and (6), one can obtain the

augmented system:

Ẋ(t) =
p∑

i=1

μi[ĀiX(t) + B̄iU(t) + Ēif(t)] Y (t) =
p∑

i=1

μiC̄iX(t) (7)

where X(t) =
[
x(t)
Z(t)

]
, U(t) =

[
u(t)
0

]
, f(t) =

[
fa(t)
fs(t)

]
, Āi =

[
Ai 0

AziCi −Azi

]
,

B̄i =
[
Bi 0
0 0

]
, Ēi =

[
Eai 0
0 AziEsi

]
and C̄i =

[
0 I

]
.

Fuzzy Adaptive Observer In order to estimate the state and the fault of the
battery (3), the following fuzzy adaptive observer is proposed based on [26],

˙̂
X(t) =

p∑
i=1

μi[ĀiX(t) + B̄iU(t) + Êif̂(t) + Ki(Y (t) − Ŷ (t))] (8)
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ex(t) = X(t) − X̂(t), ey(t) = Y (t) − Ŷ (t) = C̄iex(t) (9)

˙̂
f(t) =

p∑
i=1

μiLi(ėy(t) + ey(t)) =
p∑

i=1

μiLiC̄i(ėx(t) + ex(t)) (10)

Ŷ (t) =
p∑

i=1

μiC̄iX̂(t) (11)

where X̂(t) is the observer state, Ŷ (t) is the observer output vector, f̂(t) is an
estimation of the sensor and actuator fault f(t), Ki and Li are the observer
gains to be designed.

Proposed Fuzzy Fault Tolerant Control In this section, the FFTC synthesis pro-
cedure is developed to deal with a wide range of sensor faults, and actuator faults
while maintaining the stability of the closed loop battery system. For simplicity,
we make Ēj = B̄jEj , where, Ej are known matrix. For the fuzzy model (5), we
construct the following FFTC via the PDC [22]. It is assumed that the fuzzy
system (5) is locally controllable. A state-feedback with LMIs is used to design
a controller for each subsystem. The final output of the FFTC based on online
fault estimation is defined and is based on [26],

U(t) =
p∑

j=1

μj [GjX̂(t) − Ej f̂(t)] (12)

where, Gi are the controller gain to be designed, the sensor and the actuator fault
vectors are assumed to be bounded. The main result for the global asymptotic
stability of a TS fuzzy model with sensor and actuator faults are summarized
by the following Theorem 1.

Theorem 1: The TS fuzzy system (7) is asymptotically stabilizable if there
exist symmetric and positive definite matrix P (P > 0), some matrices Li, Ki,
and Gj (i=1,2,. . . ,p; j=1,2,. . . ,q), such that the following LMIs are satisfied,

O A
T
i +AiO − (Bi Wj)T − (Bi Wj) < 0 (13)

HT
bi P2 +P2 Hbi −(Di Ci)T − (Di Ci) < 0 (14)

where P = diag(P1, P2), O = P−1
1 , Gj = WjO

−1, K̄i=P−1
2 Di, K̄i =

[
Ki

Li

]
.

Proof. The proof can be given directly from [20].
BUSINOVA Lithium-Ion Battery Model Based on TS Fuzzy Model To design
the FFTC and the fuzzy adaptive Observer, a fuzzy model that represents the
dynamics of the battery is necessary. Therefore, the system is first represented
with a TS fuzzy model. The system (3) is described by a TS fuzzy representation.
Next, calculate the minimum and maximum values of q1(x) and q2(x) under the
constraints q1,min ≤ q1(x) ≤ q1,max and q2,min ≤ q2(x) ≤ q2,max. From the
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maximum and minimum values q1(x) and q2(x), one can obtain the nonlinearity
sector as follows

q1(x) = q1,maxN1(q1(x)) + q1,minN2(q1(x))
q2(x) = q2,maxM1(q2(x)) + q2,minM2(q2(x)) (15)

where N1(q1(x)) + N2(q1(x)) = 1, M1(q1(x)) + M2(q1(x)) = 1 (as commonly
used in the literature [22], [26]), Ni1 and Mi2 are a fuzzy term of rule i, q1(x)
and q2(x) are the premise variables. Referring to (5), the fuzzy plant model given
by

ẋ(t) =
4∑

i=1

μi[Aix(t) + Biu(t) + Eaifa(t)]

y(t) =
4∑

i=1

μi[Cix(t) + Esifs(t)]
(16)

where x(t) ∈ κ3×1, u(t) ∈ κ1×1 and Ci ∈ κ1×3 are the state vectors and the
battery control input, respectively, where

A1 = A2 = A3 = A4 =

⎡
⎣

1
R1C1

0 0
0 1

R2C2
0

0 0 0

⎤
⎦, B1 = B2 = B3 = B4 =

⎡
⎣

1
C1
1

C2
η

Cn

⎤
⎦,

C1 =

⎡
⎣

q1,min

1
q2,min

⎤
⎦

T

, C2 =

⎡
⎣

q1,min

1
q2,max

⎤
⎦

T

, C3 =

⎡
⎣

q1,max

1
q2,min

⎤
⎦

T

and C4 =

⎡
⎣

q1,max

1
q2,max

⎤
⎦

T

.

The choice of Eai and Esi depend on the input and the output of the battery
system. The sensor fault and actuator fault are considered: battery input current
and battery terminal voltage which are modeled up to 25% from the rated value
for the current and the voltage of the battery.

3.2 Intelligent Power Distribution and Optimization Controller
(Level 2: IPDOC)

Once level 3 has selected the appropriate mode and generated the healthy SOC
set point, this level of control manages and optimizes the power distribution
between the two different sources based on new proposed formula to update
the proposed fuzzy controller. Therefore, the mode of operation and healthy
SOC set point are considered as two inputs for the second level of control (cf.
Fig. 7). There are six input variables at this control level: PCVE and actual
vehicle torque for the Learning Adaptive Algorithm (LAA) block and mode
of operation with the same three inputs of the third level (speed of the vehi-
cle, torque demand, SOC) for the Fuzzy Management Controller (FMC) block.
The two output variables of level 2 are TICE,SP and TEM,SP. This level consists
of three blocks. The FMC block splits the required torque between EM or/and
HM via ICE. The proposed LAA block based on a neural network is used to
update FMC parameters. The Global Vehicle Actual and Optimal Efficiency
Calculation Algorithm (GVAOECA) block is used to calculate the total actual
and the optimal efficiency for the vehicle based on the elementary efficiencies
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of the EM, battery, ICE, HP, HM and transmission. The main contributions of
this level are: (i) to find the best combination of power distribution between
different energy sources and maximize hybrid vehicle overall efficiency; (ii) to
tune the optimal parameters of the fuzzy controller based on neural network
optimization; (iii) to generate the set point for the first level.

Fig. 7. Block diagram of the proposed level 2.

The two output variables of level 2 are TICE,SP and TEM,SP. The proposed
fuzzy management controller inferred output for the ICE torque (TICE) and EM
torque (TEM ) are given by [20],

TICE =

∑c
j=1 mICE,jσICE,j1σICE,j2∑n

j=1 mICE,jσICE,j2
(17)

TEM =
∑c

i=1 mEM,iσEM,i1σEM,i2∑c
i=1 mEM,iσEM,i2

(18)

where, σICE,j1 and σEM,i1, σICE,j2 and σEM,i2 are the mean and the standard
deviation of the GMF of the output variable for the ICE and the EM, respec-
tively, which are two adjustable parameter, mICE,j and mEM,i are the inferred
weights of the jth and ith output membership function for the ICE and the
EM, respectively, c is the number of fuzzy rules. The mean and the standard
deviation of the output variable are optimize based on the LAA presented in
the following section. In order to optimize the output of the proposed FMC
based on Artificial Neural Network (ANN). We first identify the parameter sets
involved in the premise and consequence control logic and use the proposed below
Theorem 2 to updates the parameters values.

Theorem 2: The parameters required by the FMC, shown in Eqs. (17) and (18)
are updated by the proposed LAA, if the mean and the standard deviation of
the membership function satisfy the following:
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σk+1
ij1 = σk

ij1 − ζk
t+s∑

k=t+1

N∑
j=1

(
ek
edμtd,ij + ek

effμeff,ij

)
(19)

σk+1
ij2 = σk

ij2 − ζk
t+s∑

k=t+1

N∑
j=1

(
ek
edμtd,ij + ek

effμeff,ij

)
(20)

where, σij1 is σICE,j1 and σEM,i1 for (17) and (18), and σij2 is σICE,j2 and
σEM,i2 for (17) and (18) which are the mean and the standard deviation of the
GMF for ICE and the EM, respectively. etd and eeff are the error functions
for the torque demand and the vehicle total efficiency. μtd,ij and μeff,ij are the
weights of the ith rule for the jth training pattern, ζk is the learning rate, k is
the iteration index, t is the trailing edge of the moving time-window over which
the prediction error is minimized and s is the window of learning. For off-line
learning we select t = 1 and s = P ; where P is the size of the training set,
which is usually much larger than the largest multi-step-ahead prediction hori-
zon needed in practice [27]. The prediction accuracy deteriorates very quickly
with increasing P . For on-line learning, s can be selected to be sufficiently large
so as to include the largest possible prediction horizon [27].

Proof. The proof can be given directly from [18].

3.3 Local Fuzzy Tuning Proportional-Integral-Derivative
Controllers (Level 1: LFPIDC)

The objective at this level is to regulate the set points of EM and HM via ICE,
to give a good control tracking performance. In this level, it is proposed fuzzy
logic tuning PID controller based on [18] for the EM and HM via ICE.

4 Simulation Results and Discussion

In order to develop and to evaluate the performance of the proposed overall
energy management strategy called IRHHCS (cf. Sect. 3), a realistic model of
the studied Hybrid Hydraulic-Electric bus included an accurate battery model is
used (cf. Sect. 2) and implemented. In this section, three simulations and discus-
sions to demonstrate the effectiveness of the proposed IRHHCS are presented.
The first simulation validate the battery model at low and high temperature
during the charging and discharging phases. In the second simulation, the effec-
tiveness of the proposed strategy to detect and compensate the effect of battery
fault and its effect on the SOC estimation are presented. The third simulation
validates the overall control architecture for the complete vehicle to illustrate
the effectiveness of the proposed technique.
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Fig. 8. Battery current profile; (left) battery discharging current profile; (right) battery
charging current profile [20].
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Fig. 9. Comparison of experimental and model output voltages and voltage error at
high temperature (40 oC) and discharge current (80A); (left) experimental and model
output voltages; (right) voltage error.

4.1 Simulation 1: BUSINOVA Battery Model Validation

The objective of this section is to validate BUSINOVA bus battery model
through experimental tests before implementing the diagnostic scheme. BUSI-
NOVA bus battery cell has rated capacity of 80 Ah and nominal voltage of
4.1 V. Figure 8 (left) shows battery discharging and charging current profiles.
Experimental and model output voltage comparison and the voltage error for
discharging at high temperature (40 oC) and low temperature (−40 oC) are given
in Figs. 9 and 10, respectively. Figure 11 shows the comparison of the experimen-
tal and model output voltage and the voltage error at thigh temperature (40 oC)
for the pulsating charging current (cf. Fig. 8 (right)). Output voltage and the
voltage error comparison at low temperature (−40 oC) and constant charging
current (80A) is given in Fig. 12.

From the simulation results it can be seen that, for low and high temperature
the maximum voltage error for discharging and charging are similar to the error
found at reference temperature which permit us to conclude that the proposed
BUSINOVA battery model is more accurate.
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From the Figs. 9, 10, 11 and 12, one can observe that the proposed model of
Lithium-ion battery gives a good modeling performance. For the proposed model,
between 10% and 95% SOC, the terminal voltage error around 0.2% which cor-
responds to lower error compared to voltage error of 1.5% [15].
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Fig. 10. Comparison of experimental and model output voltages and voltage error at
low temperature (−4 0oC) and discharge current (80A); (left) experimental and model
output voltages; (right) voltage error.

1 2 3 4 5
Time [Sec] 104

3

3.2

3.4

3.6

3.8

4

4.2

Ba
tte

ry 
Ter

min
al V

olt
age

 [V
]

Experimental Voltage

Model Output Voltage

0 2 4 6
Time [Sec] 104

-6

-4

-2

0

2

4

6

Ba
tte

ry 
Ter

min
al V

olt
age

 Er
ror

 [V
]

10-3

Fig. 11. Comparison of experimental and model output voltages and voltage error at
high temperature (40oC) and charge current (80 A); (left) experimental and model
output voltages; (right) voltage error [20].

4.2 Simulation 2: Fault Detection and Its Effects on Battery SOC
Estimation

The objective of BMFFTC for the Lithium-ion battery presented in Sect. 3.2 is
to ensure that all signals in the closed-loop battery system are bounded during
the battery faults. In this section, the effects of current or voltage sensor faults
on the battery SOC estimations and compensate its effect are investigated. For
the testing purpose, it is required that sensor and/or actuator fail. The current
or voltage sensor faults are injected in the battery test bench. The initial value
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of the fuzzy observer SOC state is 50%. The tested discharging current profile is
given in Fig. 13. Figure 14 (left) and (right) show the current sensor fault (+20
A bias fault) and voltage sensor fault (+0.1 V bias fault) (solid lines) and their
estimations (dashed lines) based on the fuzzy observer, respectively. To prevent
the battery from over-discharge, the lower limit of the battery SOC is taken as
10%. We are considered the ±20 A bias sensor fault occurs at the time 2406
sec. Figure 15 (left) plots the experimental SOC estimation under the current
sensor fault with FFTC and without FFTC, while Fig. 15 (right) shows the SOC
estimation errors. It can be found from Fig. 15 (left) that the computed SOC
in battery management system (observer-estimated SOC) is around 20% at the
time 4812 sec when the current sensor has a +20 A bias fault. According to this
result, the battery suffering from over-discharge. Therefore, this will accelerate
the battery aging and decrease the battery life. For a −20 A bias fault, the
estimated SOC will reach to 10% and the battery cannot release the supposed
energy. Also with ±0.1 V bias fault occurs at the time of 2406 sec, similar
simulation results are obtained in Fig. 16 (left) and (right). The battery may
be over-discharged when the voltage sensor has a +0.1 V fault as shown in
Fig. 16 (left). The estimation errors are up to 22% with the voltage sensor faulty
condition (cf. Fig. 16 (right)). The results show that the battery may be over-
discharged in the faulty sensor cases. The simulation results demonstrate the
effectiveness of the proposed control approach. The proposed control scheme
can guarantee the stability of the closed-loop battery system.
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Fig. 12. Comparison of experimental and model output voltages and voltage error at
low temperature (−40oC) and constant charging current (80A); (left) experimental
and model output voltages; (right) voltage error.

From the simulation results, it can be seen that without the reconfiguration
mechanism, the battery lost performance just after the sensor became faulty,
whereas for the same condition and using the proposed FFTC scheme strategy,
the battery remains stable in the presence of voltage sensor fault and current
actuator fault which demonstrates the effectiveness of the proposed FFTC strat-
egy. In summary, it has been shown that the proposed scheme is able to detect
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Fig. 13. Battery discharging current profile [20].

and compensate voltage sensor faults and current actuator faults, through a
proper and feasible selection of the observed variables.

4.3 Simulation 3: Proposed Overall Strategy Validation

To prove the effectiveness of the proposed overall control architecture for optimal
energy management, IRHHCS is compared with Pontryagin’s Minimum Princi-
ple (PMP) [4] method already existing in the literature. The desired and the
actual bus speed profile for the proposed IRHHCS and PMP strategies are shown
in Fig. 17. Total energy consumed by the vehicle for these controllers is given in
Fig. 18 which shows that the IRHHCS strategy is better w.r.t. to PMP controller
for reducing total energy consumed (fuel consumption and battery discharge),
which increases the efficiency of the vehicle.
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Fig. 14. Battery current and voltage sensor faults and their estimations; (left) battery
current sensor fault and its estimation; (right) battery voltage sensor fault and its
estimation [20].
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Fig. 15. Effects of current fault on battery SOC estimation; (left) SOC estimation
results in the current sensor faulty conditions with FFTC and without FFTC; (right)
SOC estimation errors in the current sensor faulty conditions with FFTC and without
FFTC [20].
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Fig. 16. Effects of voltage fault on battery SOC estimation; (left) SOC estimation
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SOC estimation errors in the voltage sensor faulty conditions with FFTC and without
FFTC [20]
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To have a more specific comparative analysis, the total energy consumption
for a typical driving cycle are shown in Table 1.

Table 1. Comparison of results for proposed IRHHCS and PMP strategies.

Control strategy Total energy consumed [KJ]

PMP 3799.341

IRHHCS 3732.384

From Table 1, with the initial SOC, driving cycle, all other parameters and
constrains conditions are considered the same. It is seen that the proposed
IRHHCS reduces the fuel consumption up to 2% compared to PMP method.
In summary, it can be seen that the BUSINOVA bus follows the trajectory of
the reference input. In addition, the proposed overall control architecture for
optimal energy management is reliable even during current and/or voltage sen-
sor faults (cf. Sect. 4.2). It is amazingly found in Table 1, that the proposed
strategy significantly reduce the total energy consumed (in [KJ]), which shows
the effectiveness of the strategy applied on the BUSINOVA bus.

5 Conclusion

This chapter presented a robust energy management strategy, with battery faults
detection and compensation for the studied hydraulic-electric hybrid vehicle.
The first part of this work is dedicated to the development and validation of the
dynamic model of the BUSINOVA bus, including an accurate battery model. The
obtained results given in Sect. 4 confirm the reliability of the model under a vari-
ety of operating conditions. In the second part, an appropriate design of system-
atic BMFFTC (Battery Management Fuzzy Fault Tolerant Controller) scheme
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is proposed to estimate and compensate the battery faults. Some sufficient
conditions for robust stabilization of the TS fuzzy model were derived for a
Lithium-ion battery and were formulated in an LMI (Linear Matrix Inequal-
ities) format. The third part of the chapter has been focused on minimizing
total energy consumption and thereby on increasing the total distance traversed
between refueling of the studied hybrid vehicle. The proposed method has been
implemented using real time power management strategy, named Intelligent
Robust Hierarchical Hybrid Controller Strategy (IRHHCS). This proposed strat-
egy consists of three control levels. The highest one (the third level) has been
developed using fuzzy strategy and fuzzy observer in order to manage all of the
possible bus operation modes and to generate SOC set point for second level
and compensate the battery faults. At the second level, an advanced IPDOC
(Intelligent Power Distribution and Optimization Controller) has been devel-
oped for power splitting which decides the optimal combination of power sharing
(between different energy sources) to minimize the total bus energy consump-
tion while maximizing the overall vehicle efficiency. In the first level, an LFPIDC
(Local Fuzzy tuning Proportional-Integral- Derivative Controllers) is described
and used to track the set points of EM (Electric Motor) and HM (Hydraulic
Motor) via the ICE (Internal Combustion Engine) generated at the second level,
in order to reach peak performance and acceptable operation indexes while taken
into consideration the dynamic behavior of EM, ICE and HM. The obtained
results confirm that, using the proposed approach: (i) the strategy can be eas-
ily implemented in real time because it does not depend on prior information
about future driving conditions; (ii) battery faults could be accurately detected
and compensated to minimize its aging effects; (iii) minimize total energy con-
sumption. It is planned in near future to implement the overall proposed control
strategy on the actual BUSINOVA platform. Among the main future develop-
ments, it is targeted to ensure the robustness of the overall proposed control
strategy w.r.t. modelling uncertainties.
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Abstract. This paper presents impedance control through force
estimation of a redundantly actuated Parallel Kinematic Manipulator.
The impedance control is a model based control that sets a stiffness,
damping and apparent inertia in the task space of the robot. The control
is based on the feedback linearisation of the dynamics. The impedance
control is achieved through an optimization promoting the even distribu-
tion of torques over actuators. Next, a force estimator is applied through
an nonlinear disturbance observer. Finally, the estimated force is used in
the impedance controller to set an apparent inertia of the moving plat-
form of the robot. The approach shows a good response in low frequen-
cies and good external force estimation required for impedance controlled
tasks.

Keywords: Redundantly actuated · Impedance control ·
Parallel kinematic manipulator · Nonlinear disturbance observer ·
Indirect force control

1 Introduction

Compliant motion in robotics refers to force regulation or force control coupled
with motion control. Passive compliant motion is achieved through a mechanical
compliant device in the end effector keeping the control system unmodified.
Active compliant motion controls and regulates the force of the contact forces
between the end effector of the robot and the environment whilst executing
motion control. Traditional industrial robots are position controlled with good
and precise trajectory tracking but does not take environmental constraints into
account, hence it is dangerous to work next to them and they are not suitable for
a number of delicate tasks. The adoption level of compliant motion is challenging
because the forces of interaction are exclusively indirectly noticeable in the robot
application [1]. Modern industrial manipulators are integrating force control into
c© Springer Nature Switzerland AG 2020
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their controllers, such as universal robots [2] for tasks that require force control
motions when the task is known but it is still hard to cope with uncertainty of the
interaction forces for a specific task [3]. Examples of tasks that require compliant
motion are assembly, material processing as polishing or de-burring and material
handling [4] i.e. the robot will adapt the torques and forces when in contact with
objects in its environment. In robot applications of material handling, there
are tasks as holding, machine tending, pallet transfer, palletising, picking and
packing that are commercially available [5]. These applications are mainly used
on Serial Kinematic Manipulators but there are few applications applying force
regulation on Parallel Kinematic Manipulators (PKMs). PKMs’ fundamental
stiffness and relative higher speed, compared to the serial kinematic manipulators
[6], shows that they are capable of performing assembly and material processing
tasks in the manufacturing sector [7]. PKMs main applications are pick and place
operations and accurate positioning systems in manufacturing thanks to to their
high speed, high accelerations and low inertia [8]. The secondary applications
are assembly [9], positioning systems for telescopes [10], motion simulators used
for pilots’ training [11], pick and place in the food industry [12], and material
processing operations such as drilling [13]. Among archetypical assembly tasks in
manufacturing is the ”peg-in-hole” problem. The peg-in-hole problem has been
addressed mainly with serial kinematic manipulators, where they set compliance
in the axis of the peg while keeping a stiff motion in the other axes [14–16]. This
task serves as a primary benchmark behind this research.

The compliant motion approach can be addressed with direct force control
or indirect force control, where there is no direct measurement of the contact
force. An indirect force control strategy is the Impedance Control [17]. The aim
of Impedance Control is to impose a desired apparent mechanical stiffness and
damping of the end effector in the task space or joint space of the robot depend-
ing on the application. In general, an impedance control can be implemented
through the inverse dynamic model of the robot where there are the same num-
ber of inputs (actuators) and outputs (independent motions), whereas for an
overactuated robotic system (redundantly actuated) it is not so straightforward.
Redundantly actuated PKMs have more actuators than degrees of freedom (inde-
pendent motions). The control of redundantly actuated PKMs requires the solu-
tion of inverse dynamics to use techniques as the Moore-Penrose pseudo inverse
matrix [18] or the null space of the forces is used [19] to solve this problem.
There are advantages of redundantly actuateded robots such as improvement
of Cartesian stiffness within the workspace, homogeneous symmetric force out-
put and a need for optimization due to the fact that the dynamic equations
are indeterminate [20]. Recently, the BlueWorkforce company introduced a new
industrial redundant PKM (The Ragnar Robot). The motivation behind the
work presented in this paper is to introduce compliant motion in the Ragnar
robot through active compliance control.

In this paper, we first propose an impedance controller for the Ragnar
robot by setting a desired stiffness and damping for each coordinate axis in
the cartesian space. The system is modelled using Lagrange’s equations and
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the impedance control imposes a decoupled stiffness and damping. Then, an
extended version is presented by setting a desired apparent inertia of the
moving platform. Finally, a nonlinear disturbance observer is introduced to esti-
mate the external forces and model the full impedance of the moving platform.

The paper is organized as follows: In Sect. 2, the parallel kinematic manipula-
tor is described. Section 3 briefly describes the dynamics of the manipulator. The
trajectory generation is briefly discussed in Sect. 4. The impedance control for
stiffness and damping is described in Sect. 5. In Sect. 8, the extended approach
to impedance control to set an apparent inertial is described. Then, in Sect. 7,
an approach for external force estimation is described and simulated. Section 10
presents the conclusions.

2 System Description

The Ragnar robot is a Delta type parallel kinematic manipulator capable of
moving in 3 orthogonal directions in space, but it is constrained to a fixed ori-
entation. It has four identical limbs that consist of an actuated proximal link
attached to the fixed base and a serial connected distal link that is attached to
the moving platform. The global coordinate system is fixed in the center of the
fixed platform, the end effector coordinate system is attached to the center of
the moving platform and four local coordinate systems are located in the attach-
ment points of the moving platform and the distal links. The locations of the
reference systems are shown in Fig. 1.

Fig. 1. Ragnar frames. Taken from [22].

The solution to the inverse kinematics is reported in [22].

2.1 Jacobian Analysis

Differentiating the kinematic constraint equation with respect to time computes
the Jacobian for each limb, where xi denotes the position vector of the attach-
ment point in the moving platform and qi = [θi ζi ηi]T

ẋi = Jiq̇i (1)
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with
Ji =

[
j1i j2i j3i

]
(2)

where

j1i = R1ik × (bi + R2ili) (3)
j2i = R1iR

ζi
z k × Rηi

y li (4)
j3i = R1iR2ij × li (5)

It yields four different jacobians as reported in the previous paper [22].

3 Manipulator Dynamics

The method adopted for modelling the manipulator through first principles is the
variational energy method known as the Lagrange equations. The dynamics are
computed by considering each limb as a separate system and finally combining
all the four limb equations with the dynamic equations of the moving platform.

3.1 Dynamic Model of the Limb

The Lagrange equation of the second kind, with independent coordinates, was
used to model the limb dynamics as reported in [22]. Figure 2(a) shows the
external forces acting in the i-th limb and Fig. 2 (c) shows the location of the
center of mass of the links.

Fig. 2. (a) Free body diagram of i-th limb. (b) Free body diagram of moving platform.
(c) Vectors of i-th limb. Figures taken from [22].

Deriving the equations gives as a result a dynamic equation for the i-th limb
in the form

Mi(qi)q̈i + C(q̇i, qi) + G(qi) = τi − JT
i fi (6)
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3.2 Dynamic Model of the Mobile Platform

The moving platform has its rotation mechanically constrained, hence the
dynamic equation is calculated as

Mpẍ + Gp = fe +
4∑

i=1

fi (7)

where Mp = mpI3 denotes the mass of the moving platform in each x, y, z axis, fi

the effect of the interaction forces in the i-th attachment point Gp is the gravity
vector of the moving platform and fe is the interaction force between the moving
platform and the environment. Figure 2(b) shows the free body diagram of the
moving platform.

4 Reference Trajectory

Compliant motion is defined as the adaptation of the torques of the motors
when the robot’s moving platform (or end effector) comes in contact with the
environment so the moving platform modifies its trajectory accordingly to the
forces that results of such interaction.

Given a reference trajectory as the set of positions, velocities and accelera-
tions of the moving platform i.e. {xr, ẋr, ẍr}, we can compute the set of positions,
velocities and accelerations of the joints i.e. {qri

, q̇ri
, q̈ri

}. In a non-redundantly
actuated parallel kinematic manipulator, the torques of the motors can be deter-
mined through Eqs. (6) and (7). In a redundantly actuated parallel kinematic
manipulator, the torques of the motors cannot be computed directly using the
dynamic equations. The inverse dynamics of the robot yields to three equations
for translational motion and four torque inputs to be determined. Hence, the
solution for the inverse dynamics gives as a result infinitely solutions.

4.1 Reference Trajectory with Optimized Torques

The trajectory given in a set comprising the moving platform and joints posi-
tions, velocities and accelerations {xr, ẋr, ẍr, qri

, q̇ri
, q̈ri

}. The first task is to
determine the value references of torques for the given trajectory.

The torque equation for a reference trajectory of the i-th limb is given by:

τri
= Miq̈ri

+ C(q̇ri
, qri

) + G(qri
) + JT

ri
fri

∀ = 1..4 (8)

and all the torque equations are merged with the dynamic motion equation of
the moving platform in absence of external forces as in [22], i.e.

Mpẍr + Gp =
4∑

i=1

fir (9)

Equations (9) and (8), given the reference trajectory generates a set of 15 equa-
tions and 16 variables, thus the solution for the inverse dynamics, as stated
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before, have infinitely many solutions. The problem is set as an optimization
problem where the objective function is designed, along with constraints, to
support additional control design specifications as well as to remove the ambi-
guity of the solution for actuator torques. In this paper, the objective function
is chosen to promote even distribution of the torques over actuators. We chose
the objective function as follows

fobj(fi) =
4∑

i=1

T 2
i (10)

Then, the optimization setting by combining Eqs. (10), (8) and (9) i.e.

min fobj(fi) st

Mpẍr + Gp −
4∑

i=1

fir = 0

τri
= Miq̈ri

+ C(q̇ri
, qri

) + G(qri
) + JT

ri
fi ∀i = 1..4

τri
= [Tri

0 0]T ∀i = 1..4
τmr ≤ τri

≤ ¯τmr ∀i = 1..4 (11)

where τmr and ¯τmr are the minimum and maximum torques allowed for the
reference trajectories. This values are set below the absolute maximum torque
in order to have available torque for control purposes. Defining

ha = [1 0 0] , hb =
[
0 1 0
0 0 1

]
(12)

We reformulate Eq. (11) as

minf1,..,f4

4∑

i=1

(haτri
) 2 st

Mpẍr + Gp −
4∑

i=1

fir = 0

hbτri
= 0 ∀i = 1..4

τmr − haτri
≤ 0 ∀i = 1..4

haτri
− ¯τmr ≤ 0 ∀i = 1..4 (13)

upon which reference torques Tri
and internal interaction forces fri

are found.

5 Impedance Control

Impedance control sets a stiffness (kp) and damping (kv) to the motion of the
moving platform. The Fig. 3(a) shows an example of what the motion is like in
one axis of linear motion.

lounis.adouane@uca.fr



180 J. de Dios Flores-Mendez et al.

Fig. 3. (a) Example of mechanical impedance of the moving platform in one axis. (b)
Block diagram of the impedance control.

The impedance control takes the reference trajectory (desired trajectory) and
the actual trajectory to compute the torques required to actuate the robot. The
actual trajectory will be away the reference trajectory in presence of an external
force and according to the impedance parameters. The block diagram is depicted
in the Fig. 3(b) where it shows the controller, the robot (plant) and the external
disturbance force.

Taking Eq. (7) and renaming the sum of the internal interaction forces as a
controlled force fc it is re-written as

Mpẍ + Gp = fe + fc + fr (14)

by subtracting
Mpẍr = fr − Gp (15)

we obtain
Mpδẍ = fe + fc (16)

with
δx = x − xr (17)

and set the desired damping and stiffness of the moving platform in the task
space, named the damping (Kp) and stiffness (Kv) matrices including a gravity
compensator

fc = − (Kpδx + Kvδẋ) (18)

Inserting Eq. (18) into Eq. (14) we get

Mpδẍ = fe − (Kpδx + Kvδẋ) (19)

As a result, we obtain a model for the design of an impedance controller, i.e.

Mpδẍ + Kvδẋ + Kpδx = fe (20)

The damping and stiffness matrices are usually chosen to be diagonal in order
to decouple the dynamic effects in each independent direction of the task space
(Cartesian space). In this approach we do not compensate for acceleration i.e. it
is not set the apparent inertia. This will only affect the high frequency response.
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5.1 Kinematics Approximation

Assuming that the robot position is sufficiently close to the reference trajectory,
the inverse kinematics approximate linearly as

δxi = xi − xri
≈ Ji(qri

)(qi − qri
) = Ji(qri

)δqi (21)

or
δqi ≈ J−1

i (qri
)δxi (22)

Defining
J (t) = J−1

i (qri
(t))

we obtain

δq̇i ≈ J̇ δxi + J δẋi (23)

and

δq̈i ≈ J̈ δxi + J̇ δẋi + J̇ δẋi + J δẍi (24)
≈ J̈ δxi + 2J̇ δẋi + J δẍi (25)

We shall convert the limb i torque Eq. (6) into dynamics for xi by a simplified
linear approximation, i.e.

δτi = τi − τri

≈ M(qri
)δq̈ri

+ G(qri
)δqi + J(qri

)T δfi

Finally, inserting Eqs. (22), (23) and (25) into Eq. (26) we get an approximation
of the limb i torque equation in terms of δxi.

5.2 Control Allocation

As in Sect. 4, the problem is cast as an optimization task. The torques are allo-
cated through an optimization that promotes even distribution of torques, thus
reducing the sudden change of manipulator torques. The optimization is set up
using the objective function previously defined in Eq. (10), i.e.

min fobj(fi) st

Kpδx + Kvδẋ +
4∑

i=1

fi − Gp = 0

δτi = M(qri
)δq̈ri

+ G(qri
)qδqi + J(qri

)δfi ∀i = 1..4
τi = [Ti 0 0]T ∀i = 1..4

τ ≤ τi ≤ τ̄ ∀i = 1..4
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simplifies to [22]

min

4∑

i=1

(ha (δτi + τr))2 st

Kpδx + Kvδẋ +
4∑

i=1

fi − Gp = 0

hb (δτi + τr) = 0 ∀i = 1..4
τ − ha (δτi + τr) ≤ 0 ∀i = 1..4

ha (δτi + τr) − τ̄ ≤ 0 ∀i = 1..4 (26)

where

Ti = ha (δτi + τr) (27)
δτi = M(qri

)δq̈ri
+ G(qri

)qδqi + J(qri
)δfi (28)

6 Impedance Control Results in Simulation

6.1 Simulation Setup

The mass and inertia values are taken from the CAD model of the robot. The
controller and dynamic model are simulated numerically. The Table 1 shows the
geometric and physical parameters of the robot.

Static Reference. The proposed method is evaluated, as the beginning of our
investigation, in a static position (ẍr = ẋr = 0) i.e. the reference trajectory.
The reference position is the initial position of the robot, which is selected to be
x = [0 0 − 0.4]T . For the case of a non-static reference trajectory we may apply
the same procedure to find the reference forces and torques.

Table 1. Geometrical and physical parameters of the Ragnar Robot [22].

Parameter Value

γ π
6

ai [±0.28, ∓0.114][m]

α π
12

b 0.3[m]

l 0.55[m]

r 0.1[m]

mp 0.25[kg]

mb 0.3[kg]

Ib 0.0013[kg · m2]

ml 0.12[kg]

max. torque 10[Nm]
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6.2 The Stiffness and the Damping Matrices

The stiffness and Damping matrices are selected to be diagonal in order to
decouple the stiffness and damping responses in Cartesian space. We selected
different stiffness gains for evaluation purposes and selected different cut-off (fr)
frequencies for each axis to compute the damping.

Kp = diag (kpx, kpy, kpz) , Kv = diag (kvx, kvy, kvz) (29)

Table 2. Stiffness and Damping parameters [22].

Stifness [N/m] fr [s−1] Damping [Ns/m]

kpx 1000 30 kvx 40.83

kpy 500 10 kvy 52.5

kpz 200 5 kvz 41.25

6.3 Step Response

A step input (fe) is applied to the system in each linear axis in task space and
is compared to the desired step response. The step input applied at t = 0 is
fe = [1 1 1]T .

It is observed that the step response of the simulation and the desired
response is as expected with the largest displacement error in the z-axis, which
corresponds well with the design of stiffness in the respective directions as shown
in Fig. 4.

The constant of time for each of the step responses is calculated from the
simulation results.

τtx = 0.0355 , ωx = 1/τtx = 28.16 (30)
τty = 0.096 , ωy = 1/τty = 10.41 (31)
τtz = 0.207 , ωz = 1/τtz = 4.83 (32)

where the poles resulting from the selection of stiffness and damping in the design
phase are

px1 = −30 , px2 = −133.33 (33)
py1 = −10 , py2 = −200 (34)
pz1 = −5 , pz2 = −160 (35)
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Fig. 4. Step response of the simulation and the desired response [22].

It is observed that the error of the measured cut-off frequencies from the
simulation, that correspond to the dominant poles, are very close to the design
requirement. The measured absolute errors between the designed and simulated
response:

ex = 1.84
ey = 0.41
ez = 0.17

The maximum error measured is in the x-axis and it is possibly due to the
approximations previously outlined.

6.4 Response to Harmonic Forces

In the last section a step response was applied to evaluate the desired response
of the system against the simulation but is only valid for very low frequencies.
The designed system is simulated for the case of external harmonic forces acting
in the mobile platform. The harmonic forces are in the form

fhe = A sin(2π · ω · t) (36)

An amplitude of A = 1 is selected for the harmonic forces and frequency is
varied to obtain a sketch of the Bode plot of the simulated system with controller.

The external harmonic force is simulated as

fe(t) = [fhe fhe fhe]T

Results Analysis. Figures 5 shows the results from the simulation of the system
when harmonic forces are applied to the moving platform. The harmonic forces
were applied in the direction of the three axis of the global coordinate system.
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Fig. 5. (a) Bode plot of the simulation and the desired response in x-axis. (b) Bode plot
of the simulation and the desired response in y-axis. (c) Bode plot of the simulation
and the desired response in z-axis. Figures taken from [22].

Then, the gain was computed from the simulation in dB. Different frequencies
were applied to the system to test the controller and obtain the Bode plot of
the system with the impedance controller. Comparing the response to harmonic
forces in different frequencies we observe that the cut-off frequency is almost
half decade behind the designed cut off frequency. This can be caused due to the
small difference of the mass of the mobile platform and the limbs, which does
not allow for many simplifications but could be mitigated when the mass of the
moving platform is increased when there is a tool attached to it, which should
also be accounted in the design phase.

7 External Force Estimation

As mentioned before, parallel robots’ advantages include higher velocities than
its counterparts, the serial kinematic manipulators, and it is due to its low mass-
intertia links and that the actuators are located in the fixed base of the robot.
Adding a force/torque sensor to the end effector of the Ragnar robot will add
mass and inertia to its dynamics and foremost it is an expensive sensor that will
add much to the cost of the robot.
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We applied a Nonlinear Disturbance Observer (NDO) to estimate external
forces as a disturbance.

7.1 Nonlinear Disturbance Observer

Disturbance observers are unknown input observers introduced for robust motion
control [23]. Nonlinear Disturbance Observers have been widely used for robot
applications where there is not available torque/force sensors in the joints and/or
end effector.

Given the dynamics by Eqs. (7) and (6), we can write the disturbance vector
as:

fdis = Mpẍ + Gp −
4∑

i=1

fi (37)

Then, the disturbance observer can be proposed as:

˙̂
fdis = −L(x, ẋ)f̂dis + L(x, ẋ)(Mpẍ + Gp −

4∑

i=1

fi) (38)

And introducing an auxiliary variable (zd) so that the observer requires no mea-
surement of accelerations, as proposed in [24]:

żd = −L(x, ẋ)zd + L(x, ẋ)(Gp −
4∑

i=1

fi − p(x, ẋ))

f̂dis = zd + p(x, ẋ)

Then, define p(x, ẋ) as:

p(x, ẋ) = c

⎡

⎣
ẋ

ẋ + ẏ
ẋ + ẏ + ż

⎤

⎦ (39)

The asymptotical stability of NDO given by Eq. (39) is guaranteed [25]. The
equation above yields to:

L(x, ẋ) = c

⎡

⎣
1 0 0
1 1 0
1 1 1

⎤

⎦ I−1
J (40)

where IJ is the inertia matrix of the manipulator and c is a design parameter
that determines the convergence rate of the NDO [25]. The inertia matrix of the
ragnar robot is given by the mass of the moving platform and the inertia matrix
of the limbs in task space:

IJ = Mp +
4∑

i=1

J−T
i M(qi)J−1

i (41)
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7.2 Force Estimation Results in Simulation

The manipulator is simulated with the impedance controller with external forces
in the moving platform.

Figure 6 shows the block diagram of the robot with the controller and the
NDO, and Table 3 shows the parameters of the controller and the NDO.

The force applied at the end effector is a square signal, with the same value
in the three directions and amplitude of 2 N and frequency of 2.5 hz to show the
estimation of the forces.

Fig. 6. Block diagram of the robot with controller and the external force estimator.

Table 3. Parameters of the controller and NDO.

Parameter Value

Kpx 300 [N/m]

Kpy 150 [N/m]

Kpz 50 [N/m]

Kvx 200 [Ns/m]

Kvy 100 [Ns/m]

Kvz 40 [Ns/m]

c 130

Figure 7 shows the external force (blue) applied to the end effector in the
three directions and the estimated force in each axis (orange, yellow, purple). The
nonlinear disturbance observer converges in 0.2 s and showing a good accuracy.

lounis.adouane@uca.fr



188 J. de Dios Flores-Mendez et al.

8 Impedance Control with External Force Estimation

In Sect. 5, the impedance is set by selecting a stiffness and damping matrices
but the apparent inertia is not specified. In this section, the apparent inertia is
specified for each axis. From Eq. (20) an expression for ẍ can be found as:

Mdδẍ + Kvδẋ + Kpδx = fe (42)

ẍ = ẍr + M−1
d [fe − (Kvδẋ + Kpδx)] (43)

where Md is the apparent inertia. The apparent inertia or apparent mass is
the design mass of the “mass-spring-damper” model of the active compliance.
The main difference with the approach described before is that the mass inertia
matrix will be decoupled in the Cartesian space. Md is usually selected as diago-
nal to have a decoupled impedance in each of the axis (Md = diag(mx ,my ,mz )).
Then, Eq. (43) is inserted into Eq. (7)
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Fig. 7. Estimated forces and external forces.

IJ

(
ẍr + M−1

d [fe − (Kvδẋ + Kpδx)]
)

+ Gp = fe +
4∑

i=1

fi (44)

where IJ is the inertia matrix of the moving platform and the limbs.
Figure 8 shows the block diagram of the Impedance controller that takes

as input the estimated external force and the difference between the moving
platform trajectory and the reference trajectory.

lounis.adouane@uca.fr



Impedance Control and Force Estimation of a Redundant 189

Fig. 8. Block diagram of the robot with controller and the external force estimator 2.

9 Impedance Control with Force Estimation Results
in Simulation

The Impedance Control with a Non Linear Disturbance observer is tested in
simulation in Matlab. All measurements are sampled at a rate of 200 Hz. The
external force fe is applied as a step. The apparent inertia is chosen different for
each cartesian axis in task space as:

Md =

⎡

⎣
1 0 0
0 0.5 0
0 0 1.5

⎤

⎦ (45)

The desired damping (Kv) and stiffness (Kp) matrices are kept the same as in
Table 2. Then, each axis should have a different response to the external force
as:

X

fe
=

1
ms2 + kvs + kp

(46)

Results in simulation show a good performance of the Impedance Controller
through force estimation. Figure 9 shows the step response of the system used
for design and the response from the simulation. The system shows a steady
state error of less than tenth of millimetre for the x and y axis and a zero in the
z axis.

10 Conclusions

In this paper, impedance control for the Ragnar robot was presented. The
impedance control is first designed with a stiffness and damping without set-
ting an apparent inertia. Then, the method is extended to include the desired
apparent inertia of the moving platform. By adding this term the response to
harmonic forces is improved. The method is based on a previous paper and is
applied through an optimization to solve for the inverse dynamics with infinite
solutions.
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Fig. 9. Step response for an external force fe = [1 1 1]T .

Furthermore, a force estimator was implemented based on a nonlinear distur-
bance observer. The estimator shows a good estimation of external forces on the
moving platform. The estimated force is used in the impedance control model
to set the apparent inertia of the ”mass-spring-damper” model.

Future work is the implementation of the controller and the estimator of
external forces on the Ragnar robot for tasks that require force regulation like
assembly or peg in hole.
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Abstract. This paper proposes a new modelling framework for accurate pre-
dictions of arterial blood gases (ABG) of the previously developed SOPAVent
model (Simulation of Patients under Artificial Ventilation). Three ABG
parameters which were elicited from the SOPAVent model are the partial arterial
pressure of oxygen (PaO2), the partial arterial pressure of carbon-dioxide
(PaCO2) and the acid-base (pH). SOPAVent generate predictions of initial ABG
and predictions of ABG after ventilator settings were modified. SOPAVent’s
sub-models, the relative dead space (Kd) and the carbon-dioxide production
(VCO2) were designed using interval type-2 fuzzy logic system (IT2FLS).
Further explorations of the models were carried out using fuzzy c-means clus-
tering (FCM) and tuning of fuzzy parameters using ‘new structure’ particle
swarm optimization algorithm (nPSO). The new models were integrated into the
SOPAVent system for blood gas predictions. SOPAVent was validated using
real intensive care unit (ICU) patient data, obtained from the Royal Hallamshire
Hospital and Northern General Hospital, Sheffield (UK). The prediction accu-
racy of SOPAVent was compared with the pre-existing SOPAVent model where
the Kd and VCO2 sub-models were developed using machine learning algo-
rithms. Significant improvements in accuracy and correlation were achieved
under this frameworks for PaCO2 and pH for both the initial ABG predictions
and the post ventilator settings adjustments.

Keywords: Data clustering � Interval type-2 fuzzy systems � Blood gases �
Ventilator management

1 Modelling of the Human Respiratory System

1.1 Artificial Ventilation in the ICU

The intensive care unit (ICU) is where severely-ill patients requiring constant moni-
toring are treated. Patients are usually admitted to the ICU to recover following major
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surgery, or when one or more of their organs fail from injuries or serious infections.
Between 2015 and 2016 an estimated 270,000 adults were admitted into ICUs in
England, with 75% of them being above 50 years old [1]. Each year an estimated 20%
of patients admitted to the ICU did not survive to leave the ICU [2]. The first 24 h (the
so-called ‘golden hours’) of care is the most critical, and will eventually determine the
outcome of the patient.

However, due to severe constraints on health services, patients in the ICU are
monitored by only a few nurses, who have many tasks to perform concomitantly and
are of varying levels of seniority and experience. The intensive care medical staff are
spread thinly, with responsibility for seeing critically-ill patients inside and outside the
ICU. Artificial ventilation plays a key role as the main life support system for patients
in the ICU. An estimated 45% of patients admitted to the ICU require respiratory
support from artificial ventilators [1]. Artificial ventilation aids spontaneous breathing,
and can also take-over the normal breathing functions for patients who are unable to do
this for themselves. Patients are usually artificially ventilated when they suffer from
respiratory failure, circulatory failure or neurological failure. Clinicians optimize
ventilator settings to ensure appropriate oxygenation, which allow tissues to metabolize
effectively, and at the same time try to reduce the risk of ventilator induced injuries to
the lungs, trachea or vocal cords.

To evaluate the efficiency of artificial ventilation, blood samples are taken from the
patient’s arteries, usually every two to three hours. Blood samples are also taken from
the veins, although much less frequently. Blood gas analysis is performed on the blood
samples to determine the partial arterial pressure of oxygen (PaO2), the partial arterial
pressure of carbon-dioxide (PaCO2) and the acid based levels (pH). When necessary,
adjustments in ventilator settings are made following the blood gas results to ensure
proper oxygenation is achieved. Changes in ventilator settings can induce a response in
blood gas parameters in as early as 30 min. However, verification of this can only be
carried out when the next blood sampling is due in two or three hours. The procedure to
undertake arterial blood sample is invasive. A catheter must be inserted to the artery at
the wrist, or other parts of the body if the artery at the wrist cannot be accessed. Careful
consideration is usually given before this procedure is performed. These considerations
can include the quality of blood supply, i.e. poor blood supply or blood clots and
damaged arteries, and sometimes this may be challenging in the awake patient, espe-
cially if they are very young or confused. These factors can potentially reduce the
number of blood gas samples for a 24-h period which lead to a lack of knowledge of
the blood gases qualities. A ballpark estimation of blood gases however, might lead to
the wrong clinical decisions being made.

The ICU generate data from multiple sources, some of which can only be inter-
preted and cross-correlated by expert clinicians. Unfortunately, clinicians, often have
their hands full, with clinical and non-clinical duties. These data include measurement
of physiological parameters, medication dosage and frequency, ventilator settings,
sensor readings, and results from tissue, urine and blood analyses. An objective and
evidence-based approach towards interpreting these rich data can help towards the
strategy for patient recovery and survival. An automatic and non-invasive blood gas
prediction tool is highly desired to bridge the time gap and information between actual
blood gas analyses. Furthermore, computerization can unload clinicians and nurses
(and relieve tedium), so they can focus more on critical decisions.
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1.2 The Human Respiratory System Under Artificial Ventilation

The human respiratory system under artificial ventilation is complex to model. There is
a higher degree of uncertainty in ICU patients when compared to the general popu-
lation. This is attributed to the variation in the diagnosed illness of patients, the
treatment they are undertaking and possible changes in treatment, medications pre-
scribed, pre-existing conditions they might have and physiological variation from body
size, age and gender. The goal for modelling the human respiratory system under
artificial ventilation is for it to be exploited for optimal ventilator settings, to avoid
morbidity and reduce mortality.

The human respiratory and circulatory systems can be divided into five compart-
ments (see Fig. 1). These compartments are the alveolar, pulmonary, arterial, tissue and
venous compartment. The lungs are composed of three types of alveolar; the normal
alveolar when there is ideal ratio between ventilation and perfusion, the dead-space
alveolar where there is ventilation but no perfusion, and the shunted alveolar where
there is perfusion but no ventilation.

Blood from the venous compartment which is lower in oxygen passes through the
pulmonary compartment where carbon-dioxide is transferred into the alveolar com-
partment and oxygen is transferred from the alveolar compartment into the pulmonary
compartment to oxygenate the blood. Blood that leaves the pulmonary compartment
mixes with a portion of shunted blood from the venous compartment which did not
participate in the gas transfer process. It then passes into the arterial compartment
which carries the blood into the tissue compartment.

Pulmonary Capillary Bed

Arterial PoolVenous Pool

Tissue Capillary Bed

Metabolised Tissue

Expire GasO
2

CO
2

Ventilator

O
2
Consumption                                   CO

2
Production 

Venous Blood 
(shunted) 

Pulmonary Blood 

Mixed Arterial Blood De-oxygenated  
Blood 

Venous Blood

Alveoli

Fig. 1. Human respiratory and circulatory systems under artificial ventilation. (adapted from
Goode [4]).
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The tissue compartment diffuses oxygen into diverse types of tissues to allow
normal metabolic process to take place. Tissues then diffuse carbon-dioxide back into
the bloodstream in return. The de-oxygenated blood is then carried to the venous
compartment and back to the pulmonary compartment, where gas transfers can con-
tinue to occur [3].

1.3 The Sheffield SOPAVent Model

The SOPAVent model (Simulation of Patients under Artificial Ventilation) is a model
that simulates the human respiratory system when it is under artificial ventilation [4]. It
was first developed in The University of Sheffield (see Fig. 2). SOPAVent derived
itself from fundamentals of gas exchange in lung mechanics. The gas exchange
equations that governs SOPAVent are divided into oxygen transport equations, carbon-
dioxide transport equations, oxygen dissociation function and carbon-dioxide disso-
ciation function, all of which are available in the appendix section of this paper.

The main objective of SOPAVent is to provide accurate predictions of PaO2,
PaCO2 and pH of arterial blood gases, which prior to this, are only made available from
blood sampling and blood gas analysis [4]. SOPAVent can also be integrated into
advisory models to provide decision support for parameters of ventilators in the ICU
[3–5]. SOPAVent utilizes the following ICU data as inputs to the model.

i. Ventilator parameters: positive end expiratory pressure (PEEP), respiratory rate
(RR), inspiratory pressure (Pinsp), minute volume (MV), ratio of inspiratory time
to expiratory time (I:E), fraction of inspired oxygen (FiO2) and tidal volume (Vt)

ii. Arterial blood gases: PaO2, PaCO2, pH and oxygen saturation (SaO2)
iii. Physiological information: body surface area, mean arterial pressure, body tem-

perature, and end-tidal carbon-dioxide production (EtCO2).

To accurately model the human respiratory system, SOPAVent also require
parameters which are not routinely available in the ICU. These parameters are the
carbon-dioxide production (VCO2), the oxygen consumption (VO2), the cardiac output
(CO), the relative dead-space (Kd) and shunt. Goode [4], previously measured the
VCO2 using a metabolic computer and tuned the Kd to match the measured PaCO2.
Shunt was derived by secant tuning, while the CO was measured with the use of a
pulmonary artery catheter (PAC). Wang et al. [3], modelled both the VCO2 and the Kd
using adaptive neuro-fuzzy inference system (ANFIS), while estimating the CO using
body surface area (BSA). Indera-Putera et al. [5], later, modelled the VCO2 and the Kd
using interval type-2 fuzzy logic system (IT2FLS). The models were then optimized
using ‘new structure’ particle swarm optimization algorithm (nPSO), and integrated
into SOPAVent by Indera-Putera et al. [6]. VO2 was derived from the relationship of
respiratory quotient (RQ) with VCO2 using the following equation defined in Wang
et al. [3]:

VO2 ¼ VCO2=RQð Þ; with RQ ¼ 0:8 ð1Þ

This paper outline with details the fuzzy type-2 models for VCO2 and Kd described
in Indera-Putera et al. [5, 6]. This paper also propose new estimations of VCO2 and Kd
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using fuzzy c-means clustering (FCM), as well as nPSO, for the selection of input and
output fuzzy membership functions (MFs). The SOPAVent blood gas models described
by Indera-Putera et al. [6] are further extended to include the new VCO2 and Kd
models to predict the values of PaO2, PaCO2 and pH of arterial blood gases (ABG).
The SOPAVent model is then validated with real ICU patient data from the Royal
Hallamshire and Northern General Hospitals, Sheffield, United Kingdom. Finally, a
comparison of SOPAVent performance using different models of VCO2 and Kd is
presented and discussed.

2 Modelling of Relative Dead-Space (Kd) and Carbon-
Dioxide Production VCO2 for Sopavent Blood Gas
Prediction

2.1 Selection of Input Parameters

A sensitivity analysis conducted by Goode [4] was used to study how well certain
parameters correlate with the relative dead-space (Kd) and the carbon-dioxide pro-
duction (VCO2). The data used in this study included actual measurements of Kd and
VCO2. From Table 1, it is shown that Kd is most sensitive to PaCO2 and moderately
sensitive to Pinsp, RR and Vt. There is also a small correlation between Kd and
PEEP. Thus, these five parameters: PaCO2, Pinsp, RR, Vt and PEEP were selected to
be the inputs to the Kd model as shown in Fig. 3. Kd is shown to be least sensitive to
changes in MV and PIP, hence these two parameters were excluded from the modelling
of Kd. From Table 2, it is shown that VCO2 is most sensitive to MV and EtCO2. VCO2

is also moderately sensitive to Vt. Thus, these three parameters: MV, Vt and EtCO2
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Fig. 2. The SOPAVent structure (adapted from Wang et al. [3]).
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were selected to be the inputs to the VCO2 model as shown in Fig. 3. VCO2 is shown
to be least sensitive to changes in PIP, PEEP and FiO2. Hence, these three parameters
were excluded from the modelling of VCO2. It can also be seen that VCO2 is mod-
erately sensitive to RR. Here, RR is used to generate MV using the following equation:

MV ¼ Vtð Þ RRð Þ ð2Þ

2.2 Real ICU Data for Test and Validation of the Kd and VCO2 Models

The data used for this work were gathered retrospectively from the Sheffield Royal
Hallamshire and the Northern General Hospitals, Sheffield, United Kingdom, and their
use was approved by the Research Ethics Committee. For the purposes of modelling
and validation, the actual measurements for Kd and VCO2 were also included. Data
consist of minute per minute recordings over a 24-hour period. Kd was modelled using
447 data from 25 patients and VCO2 was modelled using 764 data from 21 patients. Kd
was validated using 67 data from 13 patients and VCO2 was validated with a total of 82
data from 5 patients.

The criteria for data selection are discussed in the following part. Tables 3 and 4
show the summary of data used for the Kd and the VCO2 models. A sample of the data
distribution (validation data) for the Kd model is shown in Fig. 4.

Table 1. Correlation between Kd and parameters Pinsp, PIP, RR, PEEP, PaCO2, Vt and MV.

Parameter Pinsp PIP RR PEEP PaCO2 Vt MV

Correlation −0.39 −0.08 0.49 0.22 0.66 −0.41 0.11

PaCO
2

RR

Vt

Pinsp

PEEP

Kd Kd 
Model

MV

Vt

EtCO
2

VCO
2

VCO
2

Model

Fig. 3. Right: Kd model, and left: VCO2 model.

Table 2. Correlation between VCO2 and parameters EtCO2, Vt, MV, PEEP, RR, PIP, and FiO2.

Parameter EtCO2 Vt MV PEEP RR PIP FiO2

Correlation 0.69 0.39 0.64 0.15 0.24 0.01 0.10
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2.3 Criteria for Data Selection

Patients are ventilated under Bi-level Positive Airway Pressure mode (BiPAP). The
total respiration rate (RR) should be higher or equal to the set RR. This is due to the
total RR being equal to the set RR plus the spontaneous RR. The end-tidal carbon-
dioxide (EtCO2) should be lower than the partial arterial pressure of carbon-dioxide
(PaCO2), but the difference between EtCO2 and PaCO2 should be no greater than
3 kPa. Anything larger than 3 kPa may suggest a calibration error. EtCO2 should also
be higher than 3.5 kPa. The minimum value for carbon-carbon dioxide production
(VCO2) is 100 ml/min, the minimum value for tidal volume (Vt) is 0.25 L, and the
minimum value for relative dead-space (Kd) is 10. There must also be a minimum of
two valid data set per patient for the patient’s data to be included.

Table 3. Kd data summary.

Data
category

Mean + S.D

PaCO2

(kPa)
RR
(breath/min)

Vt
(l)

Pinsp
(cmH2O)

PEEP
(cmH2O)

Kd

Modelling 5.69 + 1.05 16.96 + 3.27 0.52 + 0.12 13.93 + 3.64 10.62 + 3.88 27.95 + 6.72
Validation 5.39 + 0.84 16.21 + 4.19 0.47 + 0.11 13.30 + 3.23 9.01 + 2.87 29.10 + 7.37

Table 4. VCO2 data summary.

Data category Mean + S.D
MV (l/min) Vt (l) EtCO2 (kPa) VCO2 (ml/min)

Modelling 7.89 + 1.79 0.54 + 0.09 4.89 + 0.96 217.27 + 56.77
Validation 8.90 + 1.79 0.54 + 0.07 4.68 + 0.69 217.75 + 33.42

Fig. 4. Validation data distribution for the Kd model: inputs (PaCO2, RR, Vt, Pinsp, PEEP) and
output (Kd).
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2.4 Interval Type-2 Fuzzy Logic System

The type-2 fuzzy logic system (T2FLS) is a relatively new formalism that is gaining
popularity in designing complex, non-linear systems (see Fig. 5). Unlike type-1 fuzzy
logic systems, the membership function (MF) of type-2 fuzzy systems is in itself fuzzy.
This enables for robust and adaptable models, which would be suitable for designing
and controlling of systems with higher degrees of uncertainty [7]. The MF of T2FLS is
three-dimensional, represented by a footprint of uncertainty (FOU) that leads to an
extra degree of freedom [8]. An example of FOU for a type-2 trapezoidal MF is shown
as the shaded area of Fig. 6. The shaded area is constrained by the upper membership
function (UMF) and lower membership function (UMF).

This paper uses the interval type-2 fuzzy logic system (IT2FLS) instead of the
general type-2 fuzzy logic system, to reduce the computational burden and to reduce
the overall system complexity. For this section of the work, 9-point trapezoidal MFs
were selected for the input fuzzy sets of the Kd and the VCO2 models. Each input
parameter is provided with three MFs, named ‘low’, ‘moderate’ and ‘high’. The Kd
model, with five inputs and three MFs for each input generated 243 fuzzy rules. The
VCO2 model, with three inputs and three MFs for each input generated 27 rules.
A revised Kd model was also proposed to reduce the number of rules from 243 to 44.
The IT2FLS engaged a singleton fuzzifier and the outputs were calculated using the
Karnik-Mendel (KM) algorithm [9]. The FOU for each MF is set to be approximately
10% of the range of data for its corresponding input. The FOU and MFs will then be
manually tuned to improve prediction accuracy. Figure 7 shows the manual mem-
bership function selection process for IT2FLS and Fig. 8 shows a manually tuned
IT2FLS fuzzy set for VCO2 modelling.

Crisp 
Inputs 

Fuzzifier Inference Engine

Rule-base

Type Reducer

Defuzzifier
Crisp  

Output 

Fig. 5. Type-2 fuzzy system.

Fig. 6. Footprint of uncertainty (FOU) in a type-2 membership function (MF).
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Fig. 7. Manual membership function (MF) selection process for IT2FLS.
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Fig. 8. The manually tuned IT2FLS fuzzy sets for VCO2 model. Top: input parameters MV and
Vt. Bottom: input parameter EtCO2, and output parameter VCO2.
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2.5 New Particle Swarm Optimization (nPSO) for Selection
of Membership Function (MF)

Particle swarm optimization (PSO) follows the behavior of a flock of birds or a school
of fish in search of the best location for resources. Each individual in the swarm is
called a ‘particle’. Each particle has information on the best location for resources from
its own experience, and shares this information with the other members in the swarm.
Upon receiving this information, all other particles adjust their speeds and directions
towards the optimal location, also known as the ‘global best’. PSO is a powerful yet
simple algorithm to implement on non-linear systems, and has the ability to generally
converge to a good solution quickly.

In this paper, an updated version of PSO designed by Zhang et al. [10], called the
‘new structure PSO’ (nPSO) was used to increase the accuracy of the VCO2 and the Kd
prediction models, by tuning the output membership functions (MFs) (see Fig. 9). In
nPSO, the term ‘momentum’ was used to replace the term ‘inertia’ of the original PSO
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Fig. 9. Membership function selection using nPSO.
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algorithm. This should enable the particles to circumvent any local optimum and
prevent premature convergence. The dimension of nPSO is equal to the number of
output MF multiplied by two, since each MF is represented by an upper MF (UMF) and
lower MF (LMF). The nPSO was used to tune the VCO2 model with 27 rules and the
revised Kd model with 44 rules. The nPSO select the fuzzy sets that produced the least
mean squared error (MSE).

2.6 Fuzzy C-Means Clustering (FCM) for Modelling of the VCO2

and the Kd Components

Fuzzy C-Means Clustering (FCM) is a prototype-based clustering algorithm that par-
titions or ‘clusters’ data according to their similarities (in the Euclidian sense) [12].
Each data point has a certain membership grade associated to every cluster and each
cluster has a center. The cluster centers and membership grades are iteratively updated
until the cluster centers are moved to the correct location. This is achieved by reducing
the distance between data points and its cluster centers. By creating natural groupings
from a large dataset, one can extract a meaningful knowledge about the system [11].
FCM minimizes the following cost function:

J ¼
Xn

k¼1

Xc

i¼1
lmik xk � vij jj j2 ð3Þ

Where; lik ¼
1

Pc
j¼1

xk�vij jj j
xk�vjj jj j

� �2= m�1ð Þ ð4Þ

Here, n is data size, c is cluster number, xk is the k
th data, vi is the i

th cluster center,
lik is the degree of membership of the kth data in the ith cluster, and m is a constant
typically set at 2. The effectiveness of FCM is highly dependent on the number of
clusters and the initial cluster centers.

In this paper, FCM was employed to design type-1 fuzzy sets for the VCO2 and Kd
models. The dataset used in the FCM is the modelling data of Tables 3 and 4. The
selection of the cluster number, c was carried out a trial and error basis, starting from c
= 4 up to a maximum of c = 30. The center of cluster and standard deviation for each
cluster were used to generate the Gaussian membership function (MF) for the type-1
fuzzy system using a Mamdani rule-base. The Mean Squared Error (MSE), Mean
Absolute Error (MAE), and correlation (R2) were used as selection criteria for the
optimal cluster number. From the simulations performed, the cluster number c = 17 has
shown to be the optimal to represent the behavior of the VCO2 model, and cluster
number c = 28 was the best as far as the Kd model was concerned. The fuzzy sets were
further tuned using the nPSO algorithm, first for selection of the output MFs and then
for the selection of the input MFs. Figure 10 shows a sample of the fuzzy sets gen-
erated by FCM for the VCO2 model. Figure 11 shows a sample of the input EtCO2

clustering for the VCO2 model, and input the Vt clustering for the Kd model.
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3 Validation of Kd and VCO2 Sub-models in Sopavent
with Real ICU Data

3.1 Kd and VCO2 Prediction Results

The prediction of the Kd parameter using the interval fuzzy type-2 model (IT2FLS) and
the fuzzy type-1 c-mean clustering model (FCM) have shown significant improvements
from the adaptive neuro-fuzzy inference system (ANFIS) model (see Table 5).
Although from the prediction results of the modelling data, the Mean Squared Error
(MSE) for the IT2FLS models were higher than the ANFIS model, and the correlation
coefficient (R2) for the IT2FLS models were lower than the ANFIS model, the pre-
diction accuracy of the validation data for both the IT2FLS and the FCM models were

µ(MV) µ(Vt)

µ(EtCO2) µ(VO2)
MV(l/min) Vt(l)

EtCO2(kPa) VO2(ml/min)

Fig. 10. FCM generated fuzzy sets for the VCO2 model. Top: input parameters MV and Vt.
Bottom: input parameter EtCO2 and output parameter VCO2.

Fig. 11. Data clustering using FCM. Left: EtCO2 input with VCO2 output. Right: Vt input with
Kd output.
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significantly higher than the preceding ANFIS model. The MSE was reduced from
53.00 to 19.52 (63% improvement), the MAE was reduced from 18.52 to 11.13 (39.9%
improvement) and the correlation (R2) increased from 0.54 to 0.82 (28% improve-
ment). The number of rules have also been optimized to 28, which allow for a faster
computational time. Figure 12 shows the prediction results for Kd modelling and Kd
validation data sets. The IT2FLS and FCM models have shown better generalization
properties which reduced the number of predictions that sits outside of the ±10% error
line.

Fig. 12. Kd prediction results. Top: modelling results for IT2FLS and Type-1 FCM. Bottom:
validation results for IT2FLS, Type-1 FCM and ANFIS model.

Fig. 13. VCO2 prediction results. Top: modelling results for IT2FLS and Type-1 FCM. Bottom:
validation results for IT2FLS, Type-1 FCM and ANFIS model.
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The prediction of VCO2 using the interval fuzzy type-2 model (IT2FLS) and the
fuzzy type-1 c-mean clustering model (FCM) have also shown improvements from the
ANFIS model (see Table 5). From the prediction result of the modelling data, the MSE
and R2 for ANFIS model were better than IT2FLS and FCM models. However, from
the prediction results of the validation data, it can be seen that both for IT2FLS and
FCM models performed better than the ANFIS model. The MSE for validation data
was reduced from 455.01 to 245.85 (45% improvement), the MAE was reduced from
18.52 to 11.13 (39.9% improvement) and the correlation increased from 0.86 to 0.91
(5% improvement). The number of rules have also been optimized to 17, which also
allow for a faster computational time. Figure 13 shows the prediction results for VCO2

modelling and validation data sets. The IT2FLS and FCM models have also shown
better generalization properties which reduced the number of predictions that lie out-
side of ±10% error line.

3.2 Integration of Kd and VCO2 Sub-models into SOPAVent for Blood
Gas Predictions

To allow for SOPAVent to predict the arterial blood gas parameter (ABG) of PaO2,
PaCO2 and pH, the Kd and VCO2 models were integrated into SOPAVent together
with other inputs. The prediction of SOPAVent was then compared with the actual
blood gas measurements from ICU patients for performance evaluation. SOPAVent
generated two sets of output. The first set is the initial ABG predictions, which are the
predications before changes in ventilator settings were applied. The second set of
outputs is the ABG predictions after the ventilator settings were adjusted. As ABG
parameters can change as soon as 30 min after ventilator settings changes were made,
an immediate prediction will be beneficial for any future treatment plans. Data used for
validation of SOPAVent meet the following conditions defined by Wang et al. [3]

Table 5. Kd and VCO2 prediction results for modelling and validation data.

Parameter Approach Modelling data Validation data
MSE MAE R2 MSE MAE R2

Kd ANFIS 10 8.71 0.88 53 18.52 0.54
IT2FLS (243 rules) 21.76 14.48 0.74 32.76 14.96 0.62
IT2FLS nPSO 14.47 10.92 0.83 22.39 10.98 0.80
Type-1 FCM nPSO 9.95 9.12 0.89 19.52 11.13 0.82

VCO2 ANFIS 189.33 4.59 0.97 455.01 7.87 0.86
IT2FLS nPSO 476.85 7.96 0.90 315.46 6.33 0.91
Type1 FCM nPSO 379.09 7.01 0.94 245.85 5.80 0.91
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i. Patient in Bi-level Positive Airway Pressure mode (BiPAP);
ii. ABG taken between 30 and 60 min before ventilator settings were adjusted;
iii. ABG taken between 30 and 180 min after ventilator settings were adjusted;
iv. Changes in mean blood pressure (BP) between ventilator adjustments should be

within ±15% of the original BP, and,
v. Ratio of spontaneous breathing rate to total breathing rate between ventilator

adjustments should be less than 15%.

Twenty-nine (29) data points obtained from 21 patients were used to validate
SOPAVent. Figure 14 shows the data distribution for the SOPAVent validation. The

patients consist of 7 females and 14 males with a mean age of 58 ± 13 years. Table 6
shows the summary for all patients as used in this study.

3.3 SOPAVent Prediction Results

SOPAVent prediction results are summarized in Table 7. The sample of prediction
results are shown in Figs. 15 and 16. The results of IT2FLS and type-1 FCM were
compared with the previous version of SOPAVent where the Kd and VCO2 models
were developed using ANFIS.

Table 6. Summary of patients for SOPAVent validation.

Age Height (cm) Weight (kg) Gender
Male Female

58 ± 13 170 ± 9.18 70.4 ± 16 14 7

Fig. 14. SOPAVent validation data. Top: Initial ABG (PaO2, PaCO2 and pH). Bottom: ABG
after ventilator settings adjustments (PaO2, PaCO2 and pH).
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For SOPAVent with the Kd and VCO2 models designed with IT2FLS, it can
be seen from the initial ABG prediction results that this model and the previous
SOPAVent model developed with ANFIS showed similar performances for PaO2

predictions. For initial PaCO2 predictions, the new model has reduced the Mean
Squared Error (MSE) from 1.30 to 0.39, decreased the Mean Absolute Error
(MAE) from 11.60 to 9.11, and improved the correlation coefficient (R2) from 0.69 to
0.91. For initial pH predictions, the MSE was reduced from 5.60 e−3 to 2.50 e−3, the
MAE was reduced from 0.71 to 0.54, and also improved R2 from 0.67 to 0.88. After the
ventilator settings were adjusted, no significant change were observed for PaO2 pre-
diction. The new model has improved the the MSE for PaCO2 from 0.87 to 0.74,
improved the MAE for from 10.68 to 10.31 and also improved R2 from 0.78 to 0.81.
For pH predictions, the new model has reduced the MSE from 4.70 e−3 to 3.00 e−3,
improved the MAE from 0.69 to 0.59, and increased R2 from 0.71 to 0.84.

For SOPAVent with the Kd and VCO2 models designed with Type-1 FCM, it can
also be seen from the initial ABG prediction results that this SOPAVent model and the
previous SOPAVent model developed with ANFIS showed similar performances for
PaO2 predictions. For initial PaCO2 predictions, the new model has improved the MSE
from 1.30 to0.85, and increased the R2 from 0.69 to 0.77. However, there was no
improvement in MAE. For the initial pH predictions, the MSE was reduced from 5.6

Table 7. SOPAVent blood gas prediction results.

Approach ABG
parameter

Initial ABG predictions Post-ventilator-
change ABG
prediction

Kd VCO2 MSE MAE R2 MSE MAE R2

ANFIS ANFIS PaO2 1.14 e−5 1.68 e−2 1.00 11.41 15.07 0.49
PaCO2 1.30 11.60 0.69 0.87 10.68 0.78
pH 5.60 e−3 0.71 0.67 4.70 e−3 0.69 0.71

IT2FLS
nPSO

IT2FLS
nPSO

PaO2 1.92 e−5 2.35 e−2 1.00 11.44 15.18 0.50
PaCO2 0.64 9.85 0.86 1.09 10.11 0.74
pH 2.70 e−3 0.57 0.84 3.40 e−3 0.60 0.78

IT2FLS 243 IT2FLS
nPSO

PaO2 1.92 e−3 2.66 e−2 1.00 13.30 14.94 0.50
PaCO2 0.39 9.11 0.91 0.74 10.31 0.81
pH 2.5 e−3 0.54 0.88 3.00 e−3 0.59 0.84

T-1 FCM
nPSO

T-1 FCM
nPSO

PaO2 1.27 e−5 0.02 1.00 11.23 14.94 0.51
PaCO2 0.85 11.77 0.77 1.02 12.45 0.73
pH 4.00 e−3 0.70 0.81 4.00 e−3 0.75 0.78
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Fig. 15. SOPAVent ABG (PaO2, PaCO2 and pH) prediction results with Kd and VCO2 sub-
models using IT2FLS. Top: initial ABG predictions. Bottom: post-ventilator settings adjustments
ABG predictions.

Fig. 16. SOPAVent ABG (PaO2, PaCO2 and pH) prediction results with Kd and VCO2 sub-
models using Type-1 FCM. Top: initial ABG predictions. Bottom: post-ventilator settings
adjustments ABG predictions.
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e−3 to 4.00 e−3, the MAE was slightly improved from 0.71 to 0.70 and R2 was
increased from 0.67 to 0.81. After ventilator settings were adjusted, there were no
significant improvements for PaO2 or PaCO2. For pH predictions, the new model
improved the MSE from 4.70 e−3 to 4.00 e−3 and increased the R2 from 0.71 to 0.78.
However, there was no improvement in MAE.

4 Conclusion

Several fuzzy logic based models were developed for the estimation of relative dead-
space (Kd) and the carbon-dioxide production (VCO2) for SOPAVent, a non-invasive
and automatic blood gas prediction system. Firstly, an interval type-2 fuzzy logic
system (IT2FLS) was used to elicit the Kd and VCO2 models. These IT2FLS models
were then optimized using a new particle swarm optimization (nPSO) algorithm. Then,
fuzzy type-1 models with c-means clustering (FCM) were also developed for Kd and
VCO2.

The type-1 FCM models successfully reduced the number of fuzzy rules which
enables the model to reduce its computational burden. The type-1 FCM models were
also fine-tuned using the nPSO algorithm. Real ICU data were used to design and
validate the models. Both IT2FLS and type-1 FCM models gave satisfactory prediction
performance with significant improvements in MSE, MAE and R2 when compared to
machine learning models. The new models were integrated into SOPAVent to allow for
predictions of ABG parameters such as PaO2, PaCO2 and pH. SOPAVent with IT2FLS
models outperformed the previous SOPAVent version. The SOPAVent model, where
the Kd and VCO2 components were designed using type-1 FCM, led to equal per-
formance as compared to the previous model. The new IT2FLS models showed better
generalization capability as compared to type-1 FCM, as a result allowing them to be
more robust and adaptive to uncertainties and inter/intra ICU patient parameter vari-
ability respectively. Current research work is being undertaken to design the Kd and
VCO2 models using type-2 fuzzy systems with fuzzy clustering capability to further
improve the prediction accuracy of blood gas parameters, while retaining a good level
of transparency as provided intrinsically by the fuzzy principle.
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Abstract. In this work, a distributed containment algorithm is
proposed for the control of a formation of unicycle-type robots and
mobile manipulators. This algorithm considers an interaction network
among the agents in the formation, which is associated with a weighted
directed graph. The structure of the formation considers the cases when
virtual or real leaders delimit it. Further, the leaders form a convex hull
that bounds the formation, and the positions of the followers inside this
convex hull are determined by the Laplacian matrix of the network graph.
The robot models are separated into a kinematic and a dynamic compo-
nent. For the kinematic component, a containment algorithm is designed,
while for the dynamic component, a controller based on the compensa-
tion of the mechanical parameters is proposed. The designed controllers
are verified through computer simulations considering distinct number
of agents and formation shapes. Additionally, some perturbations and
mechanical parameters variations were applied to verify the robustness
of the control laws.

Keywords: Multi-agent system · Formation control · Distributed
control · Containment algorithm · Consensus · Unicycle-type robot ·
Mobile manipulator

1 Introduction

The use of a group of vehicles to execute cooperative activities has been investi-
gated in the last years because of the efficacy of doing coordinated activities in
a team [1,2]. Further, the use of multiple mobile robots has acquired significant
importance due to their ability to move in different types of environment, mainly
on the ground. Several applications of mobile robot teams include visual map-
ping of environments [3,4], robotic convoys [5,6], object transportation [7,8], etc.
Specifically, teams of mobile manipulators are used mainly for object transporta-
tion in environments with a lot of obstacles where the objects must be elevated
c© Springer Nature Switzerland AG 2020
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with a manipulator arm. In [9–13], various control methods have been proposed
for a cooperative object transportation using groups of mobile manipulators
under different conditions. Other applications such as mobile sensor coverage,
satellite formation, safe travel of group of robots, etc. [14] also demand the use
of multiple vehicles in a geometric pattern to achieve a task in a cooperative
way.

A formation of robots can be modeled as a networked system formed by multi-
ple agents (multi-agent system), and hence the formation is achieved through the
consensus of a variable of interest that depends on the state of all agents/robots
in the network [15–17]. Algorithms and protocols that allow this behaviour usu-
ally impose similar dynamics in the variable of interest of all the agents.

The distributed formation control of a robots’ team is an important appli-
cation of a networked system since a consensus algorithm, based on limited
information, can achieve the desired geometric pattern. In this approach, the
robots/vehicles are considered the agents of the system that interchange infor-
mation through a network, which is associated to a graph. Further, distributed
control schemes allow to develop control laws that are robust to failures in the
communication network and easily scalable to more robots/agents. Meanwhile, a
system with a large number of agents and excessive interactions, e.g. centralized
control scheme, may face problems in the multiple robot environments due to
excessive communication [18].

Containment control schemes for multiagent systems consider two groups of
agents: (1) the leaders whose control actions are computed to achieve a deter-
mined goal and generally are independent of the followers’ states, and (2) the fol-
lowers, which are guided to go into a convex hull spanned by the leaders [19,20].
In formation control applications, the convex hull (geometric constraint) is use-
ful in activities where only certain robots are equipped with sensors to detect
determined characteristics of the environment. Containment control of followers
in a multiagent system and robots’ team have been widely studied. For instance,
[21] studies an algorithm for a multiple wheeled mobile robot platform that con-
siders identical velocities of the leaders and the group dispersion. Reference [19]
proposes an algorithm based on a Stop-Go policy to guarantee the containment.
Reference [20] designs a controller based on the pre-feedback control strategy
and feedback dissipative Hamilton theory. Nevertheless, many of the developed
algorithms are characterized by the sign function [22–25]. This discontinuous
function is used mainly to force the system to slide along the intersections of
designed manifolds in order to get a robust controller [26]. The fast change in the
control signal demands an infinite bandwidth and generates a phenomenon called
chattering which behaves like a high frequency noise in the signal. This type of
control actions cannot be applied in systems with actuators and circuitry that
are not capable of responding under these circumstances. Consequently, several
techniques have been proposed, including integral terms [27], to eliminate this
problem, but it generates more complicated control laws. For practical purposes,
continuous functions that approximate the characteristic of the sign function can
be used to achieve a control law without chattering [28–30]. These functions can-
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not guarantee zero steady state error, but the error dimensions can be negligible
in most of the cases, confining their values inside a ball.

In this paper, we propose a distributed control for the trajectory tracking of
a formation of unicycle-type robots and mobile manipulators with three degrees
of freedom (3 DOF) using containment control. In order to obtain control actions
without chattering, we use a sigmoid function to approximate the discontinuous
sign function. The positions of the robots in the formation and the interactions
among them are determined by the coefficients of the Laplacian matrix of the
network system. The robot models are separated into kinematic and dynamic
models. The containment controller is designed considering only the kinematics,
while for the dynamics a local control law is applied for each robot. Two scenarios
of formation are studied, which considers real and virtual leaders that delimit
the convex hull. The real leaders pursue trajectory tracking tasks, and have the
same model as the followers in the formation, i.e. have kinematics and dynamics
components. In contrast, the virtual leaders are modeled as kinematic points
determined by the desired trajectory. Also, we consider the variation of the
robots’ mechanical parameters due to changes in the mass and perturbations
during the movements to verify the robustness of the controllers.

The remaining of this chapter is organized as follows. In Sect. 2, the back-
ground and problem formulation is presented. Section 3 specifies the kinematic
and dynamic models used for the unicycle-type robot and the mobile manip-
ulator. In Sect. 4, the containment algorithm and the dynamic controller are
presented. Section 5 shows the structure of the formation considering real and
virtual leaders. Simulations with two different scenarios are exposed in Sect. 6
before presenting conclusions in Sect. 7.

2 Problem Formulation and Background

2.1 Graph Theory Background

A graph is a pair G = (V,E) consisting of a set of vertices or nodes V �= {} and
a set of edges E ⊆ {(i, j) ∈ V ×V : i �= j}. An element e = (vi, vj) of E is called
an edge with end vertices vi and vj [31]. An undirected graph has edges with no
direction while in a directed graph, or digraph, the edges, or arcs, are ordered
pairs of vertices determined by a specific direction. When a directed graph has a
real number associated with each edge w(e), is called a weighted directed graph.

A path is defined as a sequence of (oriented) edges that connect a sequence
of distinct vertices. A cycle is a path that starts and ends at the same vertex
[32]. A graph is strongly connected if there is a directed path between every pair
of vertices. A directed graph that is connected and acyclic (no cycles) is called
a directed tree. In this type of graph, there is a vertex called root, which has
directed paths to all other nodes and does not have any edges directed to it.
In a tree, any two vertices are connected by a unique path. A directed spanning
tree G1 = (V1, E1) of a graph G = (V,E) is a subgraph of G such that G1 is a
directed tree and V1 = V [33].
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The adjacent matrix of a graph A(G) = [aij ] is defined by aij > 0 if (j, i) ∈ E
and aij = 0 otherwise. The entry aij represents the weight of the edge (arc); it
is 1 if the edges are not associated with a weight. In a undirected graph with no
self-edges, this matrix is symmetric with zeros on the diagonal [32].

We define the Laplacian matrix as L(G) = [�ij ], where �ij =
n∑

j=1

aij if i = j,

and �ij = −aij if i �= j. According to its definition, L(G) is diagonally dominant

(li,i ≥
n∑

j=1

|li,j |), and all the eigenvalues have nonnegative real part. Specifically,

the Laplacian matrix is symmetric and positive semidefinite if the graph is undi-
rected.

2.2 Formation and Trajectory Tracking Problem

The structure of the formation is determined by a convex hull that configures
the physical space available for the followers and the interaction network that
represents the information exchange among robots. A convex hull of a set B,
conv(B), in a Euclidean d-space E

d is a set that satisfies (1 − λ)x + λy ∈ B for
x, y ∈ B, 0 ≤ λ ≤ 1 [34]. This geometric space allows the use of leaders in the
formation to delimit its boundaries and guarantee the location of the followers
inside it.

The interactions network of the formation is encoded in a graph. This abstrac-
tion is useful because it represents the topology of all available information links
among the robots, and the dynamics of the team can be expressed in terms of
the graph properties [35]. Consequently, the formation can be modeled through
a graph G = (V,E) where the set of vertices V = {1, . . . , n} represents the
agents/robots of the formation and the set of edges E determines the interac-
tions among them. For example, if there is a directed interaction between robot
i = 1 and robot j = 4, then there is a directed edge (i, j) = (1, 4) in the digraph
G, as shown in Fig. 1.

Fig. 1. Graph of a communication network among the agents of a formation.
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In this work, we consider a formation of n agents composed by m followers
and n−m leaders. The interaction/communication network is modeled through
a weighted directed graph G, with undirected communication patterns among
the followers and directed paths from the leaders to the followers. According to
this graph definition, the first n−m rows of the Laplacian matrix correspond to
the leaders, and their entries are zeros since there are not interactions from the
followers to the leaders nor among the leaders. This characteristic shows that
the leaders are the reference for the formation and they are not affected by the
information exchange among the other robots. In the graph, for each follower
there is at least one leader with a directed path to the follower. Thus, the graph
has a united directed spanning tree [16].

In the motion control of mobile robots, the trajectory tracking is one of
the most relevant problems because these robots must move in unstructured
workspaces with obstacles. To reduce the risks of collisions, the robots are forced
to move along a safety trajectory that is planned considering the scenario and
the capacity of the robots (velocity and acceleration limit) [36]. For this work,
we consider that the centroid of the formation must track a desired Cartesian
trajectory in time [xd(t) yd(t) zd(t)]T. Each agent starts from a random position
that does not match with the trajectory and the team moves in order that the
centroid reaches the desired position while the formation maintains the posture
determined by the trajectory.

3 Robot Models

3.1 Unicycle-type Robot

It is one of the simplest robots used in the design and modeling of more complex
mobile platforms. This robot has a frontal velocity but zero instantaneous lateral
displacement because of its mechanical structure. The movement along the axle
of the lateral wheels is impossible and its motion is restricted to a 2D world [37].

Fig. 2. Unicycle-type robot diagram.
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Kinematic Model. Considering a point located near the wheel axle for the
motion control (Fig. 2), the kinematic model is given by:

⎡

⎣
ẋ
ẏ

ψ̇

⎤

⎦ =

⎡

⎣
cos(ψ) −a sin(ψ)
sin(ψ) a cos(ψ)

0 1

⎤

⎦
[
u
ω

]

(1)

where u and ω are the linear and rotational velocities, ψ is the orientation, (x, y)
is the position of the robot and a is the displacement of the interest point along
the longitudinal axis.

Dynamic Model. The dynamic model of a unicycle-type robot can be expressed
as [38]:

⎡

⎢
⎢
⎢
⎢
⎣

ẋ
ẏ

ψ̇
u̇
ω̇

⎤

⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

u cos(ψ) − aω sin(ψ)
u sin(ψ) + aω cos(ψ)

ω
φ3

φ1
ω2 − φ4

φ1
u

−φ5

φ2
uω − φ6

φ2
ω

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0
0 0
0 0
1
φ1

0

0
1
φ2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[
uref

ωref

]

+

⎡

⎢
⎢
⎢
⎢
⎣

ξx

ξy

0
ξu

ξω

⎤

⎥
⎥
⎥
⎥
⎦

(2)

where uref and ωref are the linear and rotational velocities of reference, φ1,
φ2, φ3, φ4, φ5, φ6 are the model parameters containing longitudinal forces, dis-
tances and torques, and ξx, ξy, ξu, ξω are uncertainties and perturbations of the
robot [38].

3.2 Mobile Manipulator

A mobile manipulator is a robot composed by two structures: a mobile platform
and a manipulator arm. The platform can move on the ground using a locomotion
system while the manipulator arm rotates relative to the base [39].

Fig. 3. Mobile manipulator with 3 DOF diagram.
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Kinematic Model. The diagram of a mobile manipulator with 3 DOF is shown
in Fig. 3. The effector position of the robot is h(t) = [xe(t) ye(t) ze(t)]T , l1, l2
and l3 are the values of the articulations 1, 2 and 3 respectively, θ1(t), θ2(t) and
θ3(t) are the angles of the articulations 1, 2 and 3 respectively, [x(t) y(t)]T is
the centroid of the wheels of the manipulator base, b is the distance from the
centroid of the wheels of the mobile platform to the manipulator base, lm is the
height of the manipulator base; u and ω are the linear and rotational velocities
of the platform and ψ is the orientation of the platform.

The kinematic model of the mobile manipulator is given by [40]:

⎡

⎣
ẋe

ẏe

że

⎤

⎦ = Je

⎡

⎢
⎢
⎢
⎢
⎣

u
ω

θ̇1
θ̇2
θ̇3

⎤

⎥
⎥
⎥
⎥
⎦

(3)

where Je is the Jacobian matrix of the system defined by:

Je =

⎡

⎣
J11 J12 J13 J14 J15

J21 J22 J23 J24 J25

J31 J32 J33 J34 J35

⎤

⎦ (4)

J11 = Cψ

J12 = −bSψ − Sθ1ψ[l2Cθ2 + l3Cθ2θ3 ]
J13 = −Sθ1ψ[l2Cθ2 + l3Cθ2θ3 ]
J14 = −Cθ1ψ[l2Sθ2 + l3Sθ2θ3 ]
J15 = −l3Cθ1ψSθ2θ3

J21 = Sψ

J22 = bCψ + Cθ1ψ[l2Cθ2 + l3Cθ2θ3 ]
J23 = Cθ1ψ[l2Cθ2 + l3Cθ2θ3 ]
J24 = −Sθ1ψ[l2Sθ2 + l3Sθ2θ3 ]
J25 = −l3Sθ1ψSθ2θ3

J31 = 0
J32 = 0
J33 = 0
J34 = l2Cθ2 + l3Cθ2θ3

J35 = l3Cθ2θ3

where Cψ = cos(ψ);Sψ = sin(ψ);Sθ1ψ = sin(θ1 + ψ);Cθ2 = cos(θ2);Cθ2θ3 =
cos(θ2 + θ3);Cθ1ψ = cos(θ1 + ψ);Sθ2 = sin(θ2);Sθ2θ3 = sin(θ2 + θ3).
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Dynamic Model. For the dynamic model, only the forces and torques of the
mobile platform are considered, neglecting the dynamics of the manipulator
arm. Based on the model given by Eq. 2, the dynamic component of the mobile
manipulator can be expressed as:

v̇ = E + Fvref (5)

where E =

⎡

⎢
⎣

φ3

φ1
ω2 − φ4

φ1
u

−φ5

φ2
uω − φ6

φ2
ω

⎤

⎥
⎦ , F =

⎡

⎢
⎣

1
φ1

0

0
1
φ2

⎤

⎥
⎦ , v =

[
u
ω

]

, vref =
[
uref

ωref

]

,

φ1, φ2, φ3, φ4, φ5, φ6 are the model parameters, and vref is the input vector to
the model. Combining the kinematics and dynamics, the complete model of the
mobile manipulator is given as follows [40]:
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⎦

(6)

where ξz represents a perturbation of the robot in the z-axis.

4 Controller Design

4.1 Distributed Containment Control

For the controller, we consider a distributed containment control for a double-
integrator dynamics:

ẋi(t) = vi(t), v̇i(t) = ui(t), i = 1, · · · , n (7)

where xi, vi and ui represent position, velocity, and acceleration respectively.
The algorithm used in this case is given in [40]:

Ẍ = −LX − αLẊ − β sigm(γLX + LẊ) + Ψ (8)

where X =
[
x1, · · · , xn

]T , Ψ =
[
ψ1, · · · , ψn

]T is the vector of accelerations with
the last m entries equal to zero, α, β, γ and ε are positive constants and the

function sigmoid of a vector is defined as sigm(X) =
[

x1

|x1| + ε
. . .

xn

|xn| + ε

]T

.

The mathematical analysis used for proving the stability of the algorithm can
be found in [40].
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This control law is based on the case of multiple leaders with nonidentical
velocities proposed in [24] but modified to obtain control laws with no chattering.
To ensure stability, the constants must satisfy the following conditions:

γ < min
{

√
λmin(M),

4αλmin(M)
4 + α2λmin(M)

}

β >

∥
∥M−1ΨF

∥
∥
1

1 − c

where λmin(M) represents the minimum eigenvalue of the matrix M , ΨF is the
vector containing only the last m entries of LΨ, M = [mij ] ∈ R

m×m with
mij = �ij , i, j = n − m + 1, . . . , n. and c ∈]0, 1[ is a constant.

This algorithm does not guarantee zero steady state error, but limits the
errors to a ball with boundary mε/c. The size of the ball depends on the number
of followers (m), the size of the window of the sigmoid function (ε) and the
constant c.

The use of a sigmoid function is important because the control actions are
smooth with no chattering. For practical purposes, the errors can be negligible
considering the dimensions of the formation and the robotic platform. Figure 4(a)
shows the rotational velocity of a mobile manipulator of a formation using the
controller given by Eq. 8, while Fig. 4(b) shows the rotational velocity considering
the same controller with the sign function instead of the sigmoid function.

4.2 Dynamic Controller

The dynamic controller used is given in [40]. This controller is based on the
compensation of the dynamic component of the robot, which depends on the
mechanical parameters. The control law can be expressed as:

vref = F−1χ − F−1E

χ = ẋc + Δsigm(ṽ)

Δ =
[
δ1 0
0 δ2

]

, (9)

(a) Sigmoid function (b) Sign function

Fig. 4. Rotational velocity of a mobile manipulator of a formation.
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where δ1 and δ2 are positive constants, ṽ = vc − v, and vc is the reference
generated by the kinematic (distributed) controller. The proof of the stability
can be found in [40].

This controller guarantees that the linear and rotational velocities correspond
to the values generated by the kinematic controller, compensating the effects of
forces and torques of the mobile platform.

5 Control System

The algorithm specified in Eq. 8 is one-dimensional, but it can be applied in
spaces with more dimensions using the decoupling technique and the Kronecker
product: (L ⊗ Ip)X, p > 1 [24]. The control system is designed for a mobile
manipulator whose movement is restricted to a 3-dimensional space. However,
for the unicycle-type robot a 2-dimensional space must be considered.

Figure 5 shows the control system of a follower of the formation where the
kinematic controller, given by the distributed containment control, generates the
references for the dynamic controller. The neighbors of the follower specified by
the Laplacian matrix of the formation are Fi, for i = 1, . . . , p and the states of
the leaders (virtual or real) are xelj

, yelj
, zelj

, for j = 1, . . . , n − m.

Fig. 5. Control system of a follower of the formation [40].

5.1 Virtual Leaders

The positions of the virtual leaders are defined by the coordinates of the desired
trajectory:

xel
= xd + k cos(τ + ρ)

yel
= yd + k sin(τ + ρ)
zel

= zd
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where xel
, yel

, zel
are the positions of the virtual leader; xd, yd, zd are the

desired positions given by the trajectory; ρ is the orientation of the trajectory;
k and τ are the distance and orientation of the virtual leader considering the
coordinate axes x′ and y′ formed by the trajectory. Figure 6 shows the geometric
relation between a virtual leader and the desired trajectory, used to determine
the references for the followers. The control system of the formation considering
virtual leaders can be seen in Fig. 7.

Fig. 6. Geometric relation between a virtual leader and the desired trajectory.

5.2 Real Leaders

In this scenario, real robots are considered as leaders of the formation. Since the
trajectory establishes the desired positions and velocities for the leaders, it is
necessary to apply a controller in order to follow the references. We have chosen
a local controller for each leader, which computes the control actions based only
on the information of the desired states given by the geometry of the formation.
Each leader does not consider the states of the followers nor of other leaders. As
in the case of virtual leaders, the states of the followers depend on the states of
the real leaders. The control system of the formation considering real leaders is
shown in Fig. 8.

Fig. 7. Control system of the formation using virtual leaders.
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Fig. 8. Control system of the formation using real leaders.

6 Simulation Results

To verify the designed controllers, two simulations have been performed, con-
sidering a unicycle-type robot with a = 0.2(m) and a mobile manipulator
with the following dimensions: b = 0.2(m), l1 = 0.383(m), l2 = 0.233(m) and
l3 = 0.203(m). The parameters of the dynamic model of the mobile platform have
been chosen considering the robot Pioneer 3-DX, whose values are: φ1 = 0.24089,
φ2 = 0.2424, φ3 = −0.00093603, φ4 = 0.99629, φ5 = −0.0037256, φ6 = 1.0915
[38]. The linear and rotational velocities of the mobile platform are bounded
according to the limits of this robot specified in [41](−1.2 ≤ u ≤ 1.2(m/s) and
−5.24 ≤ ω ≤ 5.24(rad/s)).

6.1 Unicycle-type Robots with Virtual Leaders

We have chosen a formation with 4 virtual leaders and 9 followers. For this
scenario, the Laplacian matrix associated with the formation is determined by
the desired positions of the followers inside the convex hull formed by the leaders.
In order to calculate the coefficients, it is necessary to solve the system of linear
equations given by:

LX = 0
LY = 0,

where X and Y are the vectors containing the desired positions of the leaders as
well as followers in the formation. This system has infinite solutions because of
the zeros of the constant terms. To find one of the solutions, an arbitrary value
of an edge has to be assigned for calculating the other weights related to this
value. The desired positions of the followers are specified in Table 1. Based on
these values, the Laplacian matrix used for this formation is:
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L =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

−0.64 0 0 −0.64 1.87 0 0 0 −0.03 0 0 −0.03 −0.54

−0.87 −0.82 0 0 0 2.11 0 0 −0.15 −0.27 0 0 0

0 −1 −1 0 0 0 2.54 0 0 −0.27 −0.27 0 0

0 0 −0.82 −0.87 0 0 0 2.11 0 0 −0.27 −0.15 0

0 0 0 0 −0.03 −0.15 0 0 0.54 0 −0.18 0 −0.18

0 0 0 0 0 −0.27 −0.27 0 0 0.71 0 −0.18 0

0 0 0 0 0 0 −0.27 −0.27 −0.18 0 0.71 0 0

0 0 0 0 −0.03 0 0 −0.15 0 −0.18 0 0.54 −0.18

0 0 0 0 −0.54 0 0 0 −0.18 0 0 −0.18 0.89

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Table 1. Desired positions of the followers of the formation of unicycle-type robots.

Follower x(m) y(m)

F1 0.0 1.8

F2 −1.8 0.0

F3 0.0 −1.8

F4 1.8 0.0

F5 −0.3 0.3

F6 −0.6 −0.6

F7 0.6 −0.6

F8 0.3 0.3

F9 0.0 1.2

For the formation, a circular shape for the xy plane has been chosen as the
desired trajectory, whose equations are:

xd = 4 cos(0.08t)
yd = 4 sin(0.08t)

Figure 9 shows the geometry of the formation while the graph that determines
the interactions among the agents is presented in Fig. 10.

Additionally, in the simulation we have considered a small variation of the
mechanical parameters of all the robots in three instants of time (15, 30 and
45 s) to verify the performance of the designed controllers. The variations could
represent the change of mass and the displacement of the center of mass due to
the modification of a load associated with the robots.

The robots start from random positions and achieve the desired positions
of the formation quickly. Figure 11 shows the movements of the robots of the
formation in the xy plane.
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Fig. 9. Geometric distribution of the formation of unicycle-type robots.

The position errors of the robots can be seen in Fig. 12a, b. Figure 12c
presents the centroid error of the formation. The robots exhibit a small deviation
from the desired position during the variation of the mechanical parameters due
to the perturbation. Finally the velocities are depicted in Fig. 13a, b. The control
actions are smooth and present a evident change in the values required for the
trajectory tracking in the instants where the parameters are modified.

Fig. 10. Graph of the formation of unicycle-type robots.
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Fig. 11. Trajectory of the formation of unicycle-type robots.

(a) x error (b) y error

(c) Centroid error

Fig. 12. Position errors of the formation of unicycle-type robots.
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(a) Linear velocity (b) Rotational velocity

Fig. 13. Control actions of the followers of the formation of unicycle-type robots.

6.2 Mobile Manipulators with Real Leaders

This formation uses 9 robots: 3 real leaders and 6 followers. Unlike the simulation
with virtual leaders, the entries of the Laplacian matrix are given directly:

L =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

−0.5 0 0 1 −0.5 0 0 0 0
0 −0.5 0 −0.5 1 0 0 0 0

−0.5 0 0 0 0 1 −0.5 0 0
0 0 −0.5 0 0 −0.5 1 0 0

−0.7 0 0 0 0 0 0 1.7 −1
0 −0.5 −0.5 0 0 0 0 −0.5 1.5

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

while the positions of the followers in the formation are determined by the values
of the edges and the geometry of the convex hull bounded by a regular triangle
inscribed in a circle with radius 3 (m). The movement of the leaders is controlled
by a local PD-SMC controller for each robot considering the desired trajectory
as reference. The positions of the followers are specified in Table 2.

Table 2. Positions of the followers of the formation of mobile manipulators determined
by the Laplacian matrix.

Follower x(m) y(m)

F1 −0.87 1.5

F2 1.73 0.0

F3 0.87 1.5

F4 1.73 0.0

F5 0.0 0.81

F6 0.0 −0.73
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Figure 14 shows the formation of mobile manipulators, the convex hull
spanned by the real leaders and the distribution of the followers in it.

Fig. 14. Geometric distribution of the formation of mobile manipulators.

The graph associated with the formation and the values corresponding to
each edge are presented in Fig. 15.

Fig. 15. Graph of the formation of mobile manipulators.

The desired trajectory is an ellipse for the xy plane, while a sinusoid is applied
as reference for the vertical movement of the effector in the z-axis. The equations
of the trajectories are:

xd = 6 cos(0.08t)
yd = 4 sin(0.08t)

zd = 0.3 + 0.1 sin(0.45t)
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(b) z-axis

(a) xy plane

Fig. 16. Trajectory of the formation of mobile manipulators.

In this case, we have added a white noise signal as a disturbance to the
velocities of the mobile platform of the robots. This random signal represents
mechanical behaviors that are not possible to model such as wheels slide, frictions
in the movements, etc.

Figure 16a shows the results of the trajectory tracking of the formation in the
xy plane. The movement of the effectors in the z-axis can be found in Fig. 16b.

The position errors of the followers’ effectors are presented in Fig. 17a, b, c.
Figure 17d shows the centroid error of the formation. Finally the control actions
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of the mobile platform are exposed in Fig. 18a, b. The velocities are smooth and
present a small oscillation in their values for compensating the white noise signal
applied to the model during the simulation.

(a) x error (b) y error

(c) z error (d) Centroid error

Fig. 17. Position errors of the formation of mobile manipulators.

(a) Linear velocity (b) Rotational velocity

Fig. 18. Control actions of the followers of the formation of mobile manipulators.
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7 Conclusions

This work presented a distributed containment control for the trajectory track-
ing of a formation of unicycle-type robots and mobile manipulators. A dynamic
controller based on the compensation of the mechanical parameters of the robots
was designed for each agent. This controller showed its robustness in two sce-
narios: a sudden change of the values of the dynamic model and in presence of
a white noise signal as perturbation.

The geometric form of the formation was determined only by the coefficients
of the Laplacian matrix and the convex hull delimited by the leaders. The results
of the formations using real and virtual leaders were similar, except in the first
intervals of time where the followers corresponding to the real leader structure
were slower for achieving their desired positions since the leaders had the dynam-
ics of a robot. In the case of virtual leaders, the followers reached their desired
positions faster because the virtual leaders were only kinematic points without
restrictions in their movements.

The control actions obtained were smooth due to the characteristic of the
sigmoid function used in the algorithm. Even if the errors in the steady state
were not zero, they were negligible considering the dimensions of the robots and
formation.
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Abstract. This paper presents a sub-optimal energy management
strategy, based on Stochastic Dynamic Programming (SDP), for efficient
powersplit of a Hybrid Electric Vehicle (HEV). An optimal energy man-
agement strategy is proposed, permitting to have simultaneous speed
profile and powersplit optimization of the HEV. Formulated as a multi-
objective optimization problem, an ε-constraint method has been used
to find the Pareto front of the energy optimization task. Traffic condi-
tions and driver behavior could be assimilated to a stochastic nature,
thus, it is proposed in this paper to address the vehicle power as Markov
Decision Process. A Stochastic Database is used to store Transition Prob-
ability and Reward Matrices, corresponding to suitable vehicle actions
w.r.t. specific states. They are used afterwards to calculate sub-optimal
powersplit policy for the vehicle via an infinite-horizon SDP approach.
Simulation results demonstrate the effectiveness of the proposed app-
roach compared to a deterministic strategy given in [1]. The present
work is conducted on a dedicated high-fidelity model of the HEV that
was developed on MATLAB/TruckMaker software.

Keywords: Hybrid electric vehicle · Energy management · Stochastic
dynamic programming · Markov decision process · Multi-objective
optimization · ε-constraint

1 Introduction

In recent years, the problem of reducing the level of pollution by vehicle’s exhaust
gazes (mainly in urban zone) has become one of the main research topics. This
issue has been considered and recognized at the state governments level. Multiple
laws and decrees have been passed to smoothly switch over to a zero-emission
technologies (e.g., pure electric vehicles (EV)). Hybrid electric vehicle (HEV) is a
promising transportation technology with regard to the objective of reducing the
exhaust gazes emission, which maintains a relatively high autonomy compared
to EV [20].
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Concerning the energy optimization in the HEV and EV, the researchers
mainly deal with two kind of problems: (1) energy power management for a
given velocity profile [6,16,26]; (2) velocity profile optimization for EV or conven-
tional vehicles [9,22,32]. The application of the optimal control theory to power
management on HEV has been the most popular approach, which includes lin-
ear programming, optimal control and especially Dynamic Programming (DP)
[2,6,14,21,23,26,28]. These techniques have been widely studied and applied to
a broad range of vehicles.

The authors in [23] propose an approach for determining the battery State
Of the Charge (SOCbat)-dependent equivalent cost factor in HEV supervisory
control problems using DP. Song et al. [28] use the DP approach to deal with the
global optimization problem for deriving the best configuration for the drivetrain
components sizes and energy split strategies of a hybrid energy storage system,
including a battery and a supercapacitor, for an electric city bus. Authors in
[38] proposed a DP-rule based (DP-RB) algorithm to solve the global energy
optimization problem in a real time controller of a plug-in hybrid electric bus
(PHEB). A control grid (a set of deterministic rules) is built for a typical city
route according to the station locations and discrete SOCbat levels. An offline
DP with historical running information of the driving cycle is used to deduce
optimal control parameters of RB on all points of the control grid.

Other authors as Tokekar et al. [32] studied the problem of the velocity
profiles search for a car-like robots in order to minimize the energy consumed
while traveling along a given path, whereas Dib et al. [9] tackle an energy man-
agement problem for an electric vehicle compliant with online requirements for
“eco-driving application”. The main difference between two last papers cited
above is that the robot is fully autonomous, and the electric vehicle is con-
trolled by a driver, but the driver receives the velocity profile proposed by an
eco-driving system. Authors in [22] propose an optimization of the speed tra-
jectory to minimize the fuel consumption and communicate it to the driver. In
their approach the driver sends the information of the intended travel destina-
tion to the server. The server generates a route, collects the associated traffic
and geographical information, and solves the optimization problem by a spatial
domain DP algorithm that utilizes accurate vehicle and fuel consumption models
to determine the optimal speed trajectory along the route. Kim et al. [15] use
model predictive control for the velocity and power split optimization in HEVs.
A given velocity profile is optimized by setting the constraints on the velocity
and the acceleration of the vehicle. This allows to smooth the current velocity
profile without generating a new one. The authors in [34] proposed a method that
solves the velocity optimization problem for HEVs, based upon information from
Global Navigation Satellite-based Systems, assuming that the velocity trajectory
has a predefined shape. Although this method is used for HEVs, the authors
do not deal with the energy management optimization aspect. A sub-optimal
strategy, based on Deterministic Dynamic Programming (DDP) approach, for
online energy optimization of a HEV is proposed in [1]. It uses mainly an appro-
priate speed profile and power-split database, obtained offline with DDP, in
order to cope with different traffic situations, and this is carried out by using a

lounis.adouane@uca.fr



236 R. Abdrakhmanov and L. Adouane

multi-dimensional interpolation method. This approach permits to have simul-
taneous speed profile optimization and optimal power split strategy.

In effective transportation systems, a totally deterministic model is unlikely
to include various uncertainties, associated with sensor’s measurement errors,
power demand with stochastic nature. To overcome this drawback, some
researchers make use of Stochastic Dynamic Programming (SDP) [10,13]. The
basic idea behind SDP is the fact that the driver behavior can be modeled and
predicted by a Stationary Markov Chain [24]. Plotting the data in the speed-
power plane reveals that the driver behavior can be predicted to some extent
[10]. Authors in [13] carried out a study to investigate what can be achieved if
all the available on-board information is used optimally to assess the potential
of predictive control for HEV powertrains. The DDP is used for dimensioning
of the energy storage elements and the SDP is used to find a causal operating
strategy as in [25]. A time-invariant state feedback based control law, derived
from SDP, is proposed in [19] as a power management strategy.

According to [18], a battery SOCbat gradual decrease to a lower thresh-
old leads to better fuel economy, compared with Charge-Depleting and Charge-
Sustaining (CDCS) strategy. Authors in [12], as well as in [27,29], deal with the
problem of prediction of the battery SOCbat. These papers use an offline global
optimal control to generate the desired SOCbat trajectory, later these values are
used as an input in Model Predictive Control (MPC). It is proved that prediction
of the future trajectories, based upon either past or predicted vehicle velocity
and road grade trajectories, could help in obtaining a solution close to the opti-
mal one [35]. Tulpule et al. [33] assume the battery SOCbat is linearly decreasing
with the distance traveled. A Kalman Filter based Estimator is proposed in [1]
to predict a reference SOCbat.

Unlike the above cited references, the present paper proposes an optimization
technique based on SDP permitting to have simultaneous speed profile and pow-
ersplit optimization strategy for a series-parallel hybrid bus. As driver’s power
demand is influenced by various driving conditions, it is presented as a random
Markov process. An online sub-optimal speed profile and related powersplit gen-
eration is developed to deal online with the current road profile and driver power
demand. This is carried out using an Optimal Profile Database based on SDP
(OPD-SDP), where different transition probabilities and rewards are collected
and utilized depending on reference battery SOCbat curve, generated in advance
by training an Artificial Neural Network based module for several standard driv-
ing cycles. The reference SOCbat curve constraint guarantees a smooth battery
discharge so that also at the end of the operational cycle (in the end of a course
of a day) the SOCbat do not fall below its permitted minimum level.

The rest of the paper is organized as follows. In Sect. 2, the studied bus pow-
ertrain and its dynamical model are presented. Section 3 presents the stochastic
modeling of the process, cost function definition and reference SOCbat gener-
ation method. Section 4 describes SDP based control strategy. In Sect. 5, sev-
eral simulation results are presented showing the efficiency of the proposed
velocity profile optimization and stochastic energy management strategies.
Finally, conclusions and some prospects are given in the last section.
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2 Modeling of the Hybrid Bus

The aim of this section is to illustrate the architecture and the mathematical
model of the studied system, i.e., BUSINOVA hybrid bus, developed by SAFRA
company1. This bus is composed of an electric motor, a hydraulic motor, an
internal combustion engine and battery as the propulsion powertrain system of
the vehicle.

2.1 Hybrid Bus Powertrain Architecture

The model of the studied hybrid bus is based on a series-parallel power-split
hybrid architecture [4]. A simple block diagram of the power flows in the bus is
shown in Fig. 1. The electric (EM) and hydraulic (HM) motors are both directly
connected to the transmission and can ensure simultaneously or independently
the traction of the bus. On the other hand, the internal combustion engine (ICE)
is coupled to a hydraulic pump (HP) for driving the HM, and therefore allowing
the ICE load shifting.

Fig. 1. Block diagram of the powertrain power flows. (ICE: internal combustion engine,
HP: hydraulic pump, HM: Hydraulic motor, EM: electric motor) [1].

The rotational speeds of the HM and the EM are imposed by the wheels speed
in proportion to the reduction ratios of HM and EM respectively. Moreover, the
rotational speed ωHM and the torque THM are expressed as follows:

⎧
⎨

⎩

ωHM (TICE ,DHM ) = DHP .ηvHM
.ωICE

DHM .ηvHP

THM (TICE ,DHM ) = DHM .ηmHM
.TICE

DHP .ηmHP

(1)

where ωICE , TICE are respectively rotational speed and torque of the ICE, and
DHM , DHP , ηmHM

, ηmHP
, ηvHM

, ηvHP
are respectively displacement, mechanical

efficiency and volumetric efficiency of the HM and the HP.

1 http://www.businova.com

lounis.adouane@uca.fr

http://www.businova.com


238 R. Abdrakhmanov and L. Adouane

The BUSINOVA can operate according to the modes described below:

1. the propulsion is fully supplied by the electric motor (mode I),
2. the bus is actuated by the hydraulic motor via the ICE (mode II),
3. the mode III implies the hybrid operation of the EM and the HM via ICE,
4. the regenerative braking (mode IV) - the part of the kinetic energy during

braking phase is recuperated to charge the electric battery.

2.2 Dynamical Model

This part is dedicated to the dynamical equations describing the bus. The pur-
pose of the dynamical model is to have a realistic global behavior of the bus in
order to validate the proposed energy management techniques. To describe it in
a generic manner, assume that the bus is moving up the slope of θ degree (cf.
Fig. 2). The origin of the coordinates is situated in the Center of Mass (CoM).
It is supposed that CoM of the bus is in its geometric center. The dynamical
equation of the bus is given as follows:

Ftr + Frr + Fad + Fg + Fbrake = (M + Meq)a (2)

where F tr traction force, F rr rolling resistance, F ad aerodynamic force, F g

gravity force, F brake mechanical brake force, M bus weight, Meq equivalent
mass of rotating parts, a bus acceleration.

To produce the bus acceleration, it is necessary to take into account the
moments of inertia of the rotating components (e.g., rotor of the EM, crankshaft
of the ICE, driving axle, etc.). It is done by introducing the equivalent mass Meq

of the rotating components:

Meq =
igηptJrot

r2
(3)

where ig gear ratio, ηpt powertrain efficiency, Jrot total inertia of the rotating
components in the transmission, and r the wheel radius [7].

The traction force Ftr is linked to the torque produced by the powertrain Tpt

via gear ratio ig, powertrain efficiency ηpt. Expanding the dynamical equation
(2), the following relation is obtained:

a =
dv

dt
=

1
M + Meq

H (4)

with

H =
igηptTpt

r
− μrrFNsign(v) − 1

2
ρACd(v + vwind)2

− Mg sin(θ) − Tbrake

r
(5)
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where:

– Tpt: output powertrain torque from the gearbox,
– μrr: rolling resistance coefficient, FN = Mgcos(θ) normal force, g gravity

acceleration, θ slope angle, v bus speed,
– ρ: the air density, A the frontal area of the bus, Cd drag coefficient, vwind

wind speed,
– Tbrake: the brake torque provided by the bus mechanical brake system.

3 Overall Multi-criteria Optimization Formulation

The objective of an optimal control problem is to find the optimal bus veloc-
ity profile and energy split between the actuators for a given trajectory D.
Section 3.1 describes a proposed global control architecture. Section 3.2 is ded-
icated to the stochastic modeling of driver’s behavior. Section 3.3 describes an
approach for reference SOCbat curve generation, and Sect. 3.4 defines a proposed
multi-objective minimization criteria formulation.

Fig. 2. Forces acting on the bus. [1].

Fig. 3. Proposed global control architecture for online stochastic sub-optimal speed
profiles and its powersplit generation.
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3.1 Global Control Architecture

A global stochastic control architecture is proposed in Fig. 3.
It consists of 5 blocks:

– Block 1© calculates the demanded power Pdem of the vehicle for a reference
driver’s speed profile.

– Block 2© calculates the reference SOCbat curve (cf. Sect. 3.3).
– Block 3© stands for Optimal Profiles Database based on Stochastic Dynamic

Programming. This block contains Transition Probability (cf. Sect. 3.2) and
Reward Matrices, based on the defined cost function (cf. Sect. 3.4). An opti-
mal speed profile and powersplit are obtained using Stochastic Dynamic Pro-
gramming approach which is detailed in Sect. 4.

– Block 4© and Block 5© contain dynamic model of the bus and the powertrain
architecture dynamics.

3.2 Stochastic Modeling of Driver

The driver’s throttle and brake pedal commands are interpreted as a power
demand to be satisfied by the powertrain. The driver’s behavior can be consid-
ered as a stochastic process [3,37], therefore the driver model is represented as
a Markov Decision Process in this paper. The system is described by the state
variable x =

{
v, Pdem, SOCbat

}
, where v bus speed, Pdem total power demand,

and SOCbat battery state of charge. The power distribution between two energy
storages and the speed profile optimization is controlled by the control signal
u =

{
a, PEM

}
, where a is acceleration and PEM electric motor power. Based on

collected and simulated data of driving cycles, the transition probability of the
state variable are calculated and modeled as a homogeneous Markov Chain.

The state and control spaces are discretized so that they take a finite number
of values. The state variables are discretized as follows:

Pdem ∈ {
P 1

dem, P 2
dem, . . . , P

Np

dem} (6)

v ∈ {
v1, v2, . . . , vNv} (7)

SOCbat ∈ {
SOC1

bat, SOC2
bat, . . . , SOCNE

bat } (8)

So the total state space dimension is:
{
xi, i = 1, 2, . . . , NpNvNE} (9)

The control variables u are also discretized:

a ∈ {
a1, a2, . . . , aNa} (10)

PEM ∈ {
P 1

EM , P 2
EM , . . . , PNEM

EM } (11)

Since the Pdem is assumed to be a Markovian state, the power dynamics is
defined as follows:

Pdem,k+1 = wk (12)
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where the probability distribution of wk is assumed to be:

Pr
{
w = P j

dem | Pdem = P i
dem, v = vl} = pil,j (13)

i, j = 1, 2, . . . , Np, l = 1, 2, . . . , Nv, where
Np∑

j=1

pil,j = 1, and pil,j represents

the transition probability of the system in a state P j
dem at instant k + 1 with

regards to the system in state P j
dem and vl at instant k.

We used standard driving cycles in this study to determine the transition
probabilities as follows: various standard driving cycles were selected to represent
different urban driving cycles. From the reference speed profile, Pdem has been
calculated using the vehicle model (cf. Sect. 2). Using nearest-neighbor quanti-
zation, the sequence of observations (Pdem, v) was mapped into a sequence of
quantized states (P i

dem, v = vl). The transition probability has been estimated
by the maximum likelihood estimator [36], which counts the observation data
as:

p̂il,j =
mil,j

mil
(14)

with mil �= 0, where mil,j is the number of occurrences of the transition from

P i
dem to P j

dem, when the speed was at vl, mil =
n∑

j=1

mil,j is the total number of

times that P i
dem has occurred at speed vl.

3.3 Reference Battery SOC

The BUSINOVA bus is a plug-in hybrid electric vehicle and its standard func-
tioning time is 8 h a day (so called “course of a day”). Figure 4 illustrates the
spatial bounds of a bus running cycle. The bus travels from its starting location
to another route terminus, stopping at bus stations (BS) along the route to allow

Fig. 4. Spatial bounds of a bus running cycle.
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passengers to board and to alight. This movement is called a trip. By the end
of a day, the bus reaches its SOCmin value and can be recharged during all the
night long to ensure the service the next day.

In this work, the principle idea is to consider that a better usage of the
electric energy is such that it is available until the end of the day (during 8 h
operational cycle), and this is considered as an optimal functioning of the bus.
The working hypothesis behind this assumption is to use the maximum amount
of energy that can be consumed from the battery in one day driving so that
the battery energy is spread as uniformly as possible in one working day. This
implies the smooth battery discharging rate (C-rate), avoidance of the high or
low SOCbat and excessive depth of charge, which lead to a high rate of battery
capacity loss [5,8,30]. As Li-ion batteries represent a big part of a vehicle cost,
the clear interest is to prolongate the battery life. For that purpose a SOCbat

Estimator based on Kalman Filter has been proposed in [1].
An Artificial Neural Network (ANN) module was designed to learn the mech-

anisms of optimal SOCbat curves according to different trip information [31].
After getting the average speed and length of route segments when the trip
starts, the ANN module is used to generate a reasonable and relatively precise
SOCbat reference curve. However, frequent acceleration phases strongly impact
the energy consumption in the vehicle [17]. Thus, in this work, an average abso-
lute acceleration value has been added as an input to the ANN module, in order
to take into account the dynamics of the speed variation on a given route seg-
ment. The block 2© in Fig. 3 corresponds to the SOCbat curve learning module
based on ANN which has as inputs: SOCbat,initial initial battery SOCbat, vmean

average speed, amean average absolute acceleration value, dcurrent traveled dis-
tance, and dremain remained distance. This relation is illustrated in Fig. 5. The
road is divided into segments Dn. We can see that the more important is the
average speed/acceleration (on a given route segment), the more energy is con-
sumed in the corresponding phase.

Fig. 5. Relation among average speed/acceleration and SOCbat reference.
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3.4 Multi-objective Optimization Problem Formulation

As any problem of optimization, it is important to define optimization criteria.
In our case, the criteria is defined in order to minimize the energy consumed by
the HEV while optimizing both: HEV speed profile and the powersplit during the
trip D. In previous work [1] a minimizing cost function consisted in a compromise
between electric motor and engine consumed power. The weighted aggregation
method has been used to find a set of sub-optimal trade-off solutions of the cost
function. In this work, a driver’s power demand is considered as a random MDP
(cf. sub-sect. 3.2). Thus, the following cost function ζ is proposed and formulated
as a Multi-Objective (MO) optimization problem:

ζ = f1 + f2 (15)

where f1 is a criterion responsible for speed optimization and f2 for powersplit
optimization. The given criteria are defined as follows:

f1 = (
vref − v

dt
− a)2 (16)

f2 = (SOC(Dn) − SOCcurrent)2 + (Pdem − PEM − PHM )2 (17)

where vref is a reference driver speed, v bus current speed, dt time interval, a
acceleration control input, SOC(Dn) reference SOCbat value for a route segment
Dn, SOCcurrent current SOCbat value, Pdem, PEM and PHM demanded power,
electric and hydraulic motors supplied power, respectively.

The goal is to find a set of optimal solutions that minimize f1 and f2 among
all the feasible solutions, i.e., generate a Pareto front (cf. Fig. 6). To this end,
ε-constraint method was chosen. It is a MO optimization technique, proposed
by Haimes et al. [11], for generating Pareto optimal solutions. It makes use of a
single-objective optimizer which handles constraints, to generate one point of the
Pareto front at a time. For transforming the MO problem into several single-
objective problems with constraints the authors use the following procedure
(assuming minimization for all the objective functions):

minimize
x

fl(x)

subject to fj(x) ≤ εj , i = 1, . . . ,m, j �= l
x ∈ S

where l ∈ {
1, 2, ...,m} and S is the feasible region, which can be defined by

any equality and/or inequality constraint. The vector of upper bounds, ε =
(ε1, ε2, . . . , εm), defines the maximum value that each objective can have. In
order to obtain a subset of the Pareto optimal set (or even the entire set, in
case if this set is finite), one must vary the vector of upper bounds along the
Pareto front for each objective, and make a new optimization process for each
new vector.

Based on the defined cost function, the Reward Matrices are calculated and
stored in an Optimal Profile Database based on Stochastic Dynamic Program-
ming (OPD-SDP) in order to be used to find optimal policy for infinite horizon
problem.
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Fig. 6. Pareto Front of the minimization functions.

4 Sub-optimal Energy Management Strategy Using
Database Based on SDP

After a Markov model has been built, Transition Probability and Reward Matri-
ces are stored in the OPD-SDP, the Stochastic Dynamic Programming is used
to find the optimal control, minimizing the expected cost function (15), for each
vehicle state. The control signal u =

{
a, PEM}. An infinite horizon problem is

formulated on the homogeneous Markov chain. The optimization finds an opti-
mal policy, u = π(x) that minimizes the expected cost function (15) over an
infinite horizon [24].

Jπ
λ (x0) = lim

N→∞
E

{ N−1∑

k=0

λkζ(xk, π(xk))} (18)

where ζ is the cost for one time step, λ is the discount factor, xk is the dynamic
state vector at the kth time point and E

{
. . . } denotes the expectation with

respect to the considered prediction model defined by the time invariant Markov
chain. The discount factor λ < 1 assures convergence of the infinite sum. The
optimal policy u = π(x) is found by using a modified policy iteration algorithm
(cf. Fig. 7). The modified policy iteration consists of the following steps:

1. Initial guess: Set i = 1. Provide an initial guess for πi(x) and the discounted
infinite horizon future cost J

πi−1
λ (x).

2. Policy evaluation: Calculate the cost Jπi

λ (x) of the policy πi(x) by iterating

Jπi
λ (xk) = ζ(xk, u) + E

{
λJπi

λ (xk+1)}
backwards N times starting from Jπi

λ (xN ) = J
πi−1
λ (x) and ending with the

truncated cost Jπi

λ (x) = Jπi

λ (x0). If | J i+1
π (x) − J i

π(x) |≤ ξ when iterating
backwards terminate the iterations with the answer Jπi

λ (x) = Jπi

λ (xk).
3. Policy improvement: Improve the policy by taking one value iteration step:

πi+1(x0) = arg min
u

[

ζ(x0, u) + E
{
λJπi

λ (x1)

]

.

Check for convergence: if | J i+1
π (x0) − J i

π(xk) |≤ ξ, then terminate the algo-
rithm with the answer π(x) = πi+1(x). If πi+1(x) has not converged, increase
the index: i = i+1, and go to step 2.

lounis.adouane@uca.fr



Stochastic DP Based on Trained Database for Sub-optimal Energy 245

The flowchart of the Modified Policy Iteration Algorithm for SDP is presented
in Fig. 7. The given algorithm efficiency is tested and validated for real-time
application. The simulation results are presented in Sect. 5.

The calculation of SDP consumes relatively big amount of memory, so a
reasonable resolution of state variables number is very important in terms of
computation effort. With trials and errors method, the following discretization
sets for state and action variables have been applied:

Pdem =
{ − 200 : 20 : 160}kW (19)

v =
{
0, 5, 10, 20}m/s (20)

SOCbat =
{
0.2 : 0.1 : 0.9} (21)

a =
{ − 3,−1, 0, 0.5, 1, 1.25, 1.5}m/s2 (22)

PEM =
{ − 10 : 5 : 60}kW (23)

Based on the defined sets, the Transition Probability and Reward Matrices are
calculated.

Fig. 7. Modified policy iteration algorithm flowchart.
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4.1 Transition Probability Matrices Generation

As it was aforementioned in Sect. 3.2, the Transition Probability Matrices (TPM)
are calculated using maximum likelihood estimation (cf. Eq. (14)). In order
to have a richer database for TPM estimation, data from the following stan-
dard driving cycles (SDC) have been collected: ECER15 (also known as UDC
- Urban Driving Cycle), EUDC (European Urban Driving Cycle), ArtUrban
(Urban Artemis), and NEDC (New European Driving Cycle). These SDC rep-
resent common driving conditions in an urban environment, emulating different
driver’s behavior (abrupt and smooth acceleration/deceleration, cruise speed
phases, etc).

The variation of bus weight significantly influences the vehicle dynamics (thus
its consumed energy), as it can vary up to several tons. The tested data has been
enlarged by simulating each of the SDC for three different masses, corresponding
to an empty, half-full, and full bus. Therefore, the bus dynamics will be tested
for much more states, as for the same speed profile the power demand will be
different. It is considered in these hypotheses that a full bus corresponds to 70
passengers with an average weight of 60 kg.

After obtaining the data from several SDC for different masses, it was con-
cluded that no all states are explored and some of them are barely feasible.
That is why it makes sense to eliminate those states and, thus, reduce the state
dimension.

5 Simulation Results

In order to evaluate the efficiency of the proposed approach, a validation scenario
has been performed for several driving cycles. The given stochastic strategy has
been tested and compared to a strategy based on DDP based database as given
in [1]. The validation scenario consists of a test with an assumption that bus
mass varies during the trip. The bus is a transportation mean, it is considered
that the mass changes only during stops in order to take or to drop off the
passengers.

Table 1 summarizes the obtained results for several SDC. “+” corresponds to
a positive improvement, “-” means that DDP approach demonstrated a better
performance. The consumed energy Econs given by the column Energy [kWh]
in Table 1 is calculated as follows:

Econs =
∫ tf

0

PEMdt +
∫ tf

0

QLHV ṁfdt (24)

where PEM is the electric motor consumed power, ṁf fuel consumption rate,
and QLHV = 43 MJ/kg lower heat value for diesel.

In order to validate the proposed algorithm, in terms of generalization aspect,
it has been additionally tested on an ArtRoad SDC, which has not been used
before to estimate the TPM. To illustrate the performance, the simulation results
for ArtRoad and ArtUrban SDC are presented in Figs. 8 and 9, respectively.
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Figure 8 shows the simulation results for ArtRoad SDC for the case when
it is assumed that the bus weight is variable. We can see that the stochastic
algorithm shows results close to the deterministic approach. Global energy con-
sumed during the trip while using DDP approach is 4.95% higher comparing to
SDP method. It outperforms the DDP approach due to smoother speed profile
and energy management algorithm.

Figure 9 shows the simulation results for ArtUrban SDC. This is one of the
profiles that has been used to train the TPM. However, in this case the bus
weight is variable as well. In this more realistic scenario, the SDP approach still
outperforms the DDP method by 5.68%.

Both ArtRoad and ArtUrban SDC are characterized by frequent acceleration
and deceleration phases. In this case, the SDP based approach demonstrates bet-
ter results. For the SDC with mainly constant speed phases (e.g., EUDC and
NEDC) the improvement compared to DDP approach is more modest or even
negative (cf. Table 1). Therefore, the expediency of the use of the SDP app-

Table 1. Comparison of the SDP w.r.t. DDP based strategies. Variable weight.

Driving Cycle ΔSOC [%] Fuel [l] Energy [kWh] Energy Diff. [%]

DDP SDP Diff. [%] DDP SDP Diff. [%] DDP SDP

ArtRoad 8.15 7.91 +2.91 0.48 0.47 +2.0 8.22 7.81 +4.98

EUDC 4.51 4.45 +1.33 0.11 0.12 −9.1 2.71 2.64 +2.58

ArtUrban 2.15 1.87 +13.3 0.60 0.59 +1.67 7.04 6.64 +5.68

NEDC 4.60 4.66 −1.3 0.15 0.17 −13.3 3.65 3.85 −5.47

Average – – +4.06 – – −4.68 – – +1.94

Fig. 8. ArtRoad SDC. Constant weight. (a) Speed profile, (b) Battery SOC curve,
(c) Fuel consumption curve, (d) Powersplit for DDP approach, (e) Powersplit for the
proposed SDP approach, (f) Total energy consumption.
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Fig. 9. ArtUrban SDC. Variable weight. (a) Speed profile, (b) Battery SOC curve,
(c) Fuel consumption curve, (d) Powersplit for DDP approach, (e) Powersplit for the
proposed SDP approach, (f) Total energy consumption.

roach is more advantageous in case if a vehicle is subject to some uncertainties,
e.g., aggressive driving style and/or traffic conditions (traffic lights, traffic jams,
pedestrian crossing, etc.), which lead to frequent acceleration and deceleration
phases.

6 Conclusion and Prospects

In this paper, a Stochastic Dynamic Programming technique is used to simul-
taneously generate an optimal speed profile and related powersplit strategy for
HEV, in order to ensure energy optimization in the presence of uncertainties (due
to different traffic conditions and/or a driver’s behavior). To this end, a driver’s
power demand is modeled as a Markov Chain. The formulated energy optimiza-
tion problem, being intrinsically multi-objective problem, has been transformed
into several single-objective ones with constraints using an ε-constraint method
to determine a set of optimal solutions that represent the Pareto Front.

Simulation data of several standard urban driving cycles have been used
to train Transition Probability Matrices (TPM) using the maximum likelihood
estimation technique. A trained reference SOCbat curve has been utilized as a
constraint to estimate Reward Matrices based on the defined cost function. For
a real-time application purpose, the obtained TPM and Reward Matrices have
been collected into an Optimal Profile Database based on SDP (OPD-SDP).
The OPD-SDP has been then used to calculate sub-optimal speed profiles and
related powersplit by Modified Policy Iteration Algorithm using an infinite hori-
zon optimization formulation. The results obtained by the SDP were compared
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to a Deterministic Dynamic Programming, and it has been shown that near opti-
mal results can be obtained in real-time application. Later, the given approach
will be implemented in the actual studied bus.
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{rsanchis,ipenarro}@uji.es

Abstract. This paper studies the minimization of the operation cost of
a water supply pumping system by means of standard solvers. The sys-
tem consists of a set of tanks that supply the water to different districts
in a city. The tanks can be filled from different wells through a hydraulic
system that can be reconfigured by means of several valves. The aim of
the automatic operation is to determine which valves and pumps must
be active at each instant of time in order to minimise the overall cost,
taking into account the tariff periods. We propose a mathematical model
of the problem to be able to formulate, in matrix form, the cost index
and the constraints, such that standard solvers as Mosek or CBC can
be used. The optimization problem is a mixed integer one, with a high
computational cost. To reduce this cost, we propose to reduce the num-
ber of integer variables, replacing them with real variables from a given
moment in the optimization horizon. An important part of the problem
is the future output flow, that must be predicted in order to use that
data in the optimization. We propose a prediction strategy that takes
into account the different behaviour of working and weekend days. A
simulation example based on a a real water supply system model is anal-
ysed to demonstrate the validity of the approach, using Yalmip as parser
and CBC as solver.

Keywords: Pumping optimization · Electric tariff ·
Pumping scheduling

1 Introduction

An important cost in the operation of water supply systems is the energetic
cost associated to the pumping system. Water consumers receive the water from
supply tanks that are filled up from wells. The operation cost depends on the
intervals during the day when the pumps are working, since the electric tariff
varies along the day, following some predefined tariffing periods.

The work [5] presents a review of different approaches to the optimization of
water pumping systems, that depend on the configuration of the system and the
mathematical models used. For the problem of filling the main tanks, that is the
objective of this paper, the most commonly used model is the mass-balance one.
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In most of the works, the cost function takes into account the energy consumed,
but not the tariffing periods when that energy is consumed. On the other hand,
the decision variables are usually the fraction of operation time of each pump
in some predefined intervals. Other indirect decision variables have also been
proposed (as the tank volumes), but the relation to the cost index and to the
final decision (the pumps and valves commands) is too complex for the case we
are studying.

In a more recent work, [1], different approaches are reviewed, focusing on real-
time dynamic optimization technologies and data-mining techniques to improve
energy efficiency. This work describes a commercial optimization software for
water distribution systems that can solve the problem we are facing in this
paper and other more complex ones, but the details about the algorithms used
are not given.

Most of the recent works, as [7,9,10] or [3] use complex models of the
hydraulic systems, and are based on complex optimization algorithms, as genetic
algorithms, particle swarm or simulated annealing. Those approaches have a high
computer cost, especially for large systems.

In [6], a linear programming approach is used for the optimization of the
pumps operation, but is only applicable for a single tank system.

In [2], the pump scheduling is studied using MINLP, restraining in theory
the number of pump switching, but no closed loop is proposed.

In [4] three different explicit formulations of the optimal pump scheduling
problem are presented. It takes into account the electric tariff, but the decision
variables define the start and stop times of the different pumps in the system.
The resulting optimization problem needs to be solved by non linear algorithms,
genetic algorithms, or semi heuristic ad-hoc algorithms.

The discrete explicit formulations are not directly applicable if the system
has some valves that can reconfigure the network. In that case is not sufficient to
decide which pumps are started or stopped at each time, but also the switching
of the valves, that changes the resulting inlet flow to the tanks for a given
pumps state. Furthermore, our objective is to use standard solvers to deal with
the optimization problem. For that reason, in this paper, the decision variables
are explicit, but consist of the combination of pumps and valves that must be
active at each instant, from the set of possible combinations. The mathematical
formulation proposed allows to use standard parsers (as Yalmip) and solvers (as
Mosek or CBC), to solve the optimization problem.

In Sect. 2 the problem of pumping system optimal operation is described. In
Sect. 3 the mathematical model of the problem is developed. In Sect. 4 the basic
optimization problem, derived from the mathematical problem, is formulated.
A more complex optimization problem is formulated in Sect. 5 to reach more
practical solutions, with a reduced number of pump commutations. Section 6
describes the output flow prediction strategy. Section 7 shows the application to
a real pumping system and Sect. 8 summarizes the main conclusions.

lounis.adouane@uca.fr



254 R. Sanchis and I. Peñarrocha

2 Description of the Problem

This paper deals with the problem of optimizing the operation of a water pump-
ing system with a predefined structure, with several wells and pumps, several
tanks and several ducts and valves. The objective of the optimization is the min-
imization of the overall operational cost. This cost is related to the individual
pumping energetic cost of each well (kWh per cubic meter) and, especially, to
the electric tariff that establish a different price depending on the time. The
automatic control system must decide which valves and which pumps should be
operated at each time instant along the day to minimize the cost while fulfilling
some constraints.

The main constraint is to serve from each tank the required daily water
flow. This flow is time varying and uncertain, but it can be somehow predicted
because it follows an approximate daily pattern that depends on the type of day
(working day or weekend). The other important constraint is due to the size of
the tanks, each one having a maximum and minimum level that should not be
violated.

Other secondary constraints that may be applied include limiting the number
of starts and stops in some way. Also the condition that the average tank levels
are as high as possible to have more room for serving water to the users in case
of failure.

3 Mathematical Modelling of the Problem

First of all, the pumping system is assumed to have Np pumps (one in each well),
Nt tanks and Nv valves. The valves are used to reconfigure the hydraulic circuit
that connect the pumps to the tanks. The total number of possible combinations
is 2Np+Nv , but not all the combinations are possible in a given system. Let us
define as Nc the number of valid combinations of valves and pumps. In order to
formulate mathematically the problem, a binary matrix, Mc, of size Nc × (Np +
Nv), is defined, where each row represents one of the valid combinations, and
where the corresponding elements take the value 1 or 0 depending on the active
or inactive state of the valves and the pumps in that combination.

Along the paper, an application example, obtained from a real water supply
system, is used to illustrate the proposed approach. The considered system has
Np = 3 pumps (wells), Nv = 2 valves and Nt = 3 tanks. The Fig. 1 shows the
scheme of the system. Tank number 3 can be filled up from pump 1, whatever
the state of the valves, or from pump 2, if the valve 2 is open, or from pump 3,
also if the valve 2 is open. Tank 2 can only be filled from pump 3 if the valve
2 is closed and valve 1 open. Finally, tank 1 can only be filled from pump 3 if
both valves are closed. Pumps 1 and 3 can operate simultaneously, but pump 2
can only operate if pump 3 is stopped and valve 2 open, because its head is not
sufficient to reach tanks 1 or 2.

Taking into account the physical limitations described above, the matrix that
defines the Nc = 10 valid combinations of pumps and valves in this example is
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shown in Table 1. The value X means that the resulting flows are the same if
the valve is closed (0) or open (1).

For each combination of valves and pumps, there is a resulting outlet flow of
each pump, and a resulting inlet flow for each tank. This can be expressed by a
matrix of pump flows, FP , that has as many columns as combinations, and one
row per pump and a matrix of tank inlet flows, FT , that has as many columns
as combinations, and one row per tank, i.e. the size of matrices FP and FT are
(Np × Nc) and (Nt × Nc). In the proposed application example, the resulting
flow matrices are (in m3/h):

FP = 10

⎡
⎣

0 0 0 0 0 20 20 20 20 20
0 0 0 0 10 0 0 0 0 10
0 8 10 12 0 0 8 10 12 0

⎤
⎦ (1)

Fig. 1. Real application scheme.

Table 1. Valid combinations in the application example, [8].

Comb V1 V2 P1 P2 P3

0 X X 0 0 0

1 0 0 0 0 1

2 1 0 0 0 1

3 X 1 0 0 1

4 X 1 0 1 0

5 X X 1 0 0

6 0 0 1 0 1

7 1 0 1 0 1

8 X 1 1 0 1

9 X 1 1 1 0
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FT = 10

⎡
⎣

0 8 0 0 0 0 8 0 0 0
0 0 10 0 0 0 0 10 0 0
0 0 0 12 10 20 20 20 32 30

⎤
⎦ (2)

Following the same procedure, a matrix P can be formed with the electric power
consumption of each pump for each combination. The matrix has as many
columns as combinations, and one row per pump, i.e. the size of matrix P is
(Np × Nc). In the proposed example, the power matrix (in kW) is:

P =

⎡
⎣

0 0 0 0 0 12 12 12 12 12
0 0 0 0 5 0 0 0 0 5
0 13 11 7 0 0 13 11 7 0

⎤
⎦ (3)

In order to operate the water supply facility, the automatic management
system must decide which one of those Nc combinations has to be applied at
each instant of time. The natural objective is to minimize the overall operation
cost. In order to be able to formulate the optimization problem, a variable taking
integer values from 0 to Nc could be defined. However, in order to formulate
more easily the objective function as well as the constraints, a binary vector is
proposed to define the applied combination as a function of time:

δ(t) ∈ {δ1, . . . , δNc
} (4)

where
δi = [0 · · · 0︸ ︷︷ ︸

i−1

1 0 · · · 0]T (5)

Therefore, the elements of δ(t) can only be 0 or 1, and only one of the elements
can be different from zero (i.e. the sum of the elements is 1).

With these definitions, the vector that gathers the inlet flows of the tanks at
a given instant is simply the product

fT (t) = FT δ(t),

the vector of output flow of the pumps is

fP (t) = FP δ(t),

while the vector of power consumptions of the pumps is

p(t) = P δ(t)

In order to compute the overall cost, the electric tariff must be taken into
account. The tariff can be expressed as a function that defines the price in
euro/kWh as a function of time, Ti(t). Each pump could have a different tariff,
hence, we define a row vector as:

T (t) =
[
T1(t) · · · TNp

(t)
]

(6)
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With this, the overall cost in a period of time can be expressed (in euros) as:

J =
1

3600

∫
T (t)P δ(t)dt (7)

The equation of the tanks can be expressed as:

V̇j = fT,j(t) − fO,j(t) (8)

where fT,j(t) and fO,j(t) are the inlet and outlet flow of tank j respectively. The
equations of all the tanks can be joined in matrix form

V̇ =

⎡
⎣

V̇1

· · ·
V̇Nt

⎤
⎦ =

⎡
⎣

fT,1(t)
· · ·

fT,Nt
(t)

⎤
⎦ −

⎡
⎣

fO,1(t)
· · ·

fO,Nt
(t)

⎤
⎦ = fT (t) − fO(t) (9)

Since the future outflow rate of each tank, fO(t), is not known, a prediction
f̂O(t) must be used to estimate the evolution of the volume. On the other hand,
the input flow can be expressed as a function of δ(t), hence the equation used to
estimate the evolution of tanks volume (in m3/s) is

V̇ =
1

3600

(
FT δ(t) − f̂O(t)

)
(10)

where the flows are in m3/h.
In order to obtain a tractable formulation of the problem, the continuous

time equations must be discretized. If we choose a constant discretizing period
h (in seconds), the vector functions T (t) and δ(t) would then be changed by
vectors of discrete signals T [k] = T (t = kh) and δ[k] = δ(t = kh). δ(t) is
assumed to maintain a constant value during interval h, i.e. δ(t) = δ[k] for
k h <= t < (k + 1)h. Taking into account the units of the variables, the cost
index (in euros) could be expressed as:

J =
h

3600

∑
T [k]P δ[k] (11)

The continuous time equation of the tanks must also be discretized at period h.
The discretized equation can be expressed as:

V [k + 1] = V [k] +
h

3600

(
FT δ[k] − f̂O[k]

)
(12)

with V [k] = V (t = k h), f̂O[k] = 1
h

∫ (k+1)h

kh
f̂O(t)dt.

The main constraints are the maximum and minimum limits of the tank
volumes, therefore, the constraints can be formulated as

Vi,min ≤ Vi[k] ≤ Vi,max, i = 1, · · · , Nt (13)

or in matrix form
Vmin ≤ V [k] ≤ Vmax (14)
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4 Basic Optimization Problem

The basic optimization problem consists of minimizing the cost of the energy
while fulfilling the main constraints of maintaining the volumes of all the tanks
inside their admissible range (between their minimum and maximum values).
An additional constraint must be added in order to guarantee that the tanks
finish the day with the same volume they have started. Otherwise, the optimal
solution will always finish the day with the tanks completely empty.

Taking into account the equations introduced in the previous sections, with
the definition of vectors δ[k], T [k], V [k] and f̂O[k], and taking a minimization
horizon, tm = kmh, the minimization problem can be formulated as:

min
δ

h
3600

∑km

k=1 T [k]P δ[k] (15)

s.t.

Vmin ≤ V (0) + h
3600

∑k
j=1

(
FT δ[j] − f̂O[j]

)
≤ Vmax

∑km

j=1

(
FT δ[j] − f̂O[j]

)
≥ 0

∑Nc

i=1 δi[k] = 1, δi[k] ∈ {0, 1}
k = 1, . . . , km

The optimization problem (15) is a mixed integer one, where the decision
variables are the elements of vectors δ[k] that can only take values 0 or 1. The
number of decision variables is Nckm, and the number of constraints is (2Nc +
2Nt + 1)km + Nt. For a normal prediction horizon of 1 day, if a discretizing
period of 1 min is taken, the number of variables is 1440Nc, and the number
of constraints is 1440(2Nc + 2Nt + 1) + Nt, that can be very large even for
quite simple systems. Furthermore, the mixed integer optimization is highly
demanding in computer resources, and the optimization should be run frequently
(not only once a day), because it depends on the prediction of the future flow
demand f̂O[k], that is uncertain, and can be improved for the short term using
the output flow on line measurements. For example, it could be run every 10 min.
In that case, only the values of δ[k] obtained for the first 10 min would be applied,
discarding the rest. This is a usual strategy in predictive control.

Therefore, in order to reduce the complexity, and assuming that only the
first values will be really applied, we propose to use two discretizing periods,
a short one for the first instants, h, and a coarser one for the rest of the day,
hM = Lh. Furthermore, in order to further reduce the computational cost, and
the discretization error in the large periods, real valued δ vectors are proposed
to be used on those periods, i.e. the values of the elements of δ are allowed to
take any real value from 0 to 1, but with the constraint that their sum is 1.
The physical meaning is that each combination of valves and pumps would be
active during a fraction of the period, defined by the value of the correspond-
ing element of δ. This idea has two effects: on one hand, the restriction is less
severe that assuming a fixed combination is applied during a whole long period.
On the other hand, the computational cost of the optimization is reduced, as
the number of integer variables is drastically decreased.
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On the other hand, the optimization problem can be expressed in a more
compact matrix form. In order to do so, we define the short time horizon tm =
kmh, and the long time horizon tM = tm +(kM − km)Lh, and we also define the
vectors:

T [k] =
{

T (t = kh) if k ≤ km
T (t = kmh + (k − km)Lh) if k > km

(16)

f̂O[k] =

⎧
⎨
⎩

1
h

∫ (k+1)h

kh
f̂o(t)dt if k ≤ km

1
Lh

∫ kmh+(k+1−km)Lh

kmh+(k−km)Lh
f̂o(t)dt if k > km

(17)

Besides, the following vectors and matrices are also defined:

Δ =

⎡
⎢⎣

δ[1]
...

δ[kM ]

⎤
⎥⎦
kMNc×1

(18)

T =
h

3600
[
T [1] · · · T [km] T [km + 1]L · · · T [kM ]L

]
(19)

P =

⎡
⎢⎢⎢⎢⎣

P 0 · · · 0

0 P
. . .

...
...

. . . . . .
...

0 · · · 0 P

⎤
⎥⎥⎥⎥⎦
kMNp×kMNc

(20)

F k =
[

FT · · · FT︸ ︷︷ ︸
km

LFT · · · LFT︸ ︷︷ ︸
k−km

0 · · · 0]

Nt×kMNc

(21)

Ik =
[

0 · · · 0︸ ︷︷ ︸
(k−1)Nc

1 · · · 1︸ ︷︷ ︸
Nc

0 · · · 0
]

1×kMNc

(22)

F̂O[k] =
km∑
j=1

f̂o[j] + L

k∑
j=km+1

f̂o[j] (23)

With these definitions, the minimization problem can be formulated as:

min
Δ

TPΔ (24)

s.t.

F kΔ ≥ 3600
Vmin − V (0)

h
+ F̂O[k], k = 1, . . . , kM

F kΔ ≤ 3600
Vmax − V (0)

h
+ F̂O[k], k = 1, . . . , kM

F kM
Δ ≥ F̂O[kM ]
IkΔ = 1, k = 1, . . . , kM

Δ[j] ∈ {0, 1} ∈ N , j = 1, · · · , kmNc
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Δ[j] ∈ [0, 1] ∈ R j = kmNc + 1, · · · , kMNc

The number of integer decision variables in problem (24) is Nckm, and the
number of real decision variables is Nc(kM − km). The number of constraints is
(2Nc + 2Nt + 1)kM + Nt.

5 Advanced Optimization Problem

An important issue of the basic optimization problem (24) is that the final real
volumes of the tanks could get out of the constrained limits due to the uncer-
tainty of the output flow prediction used in the optimization. If this happens,
then the optimization problem becomes infeasible, because it starts with a con-
straint violation that can not be avoided. Two things must be done to overcome
this problem. First, the maximum and minimum volumes must be chosen with
a safety margin taking into account physical tank limits. And second, the max-
imum and minimum volumes constraints must be changed to allow higher and
lower volumes at the first instants of the time horizon.

Another important drawback of the basic optimization problem (24) is that
the optimal solution tends to imply a large amount of commutations, i.e. the
pumps and valves would be stopping and starting every few minutes. This is a
serious problem, since every start and stop implies an energy waste and a reduc-
tion in the working life of hydraulic components. Therefore, the optimization
problem must be modified to achieve a low number of commutations for the
proposal to be useful.

On the other hand, as we are imposing a final volume equal to the initial one,
the result of the optimization depends on the initial condition of the tanks and
the instant of time in which the optimization is performed. In addition, from
a practical point of view, it is interesting that at least once a day, the tanks
have the maximum possible stored volume to deal with unexpected problems
throughout the day. Therefore, we propose to impose as an indirect objective to
reach the maximum volumes of tanks at a predetermined instant, which may be
at the end of the cheapest tariff period (at 8 a.m.).

Both the limitation of the number of commutations as well as the forcing of
some volumes in a predefined instant can be approached by modifying the cost
index or adding constraints.

5.1 Advanced Volumes Constraints

In order to avoid the infeasibility due to the volume starting out of the bounds
defined by Vmax and Vmin, instead of using a constant value for the constraints,
a time varying vector is proposed that allows out of range volumes at the first
instants. For the higher volumes constraint could be:

Vsup[k] =

⎡
⎣

Vsup,1[k]
Vsup,2[k]
Vsup,3[k]

⎤
⎦ (25)
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with

Vsup,i[k] =⎧
⎨
⎩

Vmax(i) if Vi(0) ≤ Vmax(i),∀k
Vmax(i) if Vi(0) > Vmax(i),∀k > km
Vi(0)(km−k)+Vmax(i)k

km
if Vi(0) > Vmax(i),∀k ≤ km

(26)

while for the lower volumes constraint:

Vinf [k] =

⎡
⎣

Vinf,1[k]
Vinf,2[k]
Vinf,3[k]

⎤
⎦ (27)

with

Vinf,i[k] =⎧
⎨
⎩

Vmin(i) if Vi(0) ≥ Vmin(i),∀k
Vmin(i) if Vi(0) < Vmin(i),∀k > km
Vi(0)(km−k)+Vmin(i)k

km
if Vi(0) < Vmin(i),∀k ≤ km

(28)

In the constraints of problem (24), the constant vectors Vmax and Vmin should
be changed by Vsup[k] and Vinf [k].

5.2 Limitation of the Number of Commutations

If we consider the number of commutations as the number of changes in δ[k]
along the optimization period, we need an equation that expresses that number
of changes as a function of matrix Δ. In fact, as the values of δ in the longer
periods are assumed real, representing the fraction of the period when a given
combination is applied, the number of commutations can only be applied to the
shorter periods with integer δ. If the following matrices are defined:

I+
N =

⎡
⎢⎢⎢⎢⎢⎢⎣

N︷ ︸︸ ︷
0 · · · 0 1 0 · · · 0
...

. . . . . . . . . . . .
...

0
. . . · · · . . . 1 0

0 · · · · · · · · · 0 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(km−1)N×kmN

I−
N =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 · · · · · · · · · 0

0 1
. . . . . . . . . 0

...
. . . . . . . . . . . .

...
0 · · · 0 1 0 · · · 0︸ ︷︷ ︸

N

⎤
⎥⎥⎥⎥⎥⎥⎦

(km−1)N×kmN

YN = I+
N − I−

N
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The number of changes in δ[k] during the km short periods can be expressed as:

sum(abs(YNc
[δant;Δ(1 : (km − 1)Nc)])) (29)

The previous expression takes into account as a possible change, the first value
of Δ if this is different from the last value of the previous period. δant is not a
decision variable, but a constant vector resulting from previous optimization.

The first alternative to reduce the number of commutations is to include
the number of changes of δ in the cost index. In this case, the optimization
problem would have the same constraints as (24), and only the cost index would
be modified:

J = J + αcsum(abs(YNc
[δant;Δ(1 : (km − 1)Nc)])) (30)

The weighting factor αc must be chosen carefully to find a compromise between
minimization of the cost and the number of commutations.

With respect to limiting the number of commutations by introducing con-
straints, although it is possible, it is not effective in practice. Suppose that the
optimization is performed every 10 min, and the number of commutations is lim-
ited to cmax = 2. Then, in the worst case, there is a possibility that the 2 com-
mutations always occur in the first 10 min, resulting in a total of 2×6×24 = 288
commutations in a day.

5.3 Forcing High Volumes at a Given Instant

On the other hand, in order to force the volumes to reach a maximum value at
a given specified time (in general at the end of the cheapest tariff period), the
first alternative is to add a term to the cost index, with a weighting factor. Due
to the discretization of the problem, we propose to define an index value, kv, as
the nearest index to the desired time instant when the maximum volumes are
required. If we call ti to the initial time (in seconds) when the optimization is
run, and tv the time when the maximum volumes are required, the value of kv
is

kv =
{

round( tv−ti
h ) if tv − ti ≤ kmh

km + round( tv−ti−kmh
Lh ) if tv − ti > kmh

(31)

With this, the cost index would be modified as

J = J + αV

(
F̂O[kv] − F kv

Δ + 3600
Vobj − V (0)

h

)
(32)

where αV is a row vector with the weighting factors for each tank, and Vobj is
the vector of maximum tank volumes to be reached at instant tv.

The drawback of the above approach is that the result is highly dependent on
the weighting factor αV used. The second alternative is to add new constraints.
The constraint to be added to force the volumes to reach the required values in
the specified time would be

F kv
Δ ≥ 3600

Vobj − V (0)
h

+ F̂O[kv] (33)
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The drawback of this approach is that the added constraint may cause the opti-
mization problem to be infeasible. This can happen especially if the instant when
the optimization is executed is close to the instant when the maximum volumes
are required, that is to say when kv is small.

5.4 Final Optimization Problem

Two alternatives are proposed for the final optimization problem, depending
on whether the maximum required volumes are included in the cost index or
formulated as constraints.

We define:
J0 = TPΔ (34)

Jc = αcsum(abs(YNc
[δant;Δ(1 : (km − 1)Nc)])) (35)

Jv = αV

(
F̂O[kv] − F kv

Δ + 3600
Vobj − V (0)

h

)
(36)

Some of the constraints are common to both alternatives:

F kΔ ≥ 3600
Vinf [k] − V (0)

h
+ F̂O[k], k = 1, . . . , kM

F kΔ ≤ 3600
Vsup[k] − V (0)

h
+ F̂O[k], k = 1, . . . , kM

F kM
Δ ≥ F̂O[kM ]
IkΔ = 1, k = 1, . . . , kM

Δ[j] ∈ {0, 1} ∈ N , j = 1, · · · , kmNc

Δ[j] ∈ [0, 1] ∈ R j = kmNc + 1, · · · , kMNc (37)

while the possible additional constraint is:

Cv := F kv
Δ ≥ 3600

Vobj − V (0)
h

+ F̂O[kv] (38)

With this, the possible optimization problems can be summarized as

1. Minimize J0 + Jc subject to common constraints plus Cv.
2. Minimize J0 + Jc + Jv subject to common constraints.

Taking into account the advantages and disadvantages, it is proposed to use
problem 1 to guarantee maximum volumes of the tanks at the specified time,
but change to problem 2 in case that problem 1 is not feasible.

6 Output Flow Prediction

In order to solve the optimization problems to obtain the start and stop com-
mands of the pumps at each moment, a prediction of the future output flow of
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each tank is needed. We assume that the output flow is measured in each tank,
therefore, the current and past flows are known.

The proposed prediction algorithm consists of setting the predicted value for
the instant located 24 h ahead of the present instant as a function of the current
measurement and the measurement taken 6 days before, depending on which day
of the week we are, i.e., if the next one is a business or weekend day. If a period
of h seconds is taken, and the output flow measured at the instant k = t/h is
qO[k], then the prediction of the present instant would be updated as:

q̂O[k] = qO[k] (39)

If we assume that each day of the week has a particular flow pattern, but
the magnitude of the flow is slowly changing with time, the prediction of future
flow can be calculated in the following way.

First, the trend on the average daily flow can be obtained from the relative
increase (or decrease) on average flow from one day till the same day on the next
week.

Δq =
Q(d) − Q(d − 7)

Q(d − 7)
(40)

where Q(d) is the average flow of day d. Every day, this value is updated using
a low pass filter to smooth the variations:

Δq(d) = pdΔq(d − 1) + (1 − pd)
Q(d) − Q(d − 7)

7Q(d − 7)
(41)

With this, the prediction for the 24 h future instants could be obtained from the
flow measured the previous week:

q̂O[k + j] = q̂O[k + j − 7 · 1440 · 60/h](1 + 7Δq(d)), (42)
j = 1 · · · , 1440 · 60/h

However, some of the week days (for example the working days) can be
assumed to have very similar flow patterns, so, the flow prediction could be
calculated from more recent past measurements. For example, the Tuesday flow
could be more similar to the yesterday Monday flow than to the previous week
Tuesday flow. So we could define three different types of days in the week:
working days (from Monday to Friday), Saturday and Sunday. The average daily
flow increase, in percentage, can be calculated from Tuesday till Friday as:

Δq(d) = pdΔq(d − 1) + (1 − pd)
Q(d) − Q(d − 1)

Q(d − 1)
(43)

while, on Monday, it can be calculated as

Δq(d) = pdΔq(d − 1) + (1 − pd)
Q(d) − Q(d − 3)

3Q(d − 3)
(44)
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And finally on Saturday and Sunday, it could be calculated as

Δq(d) = pdΔq(d − 1) + (1 − pd)
Q(d) − Q(d − 7)

7Q(d − 7)
(45)

Then, for the working days, we can calculate a predicted instant flow, before
the measurement qO[k] is taken, from Tuesday till Friday, as:

q̂O[k−] = q̂O[k − 1440 · 60/h](1 + Δq(d)) (46)

and for Monday as

q̂O[k−] = q̂O[k − 3 · 1440 · 60/h](1 + 3Δq(d)) (47)

and for Saturday and Sunday as

q̂O[k−] = q̂O[k − 7 · 1440 · 60/h](1 + 7Δq(d)) (48)

In order to smooth random variations from one day to the next one, we
propose to update the prediction, using the measurement qO[k], with a low pass
filter as

q̂O[k] = pwqO[k] + (1 − pw)q̂O[k−] (49)

Finally, the future flow prediction can be obtained for the instants k + j that
lie from Tuesday at 0:00 till Friday at 23:59 as

q̂O[k + j] = q̂O[k + j − 1440 · 60/h](1 + Δq(d)) (50)

while for the instants k + j lying on Monday, from 0:00 till 23:59, the prediction
should be obtained as

q̂O[k + j] = q̂O[k + j − 3 · 1440 · 60/h](1 + 3Δq(d)) (51)

while for the instants k + j lying on Saturday or Sunday, from 0:00 till 23:59

q̂O[k + j] = q̂O[k + j − 7 · 1440 · 60/h](1 + 7Δq(d)) (52)

On the other hand, the prediction of the immediate future instants can be
improved using the knowledge of the last measured flow. For example, if the
prediction for the next period is q̂O[k + 1] = 150 (as defined from the previous
algorithm), but we measure qO[k] = 250, then the actual flow rate qO[k + 1]
will be closer to 250 than to 150. Of course, this will be less true as we move
into the future. Therefore, we define a time constant tf to update the immediate
future predictions with an exponential weighting from the prediction error at
the present instant. Taking this into account, the predicted future output flow
for the next 24 h, that is needed to perform the optimization, will be computed
as:

q̂Of [k + j] = q̂O[k + j] + e
−jh
tf (qO[k] − q̂O[k−]) (53)

j = 0, · · · , 1440 · 60/h

where q̂O[k−] represents the prediction at instant k before the measurement qO[k]
is taken. The future predictions q̂Of [k+ j] will be the values used to perform the
optimization.
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7 Application Example

The application example described in Sect. 3, obtained from an actual water
supply installation, will be used to illustrate the proposed approach. The tariffs
for the three pumps are shown in the Table 2.

Table 2. Tariffs for the 3 pumps in the application example (in eur/kWh)

Periods Pump 1 Pump 2 Pump 3

0 < t < 480 0.063 0.066 0.066

480 < t < 540 0.079 0.088 0.088

540 < t < 600 0.1 0.088 0.088

600 < t < 900 0.1 0.099 0.099

900 < t < 960 0.079 0.099 0.099

960 < t < 1440 0.079 0.088 0.088
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Fig. 2. Predicted flow compared to the “real” flow.

To perform the calculations, the output flow of the tanks is simulated by
means of a Fourier series adjusted from real data, adding a low pass filtered
random term to simulate uncertain variations. The Fig. 2 shows the simulated
flows, compared to the predicted ones used in the optimization, corresponding
to one day. For the prediction of the output flow, the algorithm described in
Sect. 6 has been used.

lounis.adouane@uca.fr



Modelling and Minimum Cost Control of Multiple Tank Pumping Systems 267

0 500 1000 1500 2000 2500 3000 3500 4000
0

50

100
Volumes (in %)

0 500 1000 1500 2000 2500 3000 3500 4000
0

100

200
Flow of pump 1

0 500 1000 1500 2000 2500 3000 3500 4000
0

50

100

Flow of pump 2

0 500 1000 1500 2000 2500 3000 3500 4000
0

50

100

Flow of pump 3

0 500 1000 1500 2000 2500 3000 3500 4000
0

0.5

1

1.5
Valves

Fig. 3. Simulation results for αc = 0. Volumes (in percentage), flow of pumps 1, 2 and
3, and state of valves.

The final optimization problems described on Sect. 5.4 have been solved with
Matlab, using Yalmip as parser and CBC solver.

The minimum allowed volumes for the tanks are Vmin = [100; 100; 740] and
the maximum volumes Vmax = [500; 500; 3700], in m3. In order to control the
pumping system, the optimization is carried out every 10 min, with a time hori-
zon of 24 h, a short period h = 60 s, with km = 30 and kM = 47 (i.e. L = 30).
Only the first 10 pumping commands obtained in the optimization are applied.

At instant tv = 480 · 60 s, i.e., at the end of the cheapest period, the tank
volumes are required to be near the maximum, Vobj = [492; 492; 3640].

The optimization problem 1 is always used, where the volumes in tv are a
constraint, and the number of commutations is included in the cost index, with
a weighting factor αc, except when the problem is infeasible, that the problem
2 is solved instead (with both terms in the cost index, with αv = 0.001).
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Fig. 4. Simulation results for αc = 0.01. Volumes (in percentage), flow of pumps 1, 2
and 3, and state of valves.

The Fig. 3 shows the evolution of the tank volumes, the pump flows and
the state of the valves during a 3 days simulation. In this case, the number of
commutations is not considered (i.e. αc = 0). The result is a huge number of
daily commutations (higher than 600).

Figures 4, 5 and 6 show the simulation results for different values of αc. The
higher the value of αc, the lower the number of daily commutations, but the
higher the cost (ncon = 26, J = 48 for αc = 0.01, ncon = 13, J = 49 for
αc = 0.1, ncon = 8, J = 51 for αc = 0.5).

Observing the evolution of the volumes (shown as a percentage of its max-
imum capacity), the simulation starts at 0 o’clock with the three tanks at the
80% of of its range. At 8 o’clock the volumes Vobj are reached, and after that,
a quasi-periodical volume pattern is established in which the required volumes
are obtained. The figures show the flows of the pumps together with the hourly
energy price according to the tariff. It is observed that once the quasi-periodic
pattern is established, the pumps are never switched on in the most expensive
tariff periods.
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Fig. 5. Simulation results for αc = 0.1. Volumes (in percentage), flow of pumps 1, 2
and 3, and state of valves.

8 Conclusions

In this work we have proposed a control strategy for the minimization of the
operation cost of a water pumping system by means of standard solvers. The
objective of the control system is to determine which valves and pumps must be
active at each instant of time along the day to minimize the overall energy cost,
taking into account the tariff periods. The maximum and minimum volumes of
the tanks are the main constraints. A mathematical model of the problem is
proposed in order to formulate, in matrix form, the cost index and the con-
straints, in such a way that standard solvers, like CBC, can be used.

The resulting optimization problem is a mixed integer one, that may have
a high computational cost for large problems. To reduce the computation time,
we use the fact that the optimization will be run every few minutes and only the
first values will be applied. As a consequence, we propose to reduce the number
of integer decision variables, replacing them with real ones after a short period
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Fig. 6. Simulation results for αc = 0.5. Volumes (in percentage), flow of pumps 1, 2
and 3, and state of valves.

in the optimization horizon. The number of commutations is included in the cost
index in order to maintain the resulting number of daily commutations in a low
practical level.

We have also included other constraints in the problem, as imposing a non
decreasing final tank volume after the 24 h period (otherwise the result of the
optimization are empty tanks at the end of the optimization period), and forcing
near maximum volumes at one predefined instant of the day (at the end of
the cheapest tariff period). On the other hand, the uncertainty in the output
flow prediction may cause the real volumes to surpass the limits. To avoid the
infeasibility of the problem in those cases, the constraints of the volume limits
have been changed to allow the volumes surpassing the range during the first
instants of the time horizon.

A simple algorithm is proposed to predict the future output flow of the tanks
used in the optimization, taking into account that the output flow follows a
pattern in working days and a different one in the Saturday and Sunday.
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The closed loop control scheme is a model predictive control, where the opti-
mization is run every few minutes, but only the first commands resulting from
the optimization are applied.

A simulated example of a real water supply system, with 3 tanks, 3 pumps
and 2 valves, is analysed to demonstrate the validity of the approach, using
Yalmip as parser and CBC as solver. The proposed approach allows solving the
optimization problems in a few seconds on a desktop personal computer.

Acknowledgement. Financed by project TEC2015-69155-R from Ministry of Econ-
omy and Competitiveness (Spain Government).
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Abstract. This paper presents a reliable on-line re-optimization control of a
fed-batch fermentation process using bootstrap aggregated extreme learning
machine. In order to overcome the difficulty in developing detailed mechanistic
models, extreme learning machine (ELM) based data driven models are
developed. In building an ELM model, the hidden layer weights are randomly
assigned and the output layer weights are obtained in a one step regression type
of learning. This feature makes the development of ELM very fast. A single
ELM model can lack of robustness due the randomly assigned hidden layer
weights. To overcome this problem, multiple ELM models are developed from
bootstrap re-sampling replications of the original training data and are then
combined. In addition to enhanced model accuracy, bootstrap aggregated ELM
can also give model prediction confidence bounds. A reliable optimal control
policy is achieved by means of the inclusion of model prediction confidence
bounds within the optimization objective function to penalize wide model
prediction confidence bounds which are associated with uncertain predictions as
a consequence of plant model-mismatch. Finally, in order to deal with unknown
process disturbances, an on-line re-optimization control strategy is developed in
that on-line optimization is carried out while the batch process is progression.
The proposed technique is successfully implemented on a simulated fed-batch
fermentation process.

Keywords: Fed-Batch processes � Fermentation � Neural networks � Extreme
learning machine � Re-optimization

1 Introduction

Fermentation is an important processing step in biochemical and pharmaceutical
industry and is generally carried out in batch or fed-batch mode. In general, common
products such as antibiotics, proteins, food cultures, and more, are manufactured
through bioprocessing techniques [1]. Nowadays, the biochemical industry has been
developed through modern and sophisticated technologies, specially designed for
process control and automation purposes. Coupled with an increase in the demand of
products and quality requirements, competitive markets have arisen not only on a local
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scale, but also worldwide. Hence, the optimization of biochemical processes becomes
increasingly more important. However, the biotechnological process such as fermen-
tation process is difficult to control, in as much as the sensibility of the micro-organism
demands accurate control strategies. Thus enhancing fermentation process operation is
an important means to improve product quality and process profit. The massive con-
sumption of biochemical products results in a competitive market, making the maxi-
mization of biomass production a key target to be achieved. The complexity of the
fermentation processes dynamics makes this a non-trivial and challenging but also very
interesting optimization problem.

For the optimal control of biochemical processes, which are typically highly non-
linear systems, accurate models capable of providing good long range predictions are
required. Due to the complex dynamics of the growing microorganisms in biochemical
processes, mechanistic models are usually very difficult to be developed. To overcome
this problem, data-driven modelling techniques based on process operation data have
been recently developed to provide accurate solutions for process modelling [2, 3].
However, the collection of process operational data is typically limited partly because
of the high costs involved in the experiments for data acquirement, coupled with the
physical limitation to measure certain key process variables.

In the past a few years, neural networks have been widely accepted as an effective
way to build accurate data-driven models from process operation data [4–7]. The main
advantage of neural networks is their ability to model complex non-linear processes by
learning the nonlinear relationship between model inputs and outputs from the process
operation data. This is perhaps achieved through their parallel structure that provides
them with excellent capabilities to store knowledge. Artificial neural networks
resembles the human brain in the sense that knowledge is learnt from observations and
stored in the form of inter-neuron connection strengths [8].

A common problem of neural networks is the over fitting of the training data
leading to poor generalization capabilities in that the neural network model gives
excellent performance on the training data but considerably large prediction errors on
unseen validation data. The speed of conventional neural network training is also a
concern as training with the traditional backpropagation training algorithm is typically
very slow due to the iterative procedure. In order to address those common drawbacks
with conventional neural networks, a novel algorithm developed by Huang et al. [9],
called Extreme Learning Machine (ELM), has been shown to be able to provide an
extremely fast learning speed and better generalization capabilities in comparison to
traditional learning algorithms. In ELM hidden layer weights are randomly chosen and
the output layer weights are obtained in a one step regression like approach. This
significantly reduces the computational efforts in neural network training. However,
single ELM models can lack robustness and give varying performance due to random
nature in assigning the hidden layer weights. To address this issue, the idea of bootstrap
aggregated neural networks [10] can be used in developing bootstrap aggregated ELM.
The use of bootstrap aggregated neural networks is widely recognized as an effective
method to improve the robustness of neural network models and enhance the model
generalization capabilities [11–15].

Zhang [16] proposed a reliable optimization strategy based on bootstrap aggregated
neural network models, where a reliable optimal control policy is obtained by means
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of penalizing wide model prediction confidence bounds within the objective function of
the optimization problem. The modified optimization objective function penalizes wide
model prediction confidence bounds. By such a means, the obtained optimal control
policy can be successfully implemented in the actual process without suffering from
performance degradation, which is commonly caused by plant-model mismatches.

The paper is organized as follows. A feed-batch fermentation process is presented
Sect. 2. Section 3 introduces the proposed bootstrap aggregated ELM. Section 4 pre-
sents the modelling of the feed-batch fermentation process using bootstrap aggregated
ELM. Reliable optimization control of the feed-batch fermentation process is presented
Sect. 5. Both off-line optimization and on-line re-optimization control are presented.
Finally, Sect. 6 draws some concluding remarks.

2 A Fed-Batch Fermentation Process

The fed-batch fermentation process considered in this paper uses Baker’s yeast as the
basis reactant. The kinetic and dynamic model is taken from [17] and includes a
dynamic model based on mass balance equations for glucose, ethanol, oxygen and
biomass concentrations. The kinetic model contains the following equations [17]:

Glucose uptake rate:

Qs ¼ Qs;max
Cs

Ks þCs
1� e�t=td
� �

ð1Þ

Oxidation capacity:

Qo;lim ¼ Qo;max
Co

Ko þCo

Ki

Ki þCe
ð2Þ

Specific growth rate limit:

Qs;lim ¼ lcr
Yox
x=s

ð3Þ

Oxidative glucose metabolism:

Qs;ox ¼ min
Qs

Qs;lim

Qo;lim=Yo=s

0
@

1
A ð4Þ

Reductive glucose metabolism:

Qs;red ¼ Qs � Qs;ox ð5Þ
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Ethanol uptake rate:

Qe;up ¼ Qe;max
Ce

Ke þCe

Ki

Ki þCe
ð6Þ

Oxidative ethanol metabolism:

Qe;ox ¼ min
Qe;up

Qo;lim � Qs;oxYo=s
� �

Ye=o

� �
ð7Þ

Ethanol production rate:

Qe;pr ¼ Qs;redYe=s ð8Þ

Total specific growth rate:

l ¼ Qs;oxY
ox
x=s þQs;redY

red
x=s þQe;oxYx=e ð9Þ

Carbon dioxide production rate:

Qc ¼ Qs;oxY
ox
c=s þQs;redY

red
c=s þQe;oxYc=e ð10Þ

Oxygen consumption rate:

Qo ¼ Qs;oxYo=s þQe;oxYo=e ð11Þ

Respiratory Quotient:

RQ ¼ Qc=Qo ð12Þ

The mass balance equations describe the dynamic of glucose, ethanol, oxygen and
biomass concentrations as follows [17]:

dCs

dt
¼ F

V
So � Csð Þ � l

Yox
x=s

þ Qe;pr

Ye=s
þQm

 !
Cx ð13Þ

dCo

dt
¼ �QoCx þ kLao C�

o � Co
� �� F

V
Co ð14Þ

dCe

dt
¼ Qe;pr � Qe;ox
� �

Cx � F
V
Ce ð15Þ

Reliable On-Line Re-Optimization Control 275

lounis.adouane@uca.fr



dCx

dt
¼ lCx � F

V
Cx ð16Þ

dV
dt

¼ F ð17Þ

kLao ¼ 113
Fa

AR

� �0:25

ð18Þ

where Cs, Co, Ce, and Cx represent, respectively, the concentrations of glucose, oxygen,
ethanol and biomass, F and Fa stand for feed rate and air feed rate respectively, and AR

denotes the cross-sectional area of the reactor. The other symbols and values of model
parameters are given in Tables 1 and 2.

Based on the mechanistic model, a simulation program is developed in MATLAB
[18]. The simulation program is used to generate process operational data and to test
the developed models and optimization control policies. The batch initial conditions
considered for the simulation are taken from [17] and are summarized as follows:

• Initial conditions: Cs 0ð Þ ¼ 7g L�1;Co 0ð Þ ¼ 7:8 e�3g L�1;Ce 0ð Þ ¼ 0g L�1; Cx 0ð Þ ¼ 15g

L�1; V 0ð Þ ¼ 50000 L
• Volume of the fermentor Vf ¼ 100m3

• Concentration of feed S0 ¼ 325 gglucoseL�1

• Final time: tf ¼ 16:5 h

Table 1. Definition of process variables and parameters.

Variables Definitions Superscripts and
subscripts

Definitions

kLao Total volumetric mass transfer
coefficient (h−1)

* Interface

Ke Saturation constant for ethanol (gL−1) cr Critic
Ki Inhibition constant (gL−1) e Ethanol
Ko Saturation constant for oxygen (gL−1) lim Limitation
Ks Saturation constant for substrate (gL−1) o Oxygen
Yi/j Yield of component i on j (gg−1) ox Oxidative
V Volume (L) pr Production
l Specific growth rate (h−1) red Reductive

s Substrate
(glucose)

up Uptake
x Biomass
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3 Bootstrap Aggregated Extreme Learning Machine

3.1 Extreme Learning Machine

Figure 1 shows a typical feedforward neural network, which can be used to model
complex nonlinear systems and is capable of representing the nonlinear relationships
between process input and output variables by learning from the training data presented
to the network using a network training algorithm. Although the development of neural
network models is significantly more practical and easier to implement than the clas-
sical mathematical modelling approaches based on first principles, the time required to
train neural networks using traditional network training algorithms is considerably
high, making the neural network training a slow process [9].

Many researchers have worked on enhancing the generalization capabilities of
neural networks. However, most of the neural network training methods still involve
the tuning of all network weights and biases, and in many cases, still require iterative
computations until convergence or a pre-defined maximum iterations has been reached.
To reduce the computational burden in neural network training, Huang et al. [9]

Table 2. Numeric values of the parameters in the fed-batch model [18].

Parameters Values Parameters Values

Ke 0.1 gL−1 Yx/e 0.7187 gg−1

Ki 3.5 gL−1 Qe, max 0.238 gg−1h−1

Ko 9.6 � 10−5 gL−1 Qo, max 0.255 gg−1h−1

Ks 0.612 gL−1 Qs, max 2.943 gg−1h−1

YOX
X=S

0.585 gg−1 Qm 0.03 gg−1h−1

Yred
X=S

0.05 gg−1 So 325 gh−1

Yo/s 0.3857 gg−1 C�
o 0.006 gh−1

Yo/e 0.8904 gg−1 AR 12.56 m2

Ye/s 0.4859 gg−1 lcr 0.21 h−1

Ye/o 1.1236 gg−1

O1

xn

x2

x1 1

2

Ñ

...

β11

Input Layer Output layer

...

1

m

...

β1m

βÑ1

βÑm

Om

Hidden layer

β21

β2m

ac va on func on: g(x) ac va on func on: linear

Fig. 1. A single hidden layer feedforward network [18].
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propose the ELM, a novel learning algorithm for single hidden layer feedforward
networks (SLFN). In ELM, some of the network parameters are chosen randomly and
this significantly reduces the training time while achieving good generalization
capabilities.

In the ELM algorithm proposed by Huang et al. [9], a SLFN is built from N distinct
pair of samples xi; tið Þ with xi ¼ xi1; xi2; . . .; xin½ �T2 Rn and ti ¼ ti1; ti2; . . .; tim½ �T2 Rm.
Let this SLFN have ~N hidden neurons. The ith neuron in the hidden layer is connected
with the input layer through a weighting vector, wi ¼ wi1;wi2; . . .;win½ �T , and has
activation function g xð Þ and bias bi. The nodes in the output layer are connected to the
ith hidden neuron through the weighting vector bi ¼ bi1; bi2; . . .; bim½ �T , and they use a
linear activation function as follows.

P~N
i¼1

bigi xj
� � ¼P~N

i¼1
big wi � xj þ bi
� � ¼ oj

j ¼ 1; 2; . . .;N
ð19Þ

As long as g xð Þ is infinitely differentiable, the SLFN can learn N distinct obser-

vations, which can be written as
P~N

j¼1 oj � tj
�� �� ¼ 0. Then there should exist finite

values of bi, wi, and bi that can meet the following:

P~N
i¼1

big wi � xj þ bi
� � ¼ tj

j ¼ 1; 2; . . .;N
ð20Þ

The relationship given in Eq. (20) can be written in matrix notation as Eq. (21),
where H is called the hidden layer output matrix:

Hb ¼ T ð21Þ

H w1; . . .;w~N; b1; . . .; b~N; x1; . . .; xN
� � ¼

g w1 � x1 þ b1ð Þ � � � g w~N � x1 þ b~N

� �
..
. . .

. ..
.

g w1 � xN þ b1ð Þ � � � g w~N � xN þ b~N

� �
2
64

3
75
N�~N

ð22Þ

b ¼
bT1
..
.

bT~N

2
64

3
75

~N�m

and T ¼
tT1
..
.

tTN

2
64

3
75
N�n

ð23Þ

The ELM algorithm proposed in [9] suggests setting the parameters bi and wi

randomly and compute the matrix H. Then the remaining unknown variable in
Eq. (21), b, can be calculated as:
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b̂ ¼ HyT ð24Þ

In the above equation, Hy corresponds to the Moore-Penrose generalized inverse
of the matrix H, which can be found through several methods such as the orthogonal
projection, singular value decomposition (SVD), orthogonalization method, and iter-
ative method. The last two methods are avoided since iterations are undesired as they
can increase the computation times of the ELM algorithm. Instead, if HTH is non-

singular, the orthogonal projection method can be used, so Hy ¼ HTHð Þ�1HT. As in
many cases the matrix HTH tends to be singular, the SVD method generally performs
well under those circumstances.

3.2 Bootstrap Aggregated Elm

Regarding to the techniques for developing multiple neural networks, Noor et al. [8]
identifies three basic kinds of stacked neural networks where individual networks are
combined using a particular method. The first type is the multiple model neural net-
works, characterized for using different training data to build the individual networks.
The training data can relate to different inputs and include information about a wider
process operation region. This approach also allows different training algorithms to be
used for each individual neural network. On the other hand, the second category
employs the same data to train the individual networks, but the data are re-sampled or
divided using one of the following methods: bootstrap re-sampling [19], adaboost,
“adaptive boosting”, or randomization. Finally, the third category involves a selective
combination of neural networks in order to reduce the error induced by those neural
networks with poorest generalization capabilities. In this paper, a bootstrap aggregated
ELM, known as BA-ELM, is proposed.

As mentioned in [10], the principle of bootstrap aggregated neural networks, shown
in Fig. 2, is to develop several neural networks to model the same relationship and
them combining them. By this means, model generalization capability and accuracy
can be improved as a result of proper combination of all networks, instead of just
selecting the “best” individual neural network. The final output of a BA-ELM,
expressed in Eq. (25), is a weighted combination of the individual ELM outputs.

f Xð Þ ¼
Xn

i¼1
wifi Xð Þ ð25Þ

In the above equation, f Xð Þ is the BA-ELM predictor, fi Xð Þ is the i th ELM, wi is
the aggregating weight corresponding to the i th ELM, X is the vector of inputs, and n
is the number of individual ELM models. The selection of aggregating weights is
fundamental to achieving good performance. In general, the simple approach taking
equal weights is usually sufficient to attain enhanced model prediction performance.
However, aggregating weights can also be obtained by using principal component
regression (PCR), since it is less sensitive to highly correlated data, which is the case
for the individual network predictions.
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A further advantage in using BA-ELM is that model prediction confidence bounds
can be calculated from the individual network predictions as follows [10]:

re ¼ 1
n� 1

Xn
b¼1

y xi;W
b

� �� y xi; �ð Þ	 
2( )1=2

ð26Þ

where re corresponds to the standard error of the ith predicted value, y xi; �ð Þ ¼Pn
b¼1 y xi;Wb

� �
=n and n is the number of ELM models. Under the assumption that

prediction errors are normally distributed with zero mean, the 95% prediction confi-
dence bound can be found as y xi; �ð Þ � 1:96 re. More reliable predictions are associated
with small values of re, i.e. narrower confidence bounds.

4 Process Modelling Using Bootstrap Aggregated Elm

4.1 Data Generation and Pre-processing

The detailed mechanistic model described in Sect. 2 is used to generate simulated
process operational data. All together 75 batches were simulated with the feed profiles
obtained by adding random variations to a base feed profile. The batch duration in
divided into 17 equal intervals and the substrate feed rate is kept constant in each
interval. Thus the feed profile can be represented by a vector of 17 elements. The
developed ELM model is of the following form:

y ¼ f x1; x2; . . .; x17ð Þ ð27Þ

where y is the biomass concentration at the end of a batch, x1 to x17 are the substrate
feed rates over a batch.

Data pre-processing is carried out to remove undesired information such as noise,
outliers, non-representative samples, etc. Data pre-processing tools include for example
normalization to scale the data, filtering to cope with measurement noise, removing
trends and outliers to eliminate inconsistent data that potentially will lead to wrong
results, etc.

x ŷΣ

Fig. 2. Bootstrap aggregated ELM [18].
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Normalization of data to zero mean and unit variance is used in this study. As the
model inputs are the substrate feed rates at different time stages over a batch, two
different cases of normalization are considered here. In Case A, as illustrated in Fig. 3,
the substrate feed rate at a particular time is normalized using the local mean and
standard deviation at that particular time. In Case B, as illustrated in Fig. 4, the global
mean and standard deviation across all the time stages are used.

4.2 BA-ELM Modelling

Once the data have been scaled to zero mean and unity variance, 80% (60 batches) of
data are randomly selected for model building and the remaining 20% (15 batches) are
used as the unseen validation data. Then, the original training set is here re-sampled
using bootstrap re-sampling with replacement [19] to produce m ¼ 50 different boot-
strap replication data sets. On each bootstrap replication data set, an ELM model is
developed. The bootstrap re-sampling is a simple technique for generating different
replications of the original data set in that random samples (batches) from the original
data are picked. As a consequence, some samples can be picked more than once and
some others may not be picked at all. In this way, the learning data set presented to
each ELM is slightly different, which is the powerful concept of BAGNET [10]. As the
individual ELM models do not learn exactly the same information, they can comple-
ment to each other. The model development procedure is shown in Fig. 5.

Fig. 3. Normalization, Case A.

Fig. 4. Normalization, Case B.
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Figure 6 shows model predictions on the 15 unseen batches (validation data) and
their respective confidence bounds for the two different cases of normalization, Case A
and Case B. Table 3 gives the minimum SSEs for the best individual ELM, stacking
50 ELMs, and stacking 44 ELMs on the training and validation data sets with the two
normalization cases. When stacking 44 ELMs, the 6 worst performing ELMs on the
training data in the original 50 ELMs are eliminated. It can be seen from Fig. 6 that the
model predictions are reasonably accurate. The model with normalization Case A gives
better prediction performance as indicated by Fig. 6 and Table 3. Thus, the BA-ELM
model with normalization Case A is adopted.

The SSE of the individual networks on training and validation data are shown in
Fig. 7. In general, it can be seen from Fig. 7 that network prediction performance on
the training data is not always consistent with that on the unseen validation data. It can
be noticed that an individual network with a small SSE value on the training data can
have a large SSE value on the unseen validation data or vice versa. Therefore it is
evident that a single neural network is not robust enough to always produce accurate
predictions.

 

 

Fig. 5. Model predictions on validation data.

Table 3. Minimum SSEs of individual and BA-ELM.

Data Best individual ELM Stacking 50 ELM Stacking 44 ELM

Case A Training 0.0767 0.0530 0.0492
Validation 0.1501 0.2207 0.2191

Case B Training 3.05E-04 1.81E-04 1.75E-04
Validation 5.26E-04 4.04E-04 4.04E-04
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Some individual networks with poor performance on the training data, highlighted
in color red in Fig. 7, were removed from the stacked network. Here only 6 such
networks are chosen because bad performing on training data does not necessarily
imply poor performance on the unseen data. For example, networks #12 and #21 are in
the worst group based on the performance on the training data. However, they actually
have good performance on the unseen validation data. For this reason, it is not
advisable to remove a lot of those “poor” performing networks as some of those may
give quite good performance on the unseen validation data. Conversely, networks #13,
#32 and #38 performed bad in both cases, thus it is appropriate to remove the influence
of those networks. Highlighted in color green in Fig. 7, network #45 gives the mini-
mum SSEs (0.0767) on the training data and network #50 gives the minimum SSEs
(0.1501) on the unseen validation data.

Fig. 7. Model errors of individual networks [18].

Fig. 6. Model predictions on validation data [18].
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In contrast to the performance of individual networks, Fig. 8 clearly shows the
advantage of stacking multiple neural networks. The model performance of aggregating
different numbers of ELM models, from 1 (the first single ELM) to 50 (aggregating all
50 ELM models), are shown in Fig. 8, which shows the SSE values of BA-ELM with
different numbers of ELM models on the training data and the unseen validation data. It
can be seen that the highest error in both cases occurs, as is expected, when just one
network is used. Then, the errors on both training data and unseen validation data are
significantly reduced while more networks are being combined. It is important to notice
the consistent pattern of SSE reduction on the training data and on the unseen vali-
dation data. Additionally, the influence of the removed networks can be seen in color
red, which corresponds to the SSEs before those networks were eliminated. Before
removing the worst networks, the minimum SSEs on training data was 0.0530 with the
contribution of 47 networks, and 0.2207 for the unseen validation data with 28 net-
works combined. After removing the bad performing networks, the minimum SSE
values decrease to 0.0492 with the combination of 37 networks on the training data,
and 0.2191 on the unseen validation data with 37 networks combined. On balance, the
SSEs were reduced in both training and validation data just by means of combination of
multiple non-robust models.

5 Process Optimization Using Bootstrap Aggregated ELM

5.1 Off-Line Optimization

In this fed-batch fermentation process, the operation objective is to produce as much
product as possible subject to operational constraints. The objective function J is
formulated using the ELM model. In order to enhance the reliability of optimization,

Fig. 8. Model error of stacked networks [18].
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minimizing the width of the model prediction confidence bounds is incorporated in the
objective function. The optimization problem can be written as follows:

min
F

J ¼ �fNN Fð Þþ kre

subject to :
0�F� 3000 L=h½ �
V �Vf ¼ 100000 L½ �

� ð28Þ

where fNN Fð Þ is the BAGNET output, which specifically corresponds to the predicted
biomass concentration at the end of the batch Cx tf

� �
, F ¼ f1; f2; . . .; f17½ � is the vector of

substrate feed rates divided in hourly intervals; re is the standard error of model
prediction, and k is a penalty factor for re. Operational constraints are imposed, for
instance, the feed flow rate is bounded to maximum 3000 [L/h] and the volume of the
total biomass is restricted by the fermenter volume Vf . This objective function is aimed
to maximise the amount of product while minimise the width of the model prediction
confidence bounds to achieve a reliable optimal control policy.

The optimization problem given in Eq. (28) was solved using the Interior-Point
algorithm, available in Matlab® Optimization Toolbox, which is an effective non-linear
programming method, especially for constrained problems.

Different values of k were considered, in order to analyse the effect of penalising
wide model prediction confidence bounds. The optimal control policies obtained for all
the cases were tested the mechanistic model based simulation. Table 4 presents the
simulation results. The first row in Table 4 corresponds to k ¼ 0, which is equivalent to
the optimization problem without considering the confidence bounds in the objective
function. In that case, the neural network prediction for the final biomass is 75.788
[g/L] while the actual value (from mechanistic model) is significantly lower at 51.583
[g/L], and re ¼ 0:182. The notable difference between the aggregated ELM model
prediction and the actual value is in fact what motivated the researchers to penalize
wide confidence bounds in the objective function [16, 20, 21].

The value of k is gradually increased in order to analyse the effect of the penal-
ization term in the objective function. It can be seen from Table 4 that with k ¼ 1 a
considerable improvement of the actual value of biomass is achieved (59.544 [g/L]),

Table 4. Final biomass concentrations and re with respect to k [18].

k Mechanistic model BA-ELM re
0 51.583 75.788 0.182
1 59.544 75.781 0.167
2 65.733 75.763 0.155
3 68.959 75.739 0.145
5 70.203 75.682 0.130
6 70.521 75.650 0.125
9 71.163 75.520 0.107
12 71.236 75.409 0.096
45 71.163 74.549 0.059
120 70.943 72.702 0.036
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accompanied with the reduction of re to 0.167. After trying with further values of k, the
actual final biomass concentration reached 71.236 [g/L] when k ¼ 12, and the confi-
dence bounds were reduced to half its initial value; at the same time, the neural network
prediction decrease to 75.409 [g/L]. Therefore, from Table 4 it is possible to appreciate
that by means of increasing the penalization of wide model prediction confidence
bounds, the optimal substrate feeding profile becomes more reliable, since the per-
formance on the actual process is not degraded.

However, as the value of k increases, the objective function, Eq. (28), gives more
importance to the reduction of re, which as a consequence, will sacrifice the maxi-
mization of the final product concentration. Therefore, there is an inherently trade off
between the two terms in the objective function. To make this point clear, further
higher values of k were tried, corresponding to the last two rows of Table 4. For
k ¼ 120, the value of re was notably reduced as well as the relative error between the
model prediction and the actual value. However, this was achieved with a reduction in
the final biomass production. For this reason, the value of k ¼ 12 is selected as the
optimal weighting factor, since it offers a balance between both objectives.

Figure 9 presents the optimal feeding profiles corresponding to the “unreliable”
optimal control policy when k ¼ 0 (continuous blue line) and the improved one when
k ¼ 12 (red dashed line). Figures 10 and 11 show the profiles of biomass, glucose,
oxygen, ethanol and volume when the optimal substrate feeding profile is applied to the
process, i.e. mechanistic model based simulation.

Figure 10 shows the actual biomass profile and the corresponding predictions from
the aggregated ELM model. The poor performance obtained with the unreliable control
policy (continuous blue line) can be seen from this figure, where the final biomass
concentration value of 51.583 [g/L] is quite far away from the prediction by the
aggregated ELM model ( ) of 75.788 [g/L]. Conversely, with the feeding profile
obtained when k ¼ 12 (red dashed line), although the final value 71.236 [g/L] is not
exactly the same as that predicted by the aggregated ELM model 75.409 [g/L], the
control policy is more reliable since it is shown to have good performance on the actual
process. The small box at the top left of the graph is a zooming out window that shows
closely the final value of biomass with the enhanced profile, and shows that the target
without considering the confidence bounds ( ) was slightly higher than the target
given by the reliable profile ( ).

Figure 11 shows the concentrations of glucose, oxygen, ethanol and the reaction
volume during the batch. Particularly, it is interesting to analyze the ethanol formation,
since is considerably high under the control policy with k ¼ 0, with a final concen-
tration around 30 [g/L], which is perhaps what is causing the drop of the final biomass
concentration. It must be realized that Ethanol formation is undesirable, since it is a by-
product which can deteriorate the amount and quality of the product. On the other hand,
the reliable control profile obtained with k ¼ 12, gives better performance because the
ethanol formation is successfully reduced to around 10 [g/L]. Although this is not
directly included in the objective function, it is implicitly related with the confidence
bounds. In other words, when increasing the penalization of wide prediction confidence
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bounds, the optimization algorithm tries to find an optimal profile closer to the
knowledge of the network, which was trained with data with reduced ethanol con-
centration. Therefore, the optimal control policy is more reliable also in the sense that it
tries to generate a control policy that is well known by all the individual networks.

Fig. 10. Optimization results: biomass [18].

Fig. 9. Optimization results: control policy [18].
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5.2 On-Line Re-Optimization

In addition to plant model mismatch, unknown disturbances can also lead to poor
performance of the process. To cope with this situation, an on-line re-optimization
strategy [12] is implemented by means of taking on-line measurements of the process
every 4 h and re-calculating the optimal control profile for the remaining batch period.

Initially, the optimal profile is calculated off-line for the entire batch time,
F0 ¼ f1; f2; . . .; f17½ �, with k ¼ 12. The process is operated with the first two values f1
and f2 of F0 being applied to the process (mechanistic model based simulation). Then,
when two hours have elapsed, a measurement of the process is taken and, a new
optimal profile is re-calculated for the remaining stages in the batch, which now starts
from the third interval, and the result is given as F1 ¼ f3; f4; . . .; f17½ �. Note that the
values in F1 will generally be different from those in F0. Then, the process is fed with

Fig. 11. Optimization results: glucose, oxygen, ethanol, and volume [18].
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the new f3; f4; f5; and f6, and 4 h later the process is measured again. Similarly, a new
optimal profile is estimated but now starting from the seventh interval
F2 ¼ f7; f8; . . .; f17½ �; just f7; f8; f9; and f10 are actually used because at the end of tenth
interval the process is measured once again, and another re-optimized profile is found
F3 ¼ f11; f12; . . .; f17½ �; 4 h later the last re-optimization is executed and the batch is
finished with this profile F4 ¼ f15; f16; f17½ �.

In order to perform the on-line re-optimization, it is necessary to develop four
additional BA-ELM models that include as inputs the current process measurements
and the feeding profile for the remaining batch period. All these models are aimed to
predict the final biomass concentration at the end of the batch. Therefore, the new
BA-ELM models can be written as follows:

• ŷ ¼ fNN1 Cx 2ð Þ;F1ð Þ, where Cx 2ð Þ is the biomass concentration measurement at
t ¼ 2h and F1 ¼ f3; f4; . . .; f17½ � are the feed flow rate intervals in L=h½ �.

• ŷ ¼ fNN2 Cx 6ð Þ;F2ð Þ, where Cx 6ð Þ is the biomass concentration measurement
at t ¼ 6h and F2 ¼ f7; f8; . . .; f17½ � are the feed flow rate intervals in L=h½ �.

• ŷ ¼ fNN3 Cx 10ð Þ;F3ð Þ, where Cx 10ð Þ is the biomass concentration measurement at
t ¼ 10h and F3 ¼ f11; f12; . . .; f17½ � are the feed flow rate intervals in L=h½ �.

• ŷ ¼ fNN4 Cx 14ð Þ;F4ð Þ, where Cx 14ð Þ is the biomass concentration measurement
at t ¼ 14h and F4 ¼ f15; f16; f17½ � are the feed flow rate intervals in L=h½ �.
The four BA-ELM models have a similar structure comprising 44 ELMs and the

number of hidden nodes in each ELM is selected individually through cross validation.
Figure 12 shows the model performance of the four models for on-line re-optimization.
It can be seen from Fig. 12 that all the four models give good prediction performance,
especially NN3 and NN4 which also give very tight model prediction confidence
bounds. This is expected as NN3 and NN4 use on-line measured process information
closer to the end of batch.

Once the four BA-ELM models were developed, the process was simulated but a
disturbance was introduced by modifying one of the mechanistic model parameters.
The initial substrate concentration So was change from its nominal value of 325 g L�1

to 305 g L�1, to pretend an unknown behavior of the process and validate the on-line
optimization strategy.

It can be seen from Table 5 that, by means of on-line updating the control policy, it
is possible to compensate the initial deviation of the process due to the unknown
disturbance, to achieve the same final biomass concentration as was obtained with the
reliable off-line profile. The BA-ELM model prediction for the on-line case in Table 5
is given by the fourth neural network. Moreover, it is natural that, although the fourth
neural network is the most accurate of all, an error between the actual process and the
network prediction occurs, since the process is under the influence of the unknown
disturbance and the BA-ELM model was not trained to learn any observation with that
kind of mismatch. However, what is important rather than the error in the prediction is
that the target final biomass was modified and reached a closer value to the desired
target.
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Figure 13 shows the initial control policy calculated off-line (continuous blue line)
and the re-optimized control profile (dashed red line) that was updated every four hours
starting in the second hour, according to the division lines in the graph. Figure 14
shows the biomass concentration profile and it can be seen that during the first two
hours both profiles are equal as no re-calculation has been performed. After the second
hour, the feed flow rate is successfully modified through on-line re-optimization to
drive the biomass concentration towards the desired optimal value. The small box at the
top left corner is a zooming out window illustrating closely the difference between the
off-line control policy applied on the process under disturbance (continuous blue line)
and the on-line re-optimized profile (dashed red line).

Fig. 12. On-line optimization results: control policy.

Table 5. Final biomass concentration [18].

Off-line On-line

Mechanistic model 71.236 –

Model + disturbance 67.4971 71.1244
Neural network 75.409 73.7741
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Figure 15 shows the profiles of the concentrations of glucose, oxygen, ethanol and
volume profiles under on-line re-optimization. With respect to ethanol concentration,
there is an extra amount of ethanol production, when the on-line re-optimization is
performed, which perhaps is due to the efforts to achieve the biomass production target,
since the substrate feed rate remains in the upper bound most of the time after the 10th

interval.

Fig. 13. On-line optimization results: control policy [18].

Fig. 14. On-line optimization results: biomass [18].
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Finally, Fig. 16 shows all the re-optimized control profiles and highlights the time
interval that is actually applied to the process with a thick line. For example, the off-line
control policy denoted as F0 ( ) is just applied for the first two hours, which are
represented with a thick line. Then, after the second hour, the new optimal profile F1

( ) is applied for the next four hours. Then, again a new re-calculation is made,
and the profile F2 ( ) is applied for four hours, when is replaced by F3 ) ( .
The last re-optimization corresponds to F4 ( ), which is entirely applied, since it
is the ending period of the batch. Consequently, although all the feeding profiles are
calculated for the entire batch time, the resulting optimal profile, which is denoted as
Ffinal ( )) is built just with the first four intervals of each profile.

Fig. 15. On-line optimization results: glucose, oxygen, ethanol, volume [18].
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6 Conclusions

Reliable modelling and on-line re-optimization control of a fed-batch fermentation
process using bootstrap aggregated extreme learning machine (BA-ELM) is presented
in this paper. It is shown that aggregating multiple ELM models can enhance model
prediction performance. As the training of each ELM is very quick, building BA-ELM
models does not introduce significant computation burden. Model prediction confi-
dence bounds, a measure of model prediction reliability, can also be obtained for
BA-ELM. Minimizing the width of model prediction confidence bound is incorporated
in the optimization objective so that the reliability of the calculated optimal control
policy can be enhanced. In order to overcome the detrimental effect of unknown
disturbances, on-line re-optimization is carried out to update the off-line calculated
optimal control policy when the batch process is in progress. Applications to a sim-
ulated fed-batch fermentation process demonstrate the effectiveness of the proposed
modelling and reliable optimization control technique.
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612230) and National Natural Science Foundation of China (61673236).
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Abstract. The inverse kinematic analysis is required in many technical
applications. Due to the non linearity of the system, resolving the Inverse
Kinematics (IK) for robotic system becomes more challenging problem.
In this chapter, the problem of IK for medical application is faced, based
on human lower limb as being the three arm robotic system depending
on the physiological constaints. A system analysis is carried out specially
in three dimensionnel space. The developed forward kinematic model
leads to define the feasible workspace of the human leg in the considered
configuration. A constructive algorithm to compute the optimal IK of
robot system is outlined, based on human performance measure that
incorporates a new objective function of musculoskeletal discomfort. The
effectiveness of the proposed approach is tested, and the algorithmic
complexity is finally discussed.

Keywords: Optimization · SQP · Algorithmic complexity ·
Inverse kinematic

1 Introduction

Robotic research covers many applications, such as motion planning, kinematic
modeling, dynamic modeling, intelligent control, and optimal control, where high
accuracy, repeatability, and stability of the operations are required.

Generally, the motion tasks are defined in the task space or Cartesian space.
However, the motion planning is given in the task space, and robotic arms are
driven in the joint space by actuators, especially when it comes to special applica-
tions as medical rehabilitation, where the desired input is usually the end effector
position in the task space. Hence the need to use the IK, to find a configuration
where the end-effector of the robot reaches a given point in the workspace.
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Several researches have been provided to derive the IK problem for robotic
arms, the most populars developed in the literature are algebraic methods, geo-
metrical methods [1], and analytical methods [2], using the pose (position and
orientation) as a given goal, [3–5]. These used approaches focus on obtaining a
closed-form expression, which still only applied to robots with specific kinematic
structures, and generally considered very hard problem to obtain. Therefore,
these aforementioned approaches do not guarantee closed-form solutions, and
they are fully sensitive to the starting point and singular configuration problem.

Taking into account the dynamic of motion, the Jacobians method can also
be used to resolve the IK problem, but it has been pointed out that it does not
provide all feasible solutions. Additionally, these traditional methods may have a
prohibitive computational cost because of the high complexity of the geometric
structure of the robotic manipulators [1].

Because of the complexity and the nonlinearities on robotic studied systems,
especially for redundant articulated robotic arm, such as a parts of human body,
solving the IK problem is quite a challenging task, where its complexity lies in
the robot geometry and nonlinear relation between Cartesian and joint space.
In this order, classical IK methods remains just viable mathematically, and do
not take into account the physiological feasibility. They are also suffering from
numerical problems [6].

According to the described problems, the increasing Degrees Of Freedoms
(DOF) leads to an infinite number of solutions for the inverse kinematics. There-
fore, optimization based approaches represents a suitable way to overcome the
above mentioned problems. Indeed, they are generally based on the chosen objec-
tive function, and the chosen solution approach.

There are many forms of objective functions fixed according to the required
performance of the system. They can be chosen to meet such requirements as
singularity avoidance, obstacle avoidance, and physical constraints [9,13,25]. In
[14], the redundant inverse kinematics problem is formulated as the minimiza-
tion of an infinity norm and further translated into a dual optimization problem.
In [15], two optimization objective functions are proposed, aiming at either min-
imizing extra DOFs or minimizing potential energy of a multilink redundant
robot arm.

This chapter as extention of the paper [12], focus on the human lower limbs
as robotic arm, and aims to resolve the IK problem according to the associ-
ated constraints. Indeed, an optimization-based formulation were introduced for
IK prediction of human lower limb exclusively in all sagittal, transverse, and
frontal planes with seven DOF. It refers to predict the realistic IK solution of
human limb in its feasible workspace. As any optimization problem, for this
studied optimal IK problem, the joint angles of the human leg are considered
as the design variables. The constraints are considered according to the phys-
iological feasibility and the motion precision, and for the objective function, a
new human performance measure is proposed. These performance criteria can be
defined in terms of the kinematic or dynamic parameters, and can be related to
the different aspects of performance. Referring to the published studies, the pro-
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posed kinematic analysis is the first one developed in 3D space. A new objective
function incorporating three factors that contribute to musculoskeletal discom-
fort is developed as human performance measure.

The details of the problem formulation, the proposed resolution approach,
the simulation and the discussion results are presented in following sections.

2 Model Description

2.1 Exoskeleton Description

The studied exoskeleton robotic arm in this paper is the human lower limb. The
biomechanical model of human body is a simplification of its real complex behav-
ior. It requires the introduction of assumptions supporting these simplifications,
and selected according to the desired performances.

Indeed, according to movement exerted on the lower limb is of small variation
of acceleration during the rehabilitation sessions, some hypotheses were fixed,
and which will be valid for all structures:

• The links of the exoskeleton robot are considered to be rigid bodies. This
assumption enables the application of the mechanical rigid body approach.
As the body segments are rigid, their center of mass and their moments of
inertia does not change during movement.

• The joints are assumed to be perfect mechanical connections.
• The actions that generate movement are localized in the joint centers.
• The body mass is assumed concentrated on the center of mass.
• To ignore artifacts soft tissue, the movement marrow masses (skin and fat) is

negligible and does not affect the inertial properties during the execution of
the movement.

• The joints are defined with viscoelastic behavior in anatomical axes of the
joint. In addition, these axes are fixed, thus the translations of a bone on the
other (knee) are also negligible.

• The muscular action is due to a single muscle group. Therefore, there is no
antagonist muscles that oppose the movement created by the agonists.

Therefore, the model adopted for the lower limb represents a system of articu-
lated links connected by joints, based on three segments to model its anatomical
structure: thigh, shank and foot considered as the length between ankle and
metatarsal.

The connection of all three segments is ensured naturally by ligaments and
muscles, and should be kinematically redundant to ensure biofidelity of the
human leg motion [10].

With the restriction of the muscles and ligaments parts, the human leg is
considered as three-link-arm. In other words, it is modeled by a kinematic chain
of rigid bodies, interconnected by kinematic joints, which can be either simple
or complex according to the required physiological behavior, and thus the DOF
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associated with the possible joints. The principal joints considered are hip, knee,
and ankle [11].

According to the special rehabilitation use, we are interested, in this study,
to the human leg motion provided in three planes of the space, as depicted in
Fig. 1, where the motion of the human leg is provided for sevens DOFs, defined
as: 3 DOFs hip (extension-flexion, abduction-adduction, and inversion-eversion),
1 DOF knee (extension-flexion), 3 DOFs ankle (extension-flexion, abduction-
adduction, and inversion-eversion).

Fig. 1. Coordinate systems on 7 DOFs of the human leg [12].

2.2 Anthropometric Parameters

The modeling of body segments must take into account some anthropometric
parameters. In order to customize the model, accurate measurements of the
anthropometric parameters are required and can be obtained from statistical
tables as proposed in [10]. It refers to adopt a proportional anthropometric
model, based on statistical regression equations to estimate these segmental iner-
tial parameters (PIS).

For this study, physical length segments will be used. They can be computed
using the total body height (H).

The segment moment of inertia around its center of mass Icm, can be
expressed by:

Icm = Ws × (Ls × R)2 (1)

Where Ws, Ls and R are respectively the segment weight, the segment length,
and radius of segment.

2.3 Range of Motion

In order to ensure users security during rehabilitation session, physiological
safety of humans lower limb must be considered. Due to the biomechanical con-
straints of human body motion, the bounds of the joint variables are fixed, which
define the Range of Motion (ROM).
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Optimization Algorithm for an Exoskeleten Robotic 299

The ROMs of the human lower limb model are fixed according to the human
physiological factors, such as the age, body constitution, gender, health condition
[16], so that the Maximum Range Of Motion (MROM) and Maximum Speed
(MS) must be taken into account to increase the physiological safety. Generally,
the ROM of human legs, based on a previous study by [17], is given in Table 1.
These specifications are used as constraints of the desired trajectory, ensuring
that MROM and MS will not be exceeded during motion exercise. The physical
therapy exercise applied by exoskeleton robot can assist patients to perform joint
training, gait training, or other desired trajectory tracking in hip, knee and ankle
joints, according to the controllers performance.

Table 1. Anthropometric parameters [10].

Segment Length segment (meter) Joint variables Rang of motion (degree)

Foot 0.0577.H Ankle joint –10 to 60

Shank 0.2460.H Knee joint 0 to 140

Thigh 0.2450.H Hip joint –25 to 125

2.4 Comfort Zone

To ensure the comfort motion of the human body, each joint variable can be
defined by its comfort zone, which must belong to the range of motion (ROM)
of the associated joint variable.

Referring to the literature, the comfort zone represents 35% of the range of
motion (ROM). The center of the comfort zone, qic, is calculated by the following
expression [18]:

qCi = 0.5(quicz + qlicz) + qhi (2)

where quicz, and qlicz are respectively, the upper and the lower angles of the
comfort zone, for the ithassociated joint variable . qhi is the home position angle
of the ith joint variable. Generally, the home position angle can differ from tested
tasks (standing, recumbent, seating,...).

3 Forward Kinematic Analysis

The problem of the inverse kinematics for robotic manipulators is a redundant
one and then, has multiple solutions for any given desired position. In order to
find the optimal solution of the inverse kinematics problem, firstly, it is necessary
to solve the forward kinematics problem.

The Forward Kinematic (FK) model in n plane refers to determine the pose
of the end-effector (xj , j = 1 . . . n), from given joint variables (qi, i = 1 . . . DOF ).
It is a necessary step in the kinematic analysis process.

xj = f(qi) (3)
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For the rigid body robotic systems, several methods can be used to solve this
problem.

Despite the complexity of the robotic system, it has been shown that approx-
imated modeling of gross human motion, in order to ensure human motion
simulation, ergonomic analysis, or rehabilitation process, can be achieved using
homogenous transformation matrices method, using the Denavit Hartenberg (D-
H) convention.

Indeed, the D-H method provides an adequate, and systematic method for
embedding the local coordinate systems for each link.

The forward kinematic human leg model is developped from the DH param-
eters [19] where each DOF can be modelled as a revolute joint. The D-H param-
eters are depicted in Table 2, from the defined kinematic coordinates.

From the provided D-H parameters, the forward kinematic model can be
computed using the transformation matrix, given in Eq. 4.

Table 2. D-H human leg parameters for 7 DOFs [12].

Joint(i) αi ai di qi

1 –π
2

0 0 q1

2 π
2

0 0 q2

3 0 a1 0 q3

4 0 a2 0 q4

5 0 a3 0 q5

6 –π
2

0 0 q6

7 π
2

0 0 q7

Generally, the transformation matrix is the relationship expression between
two consecutive frames i − 1 and i, which depends on the described parameters
(qi,αi,ai,di) given in Table 2.

i−1Ti =

⎡
⎢⎢⎣

cqi −sqicαi sqicαi αicqi
sqi cqisαi −cqisαi αisqi
0 sαi cαi di
0 0 0 1

⎤
⎥⎥⎦ (4)

Where cqi = cos(qi), and sqi = sin(qi).
The global transformation matrix for seven DOFs can be expressed by:

0T7 =0 T1.
1T2.

2T3.
3T4.

4T5.
5T6.

6T7 (5)

From 0T7 the FK model is given by the following equation:
⎡
⎢⎢⎢⎢⎣

x

y

z

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

a2c1234 + a1c123 + a3c1234c4 − a3s1234s5

a2s1234 + a1s123 + a3s1234c4 + a3c1234s5

−a1s23 − a2s234 − a3s234c4 − a3c234s5

⎤
⎥⎥⎥⎥⎦

(6)
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where: c1234 = cos(q1 + q2 + q3 + q4), s1234 = sin(q1 + q2 + q3 + q4), c123 =
cos(q1 + q2 + q3), s123 = sin(q1 + q2 + q3), c12 = cos(q1 + q2), s12 = sin(q1 + q2),
c4 = cos(q4), s4 = sin(q4), and s5 = sin(q5).

In terms of the velocitiy and the acceleration, the FK is given by:

ẋj = Jq̇i , ẍj = Jq̈i + J̇ q̇i (7)

where ẋj and ẍj represent respectively the end-effector velocity and the end-
effector acceleration in task space, J and J̇ represent the jaccobian matrix of
the system and its derivative. Finally, q̇i and q̈i represent respectively the end-
effector velocity and acceleration in joint space.

3.1 Feasible Workspace

In order to analyze the feasible workspace associated to the human lower limb,
the direct kinematic model f(qi) is used. We also plot the different possible
positions of foot which can be achieved. Thus, the workspace can be defined as
the set of all the possible positions in the task space according to the ROM, as
following:

Ep = {qi ∈ ROM/
∑
j

xj = f(qi)} (8)

Using the appropriate forward kinematic model given in Eq. 6, and the ROM
described in Table 2, the feasible workspace can be plotted for the motion pro-
vided according to the used configuration.

4 Proposed Optimization Approach

4.1 Problem Formulation

As previously described, because of the highly nonlinear and constrained char-
acteristics in the IK problems, optimization technics are the most suitable
approaches to the joint’s configurations.

Indeed, the optimal IK prediction is considered to be a constrained optimiza-
tion problem (CO), to find a realistic configuration.

Generally, the CO problem can have equality and/or inequality constraints
according to the described problem, and the objective function, which requires
some assumptions according to the continuity and differentiability.

The CO problem resolution is a crucial step in the process. The choice of a
suitable method, in that fact, is challenging. As any optimization problem, the
modeling is based on defining the design variables, the constraints and the cost
function. In the following subsections, the proposed optimization approach is
discussed.
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Design Variables. The design variables represent in this case, the joint
variables qi, i = 1 . . . DOF , following the used configuration. However, the initial
guess consists of determining initial values, for the design variables. Indeed it
should be suitable to use a feasible point. In this study, an initial guess is used
to satisfy the ROM.

Constraints. The first constraints consider the difference between the current
end-effector position, and the given target position, in cartesian space, as follow-
ing:

||xcomputed
j (qi) − xdesired

j (qi)|| ≤ ε (9)

where ||.|| defines the euclidean norm. The end-effector position xcomputed
j hits a

predetermined target point xdesired
j in cartesian space, within a specified toler-

ance ε, a small real number.
It should be noted that the constraints on the end-effector position have a

direct relation on velocity and acceleration constraints:

||ẋcomputed
j (qi) − ẋdesired

j (qi)|| ≤ ε2 (10)

||ẍcomputed
j (qi) − ẍdesired

j (qi)|| ≤ ε3 (11)

Therefore, the end-effector position is ensured using the forward kinematic
model, as described previously.

On the other hand, each joint variable is constrained to lower and upper
limits, represented by qli and qui , respectively. These limits ensure that the human
posture avoids any unrealistic position to achieve the target point.

To more rigorous biofidelity end, we can choose that each joint variable is
constrained to lie between upper and lower angles of the comfort zone, designed
by quicz and qlicz respectively.

qlicz ≤ qi ≤ quicz (12)

Finally, the constraints in terms of velocity and acceleration limits are used, as
following.

q̇li ≤ q̇i ≤ q̇ui (13)
q̈li ≤ q̈i ≤ q̈ui (14)

where q̇li and q̈li are the lower limits of the velocity and the acceleration, q̇ui , and
q̈ui are the upper limits of the velocity and the acceleration respectively.

These limits are fixed according to biomedical studies, where the physiological
and health state of patient are taken into account.

Cost Function. For medical rehabilitation end, the concern is to optimize the
human performance.
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In the literature, many forms are proposed to define the human performance
measure, such as physical fatigue defined as reduction of physical capacity. It
is mainly the result of three reasons: magnitude of the external load, duration
and frequency of the external load, and vibration [7]. However, for low-speed
movements such as rehabilitation exercises, the physical fatigue is not so signif-
icant. Indeed, the required movements can lead to some human discomfort [6],
where its evaluation may vary from person to person, such as potential energy
[8], torque joints, muscle fatigue, or perturbation from a neutral position [1].

As described previously, the IK prediction requires a human performance
measure, where its rigorous choice ensures the optimal realistic posture.

To this end, the musculoskeletal discomfort modeling is used as human per-
formance measure, which can be somewhat ambiguous because it is a subjective
quantity. Thus, its evaluation may vary from one person to another [6].

According to the last described researches, different forms of human perfor-
mance measures have been adopted, but it often results in postures with joints
extended to their limits, and thus to some uncomfortable positions.

As a remedy, we can add factors associated with displacement while joint
variables are near their respective limits. Indeed, designed penalty terms are
added to the discomfort function such that it increases significantly when joint
values approach their limits.

In the penalty function method, in some cases, the constrained nonlinear
problem can only converge to the optimal solution when the penalty factor
becomes infinitely large (according to the exterior penalty function method) or
infinitely small (according to the interior penalty function method). Moreover,
a large number of tests needs to be performed to determine a reasonable initial
penalty factor.

The proposal here, is to incorporate different factors that contribute to dis-
comfort. The first factor, is referred to the tendency to move different segments
of the body sequentially. The second factor, is referred to the tendency to grav-
itate to a reasonably comfortable position. Finally, the discomfort associated to
the motion while joints are near their ROM, expresses the third factor.

According to the previous studies, the proposed objective function is similar
to that adopted by [20] applied for the upper limb. However, there is currently
no research focused on prediction of human leg posture, by applying this form
of discomfort, with the restriction particularity of 15%, taking into account the
end-effector coordinates.

In order to incorporate the first factor, we can find several strategies which
induce motion in a certain order, or with higher weighted joints than others.
Consider qic the comfortable position of the ith joint variable, measured from
the home configuration defined by qhi = 0.

Then, conceptually, the displacement from the comfortable position for a par-
ticular joint position is given by: |qi−qic|. However, to avoid numerical difficulties
and non-differentiability, we can use: (qi − qic)2.

Generally, these terms should be combined using a weighted sum wi used to
approximate lexicographic approach, in order to emphasize the importance of

lounis.adouane@uca.fr



304 H. Faqihi et al.

particular joints depending on the characteristics of each patient. Thereby, the
joint displacement function is given as follows:

fdisplacment =
∑
i

wi(qi − qic)2 (15)

The weights are used to approximate the lexicographic approach [21].
In order to incorporate the tendency to gravitate to a reasonably comfort-

able neutral position, each term in Eq. (15) is normalized, as described in the
following:

Δqi =
qi − qic
qui − qli

(16)

Each term of (Δqi)2 of this normalization scheme is considered as a fitness
function with each individual joint and has normalized values, which lie between
zero and one.

The principal limitation of this approach often results in postures with joints
limits extended, thereby an uncomfortable joint. In this order, the third factor
is introduced, which defines the discomfort of moving while joints are near their
respective limits. This factor requires to add some designed penalty terms to
increase significantly the discomfort where joint values are close to their limits.

Generally, the new designed penalty term P (d) is a barrier penalty function
[22], of d argument, expressed by:

P (d) = (sin(a.d + b))p (17)

The P (d) function is adapted to penalize any number d, considered as normalized
parameters, which is approaching zero at some number value.

The proposed idea is that the penalty term remains zero until the d value
reaches d ≤ 0.15, which defines the desired curve data.

Thereby, the parameters a, b, and p of the basic structure of barrier penalty
function are fitted to reach the desired curve data.

According to the three described factors, the consequent discomfort function
is obtained as follows:

fdicomfort =
DOF∑
i=1

[wi(Δqi)2 + P (Rpui) + P (Rpli) (18)

+P (Rvui) + P (Rcli) + P (Raui) + P (Rali)]

where P (Rpli) and P (Rpui), P (Rvli) and P (Rvui), P (Rali) and P (Raui) are the
penalty terms with joint values that approach their lower limits, and their upper
limits, respectively for end-effector position, velocity and acceleration.

Rpui =
qui − qi
qui − qli

; Rpli =
qi − qli
qui − qli

(19)

Rvui =
q̇ui − q̇i
q̇ui − q̇li

; Rvli =
q̇i − q̇li
q̇ui − q̇li

Raui =
q̈ui − q̈i
q̈ui − q̈li

; Rali =
q̈i − q̈li
q̈ui − q̈li
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The penalty term that depends on parameter d, remains zero as long as the
upper or lower joint value does not reach 15% of its range, as depicted in the
Fig. 3.

Constrained Optimization Model. From the described design variables, con-
straints and cost function, the final optimization problem can be formulated, as
the following, where j ∈ {1 . . . 3}, and i ∈ {1 . . . DOF}:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

min : fDiscomfort(qi)
subject to : ||xcomputed

j (qi) − xdesired
j (qi)|| < ε1

qlicz ≤ qi ≤ quicz
q̇licz ≤ q̇i ≤ q̇uicz
q̈licz ≤ q̈i ≤ q̈uicz

4.2 Optimal Algorithm Resolution

Find suitable numerical solution for the IK problem has crucial importance in
the optimization process. Because the solution of robot IK has a lot of local
optimal solutions, the numerical solution is required to have a strong ability to
obtain the global optimal value.

Many optimization algorithms have been discussed in the literature, and
where their performances differ by virtue of problem nature, then the data size,
and the computational time which refer to the algorithmic complexity.

During the last decade, to solve IK problems, the evolutionary algorithms or
bionic optimization algorithms have been mainly used, such as artificial Neural
Network (ANN), Genetic Algorithm (GA), Ant Colony Optimization (ACO),
Simulated Annealing (SA), Tabu Search Algorithm (TS), and Bees Algorithm
(BA) [26]. They were all developed by simulating or revealing certain phenomena
or processes of nature. They are also called intelligent optimization algorithms.

The use of these evolutionary algorithms ensures the optimality. However,
they are typically renowned for taking a considerable time to find an optimal
solution. Therefore, although some optimal algorithms adopted in the prior lit-
erature have been improved, it is difficult to achieve a balance in terms of the
quality and efficiency of the optimal solution because of the condition restric-
tions.

4.3 Proposed Algorithm

In this paper, Sequential Quadratic Programming (SQP) is considered to be suit-
able method [24] to resolve the proposed optimization problem. The algorithm
resolution is divided into three main steps, as follows:

- The initialization parameter is the first step, where it is necessary to deter-
mine the total body height of a subject and to calculate the length of thigh,
shank, and foot segments. Then, we fix the initial joint variables, and calculate
the initial guess as being initial effector position, velocity and acceleration by
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using forward kinematics, according to the used configuration. Next, taking into
account the joints constraints, the workspace and the comfort zone of each joint
are computed.

- Giving the end variable coordinates, in the second step, we check if the
position is in the workspace, else it is necessary to find new coordinates.

- SQP optimization technique is applied to resolve the optimal IK. This is
performed using Matlab constrained function. The obtained solution is a matrix
with variable joints. Taking into account the comfort zone of each joint, the
obtained angles are the most comfortable.

5 Trajectory Planning

For rehabilitation purpose, it is desirable to have the trajectories planning sim-
ilar to the trajectories of a normal human lower limb movement, to ensure the
comfortable and correct movements as practiced during activities of daily live.
Indeed, motion therapy can be carried out in different modes including pas-
sive, active, active-resistive, active-assistive, and bilateral exercises, which differ
depending on the degree of patient involvements. Selecting the proper mode
strategy requires an appropriate rehabilitation robot choice, with concerned
patients. Its enables the robot to perform cyclic motion, which is an essential
requirement for repetitive operations. Moreover, this approach requires little
computational time, making it particularly favorable for the real-time control of
a redundant robot.

There are several methods to determine the appropriate trajectory for the
movement of the rehabilitation robot. We note, a prerecorded trajectory obtained
by gait analysis, a prerecorded trajectory during therapist assistance which
requires data use, and modelling the trajectory based on normative movements
which can be based on kinematics and/or dynamics constraints during the path
motion in terms of fitting more realistic motion [23].

Generally, it is desirable to use reference trajectories ensuring the feasibility
and biofidelity of rehabilitation session. In that fact, the aim of trajectory plan-
ning is to generate trajectory points and plan a smooth trajectory. To achieve
that, it is assumed that the geometric path has been given. Thus, the trajectory
of the robot can also be obtained via the polynomial or the cubic splines method
by connecting the position points. The use of cubic splines in trajectory plan-
ning is common because the generated trajectories have continuous acceleration
values. In addition, in contrast to higher-order polynomials, the cubic splines
can overcome excessive oscillations and overshoot problems between any pair of
reference points. Finally, boundary condition constraints, such as those on the
velocity, acceleration, jerk, and time, can be considered in this order.

To simplify the problem, the rehabilitation trajectory is defined using cubic
splines rather allowing to the trajectory to take the form of realistic rehabil-
itation exercise. This means that the trajectories considered in this work are
parameterized by several key points predefined expermentally.
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6 Results and Discussion

6.1 Simulation Results

To check the effectiveness of the proposed approach, a simulation example of the
developed optimal posture prediction algorithm is presented in this section.

Firstly, the workspace is plotted for the 3D space, as shown in Fig. 2, based
on the anthropometric associated data, the defined FK model and the range of
motion, for a person of 1.80m height.
The penalty function parameters are computed using Eq. 17 and curve fitting
Matlab package, according to the given desired curve data as explained previ-
ously. Figure 3 shows the given and fitted curve of penality function.

The obtained parameters of the penalty function P are given by: a = 2.5,
b = 7.855, p = 100.
Thereby, the final expression of the penalty term is given by:

P (d) = (sin(2.5d + 7.855))100 (20)

To show the effectiveness of the optimal posture algorithm, the initial value is
fixed in joint space according to the feasible biomechanical posture for the used
configuration, where the result of the optimization routine is usually sensitive to
the initial guess.

Fig. 2. Workspace for 3D space [12].
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The remaining parameters are given by ε. = 0.0001, the weight wi for the
joints variables of the lower limb, are defined in [21].

Fig. 3. Graphic of penalty term P(d)[12].
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Fig. 5. Obtained Joint-space position.

The desired motion in 3D space is planned according to the defined approach,
and depicted in Fig. 4, which belongs to the defined workspace.
Using the desired trajectory and optimization designed routine, where the objec-
tive function and constraints are defined, as described previously. The optimum
kinematic coordinates are obtained, as depicted in Fig. 5.
One of the most important factors in the development of any optimization prob-
lem is the selection of the suitable fitness function and well defined constraints
according to the problem complexity as described in this paper. Using SQP
algorithm resolution for the proposed optimization problem formulation, the IK
model of 3D space human leg configuration has been predicted. Indeed, from the
provided checking function, the end-effector coordinates of the desired motion
are validated, and then the optimal joints coordinates are predicted as shown in
Fig. 5. To check the effectiveness of the proposed solution, the forward kinemat-
ics is applied on the obtained positions, and compared with the desired one in
cartesian space. the obtained error is minimal as showed in Fig. 6. The proposed
study represents to the best our knowledge the first study carried out in the all
3D space of human leg configuration for inverse kinematic application.
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6.2 Algorithmic Complexity

Algorithmic complexity is measured of the amount of computational time and/or
memory allocution (space) required by the algorithm for an input of a given size.
According to the time computation, the algorithmic complexity is defined as a
numerical function T (n) in terms of time versus the input size n. We want to
define time taken by an algorithm without depending on the implementation
details.

For the studied case, the DOFs and the constraints are fixed in the first, and
just input data vary. The computational time fined for the defined algorithm
is of 0.7ms, which remains acceptable for the medical application. In order to
generalize the cost time computation, we have varied the used input parame-
ters which affect the computation time, principally the initial guess and input
data. Based on statistical analysis, we have found that the cost here increases
proportional to the number of characters used.

7 Conclusion

In this chapter, a new general optimization-based formulation for optimal inverse
kinematic for an exoskeleton robot system has been developed, especially the
lower human limb for rehabilitation end. The optimal proposed approach is
developed exclusively in three-dimensional space, using an objective function
incorporating three factors that contribute to musculoskeletal discomfort as
human performance measure.

The performance measure is referred to the tendency to move sequentially
all segments of the human leg, the tendency to move leg while joints are near
their ROM, and the discomfort associated with gravitating around a reasonably
comfortable position.

In this order, according to the physiological constraints and the developed
forward kinematic model, the feasible workspace is presented. To validate the
feasibility and the effectiveness of the proposed kinematic method to predict
the inverse kinematic model of 3D space human leg configuration, a reference
trajectory is generated to be suitable in rehabilitation case, and thereby, applied
in the proposed algorithm solution.

To check the effectiveness of the proposed algorithm in terms of computation
times the algorithmic complexity was discussed.

The simulation results, presented an optimal joint space parameters defining
the inverse kinematics.

However, this study can be improved according to a large definition of dis-
comfort according to dynamic parameters.
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Abstract. In optimal control problems, once the model, the boundary
conditions and the constraints are fixed, the result depends obviously on
the choice of the cost index and, in particular, on the weights assumed
for the variables considered. The weights take into account the different
mutual influence of the elements included in the cost index; therefore
different choices yield to different control strategies. In this paper the
aim is to face the problem of optimal resource allocation depending on
the system evolution; in the definition of the cost function, the control
action is weighted by a piecewise constant function of the state, aiming
at optimizing the planned resources according to the global goal. The
switching instants are not known in advance and their identification is
part of the problem. A constructive algorithm to compute iteratively the
final control law is outlined. The effectiveness of the proposed approach
is tested on a model of human immunodeficiency virus (HIV) recently
proposed in literature.

Keywords: Optimal control · State-based cost function · Switching
control · Epidemic models · HIV model

1 Introduction

In this paper the problem of optimal resource allocation is faced; realistic results
require the containment of the control strength and the resource limitations.
Mathematically, such problems could be solved by using the Pontryagin min-
imum principle, yielding a solution in which the optimal control can present
discontinuities at unknown instants, due to the presence of the constraints
on the input amplitude [1]. The problem of optimal resources allocation may
arise when dealing with competing alternative projects which share common
resources; this is the so-called multi-armed bandit problem [2,3] that has been
extensively studied in artificial intelligence and has received great attention also
in economics. Applications of optimal control techniques range from economics
to biology, mechanics, industrial, telecommunications and so on [2–11]. For the
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minimum time problems with linear steady state system, the optimal solution is
bang-bang type with a limited number of switching points [12]. In [2], the prob-
lem relies in determining the best strategy, among a set of possible ones, knowing
the state of each phase; the decision is made on the basis of a cost associated to
the action. In [3], the same problem is faced aiming at determining the optimal
logarithmic regret uniformly over time. Increasing interest has been arising in
determining optimal control strategies when facing switching systems [13,14].
Recently, in [13] an efficient method for computing optimal switching instants
is proposed for switched linear systems; it is based on the derivation of a com-
putable expression of the cost index, the gradient and the Hessian. Impulsive
switching systems constitute a class of hybrid dynamical systems in which global
optimal control strategies are proposed [15]; they are characterized by abrupt
changes at the switching instants. Switching cost index may be introduced to
deal with changes in the controlled dynamics, as, for example, in optimal timing
problems. One of the characteristic of these problems is that the systems involved
present continuous dynamics subject to external discontinuous input actuated
by a switching signal generator. Different schemes can be proposed and the opti-
mal control theory applied to hybrid systems allows to determine the control
input that optimizes a chosen performance index defined on the state trajectory
of the system. Two sub-problems may be considered: one is the detection of the
optimal switching sequence of a switched system; the other is the discover of the
optimal placements of switching times assuming a fixed switching sequence [16].
Moreover, switching controls represent a cost that could be introduced in the
formulation of an optimal control problem over switching systems [17]. Numeri-
cal problems arising when dealing with optimal switching control are considered
in [18] where a direct search optimization procedure is discussed.

In [19], the introduction of a continuous state function as a weight in the cost
index is considered for the case of SIR epidemic dynamics. In particular, different
control actions are discussed (vaccination, prevention and quarantine) and, as far
as the vaccination strategy, a weight of the vaccination control depending on the
number of susceptible subjects is added, under the hypothesis that vaccination
at higher densities may be less expensive and logistically easier. The continuous
weight state space function brings to some additional conditions to be fulfilled,
more than the usual ones of an optimal control problem formulation.

In this paper the problem of optimal resource allocation is studied, aiming
at replicating a planning scheme in which the designer fixes the relevance of
the control action according to the state conditions and, consequently, changes
the politics of intervention, making the control effort more or less relevant. The
attention is focused on the weight of the input in order to change the total
cost according to the operative conditions. The weights in the cost index take
into account the relevance of the control action. Therefore, their values change
depending on the current state. The effect is to get different cost functions,
defined over each state space region, thus obtaining a state depending strategy.
Choosing different constant weights for the control reflects in allowing the con-
trol to use different amplitudes, clearly higher in correspondence to lower costs
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and lower for higher costs. The state space is thus partitioned into dangerousness
regions; while the system evolves remaining in the same state space region, the
solution of the optimal control problem gives an optimal solution for the con-
trol action. When, during the state evolution, the trajectory crosses from one
region to another, a switch of the cost function occurs at the time instant in
which the state reaches the separation boundary. From that time on, a different
optimal control problem is formulated, equal to the previous one except for the
value of the input weight in the cost function. This leads to a cost index in
which the control action is weighted by a function of the state. The choice pro-
posed herein is then a piecewise constant function. The introduction of a spatial
piecewise constant function instead of a generic one as weight function for the
control brings back the problem formulation, and then the problem solution, to
a classical formulation, except for the fact that the whole solution is obtained
composing the different local ones computed in each region in which the state
trajectory evolves.

This procedure is iterated until the final state condition is reached. The
overall control results to be a switching one, whose switching time instants are
not known in advance but are part of the solution, depending on the optimal
state evolution within each region.

In the proposed approach the discontinuous switching solution does not arise
either for the presence of switching dynamics, or for control saturation, but
comes from the particular choice of the cost index.

This approach is interesting in many real situations; in an economic contest,
within a prefixed total amount of resources (input constraint), the investment
of more or less budget for the solution of some problems can be driven by some
social indicator indexes, like unemployment below or over prefixed critical per-
centages, or the national PIL lower or higher a prefixed threshold which guar-
antees economic growth, or the level taxation, and so on. Another interesting
contest is the medical one; for example, usually the medical and social interest
for the presence of an epidemic spread depends on the level of its diffusion, being
considered in some sense natural if it is lower than a physiologic level and becom-
ing more and more alarming as the intensity of the infection increases. A first
example of this real time state dependent weight strategy has been proposed in
[20], where the classical SIR epidemic diffusion problem is studied considering a
cost index in which the weight of the control action depends on the number of
infected subjects.

In this paper, to show the effectiveness of the proposed resource allocation
strategy, the HIV- model analysed in [21] is discussed, considering the general
case of weights depending on all the state variables.

The paper is organized as follows; Sect. 2 describes the proposed approach,
based on an iterative optimal control computation driven by the state values.
In Sect. 3, the HIV model and the control described in [22] are given. Then,
in Sect. 4, the proposed control strategy with the state dependent cost index is
applied to the HIV model, considering two different situations. In Sect. 5, the
numerical results obtained for the case study here considered are presented and
discussed. Conclusions and future works are outlined in Sect. 6.
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2 Problem Formulation

In the optimal control theory, once the dynamical system is assigned and the con-
straints in the control actions are fixed, the choice of the cost index represents the
crucial aspect of the whole design procedure. In particular the weights assigned
to the elements of the Lagrangian function represent the relative importance of
each term with respect to the minimization procedure. Usually, a linear combi-
nation of linear or quadratic terms with respect to the state x and the input u
are adopted for L(x, u), with constant coefficients representing the weight of each
term in the sum. Such a structure is justified by the simplicity in the problem
formulation and in the computation of the solution as well.

There are authors proposing richer formulations, in which some of the weights
for the input variables can be taken as nonlinear functions of the state variables,
in order to assign different relevance to the control action depending on the
operative conditions [19]. Additional conditions must be fulfilled increasing sig-
nificantly the complexity in the computation of the optimal control.

The idea developed in the present work is to maintain the richness of the
nonlinear state dependent weights and, at the same time, to preserve the sim-
plicity coming from the use of linear/quadratic terms in the problem formulation
and solution.

The quality of the result of an optimal control problem is influenced by the
choice and the specific structure of L(x, u). There are several applications in
which the optimality of the solution strongly depends on the operative con-
ditions and the implementation passes through human actions characterized
by switching among different decisions, actions, intervention (examples in eco-
nomics, military, social, political, . . . ). If such switching solution is obtained by
approximating a continuous, with respect to the state, general solution of a clas-
sical optimal control problem, the optimality is lost and the switching conditions
are not well defined. The approach proposed in this work aims to firstly define
the different condition of operation, introducing a suitable partition of the state
space into subsets homogeneous w.r.t. the given conditions, and then to choose
a different cost for each subset to put in evidence the specific peculiarities.

An implementation of such procedure is equivalent to consider the cost index
as a spacial piecewise constant functions with respect to the state, constant
over each subset of the partition, weighting differently the control according to
the desired behavior within each subset. This implies that the function L(x, u)
contains terms with constant weights that change at some switching instants tq,
q = 1, 2, . . . ,M , M ≥ 1; M and the tq are part of the solution to be computed
depending on the optimal state evolution. Within such a notation, the initial time
instant is denoted by t0 and the final optimal one is represented by T = tM+1.

Referring to quadratic terms in the cost index L (x, u) for the control input
u, a generic function depending on the state can be written as uT P (x)u, where
P (x) represents the weight of the input as a function of the state and then, in
the present context, of the operative conditions.

According to what previously stated, in the proposed approach the state
space is divided into N subsets Ii, such that ∪N

i=1I
i = �n and Ii ∩ Ij = 0
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for i �= j, each of them corresponding to the conditions under which different
strategies has to be adopted.

Then, the function uT P (x)u can be defined as a piecewise constant one
setting

P (x) = Πi for x ∈ Ii (1)

with Πi ∈ �m×m positive defined m×m matrix, i = 1, . . . , N , where the entries
of Πi are designed in order to manage the input cost as the state changes.

This means that, while during the system evolution x ∈ Ii, the term uT Πiu
is the actual expression for uT P (x)u in the Lagrangian L(x(t), u(t)); to put in
evidence such dependency, the compact notation LΠi

(x(t), u(t) can be adopted.
The state evolves according to a dynamics

ẋ = f(x, u) (2)

with initial conditions x(t0) = x0 and final one x(tf ) such that

χ (x(tf ), tf ) = 0 (3)

with dim {χ} = σ.
For each given LΠi

(x(t), u(t), a classical optimal control problem formula-
tion can be stated, and the solution can be found according to the well known
approach which makes use of the Hamiltonian

HΠi
(x, λ, u) = LΠi

(x, u) + λT f (x, u) (4)

where λ : � → �n, λ(t) ∈ C1 almost everywhere, is the n–dimensional multiplier
function for the differential constraint given by the dynamics. The subscript Πi

is used also to denote the Hamiltonian defined using LΠi
(x(t), u(t).

Clearly, such a formulation, as well as the obtained solution, are well defined
and hence holds only if x ∈ Ii.

The optimal solution, for x0 ∈ Ii is obtained from the necessary conditions

ẋ =
∂HΠi

(x, λ, u)
∂λ

∣
∣
∣
∣

T {
x(t0) = x0

χ (x(T ), T ) = 0 (5)

λ̇ = − ∂HΠi
(x, λ, u)
∂x

∣
∣
∣
∣

T

λ(T ) = − ∂χ (x(T ), T )
∂x(T )

∣
∣
∣
∣

T

ζ (6)

0 =
∂HΠi

(x, λ, u)
∂u

∣
∣
∣
∣

T

+
∂q(u)
∂u

∣
∣
∣
∣

T

η ηT q(u) = 0 (7)

0 = H (x(T ), λ(T ), u(T )) (8)

under input constraint
q (u(t)) ≤ 0 (9)

In (5) χ ∈ C1 almost everywhere, dim(χ) = σ, 1 ≤ σ ≤ n + 1; in (6) ζ ∈ �σ; in
(7) η ∈ �p, η ∈ C0 almost everywhere, η ≥ 0.

The solution obtained holds until x(t) ∈ Ii and it is optimal in such a region.
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If the solution is such that the computed trajectory goes outside the region
Ii entering a contiguous region Ij , then a new problem has to be formulated
with initial condition for the state as the value on the boundary between the
regions Ii and Ij reached under the action of the previously computed control.
Consequently, in the necessary conditions (5)–(8) the Lagrangian LΠj

(x, u) and,
then, the Hamiltonian HΠj

(x, λ, u) have to be assumed.
The complete solution is obtained by concatenating all the partial solutions

computed as described in Algorithm 1.
Clearly, such a solution cannot be defined as optimal since in this formulation

it is not computed according to a unique cost index, but it is optimal if restricted
to each state space region.

Algorithm 1 Switching control design
procedure Control(x0,t0,χ (x(t), t), J(x(t), u(t))

Define the state space partition �n = ∪N
i=1Ii

Define the piecewise constant function P (x) = Πi for x(t) ∈ Ii, i = 1, . . . , N
u0|[t0,t0] = {} � Initializations
x0|[t0,t0] = {}
q = 0
STOP = False
while not STOP do

if x0 ∈ Ij then � Evaluate function P (x)
P (x) = Πj

end if
Find x0|[tq,T ] and u0|[tq,T ] solving conditions (5)–(8) (for i = j, t0 = tq)

if x(t) ∈ Ij ∀t ∈ [tq, T ] then � Last step condition
u0|[t0,T ) = u0|[t0,tq) ◦ u0|[tq,T )

x0|[t0,T ) = x0|[t0,tq) ◦ x0|[tq,T )

T 0 = T
STOP=True

else � Switching condition
∃t̂ ∈ [t0, T ] such that x(t̂−) ∈ Ij and x(t̂+) /∈ Ij

u0|[t0,t̂) = u0|[t0,tq) ◦ u0|[tq,t̂) � Concatenation of partial results

x0|[t0,t̂) = x0|[t0,tq) ◦ x0|[tq,t̂) � Concatenation of partial results
q = q + 1 � New step initializations
tq = t̂
x0 = x(tq)

end if
end while
output Solution

(
T 0, u0|[t0,T0], x

0|[t0,T0]

)
with

u0|[t0,T ] = u0|[t0,t1) ◦ u0|[t1,t2) ◦ · · · ◦ u0|[tq,T0)

x0|[t0,T ] = x0|[t0,t1) ◦ x0|[t1,t2) ◦ · · · ◦ x0|[tq,T0)

t1, t2, . . . , tq the switching instants, T 0 the final time
end procedure
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In order to better illustrate the proposed approach, an example in the epi-
demiological field is provided; in this kind of problems, the classical medical
approach makes use of thresholds to classify the severity of the infection and
then this can be used to modulate the control weight in the cost index.

In next Sect. 3 the mathematical model of one case study, the HIV infec-
tion, is briefly introduced, and the proposed procedure is then applied to such a
dynamics in Sect. 4.

3 The HIV Mathematical Model

The human immunodeficiency virus (HIV) is responsible of the acquired immun-
odeficiency syndrome (AIDS); the virus infects cells of the immune system,
destroying or impairing their function: the immune system becomes weaker,
and the person is more susceptible to infections. More precisely, the virus infects
the CD4 T-cells in the blood of an HIV-positive subject; when the number of
these cells is below 200 in each mm3 the HIV patient has AIDS. The AIDS is
the most advanced stage of the HIV infection and it can be reached in 10–15
years from the infection. It can be transmitted only by some body fluids: blood,
semen, preseminal fluid, rectal fluid, vaginal fluid, and breast milk.

Two main descriptions of the HIV/AIDS spread are considered in literature;
one refers to the dynamic of the interaction between subjects [23]; generally
four classes are considered: the susceptibles (the healthy subjects that could
be infected), the infected not aware of their status, and other two categories
of infected, aiming at distinguishing the subjects with HIV and the ones with
AIDS. Recently, a new model [24] introduced two classes of susceptible subjects,
distinguishing the wise ones and the people that with dangerous behaviours could
contribute to the spread of HIV/AIDS. The other possible description of this
spread is at cells level, considering the uninfected CD4 T-cells, the infected CD4
T-cells, the infectious virus, the noninfectious virus and the immune effectors
[25]. In [22] also the effects of cytotoxic T lymphocyte (CTL) are taken into
account aiming at determining a control that drives the patients into the long-
term non progression (LTNP) status, instead to progress to the AIDS one. A
simplified system is presented in [26] where only the concentration of CD4 T-
cells and the concentration of the HIV particles are analyzed; in this case two
different treatments strategies are introduced in the differential equations.

In this paper, the HIV model proposed in [27] and modified in [22] is used.
It will be shortly recalled hereafter. In the complete model the state variables to
be considered are:

– the uninfected CD4 T-cells, denoted by x1(t);
– the infected CD4 T-cells, denoted by x2(t);
– the helper–independent CTL, denoted by z1(t);
– the CTL precursor, denoted by w(t): it provides long term memory for the

antigen HIV;
– the helper-dependent CTL, denoted by z2(t): it destroys the infected cells

x2(t).
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The equations describing the relations among these variables are

ẋ1(t) = γ − dx1(t) − β (1 − u(t)) x1(t)x2(t)
ẋ2(t) = β (1 − u(t)) x1(t)x2(t) − αx2(t) + (10)

− (p1z1(t) + p2z2(t)) x2(t) (11)
ż1(t) = c1z1(t)x2(t) − b1z1(t)
ẇ(t) = c2x1(t)x2(t)w(t) − c2qx2(t)w(t) + (12)

−b2w(t) (13)
ż2(t) = c2qx2(t)w(t) − hz1(t) (14)

where γ, d, β, α, p1, p2, c1, c2, b1, b2 and h are the models parameters whose
numerical values are discussed in [27] and the control u(t) is assumed bounded.

In [22] the Authors aim to determine a control making use of Eqs. (10) and
(11) only, through a simplified representation in which the contribution of (12),
(13) and (14) to the (10)–(11) dynamics is reduced to an approximated near-
equilibrium polynomial term. The modified model is

ẋ1(t) = γ − dx1(t) − β (1 − u(t)) x1(t)x2(t) (15)
ẋ2(t) = −βx1(t)x2(t)ut + π (x2(t)) (16)

with
π (x2(t)) = a + Bx2(t) + Cx2

2(t) + Dx3
2(t) (17)

For sake of simplicity, in the sequel the model (15)–(16) with position (17) will
be assumed, with the initial conditions denoted by x1(t0) = x1,0 and x2(t0) =
x2,0.

As well known, in optimal control the central aspect is the definition of the
cost index, that is what is required to be minimized;

In the formulation of the control problem, along with the obvious choice of
reducing the number of infected cells, a important aspect is the containment
of the control effort, especially in case of resources limitation, aiming at an
optimal resources allocation, as in [28], where this problem is faced when a
limited quantity of vaccine has to be distributed between two non-interactive
populations.

Hereafter, the resource limitation is introduced by a constraint as (9).

4 Implementation of the Proposed Approach

The example introduced in previous Sect. 3 can be effectively used to describe
the proposed approach. In fact, it is possible to define different strategies in
terms of control effort to be applied according to the severity of the infection.
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In this paper, two of such strategies are showed, to highlight the applicability
of the proposed method in a large variety of cases. For each case, the cost function
chosen is

J (u(t), T ) =
∫ T

t0

[K1 + K2x1(t)x2(t)u(t) + K3x2(t)+

+P (x(t)) u2(t)
]

dt (18)

with Ki > 0, i = 1, 2, 3.
The first one takes into account the number of infected cells x2(t), choosing

to change the control action according to their high or low number; in the second
one the ratio between the infected and the uninfected cells are assumed to affect
the different choices, in case that it is important their percentage.

4.1 Case 1

In this case the different strategies adopted are assumed to be driven by the
number x2(t) of infected cells.

Different relevance to the actions to perform are assigned on the basis of the
number of infected cells, assuming the severity levels of infection according to
their number. Denoting with ξi

2 ∈ �, i = 1, . . . , N , the values of x2(t) separating
the different levels of dangerousness, the state partition given by

I1 =
{

x ∈ �2 : x1 ≥ 0, 0 ≤ x2 < ξ12
}

Ii =
{

x ∈ �2 : x1 ≥ 0, ξi−1
2 ≤ x2 < ξi

2

}

i = 1, . . . , N − 1 (19)

IN =
{

x ∈ �2 : x1 ≥ 0, x2 ≥ ξN
2

}

can be assumed. For sake of simplicity, only three levels of necessity of interven-
tion are defined; if x2(t) is below a certain threshold, say ξ12 , no actual infection
is diagnosed and then no intervention is required; then, defined ξ22 > ξ12 as the
level of infected cells over which the infection presents severe effects, it is possible
to choose two different intensity of the action in case of x2(t) is greater or lower
than ξ22 : in the first case a stronger action is required than the one in the second
case. This requirement can be introduced in the present approach acting on the
weight of the control in the cost function, setting a lower cost, i.e. weight, to the
control if x2(t) ≥ ξ22 and a higher weight when ξ12 ≤ x2(t) < ξ22 .

So, according to the procedure described in Sect. 2, the state space x ∈ �2 is
divided into three regions:

I1 =
{

x ∈ �2 : x1 ≥ 0, 0 ≤ x2 < ξ12
}

I2 =
{

x ∈ �2 : x1 ≥ 0, ξ12 ≤ x2 < ξ22
}

(20)

I3 =
{

x ∈ �2 : x1 ≥ 0, x2 ≥ ξ22
}
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I1 is the region in which no control action is needed; I2 is the region correspond-
ing to the presence of the infection while I3 corresponds to a severe stadium of
infection. Correspondintly, the state function P (x(t)) is set as

P (x(t)) = Π1, x ∈ I1

P (x(t)) = Π2, x ∈ I2 (21)
P (x(t)) = Π3, x ∈ I3

with Π3 < Π2, so that the control is free to assume higher values when the
infection is severe (x ∈ I3), being cheaper than in the case of x ∈ I2. As far as
Π1 is concerned, its value is not relevant since when x ∈ I1 no control action is
required and then no control problem has to be formulated. From a mathematical
point of view, it corresponds to set Π1 = ∞.

The constraint χ (x(T ), T ) = 0, which coincides with one of the boundaries,
the one between I1 and I2, can be rewritten as

χ (x(T ), T ) = x2(T ) − ξ12 = 0 (22)

while the resources limitation, i.e. the control constraint (9), can be explicitly
written as

q (u(t)) =
(

q1(t)
q2(t)

)

=
( −u(t)

u(t) − U

)

≤ 0 (23)

U > 0, where the first component represents the non negativity condition while
the second one is the upper bound limitation.

The nontrivial initial condition x2,0 ≥ ξ12 for any x1,0 ∈ � is assumed, with
x0 ∈ Ii for a certain i > 1.

4.2 Case 2

In this second case addressed, the different strategies for the actions to perform
are based on the ratio between the number of infected and uninfected cells, with
the aim of assigning more severe levels of infection to higher ratio values, and,
consequently, a desired higher control to fight the infection. Denote with

ρ(t) =
x2(t)
x1(t)

(24)

such a ratio. Then, the state space partition can be defined choosing a strictly
increasing series of integers ρi, i = 1, . . . , N , ρi > ρj for i > j and setting

I1 =
{

x ∈ �2 : x1 ≥ 0, 0 ≤ x2 < ρ1x1

}

Ii =
{

x ∈ �2 : x1 ≥ 0, ρi−1x1 ≤ x2 < ρix1

}

i = 2, . . . , N − 1 (25)

IN =
{

x ∈ �2 : x1 ≥ 0, x2 < ρNx1

}

For sake of simplicity, as in the previous case three subsets are considered.
Moreover, also in this case it is reasonable to assume as a condition for starting
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the control action the fact that the number of infected cells is above a certain
minimum value, under which no positive diagnosis can be produced. Conse-
quently, the subsets (25) have to be slightly modified, introducing the bias ξ12
defined as in the previous case, and written in the particular case; they become

I1 =
{

x ∈ �2 : x1 > 0, 0 ≤ x2 − ξ12 < ρ1x1

}

I2 =
{

x ∈ �2 : x1 > 0, ρ1x1 ≤ x2 − ξ12 < ρ2x1

}

(26)

I3 =
{

x ∈ �2 : x1 > 0, x2 − ξ12 ≥ ρ2x1

}

If, in addition, ρ1 = 0 is taken, the same subset corresponding to no action
as in the previous case is found. In order to simplify the computations in next
Sections, such a condition will be assumed.

Clearly, also in this second case the input constraint (23) is considered and
the initial conditions are chosen not in the I1 subset.

4.3 Control Computation

In both the previous cases, to solve the problem the classical optimal control
theory is applied; the Hamiltonian in each region Ii is defined as

HΠi
(x1(t), x2(t), λ1(t), λ2(t), u(t)) = K1 + K2x1(t)x2(t)u(t) + K3x2(t) +

+Πiu
2(t) + λ1(t) (γ − dx1(t) − β (1 − u(t)) x1(t)x2(t)) +

+λ2(t) (−βx1(t)x2(t)ut + π (x2(t))) (27)

and then the necessary optimal conditions given in Sect. 2 assume the explicit
expressions

ẋ1(t) =
∂HΠi

∂λ1
= γ − dx1(t) − β (1 − u(t)) x1(t)x2(t)

ẋ2(t) =
∂HΠi

∂λ2
= −βx1(t)x2(t)u(t) + π (x2(t))

λ̇1(t) = −∂HΠi

∂x1
= −K2x2(t)u(t) + dλ1(t) + β (1 − u(t)) x2(t)λ1(t) +

+βx2(t)λ2(t)u(t)

λ̇2(t) = −∂HΠi

∂x2
= −K2x1(t)u(t) − K3 + β (1 − u(t)) x1(t)λ1(t) +

+βx1(t)λ2(t)u(t) − λ2(t)
[

B + 2Cx2(t) + 3Dx2
2(t)

]

x(t0) = x0

χ (x(T ), T ) = x2(T ) − ξ12 = 0
λ1(T ) = 0
λ2(T ) = −ζ2
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0 =
∂HΠi

∂u
+

∂q1
∂u

η1 +
∂q2
∂u

η2 = 2Πiu(t) + K2x1(t)x2(t) +

+βx1(t)x2(t)λ1(t) − βx1(t)x2(t)λ2(t) − η1(t) + η2(t)
0 = η1(t)q1 (u(t))
0 = η2(t)q2 (u(t))

η1(t) ≥ 0
η2(t) ≥ 0

0 = HΠi
(x(T ), λ(T ), u(T )) (28)

If ρ1 in (25) is taken different from zero, the final condition χ (x(T ), T ) should
be rewritten as x2(T ) − ρ1x1(T ) − ξ12 = 0.

Defining the function W (t) as

W (t) = x1(t)x2(t) (−K2 − βλ1 + βλ2) (29)

the optimal control satisfying the necessary conditions previously introduced can
be expressed as

u(t) =

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 if W (t) < 0

W (t)
2Πi

0 < W (t)
2Πi

< U

U if W (t)
2Πi

> U

(30)

According to the Algorithm 1, the solution
(

T 0, x0
1(t), x

0
2(t), u

0(t)
)

satisfying
conditions (28) over the time interval [t0, T ] can be computed, starting from t0
with x0 ∈ Ii. This is the optimal solution as long as x(t) ∈ Ii.

If x0(t) ∈ Ii ∀t ∈ [t0, T ], possible only if ξ12 ∈ Ii, the obtained solution is the
optimal one, with T 0 = T , satisfying x2

(

T 0
)

= ξ12 .
Otherwise, there exists a time instant t = t1 such that x(t−1 ) ∈ Ii and x(t+1 ) ∈

Ij , i �= j. Then, the previously computed solution holds only for t0 ≤ t ≤ t1 and
a new optimal control problem must be solved, with the same conditions as in
(28) after the substitutions t0 = t1, x(t0) = x(t1), and the index j instead of i.

This procedure is iterated over q + 1 steps, until the Last step condition in
Algorithm 1 is satisfied.

The solution
(

T, x1|[tq,T ] , x2|[tq,T ] , u|[tq,T ]

)

over the last time interval is such

that x(t) ∈ I2 ∀t ∈ [tq, T ] and the final condition χ(x(T ), T ) = 0 is satisfied.
For q ≥ 1, the whole solution is then given by concatenating the q partial

ones, so getting a switching control with switching times ti, i = 1, 2, . . . , q and
optimal time T 0 = T .

The obtained number of switching instants and their values are unknown at
the beginning of the control design; they are not part of the formulation but
part of the solution. They depend on the evolution of the state: no information
can be a priori available, even on their existence.
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The state dependent switching conditions makes possible a different inter-
pretation; the control law computed following this procedure can be regarded as
a continuous time optimal control over a discrete time feedback update of the
control parameters. The optimal control can be computed and applied until the
state belongs to the given region Ii; crossing the regions boundary is equivalent
to an event driven discrete state feedback which updates all the parameters,
mainly the Πi, and recompute a new optimal control over the new state space
region Ij .

5 Simulation Results

In this Section the results of some numerical simulations are presented, showing
the behavior of the proposed control design approach making use of the HIV
model presented in Sect. 3. The two cases introduced in Subsects. 4.1 and 4.2 are
both considered.

In all the simulations performed, the values for the parameters used are [22]:
γ = 1, β = 1, d = 0.1, α = 0.0668, B = −3.1540, C = 2.9402, D = −0.6; the
initial conditions x1,0 = 0.2 and x2,0 = 3 are also assumed.

The choice of the HIV case study is quite meaningful, since a switching control
action takes the form of a classical therapy strategy, being usually a piecewise
constant intervention with planned switching times: it consists of a full drug dose
for a limited time and then a switch to zero, [27], sometimes putting in evidence
the daily therapy [22].

An optimal control approach demands to the cost function the ability to
modulate the control according to all the variables involved, possibly increasing
the performances of the control action. Such a modulation is managed, in the
proposed approach, through the choice of the state space partition, and a con-
sequent space dependent control weight in the cost function, while all the other
weights are assumed constant everywhere. In the sequel, the constant weights
Ki are set as K1 = 10, K2 = 1 and K3 = 20, while the upper bound U for
the control amplitude in (23) is chosen as U = 0.9. The two cases presented in
Sects. 4.1 and in 4.2 are separately addressed.

5.1 Simulation Results for Case 1

For a choice of the cost index as in (18), the solution depends on the values given
to the weights assigned to each term. In fact, taking, for example, a constant
weight P (x(t)) = P = 1 ∀x ∈ �2 for the input and ξ12 = 0.03 in (20), the
optimal control solution u0(t) obtained is depicted in Fig. 1, while Fig. 2 reports
the optimal time evolution of the infected cells x0

2(t).
As expected, the choice of the weight for the input u(t) in the cost index,

lower or equal to the ones assigned to the terms containing the infected cells,
produces an optimal control behavior equal to the upper bound value from t0 = 0
until the number of infected cells is reduced at a level in which a high control
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Fig. 1. (Source [21]) Optimal control for constant input weight P = 1.

action is too expensive with respect to such a number; then, it goes to zero as
the x2(t) component decreases.

If the approach proposed in this paper is adopted, the regions I1, I2 and I3

as in (20) are introduced, with their meaning discussed in Sect. 4, and with the
corresponding weights Πi as in (21) for the control in the cost function (18).

The numerical value chosen for the regions division is ξ22 = 2, so that the
initial condition lies in the dangerous region I3 and the solution must cross the
normal region I2, with Π3 = 1 and Π2 = 100, while Π1 is never used due to the
no action characteristic of region I1. The values for Π2 and Π3, with Π2 � Π3,
have been chosen in order to significantly put in evidence the difference between
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Fig. 2. (Source [21]) Infected cells evolution under optimal control.
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a low cost, and then a higher margin for the control effort, and a high cost, which
should act against a high control effort.

The solution obtained, depicted in Fig. 3, is the concatenation of two seg-
ments, confirming what planned; a first optimal segment over the region I3 in the
time interval 0 = t0 ≤ t < t1 = 1.41 is obtained, computed with P (x(t)) = Π3;
then, at t = t1, the switch of P (x(t)) from Π3 to Π2 produces the second segment
which brings to the final condition x2(T 0) = ξ12 = 0.03 at time t = T 0 = 4.31.
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Fig. 3. (Source [21]) Full control for switched value of P (x(t)).

This composition of the whole control in the form of a switching solution can
be put in evidence plotting the solution obtained in the first step of the proce-
dure, under the hypothesis that the state is contained in the set I3, and marking
the time instant t = t1, in which the state trajectory reaches the boundary of
I3. This is done in Fig. 4.

Then, in Fig. 5 the solution of the optimal control problem defined over I2

is plotted. It is computed starting from the initial condition on its boundary,
corresponding to the value reached in the previous phase. Comparing the two
Figs. 4 and 5, it is possible to highlight the effect of the different weights of the
input variable on the control law obtained; in the first case, with a lower cost,
the upper bound, i.e. the maximum value, of the control is kept longer than in
the second case, being cheaper. In the second case, the cost of the control forces
the solution to reduce it as much as possible to guarantee that the state reaches
the final condition balancing the cost of the error with the one of the control.
The change of the control weight in the cost function at the boundary between
I2 and I3 produces a new behavior, characterized by a shorted saturated action
and a smoother decreasing shape, assuring, however, the convergence to the final
condition.
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Fig. 4. (Source [21]) Optimal control obtained in the first step of the procedure, with
the effective part from 0 to t1 evidenced.
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Fig. 5. (Source [21]) Optimal control obtained in the second step of the procedure,
with the effective part from t1 to T 2 evidenced.

The concatenation of the effective part in Fig. 4 with the one in Fig. 5 yields
Fig. 3. Note that the time instant in which the solution depicted in Fig. 3 starts
to decrease from the upper limit does not coincide with the switching instant t1:
after the switch, the control remains at its maximum but for less time than in
the non switching case.

The time history of the uninfected (x1(t)) and infected (x2(t)) cells is depicted
in Fig. 6 where the switching conditions and the corresponding time instants are
evidenced.
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Fig. 6. (Source [21]) State evolution given by the full switched control.
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Fig. 7. (Source [21]) Time evolution of the infected cells in switched and non switched
case: a comparison.

A comparison between the evolution of the infected cells obtained with the
switching formulation and the classical one coming from the use of a unique
constant value for the input weight is reported in Fig. 7. Note that the non
switching solution corresponds to keep P (x(t)) = Π3 for all the state values, i.e.
considering I2 and I3 as a unique region with a low cost for the input, like in a
standard optimal control problem formulation. It can be noted that in the time
interval corresponding to the evolution in the I2 region, the solution, obtained
using a low control weight only, makes the state reach the final condition faster
and keeps the number of the infected cells lower than in the other case. Obviously,
this is due to the fact that the higher cost for the control leads the optimal
formulation to save the control effort, still bringing to an effective solution as
well.
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Nevertheless, this apparent drawback is fully compensated by the fact that
the control requires a lower contribution over the whole time interval during
which the drug is provided. This can be shown computing and plotting the
function

∫ t

0
u(τ)dτ which gives a measurement of the total drug to be used in

the therapy.
Figure 8 is then obtained, showing that until both solutions require the full

control action (t = t1), up to its bound, the functions are obviously coincident;
then, the decrement of the control in the switching case, starting when the
classical one is still at maximum, produces a reduction of the total amount of
the input quantity, and then a reduced impact on the infected patient and, at
the same time, on the cost related to the therapy, despite its longer time of
application.
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Fig. 8. (Source [21]) Integral cost of the control action for the switching solution and
for the classical case: a comparison.

The relationships between the state space partition and the switching result
can be well evidenced reporting the space state trajectory for the controlled
dynamics, as in Fig. 9: the solid line represents the switching solution, while the
dashed one, coincident with the first before reaching the point x1(t1), x2(t1),
denotes the solution of the first optimal control problem without switching.

5.2 Simulation Results for Case 2

In this case, the same values for the model parameters are considered; the differ-
ent partition is performed setting ρ1 = 0 in order to have the same lower bound
limit for the control action, and ρ2 = 0.8 to separate the regions I2 and I3.
Having three subsets as in the Case 1, the same constant values Π1, Π2 and Π3

for the piecewise function P (x) are chosen in view of subsequent comparisons.
Also the same initial condition is considered.
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Applying the procedure here proposed, the piecewise control u0(t) obtained is
depicted in Fig. 10, where the switch at time t  1.8 is clearly visible. In fact, as
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Fig. 9. State space trajectory in the x1–x2 plane.
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Fig. 10. Full control for switched case of P (x).

it can be seen in Fig. 11, once the state reaches the boundary between region I2

and I3, the change of the weight P (x) from Π3 to Π2 produces the discontinuity
in the state space trajectory. The boundary crossing is well evidenced in Fig. 12,
where the state space trajectory in the x1–x2 plane is depicted with the solid line.
For comparison purpose, in the same figure also the trajectory obtained from
the solution of the first step of the optimal control problem is reported with the
dashed line, coincident with the final solution before reaching the boundary.
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Clearly, also in this Case the advantage, in term of total amount of the control
action, is obtained: in Fig. 13, where the integral of the control over the time in
which it acts is reported, it is shown that a lower total energy can be used,
with consequent costs and drugs savings, despite the total time required for the
infection rejection is greater.
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Fig. 11. State evolution for the full switched control.
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Fig. 12. State space trajectory in the x1–x2 plane.

A last figure is reported to show the different behaviours under different
choices of the state space partition. In fact, in Fig. 14, the two state space tra-
jectories in the plane, obtained for the choices of Case 1 (dashed line) and Case
2 (solid line), are reported together. There, the different points in which the
commutations occur are indicated. Clearly, the trajectory from x1,0, x2,0 to the
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switching point of Case 1 is the same. Moreover, as a consequence of the choices
on the values Πi, the two trajectories before and after the commutations show
a similar shape.

6 Conclusions

The problem of resource allocation is considered assuming a non linear cost
index, weighting the control by a state dependent locally constant function. The
state space is partitioned into regions and different constant values are chosen
in each of them.
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Fig. 13. Integral cost of the control action for the switching solution and for the clas-
sical case: a comparison.
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This approach can deal with changes in the external conditions being based
on the state evolutions; it can tackle practical applications, as in telecommu-
nications, biology, mechanics, economics. The solution is obtained by solving
sequentially optimal control problems.

The effectiveness of the proposed approach is verified considering a model
of the human immunodeficiency virus (HIV). Two different cases of state space
partition are considered. In the first case, the control effort in the cost index
is weighted taking into account the number of the infected cells, giving higher
attention when they are dangerously over a fixed critical value and considering
the infection not much severe below. In the second one, the percentage of the
infected cells with respect to the uninfected ones guides the choice of the weights
for the control action.

The results obtained show that this approach can provide an efficient resource
allocation, resulting more effective, for example from an economical point of view,
than the classical theory with the constant weight choice.

The approach can be easily generalized to systems of higher dimensions and
considering more complex relationships between state space regions and associ-
ated costs.
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Abstract. This work proposes two approaches to automatic tuning of
PID position controllers based on different global optimization strate-
gies. The chosen optimization algorithms are PSO and MOPSO, i. e.
the problem is handled as a single objective problem in the first imple-
mentation and as a multiobjective problem in the second one. The
auto-tuning is performed without assuming any previous knowledge of
the robot dynamics. The objective functions are evaluated depending
on real movements of the robot. Therefore, constraints guaranteeing
safe and stable robot motion are necessary, namely: a maximum joint
torque constraint, a maximum position error constraint and an oscillation
constraint. Because of the practical nature of the problem in hand,
constraints must be observed online. This requires adaptation of the
optimization algorithm for reliable observance of the constraints without
affecting the convergence rate of the objective function. Finally, Exper-
imental results of a 3-DOF robot for different trajectories and with dif-
ferent settings show the validity of the two approaches and demonstrate
the advantages and disadvantages of every method.

Keywords: Robotic manipulators · PSO · MOPSO · PID control ·
Automatic tuning

1 Introduction

PID control structures provide simple, robust and effective solutions for most
applications of control engineering. As it was stated in [2], PID controller are
with more than 95% share by far the most used controller in industrial processes.
These good characteristics of PID controllers is conditioned by accurate tuning
of the controller gains. However, it was shown in [6] that up to 80% of twenty six
thousand PID controllers are not performing perfectly, one of the most important
reasons is the poor tuning of the controllers.

Robotic manipulators are highly non linear, highly coupled, Multi-Input
Multi-Output (MIMO) dynamic systems. Although PID controllers are widely

c© Springer Nature Switzerland AG 2020
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used to control robotic manipulators, using the conventional tuning meth-
ods depending on manual or experimental approaches do not necessarily give
satisfactory results for such complex systems [10].

The difficulty of using experimental and manual tuning methods rises in the
application fields, where the assigned task of a robot might constantly change
or where a robot is of variable configuration or geometry (e.g. modular robots).
In such cases, the need for an auto-tuning method is urgent.

Recently, after the rapid increase in computing power, auto-tuning meth-
ods based on optimization techniques have been applied to non linear systems
in order to obtain an increased performance with respect to predefined fitness
functions, which depend on the performed task. E.g. in tasks that involve tra-
jectory tracking, the integral of the absolute error IAE or the integral of the
square error ISE are widely used.

In the field of robotic manipulators, a number of optimization methods (e.g.
Genetic Algorithms (GA) [12], Particle Swarm Optimization (PSO) [11]) has
been used to automatically tune the PID controllers. Also, a number of researches
introduced comparative studies between different algorithms, e.g. genetic algo-
rithm GA is compared to simulated annealing SA in [13] and found to be giving
the best tracking accuracy, while in [17], a comparison study of GA, PSO, and
DE (Differential Evolution) is performed with respect to different performance-
measuring functions and it is concluded that DE surpasses the other two algo-
rithms. However, theses results are taken from simplified simulations of serial
robots.

For some problems, optimizing with respect to only one objective function
might not be sufficient. For example in trajectory tracking control, the main
objective is to achieve the most possibly accurate tracking, but this accurate
tracking might be associated with relatively high variance in the control action
(joint torque) or even with high oscillations in the motion. Therefore, it might
be helpful to take more than one objective function in consideration and handle
the problem as a multiobjective optimization problem. [2] proposed an app-
roach based on a multiobjective evolutionary algorithm (MOEA), which aimed
to tune the PID controller gains by taking two conflicting objective functions into
consideration: minimization of position errors and minimization of the control
signal variation (joint torques). In [19], a comparative study between different
multiobjective optimization techniques has been introduced and an improved
multiobjective particle swarm optimization (I-MOPSO) has been proposed.

Artificial intelligence techniques like fuzzy logic and neural networks have
also been implemented to build PID tuning systems for robotic manipulators.
Examples for those systems can be found in [3], [14], and [15]. Those systems
give the PID gains variable values depending on the online measurements of
the robot joint positions and, therefore, turned the traditional controller into an
adaptive controller.

Another approach has been proposed in [16]. Here a combination of both,
the GA technique and the fuzzy logic, was used to form a hybrid tuning method
for a PID regulator.
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Regarding the optimization auto-tuning methods, the known and previously
mentioned research test the proposed optimization algorithms only on simplified
simulations of robots without considering the practical problems that rise from
applying these algorithms on real robots. From a practical point of view, more
attention needs to be diverted to the problem in hand, i.e. defining the neces-
sary constraints, which guarantee a safe movement of the robot, and adapting
the optimization algorithms in order to handle these constraints. Otherwise,
these algorithms will not be practicable. We introduced in a previous work [23]
a practical auto-tuning method for a PD controller using PSO algorithm. In
this work, the previous approach is extended to PID controllers and is handled
from two different perspectives: Firstly as a single objective problem (minimiz-
ing the tracking error) after considering sufficient constraints to avoid unwanted
and/or unstable movements, and secondly as a multiobjective problem, where
a second objective function (minimizing the variation of the control action) is
introduced. Adding this objective function will restrict the gains from having
very high values. These restrictions can not be defined as additional constraints
since it is hard to define the maximum limits of gains in advance. The reminder
of this paper is organized as follows. In Sect. 2, the optimization problem and
the necessary constraints are defined, while Sect. 3 introduces the PSO and the
MOPSO algorithms and the proposed method to handle the defined constraints.
The results of several experiments is presented in Sect. 4. Finally, Sect. 5 discusses
the conclusions of this work.

2 Robot Controller Optimization

This work considers a robot manipulator controlled by an independent PID
controller for every individual joint. The traditional tuning methods (e.g. manual
tuning, Ziegler-Nichols...) are unable to obtain critical damping behavior [5]
and, therefore, settle for an overdamped one. Recently, more research is directed
toward using global optimization algorithms to solve identification and designing
problems, especially for complex nonlinear systems. The working principle of
optimization methods is based on defining a searching algorithm, which aims to
find the optimal values of the parameters that minimize an objective function in
a predefined search space. To perform an auto-tuning of PID controllers using an
optimization method, it is required to define the optimization problem including
the objective function and the optimization parameters. In the problem in hand,
it is desired to find the control parameters that lead to the best trajectory
tracking accuracy of the robot. A widely known objective function to assess the
tracking performance is the integral of the absolute error IAE:

IAE =
∫ te

ts

|e(t)|dt =
∫ te

ts

|(qd(t) − q(t))|dt . (1)

The PID control law is given by the following equation:

τ = K p(qd − q) + K d(q̇d − q̇) + K i

∫ te

ts

(qd − q)dt , (2)
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where K p, K d and K i are diagonal matrices with their diagonal elements being
the proportional, the derivative and the integral gains associated with the robot
joints, qd is a vector of the desired positions, q is a vector of the measured
positions, q̇d is a vector of the desired velocities, q̇ is a vector of the measured
velocities, ts and te are the start and the end time of the desired trajectory,
respectively, and τ is a vector of the joint torques.

The optimization parameters are the diagonal elements of the matrices K p,
K d and K i. The aim of this work is to implement a global optimization to auto-
tune the PID controller for robotic manipulators. The proposed method will
depend on iterative real movements of the robot along the desired trajectory
to evaluate the objective function. For this sake, it is inevitable to define the
necessary constraints that ensure the safety and the stability of the robot.

2.1 Definition of Constraints for the Optimization

The ideal approach to define the problem constraints is by modeling the dynam-
ics of the system and designing the controller in order to keep the system stable
and achieve a good tracking accuracy. For the proposed method, it is assumed
that no knowledge of the system dynamics is available and, therefore, a model-
free approach is required. From a practical point of view, one can determine the
necessary constraints by monitoring the robot movement while searching for the
optimal gains and stopping the movement if any unstable situation is detected.
First constraint that comes into mind is to avoid big deviations from the desired
trajectory. Similarly, it is helpful to restrict the controller output by allowing a
maximum torque limit in order to avoid actuators saturation. Another important
constraint is to avoid exciting dangerous oscillations by high gain values.

Detecting violations of the error and the torque constraints can be done
simply by comparing the absolute values of the position errors and the motor
torques to predefined maximum limits emax and τmax respectively. A bigger chal-
lenge, however, is to detect oscillations in the robot movement. This can not be
done analytically because no model of the robot dynamics is available. Besides,
oscillations must be detected online, in order to stop the robot directly and avoid
any possible damages.

We introduced in [23] a method to detect oscillations, which is basically based
on the indexes introduced in [8] and [9]. The general concept will be summarized
here, further description can be found in [23]. The main idea to detect oscillations
is to divide the signal into positive and negative regions separated by zero-
crossing points. If the signal is oscillating, then the regions between the zero-
crossings will show some form of similarity between each other regrading their
IAE values and the time intervals between the zero-crossings. Besides, the IAE
values will be high enough to form the oscillating movement as shown in Fig. 1.
From this perspective, one can define an index to detect oscillations based on
the following equations:

hA(Nzc) = #
{

i <
Nzc

2
;Ai < Ai,max ∧ α <

Ai+1

Ai
<

1
α

∧ γ <
δi+1

δi
<

1
γ

}
, (3)
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hB(Nzc) = #
{

i <
Nzc

2
;Bi < Bi,max ∧ α <

Bi+1

Bi
<

1
α

∧ γ <
εi+1

εi
<

1
γ

}
, (4)

h(Nzc) =
hA(Nzc) + hB(Nzc)

Nzc

, (5)

where #S denotes the number of elements in the set S. Ai is the IAE of the
positive area i of the error signal, Bi is the IAE of the negative area i of the error
signal. δi and εi are the time durations of the positive and the negative areas
i, respectively. Nzc is the number of the considered successive zero-crossings.
0 < α < 1 and 0 < γ < 1 are tuning parameters define the degree of similarity.
Amax and Bmax are maximum limits of IAE of the regions between the zero-
crossings. Theses limits are defined as follows:

Amax,i, Bmax,i =
∫ Δtzc,i

0

0.01emaxsin(
πt

Δtzc,i
)dt =

0.02Δtzc,iemax
π

, (6)

with Δtzc,i being the time between the zero-crossings i and i+1, and emax is the
previously defined limit of the position error.

Fig. 1. The proposed oscillation detection method from [23] and based on [8].

It was suggested in [8] to chose α = 0.5 − 0.7 and γ = 0.7 − 0.8.
In order to guarantee that the error signal will oscillate around the zero

value, it is chosen to use the difference between the error signal and its mean
value e(t) − mean(e(t)) instead of using the error signal itself. Subtracting the
mean value will rescale the oscillating signal around the zero axis.

The proposed procedure to detect oscillations is then achieved by the
following steps:

1. After the beginning of the robot movement, record the values of the position
error through a long enough period ΔT . A reasonable value of ΔT is 0.1Ttot−
0.2Ttot, where Ttot is the total duration of the robot movement.
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2. Calculate the function ezc(t) = e(t) − mean(e(t)) along the period ΔT .
3. Determine and count the zero-crossing points within ΔT , and calculate the

values A, B, δ, ε between these points.
4. For every Nzc successive zero-crossings, calculate hA, hB and h.
5. If h > hmax, oscillations exist and the movement must be stopped immediately.

Otherwise, record the values of the position error for the next period ΔT and
repeat the previous steps until reaching the end position of the robot.

It was suggested in [8] to choose hmax ∈ [0.4 − 0.8] and Nzc ≥ 20.

3 Particle Swarm Optimization

After defining the optimization problem and the necessary constraints, it is pos-
sible to choose one of the global optimization algorithms to find the optimal
gains. The chosen algorithm in this work is the particle swarm optimization
(PSO).

The PSO, first introduced in [7], is a population-based algorithm simulating
the movement of a swarm of particles in a predefined space. After a number of
iterations, the particles are attracted towards the best location which represents
in the ideal case the global optimum.

The PSO has many features that make it efficient in solving optimization
problems, e. g. it has less parameters to be identified in comparison with other
optimization algorithms and has a very high success rate in finding the global
minimum [20], and it has also a relatively high convergence speed to a near
optima [1].

PSO has attracted a lot of research efforts, where also different versions and
modifications have been proposed. Recently, optimization problems with multi-
objectives have been taken into account and different approaches are proposed
to form a multiobjective PSO (MOPSO).

The problem in hand is complicated, and performing the optimization with
respect to only one objective function (IAE) may not achieve the desired task
(trajectory tracking) perfectly. For example, an oscillating error signal around
the zero-axis could have lower IAE than a signal with a steady-state error.
However, it might be more desirable to tolerate a small steady-state error than
to allow oscillations in the movement. This work gives two possible approaches
to address the problem. In the first approach, the auto-tuning is performed by
considering only IAE as an objective function, while trying to avoid undesirable
oscillations by defining an oscillation constraint. In the second approach, a second
objective function is added to the first one. The second objective function is the
sum of the variations in the controller output and is defined in Subsect. 3.2. The
two objective functions contradict each other and, therefore, the optimization
problem becomes multiobjective and is solved by finding a set of Pareto-front
positions.
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3.1 Optimization Using PSO

In the first implementation, only one objective function is considered which is
the integral of the absolute error IAE. For every iteration of the PSO algorithm,
every particle of the swarm will have a new position and velocity assigned to it
based on the following equations:

V j(i + 1) = ωV j(i) + c1γ1(Pj(i) − X j(i)) + c2γ2(G(i) − X j(i)) , (7)
X j(i + 1) = X j(i) + V j(i + 1) , (8)

where i indicates the current iteration, j indicates a particle of the swarm, X j(i)
is the position vector of the particle j, V j(i) is the velocity vector of the particle
j, c1 and c2 are the cognitive and the social acceleration coefficients respectively,
ω is the inertia factor and γ1 and γ2 ∈ [01] are random variables with uniformly
distributed values.

There is no standard way to choose the swarm size and the maximum num-
ber of iterations. However, both parameters must be high enough in order to
guarantee a convergence of the objective value toward the global minimum.

The inertia weight is defined to be a linear decreased function as follows:

ω = ωmax − (ωmax − ωmin)Ni

Nmax

, (9)

where Nmax is the maximum number of iterations, Ni is the current number of
iterations, ωmax and ωmin are the maximum and the minimum values of the inertia
weight respectively. The chosen values in this work are ωmax = 0.9 and ωmin = 0.4
as it was suggested in [21].

Based on the stability conditions that was introduced in [18], it is possible to
define the parameters c1 and c2 in a way that guaranties a convergence toward
an equilibrium point eventually. These conditions are:

0 < c1 + c2 < 4 , (10)
(c1 + c2)

2
− 1 < ω < 1 . (11)

Considering that ω ∈ [0.4 − 0.9], choosing c1 = c2 = 1 is suitable.

3.2 Optimization Using MOPSO

In the second implementation, a second objective function beside IAE is consid-
ered. This function is meant to limit the variation of the control action, which
may change rapidly if the controller gains have very high values. This function
is defined as follows:

f2(i) =
i=M∑
i=1

|τ i − τ i−1| =
i=M∑
i=1

|Δτ i| , (12)
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with τ i being the torque vector of the robot’s joints, M being the total number of
measurement samples during the robot movement, and i an index of the samples.

In this work, the MOPSO algorithm defined in [4] is applied. The only mod-
ification made here is to ignore the mutation step which is used to prevent the
fast convergence of the algorithm. An external repository is used to store the
nondominated solutions and an adaptive grid is constructed to produce well-
distributed Pareto-fronts. The main contribution of this work is to adapt both
PSO and MOPSO to form a practical auto-tuning mechanism for PID controller.
The unusual form of the considered constraints requires a special method of han-
dling for these constraints, which is introduced in the next subsection.

3.3 Constraints Handling

The mostly used methods to handle constraints in traditional optimization prob-
lems are either penalty-based methods, where a penalty value is added to the
objective function depending on the violation of the constraints, or methods that
try to define the feasible regions in the search space and restrict the optimization
parameters to be always inside these regions. Unfortunately, the practical nature
of the optimization problem in this work makes both methods unsuitable. As it
was mentioned before, if one of the constraints is violated, the movement of the
robot must be stopped immediately, whereas the objective function must be cal-
culated along the entire trajectory for comparability, therefore, no penalty-based
method can be used. Besides, the feasible region cannot be defined theoretically
in advance and the only way to detect a violation of constraints is by performing
the movement that results according to the particle position.

The here proposed method to handle the constraints is inspired by the work
in [22], where some modifications of the optimization algorithm are suggested.
The handling method is done after considering the following simplifications:

– Assuming that the coupling effects between the robot links can be ignored, one
can state, that only the gains Kl

p, Kl
d and Kl

i of the corresponding controller
of link l are responsible if a violation occurs and, therefore, only these must be
modified, i.e. handling the constraints can be done by modifying the particle
position in only three dimensions.

– There is only one continuous feasible region inside the search space, i.e. if a
particle moves in a direction that leads to a constraint violation, continuing to
move the particle in the same direction will also lead to a constraint violation.

– Most of the initial swarm positions are located inside the feasible region.

Figure 2 demonstrates the case of a particle outside the feasible regions. For the
sake of simplicity, the third dimension corresponding to Kl

i is not shown.
Based on the introductory simplifications, a proper method to bring the

particles back to the feasible region can be achieved as follows:
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If one of the constraints of the link l is violated, the exploration term (ωVl)
for the corresponding dimensions are set to zero, which will restrict the next
movement to be only influenced by the personal and the global best positions.
Off course these positions are located in the feasible region, therefore, the resulted
velocity vector will bring the particle back to the feasible region.

Fig. 2. Constraints handling method from [23].

The assumption of having only one feasible region is a reasonable assumption,
because it indicates that if a gain value violated one of the constraints after it
was increased, then continuing to increase it (while keeping the other gains with
the same values) will keep violating this constraint. The same applies for when
the gain is decreased.

Based on the foregoing, it is now only required to locate the initial swarm
inside the feasible region. A simple strategy is to define only one suitable position
K 0 = {K p,0,K d,0 K i,0} (e.g. by tuning the controller through trails and errors).
For the other particles, one can define an interval ±Δk in the neighborhood of
this position, let it be for example [K 0 − ΔK ;K 0 + ΔK ]. Finally, random
initial positions can be allocated with a unified distribution in this interval. It
is possible that some of the initial positions may violate one or more of the
constraints (if the chosen interval is too large), however, they will return in the
following iterations to the feasible region thanks to the proposed method.

4 Experimental Results

The proposed tuning method is tested on a 7-DOF robot, which is built of
specially designed modules called PowerCube from the company “Schunk”. To
validate the efficiency of the proposed auto-tuning method, several experiments
are performed. In these experiments, PID controllers are used to control the
joints (3, 4, 6) which are shown in Fig. 3. All the joints here are rotational and
actuated by brushless dc-motors.
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Fig. 3. PowerCube Robot from [23].

In the first experiment, point-to-point trajectories with sinusoidal velocity
profiles are chosen as desired trajectories, see Fig. 4a. Only one objective function
is defined as follows:

f1(i) = IAE =
M∑
i=1

|e3(i)|ΔT +
M∑
i=1

|e4(i)|ΔT +
M∑
i=1

|e6(i)|ΔT , (13)

where ek(i) is the measured position error of the joint k, ΔT is the sample time,
M is the total number of measurement samples during the robot movement and
i is an index of the samples. To define the constraints for the chosen joints, the
value emax = π

90 ≈ 0.035 rad is chosen as the maximum limit for the position
error. The PowerCube modules provide the user with current measurements for
every motor instead of torque measurements, that is why a maximum current
constraints is used in the experiment instead of a maximum torque. The maxi-
mum allowed current in all the modules equals 15A, but to insure more safety
conditions, only the half of this value is defined as the current limit (Imax = 7.5A).
Oscillations detection is performed as described previously by determining every
20 consecutive zero-crossings (Nzc = 20) from the rescaled error signal ezc(t) and
calculating the oscillation index value h(Nzc). if h(Nzc) > 0.6 then oscillations
are considered to be occurred and the movement of the robot must be stopped.

For this first experiment, PSO algorithm is applied with a swarm size of
10 particles and a maximum number of generations equals 20. To define initial
positions for the particle swarm, an acceptable set of gain values are defined
through trials and errors which are kp,0 = [90, 60, 120], kd,0 = [5, 2, 8] and
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(a) Desired Trajectories (b) Convergence of IAE

(c) Position Errors

Fig. 4. Optimization of PID controller for a point-to-point movement using PSO, with
(a): the desired trajectories of the point-to-point movement, (b): the convergence of
IAE after 20 generations and (c): the position errors corresponding to the optimal PID
gains in comparison to the position errors of the initial gains.

ki,0 = [2, 1, 1]. Based on these values, three intervals for the initial gains are
defined as follows: [kp,0 − kp,0/2; k p,0 + kp,0/2], [kd,0 − kd,0/2; k d,0 + kd,0/2] and
[ki,0 − k i,0/2; k i,0 + ki,0/2].

The initial positions were then determined randomly from inside these inter-
vals with a uniform distribution. The search space for the kp gains is defined
to be [1; 500] and for the kd and ki gains [0; 50]. I. e. the maximum gain limits
are chosen to be relatively high compared to the initial gains in order to give
the particles enough space to find the optimal gains. However, the maximum
velocity value Vmax is set to be equal 20% of these maximum limits in order to
avoid big leaps in particle movement.
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(a) Desired Trajectories (b) Convergence of IAE

(c) Position Errors (d) Position Errors after Changing h

Fig. 5. Optimization of PID controller for a circular movement using PSO, with (a):
the desired trajectories of the circular movement, (b): convergence of IAE After 20
generations, (c): position errors corresponding to the optimal PID gains in comparison
to the position errors of the initial gains and (d): position errors corresponding to
hmax(Nzc) = 0.4 in comparison to the position errors of hmax(Nzc) = 0.6.

After applying the search algorithm, the following optimal gain values have
been found: kp = [249.1, 109.9, 312.9], kd = [0.2, 1.1, 12.4] and ki = [2.1, 2.4, 4.8]
with the minimal objective value of IAE = 0.0255 rad s.

The convergence of the objective value during the searching procedure is
shown in Fig. 4b, while Fig. 4c shows the position error diagram according to the
optimal gain values in comparison with the position error of the initial gains.
The accuracy of the tracking is clearly improved after the optimization. However,
low-amplitude oscillations started to appear on the third joints.
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(a) Pareto-Front Solutions (b) Current Signals

(c) Position Errors

Fig. 6. Optimization of PID controller for a circular movement using MOPSO, with
(a) the Pareto-Front solutions after 30 generations, (b): current signals corresponding
to the optimal gains from MOPSO in comparison to the current signals from PSO and
(c): position errors corresponding to the optimal gains from MOPSO in comparison to
the position errors from PSO.

In the second experiment, different desired trajectories are applied, which
are shown in Fig. 5a. These trajectories generate a circular movement of the
end effector. The same setup of the first experiment (constraint limits, swarm
size and maximum number of generations) is applied here. The initial gains are
defined based on trials and errors to be: kp,0 = [140, 120, 140], kd,0 = [1, 2, 2]
and ki,0 = [1, 1, 1]. The initial positions of the particles are then determined
using the same previous interval. After doing the search for 20 generations, the
objective value converged as it is shown in Fig. 5b and reached the value: IAE =
0.0692 rad s which indicates a good improvement compared to the initial gains
as shown in Fig. 5c. The resulted optimal gains are: kp = [286.9, 121.9, 371.2],
kd = [0.4, 0.1, 1.5] and ki = [2.2, 1.3, 1.6]. It is noticeable that low amplitude
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oscillations still exist despite the used oscillation constraints. This indicates that
the search algorithm pushed the gains (especially the proportional gains) to
the limits where it excite oscillations under the tolerated limits. In order to
demonstrate the effect of the oscillation index on the oscillations, a lower max-
imum limit is defined in the third experiment to be (hmax(Nzc) = 0.4. I.e. the
conditions to detect oscillations will be more restrictive with respect to the tol-
erated oscillations. After that, the search for the optimal gains is repeated by
keeping the other settings exactly the same as in the second experiment. After
20 generations, the following optimal gains resulted: kp = [188.8, 144.5, 246.7],
kd = [2.1, 0.8, 1.7] and k i = [0.9, 0.6, 1.1]. As expected, the final value of the
objective function IAE = 0.0869 rad s is higher compared to the previous value.
However, the oscillations are clearly reduced after changing the oscillation index
as shown in Fig. 5d.

In the fourth experiment, the auto-tuning is handled as a multiobjective
optimization problem. The second objective function is calculated as follows:

f2(i) =
N∑

i=2

|I3(i) − I3(i − 1)| +
N∑

i=2

|I4(i) − I4(i − 1)| +
N∑

i=2

|I6(i) − I6(i − 1)| .

(14)
Again, a swarm of 10 particles is generated with same configuration as in

the previous experiments. The main difference here is that not only one global
optimum is searched but a group of solutions being called the Pareto-front solu-
tions. Finding sufficient number of the Pareto-front solutions usually require
more swarm generations compared to the normal PSO algorithm. Therefore, the
maximum number of generations is increased to 30 which means that the robot
performs the movement 300 times. After finishing all the iterations, a set of
Pareto-front solutions is determined as shown in Fig. 6a. To compare the results
from this method with the results of the last experiment, the Pareto-front posi-
tion that achieved the best tracking accuracy (lower IAE value) is chosen as the
best solution, because improving the accuracy is still considered the main and
the most important objective. The optimal gains corresponding to this position
are: k p = [97.8, 115.48, 131.47], kd = [2.3, 2.3, 2.1] and ki = [2.9, 2.7, 3.1]. Figure
6b shows the controller output of this Pareto solution compared to the output of
the optimal gains in the third experiment. Adding the second objective function
reduced the variation in the controller action. However, it also led to much lower
accuracy (IAE = 0.1559 rad s) as shown in Fig. 6c. This is expected because of
the trade-off between the two objective functions. So on one hand, taking the
variance of the controller action into consideration makes the searching algo-
rithms safer and stabler, because the algorithms does not push the gains to the
limits of the feasible regions, and at the end it gives a group of solutions with
different accuracies. On the other hand, using only one objective function led to
better accuracy (two times better than MOPSO), but also led to higher oscilla-
tions and more variations in the controller output. A suggestion to get the best
results might be to combine the two methods. First applying the MOPSO will
show the boundaries between the two objective functions. Then one can define
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a maximum value of f2(i) based on the Pareto-fronts and set it as an additional
constraints for PSO, then PSO can be implemented to get the best possible
accuracy under this new constraint.

5 Conclusion

In this paper, an auto-tuning method of PID-controllers for robotic manipulators
has been proposed. The suggested approach includes two implementations of a
global optimization algorithm. In the first one, the particle swarm optimization
is applied to find the optimal control parameters, while in the second one, a mul-
tiobjective PSO is applied. The main contribution of this work was to address
the challenges arising, when using real experimental data for auto-tuning of PID
controls. This includes necessary methods for guaranteeing stability and safety.
Therefore, approaches for applying constrains, such as the maximum position
error, the maximum joint torque and the oscillation constraint, have been pro-
posed and tested. Additionally, a suitable way to handle these constraints has
been suggested. Finally, the proposed approach has been experimented success-
fully on a real robot by applying different trajectories and different settings of
the tuning method. Using PSO has improved the tracking accuracy but also led
to low-amplitude oscillations and to high variation of the control action. Adding
a second objective function and performing the tuning through a MOPSO algo-
rithm generated a set of Pareto-front solutions with lower variation of the control
action but also led to a lower accuracy in comparison to PSO.
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14. Llama, A.M., Kelly, R., Santibañez, V.: A stable motion control system for manip-
ulators via fuzzy self-tuning. Fuzzy Sets Syst. 124 (2001)

15. Melek, W.W., Goldenberg, A.A.: Neurofuzzy control of modular and reconfigurable
robots. IEEE/ASME Trans. Mechatron. 8(3), 381–389 (2003)

16. Nahapetian, N., Motlagh, M.J., Analoui, M.: PID gain tuning using genetic algo-
rithms and fuzzy logic for robot manipulator control. In: International Conference
on Advanced Computer Control, 2009. ICACC’09, pp. 346–350 (2009)

17. Ouyang, P., Pano, V.: Comparative study of DE, PSO and GA for position domain
PID controller tuning. Algorithms 8(3), 697–711 (2015)

18. Perez, R., Behdinan, K.: Particle swarm approach for structural design optimiza-
tion. Comput. Struct. 85(19), 1579–1588 (2007)

19. Pierezan, J., Ayala, H.H., da Cruz, L.F., Freire, R.Z., Coelho, L.D.S.: Improved
multiobjective particle swarm optimization for designing PID controllers applied
to robotic manipulator, pp. 1–8. IEEE (2014)

20. Rezaee Jordehi, A., Jasni, J.: Parameter selection in particle swarm optimisation:
a survey. J. Exp. Theor. Artif. Intell. 25(4), 527–542 (2013)

21. Shi, Y., Eberhart, R.C.: Parameter selection in particle swarm optimization. In:
International Conference on Evolutionary Programming, pp. 591–600 (1998)

22. Venter, G., Sobieszczanski-Sobieski, J.: Particle swarm optimization. AIAA J.
41(8), 1583–1589 (2003)

23. Zidan, A., Kotlarski, J., Ortmaier, T.: A practical approach for the auto-tuning of
PD controllers for robotic manipulators using particle swarm optimization. In: 14th
International Conference on Informatics in Control, Automation and Robotics, pp.
34–40 (2017)

lounis.adouane@uca.fr



ATLASCAR: A Sample of the Quests
and Concerns for Autonomous Cars

Vitor Santos(B)

Departament of Mechanical Engineering/IEETA, Universidade de Aveiro,
3810 Aveiro, Portugal

vitor@ua.pt

Abstract. The ATLASCAR project started in 2010 as an engineering
and scientific project at the University of Aveiro, Portugal, with the goal
to develop a system to study and improve autonomous driving and driv-
ing assistance capabilities. The focus was made both at the engineering
level to develop a real scale instrumented and automatic vehicle pro-
totype, and at the research level for advanced perception and system
command using a rich set of sensors and the associate computational
and software architecture. Besides the expected challenges, new fronts
appeared and a set of concerns has been studied which lightened up
challenges that will certainly continue to drive other authors and tech-
nological players concerned with autonomous cars and the automotive
industry.

1 Introduction

Autonomous cars have become an irreversible trend in the modern world society
from several points of view, and will be one of the most relevant topics in mobility
and transportation in the near and long term future. However, despite the many
solutions and prototypes that have been rising in a growing set of countries
in the last years, no definitive and universally usable solution has been made
available by automotive companies or research laboratories. The issues of vehicle
control are perhaps the best solved due to a long term research in engineering
and actuators technology, but what still remains as a challenge is the reliable
awareness of the vehicle in what concerns the dynamic and complex environment
where it is embedded, namely in urban scenarios. This concern is related mainly
to robust and reliable perception and data processing.

ATLASCAR is a project born in 2010 where many engineering issues had
to be solved, but that represent only by themselves too little as far as pushing
forward the state-of-art is concerned. What possibly emerged from this project
as contributions useful to other authors and researchers are the options in the
system architecture, but mainly the study of a set of problems less frequently
addressed, and that can make a difference in the long term intelligent vehicles.
Some simpler examples are proprioceptive issues such as the automatic calibra-
tion of multi-modal sensors or the measurement with high precision of the vehicle
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orientation on the road plane, up to concerns of pedestrian posture detection to
predict their behaviour, or how to automatically merge into the traffic flow with
other moving vehicles. Pushing the challenge even further, assessing the driving
typology or characteristics of the driver navigation behaviour may point to a new
level of driving assistance. Actually, although autonomous driving is sought and
desired by many, it is expectable that future cars will allow at least two control
modes: automatic or manual with advanced assistance systems. So, this ability
to assess and monitor the driver behaviour and driving typology may open the
way to some sort of predictive and adaptive driver assistance systems, which is
so important as the autonomous driving capabilities of the car.

This papers covers the main topics of the keynote lecture presented at
ICINCO 2017 international conference that took place in July in Madrid. These
topics are mainly the general issues of autonomous driving pursuit, a brief back-
ground of the ATLASCAR project and the first ATLASCAR vehicle, followed
by the basic technologies in ATLASCAR1 prototype and by more advanced fea-
tures, mainly in perception; a second ATLASCAR vehicle is briefly presented
and a short forecast of the future is left in the end. Figure 1 shows the two first
prototypes of the ATLASCAR project.

Fig. 1. The two first prototypes of ATLASCAR. On the left the original ATLASCAR1,
a gasoline-based adapted vehicle; on the right, the ATLASCAR2, a fully electric car.

2 The Long Wait for Autonomous Cars

Autonomous cars are a long time dream, and perhaps the earliest most relevant
realistic expectation was drawn by General Motors for Futurama, the 1939 New
York World’s Fair where driverless cars were forecasted for the forthcoming years
of the 1960s’ [1]. Curiously, those simplistic plans did not take place during those
expected 20 years, neither during the following 50 years, and humans have com-
plicated the challenge; indeed, instead of using dedicate lanes for driverless cars,
researchers and automotive companies struggle to make autonomous cars coex-
ist with human driven cars in common environments. Many of those companies
carry out tests, mainly in California, of autonomous driving with special gov-
ernmental licenses to do so: examples include BMW, Bosch, GM Cruise, Ford,
Google/Waymo, Honda, Nissan, among others [2].
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Despite the existing limitations on definitive autonomy for driverless cars,
regulations for the public deployment of such solutions are being issued and,
once again, with the state of California in the front line [3]. Indeed, driverless
cars are attracting interest and attention in many fronts of the society, as can
be inferred, for example, in numerous sessions of the popular TEDx talks, such
as [4–6], just to name a few.

As probably occurs in many other endeavours, in autonomous driving devel-
opments, as happens in ATLASCAR and possibly in many other similar projects,
the challenges can be divided in the following main categories:

Technology and Engineering. What can be done right now if there is
funding!

Scientific Challenges. What can’t yet be done even if there is funding!
Social and Legal Issues. What can and can’t be done, irrespectively of the

funding, but that does not depend only on the researchers!

As mentioned, the ATLASCAR project is no exception when facing chal-
lenges in all the three categories, but as funding was limited, no distinctive
breakthroughs were expected in the first category. So, this paper will mainly
focus on the second category, which explores solutions potentially more useful
for other researchers in the community. Naturally, issues on the third category
were limited, but the concerns to keep the car abiding to regulations and homolo-
gation requirements has always been in the top of the list of priorities.

3 Context and Short History of ATLASCAR

The ATLASCAR project forked in 2010 from the parent ATLAS project that
started in 2003 at the Laboratory for Automation and Robotics (LAR) at the
University of Aveiro. This laboratory was created in 1997 with the main interest
in autonomous navigation of robots. The framework soon became the compe-
titions of small car-like robots where, besides many other prizes, 6 first prizes
in annual national competitions were achieved. Those championship titles were
obtained at the Portuguese National Autonomous Driving Challenge for 6 suc-
cessive years from 2006 to 2011.

By that time, the first ATLASCAR vehicle was being developed, and in
2011 it participated in a free format robot competition (FreeBots2011) where it
achieved a first prize as well. The car was able to produce the first autonomous
manoeuvres, but the main features were its perception capabilities, with an
advanced monitoring interface and image analysis. Perhaps its most daunting
capability was the autonomous safe pursuit of a pedestrian [7].

The first public live demonstration of ATLASCAR1 took place in March
2010 at the Portuguese Robotics Open where the early perception units, such as
visual, infrared, stereo, and 3D point cloud were shown live.

The actual automation and automatic actuation of the car took place after-
wards (2011 and later) with the remainder developments. Several relevant inter-
ventions [8] allowed the first teleoperation of ATLASCAR with direct control of
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the driving wheel and pedals with a gamepad [9,10]. Some experiments proved
to be challenging tasks for a human operator due also to the absence of force
feedback!

Another historical moment was the full automation of the gear changer that
allowed parking, backwards motion and motion reversing [11].

Technical and infrastructural issues coexisted permanently with scientific
developments, and ATLASCAR1 served its purpose for some years becoming
nonetheless progressively more difficult to operate. Therefore, a new develop-
ment was required and in 2016 appeared the ATLASCAR2. It is a modern
electric vehicle where the research solutions developed for ATLASCAR1 are to
be migrated (Fig. 1).

4 Some Basic Technologies of the ATLASCAR Project

The ATLASCAR1 required a great deal of intervention to prepare it for
autonomous driving challenges because it is a conventional medium size van,
and gasoline powered car; furthermore, it has fully manual gear, and possesses
minimal electronics and automation!

4.1 Electric Power and New Actuators

Additional electric power was necessary for sensors and computers (about 2 kW),
and profound interventions on the power generation and distribution had to be
done. An additional alternator (up to 200 A @ 12 V) was installed on the main
internal combustion engine cabinet, and a switching board and cablings ensured
power regulation and distribution [12].

Additionally, numerous actuators add to be inserted to automatically activate
ignition, throttle, clutch, brake, parking brake, gear, lights, etc., by means of
computers programs.

4.2 Sensors

Concerning the sensors (for proprioception and exteroception) the following were
installed or tested. For exteroception, vision based sensors with wide angle and
foveate cameras, creating an active perception enabled unit, a thermal camera,
and a stereo camera were installed. For LIDAR sensors the system comprises
a custom developed 3D laser scanner with a spinning SICK LMS 200 [13], an
Hokuyo UTM30-LX for short range road profiling, and two SICK LMS 151 for
longer range 2D space perception.

For the proprioception and localization components, the following was
installed: an inertial measurement unit, a GPS receiver with a high gain antenna,
a custom wheel odometer and a steering wheel monitor, along with a specially
developed system to monitor distances to the ground with large precision in four
points beneath the car.
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4.3 Computational Architecture

The software and computational architecture for the entire system was based
on a distributed solution, and the initial approach (2010–2011) used the core
from IPC (latest version found at [14]) developed by R. Simmons after earlier
works [15], along with some methodologies from CARMEN, The Carnegie Mellon
Toolkit [16] that uses IPC wrappers with several modules duly adapted for the
early ATLASCAR architecture (LIDAR, camera, etc.). The solution also includes
a parameter server and other facilities, as described in [17].

In a later phase (after 2011) the entire architecture was migrated to ROS
(Robot Operating System) [18], and represented a major progress in the devel-
opment and implementation of solutions in a cooperative framework.

5 Some Challenges Addressed in the ATLASCAR
Project

The following sections will briefly enumerate some of the challenges addressed
and applied in ATLASCAR, and they represent the core of this paper. To keep
the text short, the format of each section will include the statement of the prob-
lem, the implemented solution, some comments on that solution and illustrative
images, as well as references the main publications of the group on that subject.
No particular order for the presentation of each section was adopted.

5.1 Self-calibration of Multi-modal Sensors

Problem: Represent all sensor measurements in the same reference frame.

Implemented Solution: Use a known object in motion (large sphere) whose centre
is detectable by each sensor (Fig. 2).

Fig. 2. Sensors in ATLASCAR1 and illustration of the calibration process using a
sphere and a manual ground truth for the position of the ball in front of the car [19].

Comments: This is an alternative solution to manual calibrations and external
sensors. Although limited and not fully 6-DOF automatic calibration of visual
and LIDAR sensors, the results are useful. More details in [19–22].
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5.2 High Precision Orientation of the Vehicle on the Road Plane

Problem: Use vehicle orientation to correct and process exteroceptive data to
perceive the road.

Implemented Solution: Measure chassis distance to road in 4 defined points of
the car (Fig. 4).

Comments: This technique is an alternative to high end Inertial Measurement
Units (IMU), and is indicated to measure car angles, though less reliable on
irregular grounds near tire contact points. The car has many coordinate systems
(Fig. 3) perfectly defined among them, but possibly with an unknown position
relatively to the ground plane where the car lays. Hence, this system measures
car tilt and roll on road plane by using 4 range sensors that are placed under
the car. Very precise measurements of tilt and roll are possible. Simple low cost
infrared sensors were used, but others are also possible. More details in [23,24].

Fig. 3. A rich set of reference frames. The car reference frames are known, but their
relation to the road plane may change with car motion (suspension) [23].

Fig. 4. Sensors to measure car roll and tilt and their placement beneath the car [23].
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5.3 Road Profiling

Problem: Describe the imminent navigation ground conditions: the road surface,
positive and negative obstacles.

Implemented Solution: Integration of odometry, car pose, and laser range finder
data from a planar laser sensor on the roof top of the car pointing to the ground
about 10 m ahead.

Comments: This solution is an alternative to 3D LIDAR or stereo imaging of the
ground. Stereo imaging may be a viable solution, but LIDAR is more precise.
Rangers such as Velodyne would give more data, but their cost is much higher.
The approach assumes the road in the car vicinity is flat. Nearby street features
(side-walks, curbs) and obstacles (cars) are distinguishable for further process-
ing (Fig. 5). The change in the car pitch or roll during braking or curving, is
compensated using the system described in Sect. 5.2. Naturally, faster velocities
will result in less dense representations. More details can be found on [23].

Fig. 5. Example of road profiling with view point from the car on the right.

5.4 Efficient Environment Reconstruction

Problem: Data reduction of abundant 2D and 3D data from sensors for faster
representation and subsequent processing.

Implemented Solution: Use polygonal primitives with texture.

Comments: The problem is very complex and the solution is limited mostly
to convex planar surfaces. Results are usable for fast planning, but limited for
environment faithful representation. The main key point is to reduce 3D LIDAR
data to polygons. Validation tests were done using data from DARPA challenge
logs since this amount of 3D LIDAR data was not yet available in ATLASCAR
(Fig. 6). More details can be found in [25–27].

lounis.adouane@uca.fr



362 V. Santos

Fig. 6. LIDAR 3D data reduced to planar geometric primitives with texture [25].

5.5 Pedestrian Detection

Problem: Locate pedestrians in the navigation space of the car.

Implemented Solution: Multi channel data classification with preselection of lim-
ited image regions with LIDAR automatic target segmentation and tracking.

Comments: This is the implementation of classical approaches by combining
LIDAR segmented targets with traditional classifiers (Fig. 7). Future alternative
solutions will include classification techniques with a huge number of variants,
including Convolutional Neural Networks (CNN) and deep learning. This work
counts with several earlier contributions that range from LIDAR automatic seg-
mentation and target tracking up to image and LIDAR registration and mul-
tichannel image classification. More details concerning LIDAR and target seg-
mentation and tracking can be found in Sect. 5.8, and more details concerning
pedestrian detection using vision and/or LIDAR can be found in [28,29].

Fig. 7. Examples of pedestrian detection in outdoors and in a cluttered indoor scene
[28,29].
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5.6 Detect Pedestrians Posture to Predict Their Motion Intention

Problem: Predict the intentions of pedestrians when moving.

Implemented Solution: From point clouds obtained from stereo disparity, detect
parts of the body and their relative position to infer the most likely short-term
action (intention) of the pedestrian.

Fig. 8. The body parts to detect from point cloud (left). Shoulder detection samples;
the circular pattern is created by rotation of a preferential ellipse.

Comments: The base technique is to segment body parts which are detected
sequentially and hierarchically starting from the neck (Figs. 8 and 9). The neck
position is obtained using a sampling and scoring method reminiscent of the
Monte Carlo techniques. This method could also use as an alternative dense
3D LIDAR. The problem is still complex because of occlusions and ambiguities.
Figure 10 illustrates a sequence of pedestrian detection on data from the KITTI
dataset. More details can be found in [30–32].

Fig. 9. Two examples of body parts segmentation [30].
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Fig. 10. Example of a sequence of pedestrian detections. The clustering of the feet
position with alternating colours is clearly visible [30].

5.7 Extract Egomotion from LIDAR Data

Problem: Estimate velocity and steering angle from exteroception, namely after
two LIDAR sensors.

Implemented Solution: The technique exploits an Extended Kalman Filter
(EKF) with variants of Iterative Closest Point (ICP) algorithms, between suc-
cessive LIDAR scans (Fig. 11). The non-linear motion model of the vehicle is
also included in the process for better accuracy.

Fig. 11. Offset between successive scans. The current scan: red; previous scan: green.
Blue: result of the scan matching operation to align scans.
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Fig. 12. Ego motion from LIDAR: comparison of LIDAR extracted velocity with car
odometry (left) and of LIDAR extracted steering angle with car own sensors (right).

Fig. 13. Sort of “Global localization” with LIDAR. Integration of LIDAR egomotion:
blue is the “ground truth” by car odometry. There is a significant discrepancy, but the
goal was instantaneous egomotion, not localization! If present, GPS is usually better
for global localization than dead reckoning techniques!

5.8 Tracking Multiple Moving Targets in LIDAR Data

Problem: Segment, track and validate simultaneous dynamic targets in 2D range
data.

Implemented Solution: The technique uses data cluster, Extended Kalman Filter-
ing, multi-hypothesis management, and trees of dependent clusters with dynamic
life time (expiration), especially in the latest version of the work.

Comments: This successful technique was developed in two phases. The first
solution was based on simple clustering and target filtering by dimension and
tracking with a Kalman filter, which produced the first results, as shown in
Fig. 16 and mostly applied to pedestrian detection—this was called the Multi
Target Tracking (MTT) algorithm. In a later phase, more advanced techniques,
tuned for car-like targets and their particular motion model, were developed.
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Fig. 14. Experiment for target automatic creation and elimination using the technique
of multi-hypothesis in a path on a real road (roundabout). Besides the path performed
by the car, the image illustrates the accumulated points of road features detected with
LIDAR, but the moving targets (other cars) are excluded from the representation [30].

A more sophisticate EKF and Multi-Hypothesis management techniques pro-
duced the so-called Multi Hypothesis Tracking (MHT) algorithm. Figure 14
shows a real path executed by the ATLASCAR1 in actual traffic. The MHT
algorithm executed well in dealing with the multitude of targets with quite an
acceptable performance, as illustrated in the chart of Fig. 15. The MHT detected
a few more targets (cars) than present in the road, but filtered out many spuri-
ous measurements and false targets making it much easier to track and process
the fewer actual targets.

Comments: This is an alternative to visual odometry or to use external references
(when available). The technique has an interesting performance (Fig. 12) but
because it is an incremental process, it is possibly not suited for long term
global localization (Fig. 13), where other solutions are preferable. More details
can be found on [30,33].

This set of works is one of the most successful developments in the entire
ATLAS project. Indeed, it is used by many other packages to process LIDAR
data within the project. It manages multiple targets even with temporary occlu-
sion and variable life spans. More details can be found in [31,34–36].
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Fig. 15. Result of the MHT algorithm during the navigation experiment on the path
depicted in Fig. 14. A total of 34 actual moving targets occurred during the experiment
in real traffic condition [30].

Fig. 16. LIDAR automatic target segmentation and tracking of multiple, and possibly
occluding, agents. The real scene on the left, and on the right the detection and path
tracking by the MTT algorithm [34].

5.9 Picking and Following a Leader

Problem: Navigate a robot in a crowded or complex environment where path
planning is compromised or difficult (e.g. cars in traffic, assistant luggage carriers,
etc.).

lounis.adouane@uca.fr



368 V. Santos

Implemented Solution: Pick a moving target with an apparent similar final goal
(leader) using a specially developed algorithm with several parameters. To follow
the “best” leader, RiskRRT algorithm is used.

Comments: The initial and long term idea was to develop techniques for a vehi-
cle to move in crowded or complex environments, like joining or leaving traffic
flows. But the challenge was a bit far sighted and smaller steps were tried with
also other applications in sight. Therefore, the alternative idea was to make
a robot capable of selecting a moving target ahead as a leader and follow it.
The technique is inspired also in topics from social robotics, to avoid invading
social spaces and similar concerns. The approach selects a moving target with
criteria that include target velocity, direction of motion, distance and some other
parameters. The validation experiments were done by using a teleoperated robot
to follow people in small groups along a pathway and track them using LIDAR
data (Fig. 17). Then, off-line, after a learning phase with adaboost classifiers,
simulation tests (Fig. 18) were carried to select and change the leader dynami-
cally according to their behaviour. More details can be found in [37,38].

Fig. 17. Scene of following people to collect visual and range data. On the right a
representation of the laser measurements, showing the three tracked subjects and their
direction of motion. The robot is represented by a black rectangle [37].

Fig. 18. Simulation of the robot following and planning the path after a fast leader,
which therefore turns out to be a bad leader to be followed and a new leader is expected
to appear [37].
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5.10 Assess Driving Typology or Driver Navigation Behaviour

Problem: Assess the driving typology or characteristics of the driver navigation
behaviour.

Solution Implemented: Monitor driver actions and match them to a set of estab-
lished rules.

Fig. 19. Application to monitor driver actions. In this case, by watching the car speed
and the dynamics of other agents in the road, an alert of collision risk is issued [39].

Comments: This issue is quite broad in the sense that it concerns the direct
relation between a driver and an intelligent vehicle. Monitoring is also a form
of driver assistance but, looking further, the principle has applications also in
automatic driving teaching and driving assessment. It can be expected that one
day enforcement agents and insurance companies may require some certifica-
tion based on automatic assessment of driving ability. Another application is
also to identify a user by his/her driving style, and even adapt the driver assis-
tance dynamically. Experiments on the ATLASCAR have been limited but, by
monitoring actions on pedals, driving wheel and blinker lights, it was possible
both to identify a driver from a set of drivers previously “trained” and to detect
some relevant manoeuvres and situations, such as turn on blinker, keep safe dis-
tance from ahead, respect overtaking, collision risk (Fig. 19), etc. This issue has
a long road ahead, but preliminary results are promising. More details available
in [39,40].

6 ATLASCAR2: The Next Set of Challenges

As stated in the introduction, the ATLASCAR1 prototype has reached the end
of its life cycle and a new and more reliable vehicle is required. Anyway, most
of the described developments and techniques should migrate almost seamlessly
to this new platform. That is almost true, since new and unpredicted challenges

lounis.adouane@uca.fr



370 V. Santos

arise. After some minor, but relevant, interventions, the car is becoming ready
to install sensors and processing units, among other components.

Being electrically powered, the new vehicle for ATLASCAR2 requires much
lesser intervention to make power available for sensors and computers. Indeed,
the electric power supply is now at hand (Fig. 20) and even a 12 V source is
easily available at the car’s DC-DC converter.

Most sensors have been migrated and new ones added. Figure 21 shows the
main sensors already installed, including a 16-beam Velodyne sensor temporarily
borrowed from other collaborating researchers.

This wealth of LIDAR fulfils a total of 22 laser planar scans in activity: 16
from Velodyne, 4 from Sick LD and 2 from both Sick LMS (Fig. 22).

Fig. 20. ATLASCAR2 electric power switching unit.

Fig. 21. The preliminary new sensor setup in ATLASCAR2. A, B – Sick LMS151; C –
Point Grey camera; D – Sick LD-MRS; E – Velodyne VLP 16 (temporary experiments).
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Fig. 22. Representation of LIDAR scans in ATLASCAR2 during a calibration process.

The LIDAR coverage around the car is illustrated in Figs. 23 and 24, and
there is even some degree of redundancy.

Fig. 23. The two LMS LIDARs have a wide coverage including frontal overlap.

Fig. 24. The 4-beam LD LIDAR has narrower coverage of space than the LMS, but
covers a slight 3D area with a range of about 250 m.
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Preliminary tests have been done in real navigation and the installed sensors
seem to be operational, as illustrates Fig. 25.

Fig. 25. Snapshot of collected data from LIDAR and camera in a real navigation
session. Several road features are clearly available to assist or perform autonomous
navigation. Velodyne sensor is not present and sensor data is shown in its raw state.

Finally, four high precision sensors were added to measure car roll and tilt,
as shown in Fig. 26. These sensors have the same role has the ones described
in Sect. 5.2, although faster, more precise and more expensive, too. Their future
integration in the software architecture will allow the correction of LIDAR during
motion in the road, such as the case depicted in Fig. 25 that still shows some
misalignments.

Fig. 26. Special range sensors placed in fixed positions of the car to measure roll and
pitch with high accuracy in planar roads.
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The migration of the remainder sensors, such as GPS, is planned for the short
term as well as new developments. Access to the On Board Diagnosis (OBD)
data will be crucial for proprioception and several other applications, and that
too is planned for intervention soon.

7 Conclusion and Future Challenges

The ATLASCAR project has been an enduring challenge both at the technolog-
ical and scientific fronts. Experience gathered from ATLASCAR1 is precious for
the developments in ATLASCAR2, despite some major upgrades and change of
setup. Learning techniques (such as convolutional neural networks) will replace
traditional approaches, mainly in visual processing and that too will influence
some immediate decisions.

Generically, some topics for the near future concerning autonomous and intel-
ligent vehicles include the following:

Sensorial Redundancy. Safety and demanding environment conditions
require redundancy and multi-modality: therefore, LIDAR, vision (multi-
spectral, mono, stereo, etc.) and radar are expected to coexist in many
autonomous car set-ups.

Automatic Annotation of Data Sets. Newer learning techniques require
many examples from large annotated data sets. So, mechanisms for assisted
or automatic labelling of sensorial data will be a must in an immediate future.

Shared Driving. Driver assistance and shared driving will also be important
in transitional phases, and humans must be able to disengage the machine
and takeover, so appropriate interface and communication between man and
machine will certainly evolve soon to sophisticated levels, such as using virtual
and augmented reality techniques.

Transforming the Car Interior. The car is transforming at a fast pace, and
it will have social functions for all passengers, including the potential driver;
some companies even call the new car “the third living space”, after home
and the work place.

Security Against Remote Cybernetic Attacks. After all, the intelligent
car will be a networked computer and is therefore expected to be remotely
operated, so this concern of security is of uttermost importance.

Besides these, probably other new challenges will appear. The ATLASCAR
project will keep pursuing some of them and, naturally, aspire to contribute with
studies and solutions for the safety and well-being of drivers and passengers of
the near and also the not so distant future!
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Abstract. In life science laboratories spatially distributed automation systems
are increasingly applied to process complex professional tasks of an overall
workflow. The transportation-logistic fusion of interacting automation systems
is so far often the job of human operators who are parallel involved in regular
laboratory tasks.
This paper describes the integration of mobile robots and human operators in

a hierarchical workflow management system (HWMS) to increase the degree of
automation concerning complex process chains. Mobile robots combine dis-
tributed automation systems by labware-transportation processes and enable
automated building-wide workflows. The necessity of laboratory assistance for
transportation and assistance tasks in these workflows still remains and conse-
quently the flexible integration of human operators, via mobile devices such as
smartphones and/or tablet PCs, in the environment of life science automation
(LSA) is pursued.
Besides the infrastructure for the connection of automation systems (instru-

ments, workstations, integrated systems) also a transportation infrastructure
needs to be considered for the workflow control, which distributes and controls
transportation and assistance tasks for mobile robots and human operators. The
development of the transportation infrastructure is discussed in detail by three
potential variants. The implementation and application of the favored variant is
amplified in context with automation systems.

Keywords: Life science automation � Laboratory execution system � Mobile
robot integration � Dynamical scheduling � Human machine interaction

1 Introduction

The integration of automated workstations and their use in a 24/7 operation are basic
requirements in life science processes to increase the throughput and the processing
quality as well as to reduce the effort of monotonous processing steps and the risk of
potentially hazardous setups for assistants in laboratory environments [1, 2].

A further reason to invest into automation in life science laboratories is cost
reduction [3]. However, currently only single devices, automated workstations
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(e.g. liquid handlers including peripheral devices) and integrated automation systems
(workstations, which include one or more local transportation robots) are commonly
found in life science automation, as for example seen in [4–7]. Especially larger
systems consisting of distributed automated devices, workstations and integrated
automation systems – here summarized as automation systems – often provide unre-
solved challenges regarding their complete automation. The obvious reason for this
situation is the non-existent sample transportation control between the automation
systems and a required higher level control system (complex automation system) for
the synchronization of all sub-processes.

For preparation matters such as manual transportations or the manual supply of
resources, especially in systems with frequently changing tasks, the support of human
operators is still essential. A continuous progress of several running life-science pro-
cesses requires an appropriate involvement of the operators. The operators must always
be informed about necessary manual processing steps required to keep the process
chain running.

This article describes a development to increase the level of automation in life
sciences by setting up a hierarchical control solution combined with mobile robots and
mobile devices on the instrument layer. In modern laboratory automation systems,
these components enable a higher degree of effectiveness by reducing the waiting time
between distributed sub-processes and a higher systems integration. An additional
effect in life science processes is the transition from automation as part of a manual
chain to manual steps as an integral part of full automation. This transition is necessary
due to the fact that non-continuous interactions between human and machine processes
build a bottleneck in common workflows, especially when processes are executed
parallel by robots and involved humans. Thus, the interconnection of automated and
human-controlled sub-processes needs to be managed for a continuous effective
workflow.

The contribution focusses on alternative conceptions, the comparison of concepts
and the optimization process of the sub-issue of an intelligent transportation system for
building-wide distributed laboratory automation systems. As an extension to [8],
convenient architecture solutions for the allocation of transportation tasks between
mobile robots and human operators should be discussed in more detail. This also
includes the consideration of decoupling effects, the efficient distribution of manage-
ment tasks, the required integration effort and the scalability of the transportation
environment.

These concepts and solutions take into account the increasing distribution of mobile
digital equipment, such as smartphones or tablet PCs, in the laboratory environment. So
far, they allow to access, for example, laboratory information management systems
(LIMS) or electronic laboratory notebooks (ELN) [9] or to use the range of smart
device applications to calculate, monitor or analyze data [10]. In rare cases, mobile
device interfaces can also be found in special devices such as the Optima XPN cen-
trifuge (Beckman Coulter), which can be controlled and monitored via an iOS app [11].

In connection with the subsequently presented intelligent labware-transportation
solution, smartphones and tablet PCs are used to access the integrated workflow
information system.

Intelligent Labware Transportation Solution 377

lounis.adouane@uca.fr



2 Architecture with Embedded Variable Transportation
System

The architecture of the developed systems (as shown in Fig. 1) follows the typical
automation structure of laboratory automation. The highest level component in this
architecture is the hierarchical workflow management system (HWMS). It is located
on the workflow control layer of the structured automation. The name HWMS results
from its position and dependency on the complex hierarchically-structured subsystems
environment below and it is classified as a laboratory execution system (LES), which
corresponds to a laboratory-related manufacturing execution system (MES). A detailed
description of the HWMS can be found in Sect. 3.

On the process control layer, a general differentiation is made between transportation
and automation systems’ tasks, which is based on the two subsystem infrastructures as
follows:

• The laboratory system infrastructure consists of several instances of the process
control adapter system (PCAS), which adapts the often non-network-enabled and
non-standardized interfaces of the LSA-environment. So, the PCAS allows the
individual interaction between the HWMS and the more or less integrated
automation subsystems, controlled by domain and vendor-specific process control
systems (PCS)/scheduling systems, instrument control systems (ICS) or guidance
systems, where appropriate.

Fig. 1. Architecture of the HWMS environment in the hierarchical structured laboratory
automation with a transportation infrastructure to be discusses.
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• The transportation infrastructure assumes completely or partially the control and
the monitoring of transportation processes and additionally also assistance pro-
cesses for human operators. Three possible variants for an optimization of the
infrastructure are discussed in Sect. 2.2.

Both infrastructures comply with the adaption, monitoring and control of the required
sub-processes dependent on the orders of the HWMS and correspondingly return
process-status information. To relieve the HWMS the systems of these infrastructures
have a sufficient application-oriented intelligence to make own decisions for the han-
dling of the sub-processes.

2.1 Laboratory System Infrastructure

The PCAS allows the connection to the involved heterogeneous control systems such
as PCS and ICS. PCS are required to initiate runs of the automation systems for
complex laboratory tasks, including sample preparation, analytical measurements or
dosage and evaluation processes. Generally used PCS are complex scheduling software
systems such as SAMI® EX, Microlab® VENUS, VWorks® or Clarity [12]. Parallel
to the automation control systems with PCS properties, the integration of single devices
is also required. Single devices can be integrated via the specified manufacturer
software/ICS located on the instruments layer. Therefore, the PCAS offers the HWMS
a direct access to the instrument layer of the structured laboratory automation and
enables higher integration flexibility for the resource variety of the workflow control
layer.

A labware location guidance service (LLGS) organizes the control of special
indicator systems to simplify human-machine interactions regarding the allocation of
labware positions. The LLGS is triggered by the PCAS, which indicates required and
idle positions in the running method. This refers for example to complex labware
storage hotels (400 positions) with dynamic visual information indicating the status of
every position slot to the human operator by different colors.

2.2 Transportation Infrastructure

The transportation infrastructure to be developed needs to fulfil certain requirements to
enable the flexible transportation of labware between the spatially distributed
automation systems in an arbitrarily ordered laboratory-building complex (including
doors and elevators) either by mobile robots or human operators. The transport of
labware by mobile robots currently still requires the installation of transfer stations,
which support the secure exchange of labware with instrument systems or local robot
solutions in integrated systems. Often not all labware slots are accessible for mobile
robots and a partially reverting to manual transportations is necessary. Furthermore, the
demand to distribute assistance tasks to human operators has to be considered in order
to implement for example manual condition checks, manual system-preparation steps
and technical support.
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To forward the transportation and assistance tasks to the mobile robots and the
human operators, the following subsystems on the instrument control layer were
developed:

• The robot board center (RBC) instances control the individual labware trans-
portation process on-board of the mobile robot (H20 Robot – Dr Robot Inc.). They
handle the navigation, the pick-and-place process, door and elevator control pro-
cedures and the active collision avoidance. The RBC instances require the robot
remote center (RRC) on the process control layer as a central control system and as
an interface for the integration in automation structures [13–15].

• The mobile human operator service (MHOS) instances partly function as a
manual backup to the RBC. However, by integration of human operators, such as
laboratory assistants, MHOS is additionally able to provide orders for manual or
special tasks that cannot be performed by automated systems. The MHOS is based
on mobile devices, such as smartphones and tablet PCs, which allow the commu-
nication to a central control system [8].

To couple mobile robots and human operators, a sub-structure is required, which
satisfies requirements regarding a sufficiently flexible and load-distributing integration
solution. The RRC is the defined interface component for the mobile robots and needs
to be considered in the integration concept. For the MHOS, also a convenient central
control solution is required in order to enable an optimized distribution of trans-
portation and assistance tasks. In Fig. 2, three different solution variants are presented,

Fig. 2. Alternative variants for the transportation infrastructure (1–3) with dependent graduated
solution properties.
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which will be discussed in detail. Two of these variants additionally contain the
transportation and assistance control system (TACS), which particularly assumes
the management tasks for transportation and assistance processes.

Variant 1. In this first variant the HWMS assumes the partial management of the
transportation and assistance processes. The RRC receives transportation instructions
from the HWMS and sends detailed responses if the transportation process is executed
or aborted. The different MHOS are single-coupled with the HWMS, thus, the HWMS
decides autonomously, which operator executes which transportation or assistance
process. Due to that, the HWMS can directly influence the executing operators and
operations, can apply them dependent on process execution and can react immediately
to erroneous or rejected process executions. The disadvantage of this variant is the fact,
that the management functions for transportation and assistance processes are lifted up
to the workflow control layer and increase the requirements of the HWMS regarding
the integration of different or an arbitrary amount of execution units. Therefore, the
integration effort of this variant is comparatively high. Depending on the number of
applied MHOS instances high processing resources are required. The executable pro-
cess model in the HWMS requires relatively complex control structures to cover all
transportation tasks embedded in the process definition.

Variant 2. In the second variant the introduction of the TACS is pursued, which
supports the distribution of the transportation and assistance tasks under consideration
of variable human resources. Therefore, the TACS autonomously handles erroneous or
rejected transportation and assistance processes and forwards tasks to other available
operators. Depending on the complexity of the interfaces, the direct influence on the
operators or the monitoring of running processes remains. The HWMS only needs one
interface for the integration of several MHOS instances, which significantly reduces the
management and integration effort in the HWMS. Moreover, the TACS supports the
operation of several parallel instances, offering simpler expansion options of the
infrastructure concerning a higher number of operators.

In this variant, the management of the transportation and assistance tasks is divided
into two equally ranked subsystems (for different resource pools), whereby the trans-
portation and assistance management is increasingly decoupled from the HWMS.
However, the HWMS continuously needs to distribute the tasks between the two
subsystems and still has to consider the process execution logic, if necessary. Com-
pared to variant 1, the process definitions are reduced (given identical expert-process
requirements).

Variant 3. In the third variant the RRC is subordinated to the TACS, which assumes
the whole management and the autonomous control of the transportation and assistance
processes. Thus, the TACS contains the complete sub-process logic for assistant-
supported transportation tasks. For this variant, the HWMS only needs the interface to
the TACS, which further reduces the integration effort for the transportation and
assistance management. In this case, the TACS gets all required process information to
control the process autonomously. For erroneous or rejected transportation processes,
the TACS can switch independently between robots and human operators, in case that
both are declared for the execution by the HWMS.
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In this variant, the TACS completely separates the control and the monitoring of the
transportation and assistance processes, which further relieves the system resources of
the HWMS. The reduction of the HWMS load results from the logical decoupling of
the transportation and assistance sub-processes and has a positive effect on the real-time
behavior of the overall system. In the workflow definition of the HWMS desired black-
box effects arise for the sub-processes of the TACS, which lead to simplified expert
process diagrams. The expansion options of variant 2 also apply for variant 3. Fur-
thermore, the TACS allows the integration of several RRC instances or other sub-
systems to include further transportation units.

Summary and final decision regarding the considered variants. All considered
variants can be applied for an intelligent transportation infrastructure and essentially
differ by the properties shown in Fig. 2:

• required integration effort
• processing effort in the HWMS
• decoupling of transportation and assistance processes from HWMS (reliefs the

HWMS)
• black-box effect on sub-processes
• expansion options for the infrastructure concerning the number and the kind of

transportation units.

Without using an additional system to concentrate control and monitoring tasks for
transportation and assistance processes, variant 1 would complicate the application
with the HWMS since for this approach the majority of the processing effort remains in
the HWMS, a high integration effort exists and only insufficient expansion options are
available. Only the process overview or the proximity to the sub-processes respectively
is better compared to the other variants, due to the low decoupling from the HWMS.

In contrast to variant 1, variant 2 and 3 differ onlymarginally. Both approaches reduce
the integration effort for the HWMS significantly, and offer comfortable expansion
options.Moreover, in variant 3 the transportation and assistance processes are completely
encapsulated by the TACS and decoupled from HWMS, whereby the HWMS can be
relieved optimally. In doing so, black-box effects on complex sub-processes arise, which
support the overview for the actual expert application (target process). Thus, variant 3
offers the best properties for the application with the HWMS and is implemented
accordingly. The considerations regarding the transportation infrastructure between the
spatially distributed automation islands refer to variant 3 in the further contribution.

3 Combination of Established Automation Processes
and Transportations by a Hierarchical Workflow
Management System

LES, like the HWMS, encapsulate complex automation processes (including trans-
portation and assistance processes) and ensure a stronger decoupling of potentially
superordinated control systems (as e.g. the Business Process Management System -
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BPMS) and the required automation environment. Therefore, the HWMS includes the
complete adaption for the control and the monitoring of the heterogeneous automation
systems’ environments and simplifies the integration of more real-time sensitive sub-
processes for the end-to-end process automation [16].

The developed HWMS includes a relational recursive database, which manages loca-
tions, labware, automation systems, mobile robots, mobile devices, workflow instances
and workflow process definitions. By a web-portal the users and system administrators
can manage these environmental parameters, which are most frequently required for the
definition of new labware and for printing the appropriate barcodes. Based on these
parameters, the definition of an abstracted material flow diagram to chain distributed
heterogeneous PCS and ICS by embedding all intersystem transport tasks in labora-
tories, can be done by an integrated graphical process design tool (see Fig. 3).
Therefore, the user defines the entry points for the labware into the workflow, selects
and combines the required subsystems and determines the already prepared methods of
the PCS and ICS in the process design tool. In practice these methods are normally
created for general procedures; thus they can be used for different combinations and
applications. During the definition of the process diagram the HWMS supports

Fig. 3. Material flow-oriented process model [8].
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interactions with the subsystems to collect planning-relevant information (e.g. expected
labware start positions for the sub-processes, scheduling results for the methods of the
PCS and general status information) and to implement them in the background into the
technical and the material-flow-oriented process model as e.g. the slot positions for the
labware exchange and the number of the required labware path inputs and outputs for a
subsystems method execution (see Fig. 3). These labware paths allow to track the
involved groups of labware, which are defined by their function in the process.

The transportation tasks in the process model will be integrated implicitly by the
graphical linking of the subsystems labware path outputs and inputs (see Fig. 3). The
process-model options allow inter alia the definition of the kind of transporter (mobile
robot or human operator). In the technical process model, the feasibility of the trans-
porter decision in relation to accessibility of the slots for the transportation units will be
validated and corrected if necessary. This decision can also be passed to the TACS, if
both kinds of transporters can execute the specific task. The end point determines the
final position to which the labware will transported after the completion of the
workflow. The complexity and the required usability of the process diagram demand a
specified notation as applied, which considers the simple and intuitive integration of
transportation processes. Standards from higher level control systems, as e.g. BPMN
2.0 (Business Process Model and Notification) can be very complex especially when
several variable transportation sub-processes have to be taken into account [17].

For the execution of a planned process workflow, the material flow diagram has to
be translated in a processible format, separated in logical sub-processes (primary
divided into transport and automation system processes), and scheduled together with
all workflows to be performed to consider the individual demands of each process
workflow regarding the required resources. For the scheduling the process controller
consists of a scheduler, which works with a genetic algorithm. The result of the
scheduler represents an optimized execution order of the sub-processes in consideration
of the assigned priorities and limited numbers of resources as e.g. applicable integrated
automation systems or transport units [18].

Depending on the scheduling results the process controller verifies the subsystems
and triggers the required sub-processes of the workflows to execute arranged methods
or tasks (e.g. labware transport, pipetting process by liquid handling robots) on them,
after starting the execution by the user. The execution will be assumed by the hier-
archical structured subsystems on the subordinated layers.

The conditions of the environment can change, for example by unforeseeable
delays (which can occur especially during the transportation processes), by changings
in the number of available transportation units (robots have to charge or can be in the
maintenance status; human operators have a limited working time or have to fulfil other
tasks) or by newly started workflows, which have to be implemented in the overall
workflow. Thus, a dynamic scheduling is required [19]. This demand is solved by an
event-triggered rescheduling procedure of the overall workflow during the execution.
Triggers for the rescheduling are the mentioned changings (delays, notifications,
number of available resources, new starting workflows) which have to be monitored
continuously over the execution phase.
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4 Interaction and Communication of the System Components

The HWMS is a web-based telematics platform, which is integrated via the laboratory’s
computing environment. This platform provides the interfaces to the structured, sub-
ordinated automation systems and considers the usability of process definitions and
executions for a wide range of life-science-automation processes. Thus, the information
transfer between the HWMS and the process control layer’s front-end systems (PCAS
and TACS) is based on web-service interfaces, which allow a simple and flexible
integration of web-service providing subsystems. The HWMS uses this to send process
instructions and to request status information of the front-end subsystems to check the
execution progress and to initiate the next processes by the HWMS environment,
subsequently, following the scheduling results.

In case of the PCAS, every PCS or ICS has a preceded individual service instance,
which uses available framework interfaces or service-oriented communication to access
the automation systems for the workflow control. During the execution of sub-
processes, the PCAS observes the running process and offers status and error infor-
mation on request to the HWMS, which offers the status information to requesting
users and to resume the running workflows.

Main function of the TACS is the distribution of orders for transportation and
assistance tasks, to be executed by mobile robots and human operators. The TACS
works in one or more instances, related to the required number of mobile robots and
human operators in the environment, and accordingly offers one or more web-services
for the communication to the HWMS. Depending on the process restrictions (defined in
the process models by the user), the availability and the reliability of the different
operators for the current order, the TACS decides whether a mobile robot or a human
operator is more qualified or can finish the order faster. Furthermore, the TACS dis-
tributes assistance orders such as restocking resources at a workstation, sample
preparation, preparation of laboratory-automation systems for other processes or

Fig. 4. Comunication protocol on the basis of xml [8].
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checking their status after execution faults. These kinds of orders can often only be
done by human operators since the automation of those functions are currently not
economic or cannot be solved by machines.

The communication between the TACS and the transportation units (via RRC and
MHOS) is realized by using a flexible xml-based message protocol transmitted via user
datagram protocol (UDP) or transmission control protocol (TCP), dependent on the
unit’s type. For the control of the mobile robots, the TACS integrates the RRC as
remote station by a continuous TCP-communication to forward the translated orders
(e.g. translation of target coordinates or slot positions) to the requested robot [14]. On
the other hand, the TACS integrates the individual MHOS units based on several
mobile devices via the UDP protocol. As the UDP protocol works without a continuous
connection to the single devices an almost unlimited number of MHOSs can be handled
by the TACS. The connectionless communication of UDP is less dependent on possible
connection interruptions, which often occur when human operators leave the local
wireless network. Nevertheless, the TACS will be informed in this case, as the
MHOS’s send keep-alive signals in regular intervals.

Both kinds of transport units work with a highly structured xml-message protocol,
which contains all relevant information, such as the list of labware including the

Fig. 5. UML Sequence diagram of the communication process between HWMS and the
transportation control system [8].
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barcode and the places of source and destination. In Fig. 4 a transportation order is
shown, which is based on a multi-labware-transportation rack consisting of three
positions in the ANSI/SBS footprint dimensions for microtiter plates. These positions
permit to take microtiter plates and adapting racks for different kinds of tubes, also in
stack format.

For every sent order from the TACS a confirmation regarding the correctly received
command is expected. This implies correct decompression, completeness, and read-
ability of the message. After having finished the order, the executive transport unit will
send a confirmation back to the TACS. The communication cycle between HWMS,
TACS and both kinds of transportation units is visualized by a sequence diagram in
Fig. 5.

5 Interface for Human Operators

As an alternative to the transportation by the mobile robots, which is described more
precisely in [13, 14], human operators are still required due to arising limitations of the
availability of mobile robots, for particular processing steps and for special trans-
portation orders in life science processes. To include a group of human operators into
the automated process, every single operator needs an instance of the MHOS as sep-
arate mobile interface to receive orders from the TACS and to be flexible regarding its
current location in the laboratory building. Therefore, Android-based mobile devices
are used, which are available in different construction forms. In general, mobile devices
combine a flexible I/O-interface with high connectivity and other functionalities, such
as integrated cameras and other sensors.

Via the MHOS, the human operators are logging-in themselves to the TACS. Thus,
they are registered as being available to receive transportation and assistance orders,
under consideration of the operator’s individual role (e.g. laboratory assistant or system
administrator). All incoming orders are listed in the main view and can be selected by
the operators to see more details and further handling instructions for the required
transportation or assistance task. For the transportation orders a graphical overview is
implemented to show the expected labware positions on the transportation racks for the
respective processes on the destination side. This expected labware arrangement is
defined during the preparation of an operation method on the automation system and
needs to be maintained to avoid mistakes and to prevent the automation system from
re-sort processes, especially if the space is limited. Each arrangement consists of up to
three stacks and each stack allows taking up to ten single microtiter plates or other
labware (see Fig. 6).

To reduce the effort for the human operator, the mobile device camera is used to
identify the barcodes of the labware and to allocate labware to positions in the
arrangement, when the positions are allowed to be edited. This appears when an
automation system is equipped with empty labware of the same type. In this case, the
MHOS’s initialize the start position for the labware by the barcode to track the sample
across the overall process.

Additionally to transportation orders also orders for assistance tasks can be received
from MHOS. In this case, a list of the required tasks is transferred, which has to be
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performed and subsequently confirmed by the human operator. In Fig. 6 a list with
assistance tasks in the MHOS is shown, which includes detailed information or
instructions for every single task.

Furthermore, the HWMS and even the integrated process and master data man-
agement are available via the web browser on the mobile devices and allow the human
operators to register and adapt required process parameters as for example the defi-
nition of new introduced labware.

6 Conclusion

In the laboratory automation a trend to continuous workflow automation can be
identified. In doing so, usual automation islands are interconnected in terms of control.

The contribution deals with the integration of mobile robots and human operators in a
distributed life science automation (LSA) environment. The aim of the development is
the combination of spatially distributed, established automation islands to a complex
automation system, which covers the automated transportation of labware between the

Fig. 6. List of labware for a transportation order, including the visualized arrangement of the
labware on a three-position rack and of the tubes inside of a container (left); list of assistance
tasks to be performed in one order and detailed task view (right).
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subsystems (spread out on several floors) by mobile robots. The necessity of human
operators in LSA laboratories also requires their integration in the complex automation
system, for example to allocate alternative transportation orders, in areas inaccessible
for mobile robots, and assistance tasks.

The hierarchical workflow management system (HWMS) allows the management
of process and master data, which map the interconnected automation systems, and the
creation of appropriate complex workflows on the base of a material-flow diagram,
which combines the distributed sub-processes of the automation systems and the
transportation processes. The material-flow-oriented process definition of the HWMS is
an important user demand, to ensure supervisory functions by laboratory assistants. For
the execution of the planned workflows the HWMS applies a hierarchical structured
automation environment, whose architecture is based on a laboratory system
infrastructure and a transportation infrastructure.

The automation infrastructure contains the structured control and monitoring sys-
tems (PCS, ICS) of the LSA environment, which provide the functions and methods for
the execution of sub-processes on the automation systems to the HWMS. The inte-
gration of the mobile robots and human operators (by mobile devices) for the trans-
portation of labware between the automation systems and the execution of assistance
tasks is enabled by the transportation infrastructure. The transportation infrastructure
shows optimization potentials regarding applicable subsystems on the process control
layer and their order, which is discussed in detail in three possible variants. Therefore,
properties like integration effort, decoupling and black-box effects, processing load for
the HWMS and expansion options are primarily compared. Variant 3 was proved as
expedient solution, which involves the encapsulation of control and monitoring pro-
cesses to handle the transportation and assistance tasks (for mobile robots and human
operators). This encapsulation is advantageous since, due to the demanding resources,
path control and temporal control of the mobile robots, sophisticated logically-
combined sequence controls arise for the transportation processes in building struc-
tures, which could make the specialist workflow diagrams confusing for laboratory
assistants. Furthermore, the HWMS can be decoupled from transportation and assis-
tance tasks and is accordingly also relieved. Furthermore, variant 3 decreases the
integration effort and offers comfortable expansion options. For the realization of
variant 3 the transportation and assistance control system (TACS) is designed as an
intelligent sub-process control for combined transportation and assistance processes,
which autonomously reacts to changing resource availabilities and process statuses.

The communication of the HWMS with the infrastructures is based on web ser-
vices, which are offered by the respective front-end systems (PCAS /TACS) of the
infrastructures. The main purpose of the process control adapter system (PCAS) is the
adaption of the mostly not network-compatible and not standardized interfaces of the
PCS and ICS. For the communication of the TACS with the mobile robots and the
mobile devices of the human operators, an xml-based protocol was introduced, that can
be applied by both communication partners, the robot remote center (RRC) and the
mobile human operator service (MHOS), via TCP and UDP.

The transportation and assistance tasks for human operators are provided by the
MHOS, which is supported by mobile devices (e.g. smartphones and tablet PCs). The
requests for the tasks are presented as detailed information and partly graphically
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enhanced. For the execution of the task instructions, mobile device functions for the
image acquisition and processing (e.g. barcode reading, status detection) can be used.
Thus, the operators can react fast and event-oriented to requests of the workflow,
regardless of their position.
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Abstract. In this paper we present an algorithm for the robust 6D
pose estimation with an RGB-D camera in harsh and unstructured envi-
ronments using object detection. While the pose estimation uses clus-
tering and segmentation to find a robust point in multiple frames to
track changes in the position of the camera, its functionality is enhanced
with Faster-RCNN for classification and detection, providing the oper-
ator with information about the object of interest. This work further
facilitates the goal of increasing the robot’s autonomy and helping oper-
ators to recover 3D reconstructions of the objects to be manipulated with
the robot.

Keywords: Mobile robots and intelligent autonomous systems ·
Deep learning · Faster-RCNN · Perception and awareness

1 Introduction

In the last few years, the mission of advancing teleoperated robotics at the
European Organization for Nuclear Research (CERN) has been key in providing
ensuring safety of personnel and improving availability of CERNs accelerators.
Currently, CERN is designing robotic systems to work in harsh and unstructured
environments, where large spaces or distances, the presence of unpredictable
obstacles in the robots path, poor light conditions, as well as wireless commu-
nication deficiencies – especially in the underground areas – impair the robust-
ness of existing approaches. Furthermore, these robots operate in unknown envi-
ronments in areas that are not reachable by humans, and radiation as well as
magnetic disturbances may alter hardware component behavior. To circumvent
a majority of these constraints, perception and visual awareness have become
essential for the development of robotic systems involving autonomous survey-
ing or telemanipulation. In this setting, the 6D pose estimation of an object is
crucial to avoid obstacles and identify the objects to be manipulated.
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Because several works for 6D pose estimation, such as LSD-SLAM [1], DSO
[2], LINEMOD [3], PWP3D [4], Sliding Shapes [5], were tested without positive
results mainly due to light reflections caused by metallic objects, a new algorithm
has been developed [6] for 6D pose estimation. The weakness of this algorithm
was its inability to provide a human operator with information about the type
of reconstructed objects. Considering recent advances in the deep learning com-
munity regarding 6D pose estimation [7,8], we aim to fuse the pose estimation
with object detection in the scene.

2 Algorithm

In this paper we present a system for the 6D pose estimation with an RGB-
D camera and a deep learning technique known as Faster-RCNN [9]. As seen
in Fig. 1, the algorithm is divided into two parts, namely a) the use of Faster-
RCNN for object detection and classification, and b) the use of clustering and
segmentation to find a robust point versus changes in the position of the camera.

Fig. 1. Pipeline of the algorithm.

The main challenge of handling metallic objects is that these objects pro-
duce reflections, potentially leading to incomplete point clouds, as observed in
Fig. 2. This cannot be avoided by modifying the lights, as RGB-D cameras work
with their own light projector. Therefore, the algorithm must work with both
incomplete information on the depth field and high noise.

Fig. 2. Point cloud of a metallic object. The black zones are null data in the depth
field caused by reflections of the projector light [6].

lounis.adouane@uca.fr
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2.1 Object Detection Module

In the last years many techniques of deep learning [10] have appeared in the field
of computer vision, drawing more promising results than classical techniques.
Deep learning techniques in computer vision use neural networks with multiple
hidden layers for image classification [11], object detection [9,12], object tracking
[13], semantic segmentation [14], human pose estimation [15], image generation
[16] among others.

In this work, SSD [12] and Faster-RCNN models were trained and tested.
The best results were achieved training Faster-RCNN with a Resnet101 model
using COCO [17] pre-trained values. In total, 500 pictures of 6 different objects
of interest were used to train the method along 100.000 steps. However, the loss
function already converges for classification and box estimation in step 30.000,
as seen in Fig. 3.

Fig. 3. Total loss during all training steps of Faster-RCNN with Resnet101.

When testing a trained Faster-RCNN model, a bounding box around the
object of interest in the image is retrieved, as shown in Fig. 4. From this infor-
mation, all the points of the point cloud that correspond with the pixels in this
image are selected, extracting only the relevant object from the scene, Fig. 5.

This first filtering using Faster-RCNN allows to reduce the complexity of the
filtering pipeline of the previous algorithm, because it targets only specific areas
and thereby needs to filter less points. Another benefit of using Faster-RCNN
is that – in a next step – it allows autonomous camera centering to reduce the
variability of the object pose, increasing the accuracy and performance of the
pose detection.
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Fig. 4. Different trained objects of the collimation system detected in a picture.

Fig. 5. Extraction from the complete point cloud using the bounding box from
Fast-RCNN.

2.2 Filtering and Transformation Module

After the point cloud inside of the bounding box is recovered, the algorithm uses
clustering algorithms and segmentation to find a robust point Pr, i.e. a point
with unique features invariant to camera perspective (Filtering and FindCorners
blocks of the flow chart). Once the point is obtained, the remaining the points
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of the object append a point cloud obtained from a 3D model of the object, as
seen in Fig. 6.

Fig. 6. Transformation from CAD mesh to point cloud [6].

To do this last part, the origin of the point cloud is matched with the coor-
dinate of Pr, translating the 3D object to its respective position. In this new
reference frame, the position of the object is clear for subsequent 3D reconstruc-
tion. The parts of the target, which are lost or occluded, appear reconstructed
in the point cloud, as seen in Fig. 7.

The filtering module of the pipeline from Fig. 1 locates the corresponding
plane of the robust points. The entire process is visualized in Fig. 8. Following
these steps, the algorithm recovers a surface from which it is easy to extract the
robust points FindCorners. Empirically, these points are placed on the top of
the objects.

Fig. 7. Three-dimensional reconstruction of the object using the algorithm of this
paper.
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Fig. 8. Flow chart of the filtering box in Fig. 1.

The following submodules of the filtering pipeline have been developed:

BoundingBox: After the Faster-RCNN method returns the bounding box of
the different objects detected in an image, it extracts all the points of the
point cloud that correspond to the pixels inside of the box. This is done in
the Extract Point Cloud Inside of the Bounding Box block of the flow chart
in Fig. 1.

DepthFilter: The target objects must be close to the camera, so distant points
can be filtered more easily.

HeightFilter: This method has the same purpose of DepthFilter, removing
points of the target object far from the plane of interest.

Clustering: This methods filters parts of less interest of the point cloud by
clustering the main parts based on a nearest neighbors approach.

ExtractSlice: As the main part of the filtering module, this method recovers
the plane in 3D Euclidean space, iteratively searching planes with a certain
normal between intervals. We apply this twice, once to detect a thick plane
(Fig. 9), filtering a lot of points that could lead to a plane misdetection, and
another time to extract the surface of the detected thick plane (Fig. 10).

FindCorners: Once the desired plane is found, it is necessary to locate the
corners, usually searching for the object’s top corners.

Fig. 9. Find the desired plane, filtering another planes of lesser importance [6].
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Fig. 10. Extract the surface of the desired plane [6].

The object’s 3D model – translated to the coordinates of Pr – then follows
a Euclidean transform to fit the found left and right points, providing the final
reconstruction. this is done in the “Translate and rotate the CAD model to the
found corners” block of the flow chart in Fig. 1.

In case the matching fails the robot moves the camera to another position
and try again.

3 System Overview

RGB-D cameras have drastically increased their performance in the last years.
For this work we have tested several RGB-D cameras: the Intel RealSense R200
[19], the Intel RealSense SR300 [20], the Orbbec Astra Pro [22], the Kinect as
wel as the Kinect V2 [18].

In the first experiments the Orbbec Astra Pro [21] was used due to its low
level of noise in the point cloud that it generates, as seen in Figs. 9 and 10. The
integration of the object detection module and its resulting camera centering into
the pipeline, however, often avoided the reflection of metallic objects, thereby
enabling the use of smaller cameras, as RealSense R200 [19] or SR300 [20]. Even
though these cameras are slightly noisier, minimizing the size is substantial to
enhance the robot arm’s capability to incorporate sensors for surveying tasks.

An Intel Core i7-3630QM, 4/8 cores at 2.4 Ghz with 76.8 GFlops was used for
processing. A PC with an Intel(R) Xeon(R) CPU E5-1630 at 3.70GHz with 32GB
of RAM and a Nvidia GTX 1080 graphic card was used for the deep learning
training. For the deployment of the deep learning part in the robot a Nvidia
Jetson TX2 board has been used. Furthermore if the wireless communication is
stable, the robot can exchange the data with a server with a Nvidia GTX 1080
using the ZeroMQ middleware. This middleware was selected due to positive
prior experience [24] at CERN using ZeroMQ in its Controls Middleware [25].

The vision system has been integrated on a robot developed at CERN with
a mobile base and a Schunk Arm Powerball, Fig. 11. For the management of the
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robot and its multiple systems, a dedicated graphical user interface has been
developed [23].

Fig. 11. Robot developed at CERN for surveying tasks [6,26].

4 Tests and Validation

The objects of interest trained and tested are all part of the collimator system
at CERN [27], as visualized in Fig. 12. Collimators are highly relevant for the
correct operation of the Large Hadron Collider (LHC) and therefore of high
importance in technical inspections. In addition, they are one of the hot spots
of radiation in the LHC, qualifying as an essential target for robotic surveying
(Fig. 13).

The algorithm works if the setup is subject to the following restrictions:

– The camera is in front of the target. The integration of deep learning into the
pose estimation pipeline enables autonomous camera centering.

– The targets are straight, i.e. not lying on their side.
– The targets are rigid. Usually the objects of interest are metallic.

The test were made at distances to the target between 50 and 136 cm, the
maximum distance in the tunnel, as seen in Fig. 14. The tests evaluated with the
current algorithm exhibit position errors with less than 1cm for the separator and
between 2 cm and 3 cm for the collimator. It was found that the pose estimation
error directly correlates to the distances of the camera to the target. In this
case, the distance between camera and collimator was measured at around 65–
75 cm, due to the restricted dimensions and protective measures in the LHC
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Fig. 12. Photography of a collimator.

Fig. 13. Photography of a piece of the collimator system, the separator.

Fig. 14. Schematic of a cross section of the LHC tunnel [6].

lounis.adouane@uca.fr



Object Detection and 6D Pose Estimation 401

Fig. 15. Reconstructions with different views of different point clouds of the separator
(first and second row) and the collimator (third and forth row).
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tunnel. This, however, can be avoided by specifically targeting small parts of the
collimator and subsequently inferring the global pose estimation from these.

In the test with the collimator at near distances, the targeted parts were
the two pieces on top of the collimator, as outlined in blue in Fig. 4. During
the tests (Fig. 15) it has been verified that the processing time of the algorithm
is less than 5 seconds, thanks to the centering with the help of Faster-RCNN,
facilitating the main pipeline to find the planes. Moreover, the centering reduces
the runtime of the segmentation operation, eliminating several iterations to find
the matching plane.

5 Future Development and Conclusion

A future outlook of this algorithm is its integration with a virtual reality system
developed at CERN. Being of special interest for teleoperated tasks in hazardous
and unstructured environments, it allows the operator to better estimate the
distances and to visualize the reconstructed parts the sensors cannot reach.

In this work, an algorithm incorporating the Faster-RCNN detection into the
6D pose estimation of an object has been presented. This solution has achieved
two main goals: (1) increasing the level of autonomous operation of the robots
with the use of deep learning to detect objects in images and (2) estimating the
6D pose of the objects of interest with a 3D reconstruction of the target object.
These goals further advances CERN’s mission for automating robotic inspections
task and for telemanipulation.
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Abstract. This paper compares elastostatic and elastodynamic model
for compliance error compensation in a humanoid robot with 12 DoF
lower limb structure. One of the key problems in achieving fast and stable
biped robot walking is deflections caused by the joint compliances. This
problem was addressed using virtual joint method for stiffness modeling
with further compensation of elastic deformations caused by the robot
links weight and forces, arising during walking in single support phase
and dual support phase. Compensation was done for static forces acting
on the robot as well as static and dynamic forces using off line method in
the V-REP simulator. To validate results a prototype was manufactured
using 3D printing technology. Implemented ZMP preview control for the
prototype demonstrated stable biped locomotion.

Keywords: Stiffness modeling · Elastodynamic modeling · Human
mechatronics · Error compensation · Robot kinematics

1 Introduction

One of the main goals of robotics is to replace humans in dangerous environment,
such as presence of radiation, chemical or biological pollution or in consequences
of man-made disaster. Most of these tasks require human-like skills and maneu-
verability for the successful completion. The development of androids is one of
the most relevant solution for successful robot operations in a human environ-
ment with enhanced functionality. These robots usually resemble human beings
in appearance and/or internal construction, having the similar body shape struc-
ture and walking principles. One of the most important parts of an anthropo-
morphic robot is a pelvis with the lower limbs, which form the lower-part body.
During the last decades, robotics community has proposed some successful mod-
els of biped robots with similar lower limb structure with 6 Degree of Freedom
(DoF) per leg, having 3 DoF hip, 1 DoF knee, and 2 DoF ankle. Thus, there
are some well-known human-size androids like Honda ASIMO [1], WABIAN
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[2] from Waseda University, Boston Dynamics Atlas (not a commercially avail-
able model), Android Technics AR-600 [3], etc. But for small-size robots the
most popular models are ROBOTIS Darwin [4], Aldebaran Robotics Nao [5]
and Poppy Humanoid with 5 DoF leg [6].

The bipedal locomotion can be divided into two types: static and dynamic.
The static locomotion deals with slow transition of the robot center of mass
(CoM) from one leg to another during the walking cycle. The CoM projection
to the ground plane is always inside the support polygon and due to low speed
and acceleration, dynamic factor (inertia, centrifugal/coriolis) could be ignored.
Dynamic walking in the other hand does not limited with low speed, and allow
CoM projection to be outside of the support polygon. One of the most popu-
lar walking algorithms for dynamic walking is based on zero momentum point
(ZMP) stability criteria. This concept requires ZMP to stay within support poly-
gon borders in order to provide stable walking.

Stiffness modeling in robotics is considered for industrial manipulators, where
problem of end-effector precise positioning under external and internal load are
critical [7]. In humanoid robots accurate positioning is not always necessary, but
with high compliance in links or joints, deflections caused by payload or link
weights can affect robot stability. In the high speed motion, the effect of the
dynamical forces acting on the robot should also be considered. Like in robot
walking, this problem can be divided into static and dynamic. Deflection under
static load will be refereed as elastostatic and deflection under dynamic forces
as elastodynamic. Therefore the effect of the elastostatic and elastodynamic
deflection should be studied, evaluated and, if possible, compensated.

Two of the most popular stiffness modeling approaches in robotics are: Matrix
Structural Analysis (MSA) and Virtual Joint Modeling (VJM). MSA approach
based on finite element analysis, with the same idea of decomposing robot into
small elements, but deals with larger finite elements like beams. This approx-
imation greatly improves computation time for the method. In VJM method,
non-rigid robot links and joint is replaced by rigid link/joint and a following
spring, that accumulate all compliance from a previous element.

Our goals in this paper could be formulated as follows:

1. Create robot with 6 DoF lower limbs mechanical structure, which are able to
support robot’s upper-part (including a torso, hands, a head, sensors and a
possible payload).

2. Implement stiffness model of the robot.
3. Evaluate elastostatic deflections.
4. Evaluate elastodynamic deflections.
5. Develop software for fast, stable robot walking that also considers robot joints

compliances and successfully eliminates them.

The remainder of the paper is organized as follows. Section 2 presents the
robot design. Section 3 considers robot lower body’s kinematics analysis, includ-
ing forward and inverse kinematic problem. Section 4 describes stiffness model.
Section 5 includes trajectory planning and compensation technique with com-
parison. Finally, we conclude in Sect. 6 with a discussion of future work.
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2 Robot Design

The main feature of two-legged robot platform is the ability to walk. Therefore,
the human body has been taken as a reference of the most advanced two-legged
mechanism. In general, human leg has dozen of DoF, but in case of bipedal
walking, leg motions can be approximated with 6 DoF, three in the sagittal
plane (ankle, knee, hip), one in the horizontal plane (hip) and two in the frontal
plane (hip, ankle). The current robot design was inspired by existing open source
project Poppy, that has only 5 DoF per leg, 3 DoF in hip, 1 DoF in knee, and
1 DoF in ankle. In order to use standard 6 DoF approximation, addition DoF
was added in the ankle. Usage of expensive Robotis Dynamixel MX-28, MX-64 is
another problem of Poppy. To reduce overall cost of the robot, we propose to use
more cheaper SpringRC SR-518 servomotors with 2 Nm torque and RS485 bus
connection. Mounting places were also altered in order to fit this new motors.

Since human thigh bones are inclined by 6–7 degrees, it was also implemented
by [8] in Poppy robot and our robot limb design. It allows to reduce falling
speed and decrease the lateral motion of torso for single support phase and
double support phase respectively. In order to make robot construction lighter
and stiffer, we used mesh structure for thigh and shin.

Usually, most biped robots have unproportionally big foot. It is required in
order to increase passive stability with increased support polygon. In our project,
the foot size is proportional to human foot, thus providing additional difficulties
to stabilization algorithms, but at the same time increasing robot mobility [9].

(a) 3D printed prototype. (b) Model in V-REP.

Fig. 1. Bipedal robot.
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To provide human-level maneuverability to the robot, joint limits should also
be close to human. Table 1 provide information about joint’s limits in proposed
robot design, Darwin robot and Nao robot compared to human. According to
Table 1, robot leg’s motion range is close to human, excepting joints with rota-
tion around X axis. Their range is enough for walking, but can limit robot’s
maneuverability for other activities.This issue will be addressed in future ver-
sions.The limitations on the joint motion range will be considered in Sect. 5.

In order to specify requirements to the robot hardware part, the combina-
tion of Dassault Systmes SolidWorks CAD tool and robot simulator Coppelia
Robotics V-REP were used [10].

Table 1. Robot model joint range of motion.

Joint Human (deg.) Robot (deg.) Darwin (deg.) Nao (deg.)

Hip Y −30 to 45 −25 to 45 −15 to 45 −21 to 45

Hip Z −45 to 50 −40 to 60 0 to 60 *Coupled to HipY

Hip X −15 to 130 −60 to 100 −30 to 100 −27 to 88

Knee X −10 to 155 −6 to 112 0 to 130 −5 to 121

Ankle X −20 to 50 −35 to 30 −60 to 60 −68 to 52

Ankle Y −30 to 60 −35 to 35 −30 to 60 −22 to 44

Table 2. Robot model mass parameters.

Name Robot (kg) Robot w/mass (kg) Poppy (kg) Darwin (kg) Nao (kg)

Body 0.278 2.278 2.7 1.4 3.29

Thigh 0.226 0.226 0.239 0.286 0.389

Shin 0.124 0.124 0.108 0.07 0.291

Foot 0.116 0.116 0.047 0.246 0.265

Total 1.21 2.21 3.5 2.8 5.18

Table 3. Robot model size parameters.

Name Robot (mm) Poppy (mm) Darwin (mm) Nao (mm)

Thigh 181 181 93 100

Shin 178 177 93 102

Foot 129 × 63 145 × 50 104 × 66 160 × 80

Total 129 × 200 × 500 145 × 187 × 830 104 × 161 × 454 160 × 275 × 573

Robot prototype was manufactured using Fused Deposition Modeling (FDM)
technique with Acrylonitrile butadiene styrene (ABS) polymer. It allows to
reproduce robot mechanical part on every low-cost 3D printer.
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Manufactured prototype and robot model in simulation environment are
shown in Fig. 1a, b correspondingly. Tables 2 and 3 shows proposed robot mass
and size parameters in comparison with Poppy robot, Darwin and Nao. The
proposed robot design consists only from a lower part, so in order to simulate
robot upper body, a virtual mass of 2 kg was added in the place of robot torso.
The main issue with the case without torso mass, is CoM position that will be
much lower and more configuration dependent. Since ZMP method presented in
Sect. 5, use linear inverted pendulum model approximation this approximation
will be inaccurate. Thereby adding 2kg mass allows to: simplify control (because
of possible inverted pendulum simplification) and evaluate possible joint torque
requirements.

Table 4. Robot model mDH parameters [12].

θn dn, mm an−1, mm αn−1, rad Offset

q1 0 19 (y0) π/2 0

q2 47 (z2) 52 (y1) π/2 π/2

q3 0 0 π/2 π/2

q4 −23 (−y3) 181 (z3) 0 0

q5 0 178 (z4) 0 0

q6 0 36 (z6) π/2 0

3 Kinematics Modeling

3.1 Forward Kinematics

Forward or direct kinematics is the task of determining the position and orien-
tation of the end-effector by giving configuration of the robot. The robot can be
modeled as a kinematic chain of 7 links connected by 6 joints. The base frame
of the robot located in the center of the waist. The local frames are assigned to
joints, according to modified Denavit-Hartenberg (mDH) convention presented
in [11]. Table 4 shows robot mDH parameters. Since the right and left leg are
identical, kinematics only for one leg will be considered.

TF = T0 ∗ T1 ∗ T2 ∗ T3 ∗ T4 ∗ T5 ∗ T6 ∗ T7 =

⎡
⎢⎢⎣

r11 r12 r13 Tx
r21 r22 r23 Ty
r31 r32 r33 Tz
0 0 0 1

⎤
⎥⎥⎦ (1)

Final transformation matrix TF from the base to the end-effector can be
obtained by multiplying transformational matrices of all joints (1).
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3.2 Inverse Kinematics Problem

The purpose of solving the inverse kinematics (IK) is to find the angle of each
joint for a known foot position and orientation. IK can be solved in two different
ways: analytically and numerically. Analytical solution for 6 DoF serial manip-
ulator can be hard to obtain directly or geometrically like in Chap. 1 [13], so
different advanced techniques like Pieper method are usually used.

Analytical Solution. For solving IK with [14] method serial manipulator
should have 3 joints with consecutive axes intersecting at one point. Its not
possible to use it for the considered robot. Therefore, let us consider another,
similar modification, with spherical joint in the hip.

In order to simplify inverse kinematics, it is possible to find a geometrical
solution for frontal and sagittal planes separately. Intermediate steps of finding
inverse kinematics solution can be found in [12].

Numerical Solution. The inverse kinematics problem in the general case is the
searching for the solution of a set of nonlinear algebraic equations. Most pop-
ular methods are the iterative ones. The most common method is the Newton-
Raphson method, that can be found in [15].

Before solving inverse kinematics with numerical method it necessary to find
Jacobian of the robot.

The time derivative of the kinematics equations yields the robot Jacobian,
which defines the joint contribution to the linear and angular velocity of the
end-effector. Jacobian matrix has the size of 6xN, where N number of DoF. It
consists of two parts: Translational and Rotational. Jacobian for left leg:

Jee(q) =
[

Jν(q)
Jω(q)

]
(2)

where Jν(q) – translational part; Jω(q) – rotational part.
Jacobian can be computed as the time derivative of forward kinematics equa-

tions, with skew theory, or as numerical derivatives. In this work, numerical
derivatives were used.

TF = T0 ∗ [T (k − 1)(q, π) ∗ H(πk) ∗ T (k + 1)(q, π)] ∗ T7 (3)

T ′
k = T0 ∗ [T (k − 1)(q, π) ∗ H ′(πk) ∗ T (k + 1)(q, π)] ∗ T7 (4)

where T (q, π) - the transformation matrices on the left and right sides of the cur-
rently considered parameter πk, H ′(πk) is the differential transformation matrix.

Elements of Jacobian will be equal to:

Jπ,k =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

T ′
k, (1,4)

T ′
k, (2,4)

T ′
k, (3,4)

[T ′
k ∗ TF−1](3,2)

[T ′
k ∗ TF−1]

(1,3)

[T ′
k ∗ TF−1]

(2,1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(5)
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There are numerous ways how to use Jacobian, but one of the most
popular ones are pseudoinverse method and damped least square (DLS) method.
The pseudoinverse method is widely discussed in the literature, but it often per-
forms poorly because of instability near singularities. The damped least square
method has better performance [16]. Both of these methods were implemented
and compared.

Hybrid Solution. In the proposed robot configuration hip joint is not spherical
since the first three axes do not intersect at one point that means that previously
described analytical solution cannot be used. Thus, numerical solution in this
case shows non constant efficiency.

In order to improve numerical method efficiency a hybrid approach from [17]
is used. It consists of two phases. Phase one is to obtain approximate solution,
since similar robot configuration with spherical hip joint is very close to our robot
configuration. Phase two – use this approximate solution as initial for numerical
method. It allows to greatly reduce the number of iterations.

The hybrid algorithm of inverse kinematics:

1. Set the initial counter i = 0.
2. Find q(0) by using analytical solution of similar robot.
3. Calculate the residue δT (q(i)) = J(q(i))δq(i). If every element of T (q(i)) or

its norm ||T (q(i))|| is less than a tolerance, ||T (q(i))|| < ε then terminate the
iteration. The q(i) is the desired solution.

4. Calculate q(i + 1) with pseudoinverse or DLS or any other technique.
5. Set i = i + 1 and return to step 3.

Table 5. Performance comparison of inverse kinematics algorithms [12].

Indicator Iterations, ms Execution time, ms

Analytical 1 0.04

Hybrid DLS 4 0.24

Numerical DLS 104 4.46

Numerical pseudoinverse 205 14.24

The performance of the hybrid and numerical algorithm was compared in
order to evaluate its efficiency. The main evaluation parameters are (1) the num-
ber of iterations, which is needed to find a desired precision and orientation, and
(2) the mean time required for computing this solution.

This evaluation was carried out over a data set consisting of 750 points along
gait trajectory. Desired accuracy for numerical algorithm is equal to 10−6 m.
Desired end effector position in X, Y, Z coordinates is shown in Fig. 7a–c, whereas
achieved joint angles is shown in Fig. 7d. The results of the evaluation are shown
in Table 5.
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Hybrid solution is up to 20× faster than numerical DLS. It also has 100%
cover rate, which means that all points of the test set (inside workspace) were
reached. This algorithm allows real-time calculation with 50 Hz control loop,
which is maximum for used robot.

4 Stiffness Analysis

In real life robot mechanical components (both joints and links) are not perfectly
rigid, so the foot and torso position can differ from the expected one under the
load induced my robot link weights. So if we need an accurate robot location
and stable locomotion, we need to calculate these deflections and possible to
compensate them. This can be done by developing and analyzing robot stiffness
model. This stiffness model can be obtained using Virtual Joint Method (VJM)
[7]. According to this method non-rigid manipulator links can be represented as
a pair of rigid link and 6 DoF virtual spring and non-rigid actuators as perfect
actuator and 1 DoF virtual spring describing its elasticity.

In practice, the end-effector position (foot or/and torso position) can be
found from the extended geometric model as

t = g(q, θ) (6)

where q is the vector of actuator coordinates q = (q1, q2, ..., qn)T and θ the
vector of virtual joint coordinates θ = (θ1, θ2, ..., θm)T . Since the link weights
are the main source of deflections in anthropomorphic robots, it should be also
considered in the model. External load caused by the weight of the links can be
represented as forces acting in the node-points corresponding to virtual spring
locations. In the simplified model used in this paper these virtual springs take
into account both link and actuator compliances. By applying the principle of
virtual work, the static equilibrium of corresponding static system can be found
as [18]

J
(G)T
θ · G + J

(F )T
θ · F = Kθ · θ (7)

where the matrix J
(G)
θ =

[
J
(1)T
θ , .., J

(n)T
θ

]T

aggregates partial Jacobians from

the robot base to corresponding node point with gravity load, J
(F )
θ is the Jaco-

bian from the base of the robot to end-effector with external load, the vector
G aggregates forces applied in the internal nodes (caused by gravity), F is vec-
tor of external load applied to the end-effector and Kθ = diag(Kθ1, ...,Kθn)
diagonal matrix with stiffness of all virtual springs. Desired static equilibrium
configuration can be found using an iterative algorithm [18] .

Fi+1 = (J (F )
θ · K−1

θ · J
(F )T
θ )−1 · (ti+1 − g(q, θi)+

J
(F )
θi

· θi − J
(F )
θ · K−1

θ · J
(G)T
θ · Gi)

θi+1 = K−1
θ (J (G)T

θ · Gi + J
(F )T
θ · Fi+1)

(8)
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and the Cartesian stiffness matrix KC can be computed as follows

KC =
(

Jθ · K−1
θ · JT

θ

)−1
(9)

this allows us to obtain force-deflection relation

Δt = K−1
C · F (10)

where Δt end-effector deflections, and estimate compliance errors caused by
gravity forces.

For the considered humanoid robot the main source of elasticity is related to
the motor and gearbox flexibility. So, for simplicity, all links are considered to be
rigid while actuated joints are considered to be deformable. Friction forces are
not taken into account. According to the VJM notation 1 DoF virtual springs
will be added after each actuator.

For stiffness analysis of humanoid (similarly to kinematic and dynamic anal-
yses) two walking phases should be addressed: single support phase (SSP) and
dual support phase (DSP). In dual support stage both legs are on the ground.
Assuming that there is no slip between surface and robot feet, it can be rep-
resented as parallel manipulator with two 6R serial chains. Deflections from
external forces will only affect the position of robot trunk and, assuming that
deflections too small to move the robot center of mass (CoM) out of support
polygon, do not contribute to robot stability.

Most critical stage for bipedal robot where deflections can have a strong
effect on stability is a single support stage. In this stage one of the robot legs is
swing and deflections caused by gravity force or/and external load can displace
swaying leg closer to the ground or collide them. This undesired contact may
lead the robot to fall. Robot VJM model in that stage can be introduced as one
serial chain (Fig. 2a). The chain consists of 12 active joints and 12 virtual joints,
base fixed to the surface.

The dual support phase stiffness model presented in Fig. 2b. It consist of
one parallel manipulator with two serial chains, 6 active DoF and 6 virtual DoF
each. Total stiffness matrix for parallel manipulator could be found as the sum
of Cartesian stiffness matrices:

KC =
∑

i

KC(i) (11)

where KC(i) is a stiffness matrix of a serial chain. Unlike in most parallel robot,
this representation does not include passive joints. This means that the Cartesian
stiffness matrix of each chain will be full rank.

In elasostatic analysis, the robot state depends only on its current configura-
tion. External forces in this case consist of gravity forces Gn and external load
caused by trunk mass Fn.

Here, in addition to gravity forces, inertial and centrifugal/Coriolis forces
should be taken into account. Gn in Fig. 2a, b should be replaced by Fdyn, that
includes static and dynamic components. Lumped forces Fdyn can be found
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from Newton-Euler algorithm for calculating inverse dynamic. Newton-Euler
approach consists of two recursion, the first is a forward recursion that gives
velocities, accelerations and inertial forces for each joint, the second is a backward
recursion that gives forces and torques acting on the each joint. Since these
forces are lumped in joints, they can be used for representing external force for
deflection estimation (Fig. 5).

(a) Model for single support
phase. (b)Model for dual support phase.

Fig. 2. Robot VJM model.

Fig. 3. Foot positions relative to the torso coordinate Z.
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(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Single support
Right leg Z=430mm
Left leg Z=400mm

Fig. 4. Deflection vector components for distance between foot and the torso Z =
400 mm in SSP.

4.1 Elastostatic Analysis

Deflection magnitudes in single support stage depend on the swing leg height.
We will consider 5 possible swing leg heights with distance between ankle and
pelvis equal to 325, 350, 375, 400 and 430 mm. Examples of configurations with
these heights and reachable workspace in the X-Z plane shown in Fig. 4. Right
leg height (fixed on the floor) used for these figures is equal to 430 mm. It is
shown that deflections are increasing near the border of the workspace. Deflection
vector components for the swing leg high 400 mm are shown in Fig. 4a, b, c.
Additional figures for other leg highs are presented in Appendix (Figs. 10, 11,
12). Deflections in X and Y directions can be positive or negative, depending
on the leg configuration. This behavior is explained by shifting robot center of
mass. Deflections in Z direction have maximum magnitude and are the most
critical ones, since they shift robot foot closer to the ground.

For the dual support phase, both legs are fixed to the ground. The distance
in the Y plane between legs is equal to 7 cm which correspond to distance used
for walking gait. The obtained deflection in DSP shows error in positioning of
the robot pelvis (or CoM). Example of deflection map for 400 mm legs height is
presented in Fig. 4a, b, c for deflection in X, Y, Z plane accordingly.The mag-
nitude of position error is approximately 10 times less than in SSP, so in the
general case this deflection could be ignored. However, usage of underactuated
degrees of freedom in serial links, or high body mass with compliance motors
will likely make these deflections large enough. Additional maps for Z = 350,
375, 400 mm are presented in Figs. 13, 14, 15.
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(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Dual support
Right leg Z=400mm
Left leg Z=400mm

Fig. 5. Deflection vector components for distance between foot and the torso Z =
400mm in DSP.

It should be noted, that in the deflection maps estimation, only elastostatic
model is used. Application of elastodynamic model will be examined in the next
section.

5 Trajectory Planning and Compliance Error
Compensation

(a) Robot motion in sagittal plane. (b) Robot motion in lateral plane.

Fig. 6. Walking pattern generated by preview control.

The biped walking pattern was obtained using Zero Moment Point (ZMP)
preview control, proposed by [19]. ZMP preview control allows to obtain CoM
trajectory based on ZMP-reference trajectory as it is shown in Fig. 6a, b. With
CoM trajectory and robot leg’s end-effector trajectories it is possible to find joint
angles with inverse kinematics described previously. Trajectory generated with
this method assumes that robot links and joints are perfectly stiff. In order to
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include information about possible deflections to trajectory generation, external
compensation technique is required.

The following algorithm for simple off-line compensation is used:

1. Generate trajectory for CoM using ZMP preview control.
2. Calculate deflections in each SSP and DSP for both legs for all points on

trajectory.
3. Find new legs end effector coordinates as pnew = p − Δt.
4. Recalculate inverse kinematics for new trajectories.

(a) Ankle position X. (b) Ankle position Y.

(c) Ankle position Z. (d) Joint angles.

Fig. 7. Reference, non-compensated and compensated spatio-temporal joint trajecto-
ries for robot gait.

For simulation following walking pattern generation parameters were used:

– Step size - 10 cm
– CoM height - 43 cm
– Number of step phases = 9 (for demonstration)
– Control frequency - 50 Hz
– Leg lift - 5 cm
– Dual support phase - 20%.

Ankle trajectories in X, Y, Z plane are shown in Fig. 7a, b, c respectively.
Non-compensated trajectory for this figures was obtained using elastodynamic
model. Deflections in X and Y planes are small compared to Z. Table 6 shows
normalized position error value with elastostatic, elastodynamic based compen-
sation and without compensation. High improvement factor can be explained
by the linearity of the model. Applying of elastodynamic model over elastostatic
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Fig. 8. Error between reference and compensated trajectory for ankle position.

Fig. 9. Simulated biped robot ZMP with and without compensation in XY plane.

decrease error in X and Y by additional 20%, however in the most interesting for
stability Z direction, elastodynamic model gives no advantages. This behavior
can be explained by following: dynamic forces acting on the robot’s CoM, located
in the pelvis, directed in X and Y mainly because of CoM movements during
walking gait, and in Z direction its almost zero due to constant CoM height. Joint
trajectories with and without compensation are presented in Fig. 4d. Knee, hip
and ankle joints rotating around Y axis have the most essential changes due to
compensation, since they correspond to movements of end-effector in Z direc-
tion, where deflections have maximal magnitude. Difference between reference
and compensated control signal for left leg ankle shown in Fig. 8.

Total stability improvement for the biped robot can be observed by looking
at ZMP position error compared to the reference ZMP trajectory. Trajectories
obtained from preview control (Fig. 6a, b) were examined with the robot model in
V-REP, after that ZMP trajectory were obtained from virtual sensors. The max-
imum amplitude of the difference between compensated/non-compensated and
reference ZMP position presented in Table 7. Figure 9 introduce ZMP position
with and without compensation in XY plane (top view). ZMP position without
compensation has a noticeable peak at the point where foot of the robot con-
tacted with ground surface and because of deflections it’s happened before DSP
defined by the algorithm. This cause robot to stumble and move its ZMP closer
to the edges of support polygon.Using compensation of deflections allowed to
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reduce error by 39% in X plane (forward movements) and by 57% in Y plane
(side movements) with elastistatic model, and by 54% in X and 69% in Y plane
with elastodynamic compensation. Due to robot low speed, inertial components
of external forces are minimal, thus elastodynamic model gives only 12%.

The simulated ZMP trajectory was also validated on the real 3D-printed
robot prototype. During tests robot demonstrated stable walking capability with
off-line generated joint trajectories.

Table 6. Maximum end-effector position errors.

Error before Error after elastostatic Error after elastodynamic %

compensation

(Δt/(k · F ))

compensation (Δt/(k · F )) compensation (Δt/(k · F ))

X 2.3 0.8 0.3 65/86

Y 9.7 4.5 1.9 54/80

Z 12.41 2.4 2.1 81/83

Table 7. Maximum ZMP errors compared to reference.

Error before Error after elastostatic Error after elastodynamic %

compensation (mm) compensation (mm) compensation (mm)

X 21.5 13.2 9.8 39/54

Y 17.7 7.5 5.4 57/69

6 Discussion

Stiffness modeling for bipedal robots allow to reduce position error for the robot
legs, especially in Z direction, that is critical for stable walking ability. In this
work only the joint compliance was used, but it’s possible to further improve stiff-
ness model by implementing a link stiffness model in addition to joint model.
This improved model will allow to increase error reduction depending on the
robot structure [20]. Link compliance is more valuable for full-size humanoid
robots, where mass of the robot parts is relatively high. The robot used in this
work has small size and low mass and link compliance could be ignored. But in
the same time material (ABS - plastic) has a low Young’s modulus value and
process (Fused deposition modeling) used for robot link creation will reduce total
stiffness of the robot links. Further experiments required in order to understand
how implementing of more complicated model will increase performance of walk-
ing motion. Another way of increasing error reduction is an implementation of
non-linear model that could further decrease error.

One of the interesting applications of obtained results are usage in underac-
tuated bipedal robots. By replacing some of the degree of freedoms in robot legs
with passive joint, loaded with spring, it’s possible to achieve lower power con-
sumption characteristics and the ability to adapt to surface roughness. In this
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case, to provide a precise foot placement, stiffness model is essential. Another
application can be connected to robots equipped with variable stiffness actuators
(VSA) or series elastic actuators (SEA). In both cases simulating of the possible
deflections in joints is necessary.

The current algorithm calculates deflection off-line. For humanoid robot that
could constantly recalculates moving trajectory based on its environment on-line
method should be implemented by computing possible deflection each control
cycle or by using previously calculated patterns.

7 Conclusions

The main goal of this work was to provide a comparison between elastostatic and
elastodynamic based compensation techniques for the bipedal anthropomorphic
robot. The obtained elastodynamic model allowed to increase deflection error
reduction up to 54 and 69% in the X and Y plane correspondingly. The total
increase over compensation based on elastostatic model is approximate 12%.
Implementation of the elastodynamic model could give better results for high
speed robots and robots with large inertia values. Used biped robot was designed
based on open source Poppy Humanoid project with 10 DoF lower limbs, but
with enhancing their mechanical structure and functionality with additional DoF
at the ankle. The robot’s lower body was modeled in V-REP simulator and
prototyped using 3D printing technology. Despite increasing DoF relative to
Poppy humanoid, we succeeded to reduce overall cost using hobby servomotors,
inexpensive fabrication methods and cost-efficient electronics components.

As far as the current robot design has a non-spherical hip joint, which does
not allow to use an analytical solution for the inverse kinematics, we computed
inverse kinematics using hybrid and numerical methods. Stiffness model of the
robot was obtained using VJM for single and dual support phase. Integration of
stiffness model into gait pattern generation algorithm allowed us to compensate
deflections caused by link weights with elastostatic model and by link weights
and inertia forces with elastodynamic model. These trajectories were examined
both with the robot model in V-REP simulator and on the real 3D-printed
lower body prototype. The results of experiments demonstrated stable walking
capability of the designed biped robot with 12 DoF lower limbs.

Future work includes deep consideration of motion processes, creation and
implementation of on-line trajectory generation and compensation, using stiff-
ness model along with the variable stiffness actuators. For hardware part the
main future tasks are to enhance and to produce lower limbs with a higher
motion range, passive/active joints with spring support, and to design the robots
upper body.
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Appendix

Deflections Maps for Biped Robot

Figures 13, 14, 15 shows X, Y, Z deflection vector components for the left leg
hight is presented in Fig. 3.

(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Single support
Right leg Z=430mm

Left leg Z=325

Fig. 10. Deflection vector components for distance between foot and the torso Z =
325 mm in SSP.

(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Single support
Right leg Z=430mm
Left leg Z=350mm

Fig. 11. Deflection vector components for distance between foot and the torso
Z = 350mm in SSP.
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(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Single support
Right leg Z=430mm
Left leg Z=430mm

Fig. 12. Deflection vector components for distance between foot and the torso
Z = 430mm in SSP.

(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Double support
Right leg Z=325mm
Left leg Z=325mm

Fig. 13. Deflection vector components for distance between foot and the torso
Z = 325mm in DSP.
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(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Double support
Right leg Z=350mm
Left leg Z=350mm

Fig. 14. Deflection vector components for distance between foot and the torso
Z = 350mm in DSP.

(a) Deflections in X directions. (b) Deflections in Y directions.

(c) Deflections in Z directions.

Double support
Right leg Z=375mm
Left leg Z=375mm

Fig. 15. Deflection vector components for distance between foot and the torso
Z = 375mm in DSP.
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Abstract. In this chapter, we present an autonomous monitoring robot
platform for agricultural farms and fields that is built using low-cost
off-the-shelf hardware and open source software so as to be afford-
able for farmers. We provide a review of the current state of the art
in autonomous agricultural robots and summarize the challenges that
they must overcome. Our work comprises two main components: (1)
the system architecture and hardware selected for a fully autonomous
agricultural robot platform for automated monitoring and intervention
tasks, and (2) the sensor fusion, local planning, and navigation software
based on the Robot Operating System (ROS) framework with inclu-
sion of design details and testing results. The challenges faced, solutions
tested, and successes achieved with respect to the hardware and soft-
ware architectures for this robot are presented in the interest of guiding
future solutions for autonomous agricultural navigation and planning.
We evaluate our approaches in outdoor farm field environments as well
as indoor environments serving as an analogue for greenhouse navigation,
and show how the properties of the environment affect the accuracy of
the mapping and localisation tasks.

Keywords: Field robotics · Sensor fusion · Navigation · Agriculture ·
ROS

1 Introduction

Concerns over farming efficiency in recent years have led to more interest in
agriculture automation. Research on autonomous vehicles in agriculture started
in the 1960s [1]. There are many design parameters that are important for these
kinds of autonomous vehicles, including minimization of crop damage, profitabil-
ity, reliability, safety near humans and animals, adjustability, energy efficiency,
ease of operation, flexibility, upgradeability, serviceability, ease of mounting
tools, small size, light weight, attractive design, and so on [2]. The automation of
farming tasks with agricultural robots is considered to be essential for improving
work efficiency, enhancing the quality of produce, lowering costs and reducing
manual labour. Robotic technologies have reached a degree of maturity that
allows autonomous experimentation in agricultural fields. However, revolution-
ary robotics and sensing technologies are still mainly confined to labs and spin-off
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 425–450, 2019.
https://doi.org/10.1007/978-3-030-11292-9_22
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companies [3]. Mobile robotic platforms have traditionally been very expensive
in term of production costs with only the ability to perform simple tasks such
as moving and recording images, and have been focused on data gathering and
repetitive work in applications such as space exploration or factory mass produc-
tion. The application of robots to agriculture is much more challenging than to
manufacturing due to the seasonality of agriculture operation in non-structured
environments, and the complexity of tasks such as gathering information from
the environment, harvesting randomly distributed crops. The need to collabo-
rate with human workers, network over long distances, tolerate complex weather
and environment conditions and simply navigate continuously for a long time
away from a power source requires a higher level of autonomous intelligence.

Sensors are used to support operations, activation, execution, and decision
making of the task and evaluation of the whole agriculture automation sys-
tem. The sensors used for this include motion measurement, odometry, laser
positioning radar, sonar, ultrasound, machine vision systems, and global naviga-
tion satellite system receivers. Environmental sensors used for evaluating crops
can also include X-ray, acoustic, infrared, near infrared, optic, strength gauge,
2D–3D vision, and others as well [1,2]. New low cost sensors are needed to speed
up the development of autonomous technologies in the agricultural industry.
It is only recently that improvements in sensor and actuator technologies and
progress in data processing speed and energy use have enabled robots to process
enough information to reliably and affordably perform basic navigational tasks
autonomously in an agricultural environment. The basic challenge in agriculture
robotics is navigation. There are many different navigational technologies such
as dead reckoning, statistical based algorithms, fuzzy logic control, neural net-
works/genetic algorithms, Kalman filter estimation, Markov filters, and Image
processing techniques such as the Hough transform [2].

Autonomous vehicles for non-agricultural and agricultural applications typi-
cally use GPS for absolute localization, such as in the following projects. In [4–6],
the authors propose a robotic platform which is able to move through a large
forested area and produce a map of the trees. Their robot senses the environ-
ment by mean of GPS, a stereo camera, and range scanner information. Since the
GPS was not always reliable under a canopy of trees, it is used as a first position
estimate for a Kalman Filter. Aerial and satellite information are integrated in
order to extract a better representation of the environment. Finally, a virtual
forest is extracted as a map of the area and trees are classified according to their
image. In [7], the authors propose a robotic platform for precision seeding. Their
robotic architecture uses two high precision differential GPS units and an IMU
to determine the exact location for the placement of the seeds. A path tracking
algorithm monitors movement with high precision in order to reduce the error of
seed placement. In [8], DGPS was used for localization. The speedsprayer in this
work can provide an error of better than 50 cm. In [9], RTK GPS was used for
localization of an autonomous steered tractor that can follow a predefined route
within centimeters of error. As the tests in these works were done with different
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hardware and software under different conditions, it is difficult to compare them
in a fair manner.

Many projects also use machine vision systems as primary sensing for naviga-
tion. In [10], machine vision, odometry, accelerometers and a compass were used
as the sensor fusion package. In [11], machine vision and laser sensing were used
for farming and kept guidance errors within a few centimeters. In [12], a cornfield
robot and machine vision based navigation were used to achieve guidance errors
within 15.8 mm. In [13], a stereo vision based 3D ego-motion estimation system
was used for real time navigation on an agricultural area at the University of
Illinois. The maximum drifting distance was 5.12 m in a soybean field and 6.21 m
on a grass road. The operating system was Windows 7 running on a Thinkpad
T410 with a dual core Intel i5 CPU. In [14], different vision techniques, such as
photogrammetry, stereo vision, structured light, time of flight and laser triangu-
lation in the industry were summarized. These technologies can be adopted in
the future for an agriculture robot navigation and guidance system.

Another challenge is path planning and guidance, a fundamental sub task
of navigation [15]. Many studies have been conducted to apply path planning
algorithms to different types of farming [16]. The basic path planning problem is
to find a good quality path from the source point to the desired point without a
collision with obstacles [17]. In [18], a small vehicle was equipped with a camera
and GPS receiver, a single-lens reflex camera in front of the robot, two fuzzy
controllers for navigation, and a path planner algorithm. Future methods to use
in navigation and path planning systems should include intelligence methods
that can deal with uncertain outdoor conditions such as probabilistic mapping
[19] or optimization approaches [20].

There are many examples of agricultural robots used for different farming
operations including crop harvesting, fruit harvesting, seeding, weed control,
and greenhouse operation. In [21–23], the authors propose a robotic cucumber
harvester. The platform is a robotic arm that moves along rails mounted in a
greenhouse. The robot uses stereo vision information to detect the cucumbers
hanging from the vines, determine whether they are ready for harvest and create
a 3D representation of the environment. The 3D representation is used to allow
the arm to plan a harvesting task. Another strawberry harvesting system has
been developed in [24,25]. These harvesting systems require that the arm moves
along predefined rails and currently result in in a long harvesting time as well
as a high failure rate. In [26], agricultural vehicles for spraying and weed control
were built as part of an FP7 RHEA project. These autonomous mobile robots
for agricultural tasks massed 1200 kg each and included perception, communica-
tion, location, safety, and actuation systems. Visual camera, laser, IMU, GPS,
and LIDAR range sensors were used to allow the robots to collaborate, follow a
plan, and avoid collisions between robots. In [27], a novel and modular Thorvald
II agricultural robot was used to operate in tunnels, greenhouses and open fields.
ROS (Robot Operating System) was used as the software framework. All pro-
cesses that run on Thorvald II were registered with the same ROS master, and
included IMU, encoder odometry and LiDAR processes together with a map for
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localization and navigation. In [28], VINBOT was built by Robotnik based on
commercial off-the-shelf mobile robot platforms and a ROS architecture for the
vine and wine industry use. A 3D range finder, color near-infrared cameras, cloud
based web applications, and RGBD device were used in VINBOT, which could
carry up to a 65 kg payload and navigate autonomously or by teleoperation.

The Robot Operating System (ROS) is a leading open source platform for
robot software development. ROS supports more than 170 different types of off
the shelf robots and more than 100 types of sensors since 2007 [29]. In [30], Robot
Operating System was compared with Robot Navigation Toolkit, the Coupled
Layer Architecture for Robot Autonomy, Microsoft Robotics Developer Studio,
Orea (another open source software framework), Orocos (Open Robot Control

Fig. 1. Agricultural Robots, clockwise from top left: EU FP7 RHEA Agricultural
Robot [26]; Norway’s Thorvald II [27]; Germany’s Amazon BoniRob [3]; Spain’s VIN-
BOT [28].
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Software using C++ libraries), and Player (based on network server software).
The ROS based software developed in this work was named FroboMind [30] and
applied widely for navigating orchards and maize fields using Lidar for large scale
precision spraying, mechanical row weeding, and crop monitoring agricultural
uses.

In Fig. 1, four agricultural robots are shown. These are the EU FP7 RHEA
Agricultural Robot, Thorvald II, the Amazon BoniRob from Germany, and VIN-
BOT. Most of these agricultural robots are heavy and powerful with the ability
to carry very heavy payloads. However, heavy tractors can cause undesirable soil
compaction and are expensive and energy-intensive to run for independent farm-
ers. Our ongoing work aims to create a low-cost, light weight, fully autonomous
mobile robotic platform that can provide useful services to farmers and make
full use of modern robotic technology. In order to build a robot system which is
cost effective, safe, reliable and considers preservation of the environment, the
suggested research areas by [1] were sensor fusion, manipulators for each agri-
cultural task, path planning, and navigation and guidance algorithms that are
an appropriate fit to the environment.

In our previous paper [31], we describe the current state in development
and technology of this practical robot that has the ability to localize itself
through odometry and the ability to navigate reliably to locations in a farm
field while using low cost off-the-shelf parts in its construction. We combine sev-
eral approaches to navigation and control into one autonomous robot, which can
navigate autonomously in a farm field while constructing a map of the environ-
ment. The robot’s main use is automated visual inspection and soil nitrogen
level data gathering, but as an autonomously navigating platform it is designed
with the capacity for other tasks such as harvesting and crop treatment.

This book chapter is organized to discuss the challenges in going researches
and current technologies. In Fig. 2a general framework for a fully autonomous
agricultural vehicle is shown that serves as a high-level concept for our system
design. The localization system will provide the absolute and relative position
and heading information. The perception systems can measure the environment
and perform obstacle detection while a navigational planner can generate the
path to follow. The navigational execution system uses a simple controller to
follow this path. In the future, additional algorithms will be used to generate
the path including row detection, object detection through machine learning,
and improved controller design. Sections 2 and 3 focus on the current System
Architecture and Sensor Fusion for Odometry. Sections 4 will show some outdoor
testing results from the Local Planner we have developed for farm use. Section 5
summarizes the chapter.

2 System Architecture

Some of the key challenges facing agricultural robots include:

– Mobility over rough ground
– Agility in manoeuvring and turning
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– Isolation of electronic components and motors
– Comprehensive sensing of surroundings
– Storage of sufficient power for extended operation

The mobile robot platform used as the rover in this work is designed to meet
these challenges, and is shown in Fig. 3. Mobility is improved by articulation of
the chassis to allow the front and back halves of the rover to rotate and keep
all four wheels in contact with the ground. Each of the four wheels contains
an integrated DC brush gearhead motor and controller within the wheel hub
that is sealed to prevent moisture and dirt ingress. All four wheels are steerable

Fig. 2. Fully autonomous vehicle operation framework.
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by means of small linear actuators, contain encoders for measuring wheel speed
and distance of travel, and can rotate a full 45◦ in mutual opposition to allow
the rover to rotate on the spot if desired. Power is provided by a 22 amp-hour
lithium-polymer battery pack, which contains enough power for an 8-h period of
outdoor operation, and it is planned to provide solar recharging stations in the
field so that automated recharging without returning to a single location will be
possible.

Electronics and wiring are also insulated within the body of the rover. Com-
puting power is provided by an NVidia Jetson TK1 single-board computer
(SBC). An SPI-connected Arduino board is used as a co-processor for kinematic
control of the drive motors and steering actuators, and a SparkFun Razor Inertial
Measurement Unit (IMU) board with a three degree of freedom accelerometer,
angular rate sensor, and magnetometer. Communications and telemetry from
the rover is provided using an Intel Mini-PCI 2.4 GHz Wi-Fi card. Sensing of
the surroundings is performed primarily with a Stereolabs ZED stereo vision
camera mounted on the front of the rover. Sensing of obstacles in an arc around
the rover is provided by a Hokuyo UTM-30LX-EW scanning laser rangefinder.
Finally, absolute localization is available by using a U-Blox C94-M8P differential
GPS receiver. Two MaxBotix XL-MaxSonar-EZ0 ultrasonic range sensors on the
front of the rover provide additional capability to detect potential collisions. The
Jetson TK1 and ZED stereo camera cost in the hundreds of Euros and the total
cost of the sensing and processing hardware is below a thousand Euros, making
this platform affordable to farmers. Only the scanning laser rangefinder is con-
sidered a high-priced component with a cost in the thousands of Euros, and may
become affordable in the near future due to advancements in solid-state LIDAR
technology.

Fig. 3. Rover platform.
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The total weight of the rover platform is 15.5 kg. The sensors are small and
leave the entire back half area on top of the rover for payloads, which includes
a laser-induced breakdown spectrometer (LIBS) system for measuring chemical
components of soil such as Nitrogen, and a lightweight mechanical arm with three
degrees of freedom for camera-based crop inspection and sample cutting. Figure 4
contains a representation of the hardware components and their connections.
Inertial sensors are connected directly via logic-level serial to the Jetson TK1,
which performs all sensor processing operations. The Hokuyo scanning laser
rangefinder is connected via Ethernet, the ZED stereo camera by USB3, and the
DGPS unit by USB2. Localization, mapping and motion planning are performed
by the Jetson TK1, which then sends directional movement commands consisting
of desired speed and steering rate are sent at a rate of 100 Hz to the Arduino
board for kinematic transformation. The required steering angles and motor
speeds are communicated to the motor controllers and steering actuators via
logic-level serial and pulse-width modulation (PWM).

Fig. 4. Hardware architecture.

The software used for sensory processing, localization and mapping, and
motion planning on the NVidia Jetson TK1 board is based on the Robot Oper-
ating System middleware (ROS Indigo), which runs within an Ubuntu Linux
14.04 operating system environment. This enables a large array of open-source
software modules developed by the ROS community to be used, including many
that implement results from other research projects. ROS nodes may be con-
nected to sensors or actuators, or they may be intermediate nodes that process
data. Sensor-connected nodes broadcast sensor information via topics in the ROS
system, so that other nodes may use them as inputs for computation, actuator-
connected nodes read information from ROS topics and output commands to
their controllers, and other nodes simply process information from topics while
broadcasting new topics. Our system contains four ROS sensor nodes: an IMU
node (razor imu 9dof), a ZED stereo camera node (zed-ros-wrapper), a laser
scanner node (hokuyo node) and a GPS node (nmea navsat driver).
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Several intermediate nodes that are available as part of the ROS community
perform various navigation processing tasks as follows:

– A transform broadcaster publishes information regarding the relative move-
ment of the rover parts.

– A GPS transform node (navsat transform node) converts the GPS coordi-
nates to approximate 2-D orthogonal coordinates in a fixed Cartesian Coor-
dinate System parallel to the rover plane of operation.

– A Hector-SLAM node [32] converts laser readings into odometry estimation
according to the displacement of laser-detected objects.

– A visual odometry node converts information from the stereo camera into esti-
mation of robot movements, and an extended Kalman Filter node [33] fuses
all the odometry information and the velocity and orientation information
from the IMU to produce one final global odometry estimate.

– An RTAB-MAP node [34] uses the final odometry estimate and the camera
data to reconstruct a 3-D and 2-D representation of the environment

– A map-server node manages complex maps by decomposing them into mul-
tiple smaller parts and provides these partial maps when needed

Several new ROS nodes were written specifically for the agricultural rover
platform to improve performance in outdoor agricultural navigation tasks in the
context of farm monitoring as follows:

– A custom-designed controller node sets wheel speed for all four wheels, con-
trols the wheel angles through the linear actuators for steering, and feeds back
wheel and steering odometry via the SPI interface to the Arduino board.

– As most existing path planners are precise in nature and do not perform well
in uncertain or changing environments, a path planner node was created with
a simplified algorithm for choosing uncomplicated paths efficiently through
open spaces such as farm fields.

– A global planner node takes goal information and produces a plan though
the 2-D map that allows the rover to reach its destination, a local planner
takes a global plan and sends command to the wheel controller, moreover it
stops the rover in the advent of unmapped obstacles such as passing animals,
a navigator node store the set of goals that a user may input into the rover
and oversees the execution of the plan.

– Finally a connector node connects ROS to an external user interface, such
interface is the point of access of a farmer and it offers the ability to look
at the re-constructed map and input high level goals to the rover, such as
sampling at multiple destinations.

These new ROS nodes perform the key functions that allow the rover to per-
form in agricultural environments. Figure 5 shows an overview of the architecture
of the software system.
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Fig. 5. Software architecture [31].

3 Sensor Fusion for Odometry

In an accessible autonomous rover platform for agricultural use, tradeoffs must
always be made between cost and sensor accuracy. In addition, wheel odome-
try is very unreliable in outdoor terrain particularly when turning. As GNSS
localization may not always be available or accurate, it is desirable to improve
relative localization of the rover platform as much as possible. To obtain accu-
rate movement odometry, a combination of visual odometry using RTAB-Map,
laser-based odometry using Hector-SLAM, and wheel odometry is used. This
information is fused using the Extended Kalman Filter and robot localization
model available in the ROS robot localization package (ekf localization node).

Farming fields pose a significant challenge to robot visual localization due to
the uniformity of terrain and external features. Each part of a field or orchard
looks very much the same visually or in terms of solid obstacles, and even when
navigating down crop rows, ongoing visual measurement of distances is a chal-
lenge. The Hokuyo UTM-30LX-EW laser scanner, which performs very well in
an indoor environment with walls and well-defined obstacles, cannot provide con-
sistent tracking in a sparse, unchanging or empty environment. Initially, visual
odometry and mapping using the ZED stereo camera and RTAB-Map was eval-
uated as a single sensory method, producing a good-quality 3D representation of
our lab and some outdoor areas in which features are rich in complex, recogniz-
able objects such as the grove of trees shown in Fig. 6. However, experimenting
with RTAB-MAP under different system configurations made it clear over time
that small errors in the odometry estimation caused the 3-D objects to shift
in space and produce very bad reconstructions, and in outdoor environments it
is generally not possible to reproduce good quality 3-D maps like these in real
time.
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Fig. 6. High-quality 3-D reconstruction of a grove of trees on a farm from RTAB-Map.
Visual odometry is consistent only while differences between locations in the scene are
obvious and discernible [31].

RTAB-Map has not been extensively tested in outdoor environments, and
the use of appearance-based mapping requires large numbers of distinct features
for accurate odometry and loop closure. As RTAB-Map does not provide any
correction on the odometry estimation between two successive frames, only large
loop closures are subject to optimization once a map has been created. In the
agricultural context the greatest challenge is traversal across farmers’ fields, in
which case very few nearby visual references are available for odometry and
loop closure. Figure 7 shows a navigational map obtained from a farm field with
a fenced boundary, in which good visual odometry is maintained as long as
distinct objects around the boundary are present. This represents a relatively
easy map to obtain at a speed of approximately 0.5 m/s due to the diversity of
features available and navigation is straightforward as long as the boundary is
in view of the rover. A more difficult situation is shown in Fig. 8, where the farm
field boundary is grassy and lacking in distinct features. A slower forward speed
of 0.2 m/s or lower is necessary to perform mapping while travelling along the
boundary of this field, and visual odometry is less consistent. It is still possible
to maintain good odometry when travelling along the perimeter of this field as
long as some features are tracked well. However, as soon as the boundary is out
of the rover’s view when entering the centre of the field, odometry is easily lost
and the integrity of the map is compromised.
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Fig. 7. High-quality 3-D reconstruction of a farm field with fenced border from RTAB-
Map. As long as the border is in view, visual odometry can be maintained [31].

Fig. 8. High-quality 3-D reconstruction of a farm field with grassy border from RTAB-
Map. The border of the field provides barely enough discernible references to maintain
visual odometry [31].

To evaluate the quality of odometry in a general outdoor environment, a test
was run in which five points were chosen in a 100 m2 area and their relative
position from a starting point was measured. The rover was manually driven
through each of the five points, and the odometry estimation was recorded.
Table 1 reports the average error from these tests between real position and
recorded odometry under different configurations of the extended Kalman Filter
node. The left columns indicate the sensor information that has been fused in
the EKF node, and the rightmost column contains the average error in meters.
The smallest error recorded in this test was 1.77 m.

This experiment confirms that while the laser scanner is the most reliable
sensor indoors, it provides little reliable information in a large outdoor area.
The irregular shapes of the plants does not only offer a challenge in tracking for
the Hector-Slam node in the reconstruction of a 2-D laser map, but the uneven
terrain also causes frequent false obstacles to be detected even when pose is
corrected via the IMU. Repeated 3D reconstruction attempts have proved that
the error becomes too large to produce a full 3-D map of a farm field. As a result,
emphasis in the mapping process is now being shifted to producing a reliable
2-D obstacle map that can be overlaid on a topographic elevation map.
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4 Local Planner

The rover originally made use of the ROS planners available for the move base
node, which provides a general infrastructure to integrate different pairs of
global and local planners. The node requires a 2-D occupancy map and a set
of goal locations to compute a global plan and output velocity commands in
real time to the drive motors until the destination is reached. The local plan-
ner algorithms tested included the standard base local planner for differential
drive, dwa local planner (dynamic window approach), eband local planner (elas-
tic band), and teb local planner (timed elastic band). The global planner used
in all cases was the basic Navfn global planner in ROS since it provides valid
planning around mapped obstacles. However, it was found that these ROS-based
planners made critical assumptions about the underlying mobility hardware, in
particular that commands and odometry feedback would be executed with neg-
ligible time lag and that small incremental movements by pulsing the motors

Fig. 9. Flowchart of the navigational planner process. The planner sends commands to
the drive motors while in each of five states, and state transitions are performed where
indicated [31].
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would be possible. As the rover platform uses four-wheel steering and takes time
to accelerate and turn, the planning algorithms would repeatedly issue com-
mands for small, incremental angular adjustments (or in the case of the ROS
teb local planner, back-and-forth steering movements) and when this failed due
to either actuator lag or lack of precise movement, execute recovery behaviours.
To remedy this problem, we developed a new and simplified planner that relaxed
the constraints on timing and precision in favour of a best-effort approach.

For trial testing, we created a very simple algorithm: at the start the rover
rotates on the spot and aligns itself along the direction of the global path, then
it tries to follow the path by steering when needed either when the direction of
the curves changes too much or the rover moves too far away from the plan.
Once the destination is reached a signal is sent to the navigator nodes which
may provide another goal or halt the rover. The planner uses five states of
operation with appropriate commands sent to the drive motors for the duration
of each state: Start, Forward, Backward, Pause, and Rotation. A flowchart of
the process the planner uses when moving from the current movement state to
the next movement state is given in Fig. 9.

Making use of high-quality odometry information that is available by using
Hector SLAM and the scanning laser rangefinder in the lab environment, this
planner showed much better reliability than the ROS planners on the rover
platform. In trial runs for this planner, seven different points were set spaced far
apart on the lab floor and the rover was directed to visit them autonomously
in order. Table 2 reports the distance between the set goals and the point the
rover stopped at, and an average error of 15 cm was recorded at the points the
rover stopped. Figure 10 shows the 2-D Hector SLAM and reconstructed 3-D
RTAB-Map maps of our lab and the testing path: S marks the starting point
and each numbered goal point is marked G. The goals are structured in order of
the difficulty of reachability:

1. from S to G1 there is a straight path
2. from G1 to G2 a turn on the spot is involved
3. from G3 to G4 there is a sharp corner
4. from G5 to G6 there is a narrow path
5. from G6 to G7 the path includes a narrow door.

The same experiment was executed in an outdoor area. Unfortunately, due
to the low mapping quality and the higher position uncertainty of the rover in
outdoor environment, the rover could reach only the first goal with an error of
1–2 m and was not able to reach the following ones. Table 3 reports the distance
between the set goal and the point the rover stopped at.
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Table 3. The navigation error in garden environment for one goal located 15m ahead
of the starting position, depending on the enabled sensors. NR stands for Not Reached
[31].

Laser odometry Other sensors Measure Goal error in meters

Absolute 1.5

Absolute IMU Angular velocity 2

Absolute IMU Linear acceleration 3

Absolute Visual Odom. Linear velocity 0.5

Absolute Visual Odom. Angular velocity NR

Absolute Wheel Odom. Linear velocity 1

Absolute Wheel Odom. Angular velocity 1.5

5 GPS-Only Navigation

Since RTAB-Map did not provide an effective mapping system in open coun-
try environments, we decided to develop a new navigation system for a more
restrictive scenario. We assumed that the rover had to move autonomously in
an open empty field devoid of insurmountable obstacles. The field is allowed to
contain cliffs, hills and rocks as long as the rover is able to climb upon them.
The rationale of the scenario is that a farmer may need to collect soil samples
in a grassy or recently plowed field. Moreover, the roughness of the terrain may
cause a lot of stress on the wheels actuators when the rover is trying to perform
a turn on the spot. Hence we disable this feature in the new navigation system
and we require that the rover turns by steering.

The new navigation system relies on two sensors: a differential GPS and a
compass integrated into an IMU unit. The differential GPS measure is obtained
by connecting two GPS units by a radio link. One GPS unity is located on the
rover and the other is mounted on a fixed isolated mast and provides correcting
measures. The compass provides the 3d angle toward the north direction. The
GPS coordinates are transformed in a local 2D Cartesian coordinates system
with center on the starting position of the rover and y axis given by the north
direction. The 3d heading angle is transformed into its planar projection on the
base plane of the rover, and we use this projection as an approximation of the
heading angle in the 2d coordinate system.

The position of a target destination is given as GPS coordinates and is pro-
jected on the local 2D Cartesian system. A global planner computes the shortest
path composed by a circular line and a straight line from the current posi-
tion (coordinates and heading) to the destination. The circular line may appear
before or after the straight line and it is required in order to adjust the heading
direction in such a way that the rover points toward the target.

A local planner ensures that the rover follows the circular line and the straight
line, and asks for a re-computation of the global plan if the rover moves acci-
dentally too far away. The main challenge encountered during the design of the
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Fig. 10. Reconstructed map of our lab and testing paths. The picture was taken when
the rover was attempting the navigation from G6 to G7, but G7 was never reached as
the rover could not cross the door [31].

local planner has been the measurement error of the compass. Small errors in the
compass reading ( 5–10◦) cause the rover to move away from the target path and
a constant re-adjustment is needed. A measure of the distance between the tar-
get line and the rover is computed along the different between the rover heading
and the ideal heading it should have along the target line. If the rover is trying
to follow a circular line, then a new circle is computed with the aim of converg-
ing to the target circle, and the velocity commands necessary to follow the new
circles are sent to the motor controllers. If the rover is trying to move along a
straight line then the correction is applied according to angle and distance with
fixed values according to some thresholds.

Under the scenario assumption, as long as the human operator provides target
goals with a free direct path to the rover position, the rover is safe to move along
the line.

We tested the navigation system in an empty farm field in the country sur-
rounding Glasgow. The field was recently plowed and seeded, and it matched our
assumed scenario. The rover was equipped with a drill for the extraction of soil
samples, and a laser for the measurement of nitrogen content. A set of 24 target
points were defined (see Fig. 11), at each point the rover had to drill a hole into
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the ground, analyze the sample and record the data. A remote visualization tool
allowed us to read the measure as it was extracted. The rover managed to reach
12 points with the same distance error provided by the GPS system, before the
it had mechanical problems and repairs were needed. During the test, the nav-
igation system was not optimal. The rover tended to diverge from the planned
path, a few times the target was missed and a new plan was recomputed. Since
the rover had to turn back along a circle, missing a target considerably increased
the navigation time. Figure 12 shows a successful navigation where the rover did
not need to re-plan the target path.

We also tested the navigation system in an open spot in the garden of the
university. In this place, the navigation system did not work at all, because the
compass reading were consistently wrong at given locations. We hypothesize that
the presence of magnetic interference, may cause the compass to provide false
measures in a city center.

In order to address the problem we added a Kalman filter for the estimation of
the local 2D rover position from the GPS coordinates and the compass reading.
The rationale was that the compass error would be filtered out when the rover
is moving along a given direction. The results improved in the presence of noise
that caused the compass to have large or consistent error. However, in the city
the Kalman filter was not able to eliminate all the errors because also the GPS
had an increased error measure. Moreover, in the open empty field, we analyzed
the estimated 2d local positions with and without a Kalman filter during a rover
test, and we observed that the two measures had comparable errors.

Fig. 11. Farm field in the Glasgow country area. 24 points were selected as destination
targets. Red line shows the path in the farming field.
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Fig. 12. Planned path compared to actual path on a 2D local map representation.

6 Greenhouse

We also focused on a second more restrictive scenario. We assumed that the
rover had to harvest fruits in a greenhouse environment. Hence, it had to move
in small areas surrounded by unsurmountable obstacles. The terrain is mostly
flat and the rover does not need to climb obstacles and experience changes of
inclination.

The navigation system relies on three sensors: a 2d laser scanner for the
detection of obstacles in a 270◦ window on the plane of the rover, an IMU for
the detection of the rover inclination, and a set of sonar mounted at the back
for the detection of the obstacle in the visual window which is not covered by
the laser.

Hector Slam is used for the simultaneous localization and mapping of the
visited area. The system is able to reconstruct a 2D map of the environment
from the 2d laser scan and provides a correction to small changes of inclination
of the rover. However, if the rover experiences too many or too big changes of
inclination (for example on a very rough terrain), Hector Slam may produce an
incorrect map. For example, when the rover bends forward, the laser scanner
may hit the ground, and an obstacle may be detected in the front and it may be
placed in the map. The error may produce an incorrect localization and cause
the construction of a wrong map. We often witnessed the problem during the
setting of the working parameters of Hector Slam. Falling with only on wheel in
a small hole in the ground, or climbing a steep obstacle caused a complete loss
of localization.

Since the rover needs to move in a constrained environment, we cannot allow
it to move along large steering circle like it happened in the open field sce-
nario. Orientation toward the correct heading direction is achieved by using
backward steering manoeuvres alternated with forward steering manoeuvres.
Hence, we implement backward obstacle detection as well. The sonar sensors
are used for this purpose, however they easily fail to detect obstacles or are too
slow to respond. Hence, the main obstacle detection function is entrust to the
map produce by Hector Slam. The localized rover position is compared with the
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position of the obstacle to detect current or future collisions and halt the rover
accordingly. Hence, as long as the obstacles in the back of the rover are mapped
the rover safely halts during a backward manoeuvre. If the rover starting posi-
tion has no obstacles immediately in the back or the first destination is set
immediately in front of the rover, backward manoeuvres do not cause collisions.

The global planner computes a path from the starting position to the target
position by heuristic depth search in a partial pose tree. The pose tree has
root given by the rover starting position, each node of the tree is expanded by
adding some neighbour poses at a given distance along a fixed set of directions.
The neighbours are added as long as they do not cross an obstacle and do
not cause a loop. A priority is assigned to the point according to its distance
to the obstacle, whether there is a change of direction and the distance from
obstacles (straight lines are preferred, and paths farther away from obstacles are
preferred). Positions are explored and expanded as needed. The algorithm stops
when a direct path from a pose to the goal is found or a timer runs out. If a path
is generate, it is simplified by leaving out only points that are reachable one from
the other by a direct line. A new global planner was created due to the following
reasons: Ros global planner would fail to compute a plan if the rover moves too
close to an obstacle by accident. On the converse, if the obstacle tolerance is
increased, the planner would compute a path very close to the obstacles which
would make the navigation hazardous.

The local planner is revised. An steering manoeuvre that alternates forward
and backward phases is added. The shift from one phase to another is deter-
mined by the distance the rover has moved during the phase. As soon as the
rover detects a movement of more than 30 cm it reverts the direction. Moreover,
a PID controller based on the distance from the target path has been implement
to make sure that the rover follows a target line. In the controller, we use an
integrative coefficient of zero, a derivative coefficient of 0.5, and an error coef-
ficient of −1.0. The angle distance between the rover heading and the target
heading is used as derivative component of the PID. The PID controller proved
to be much better than the threshold-based correction of the previous planner.

The above experiments for evaluating the quality of odometry make use of
manual measurements of the reference position of the robot. All odometry mea-
sures indirectly computed from the sensors and the sensor fusion are compared
to this reference to compute the error. However, manual measurements are sub-
ject to error due to difficulty of making the robot pass exactly though the chosen
locations. We also observed that Hector-Slam scanning laser based localization is
very precise when there are enough distinct laser-detectable features surround-
ing of the robot. In such a scenario, the localization error is approximated by
the laser resolution, and is comparable to our manual measurement error. Hence,
we devised a more data-dense experiment that uses as a reference the odometry
computed by Hector Slam localization.

In this experiment, we manually drove the robot in our lab, which is rich in
asymmetric planar features and allows Hector Slam to minimize the localization
error due to feature matching uncertainty. While moving, the robot computes its
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reference pose using Hector-Slam and the odometry evaluation using different
sensors with different combinations of sensor fusion. As soon as the odometry
information is available, they are compared to the current Hector-Slam pose and
the distance error and angle error are stored for analysis. This experiment allows
us to quickly gather a larger quantity of data and compute the average odometry
error.

Table 4 shows the distance errors and the angle errors for each combination
of fused sensor. The errors depend on the different sensors fused by the EKF
node.

The errors have been computed as follows: The average relative distance error
(meter) is

eARD =
n∑

i=0

||odometry posei − laser posei||∑i
t=1 ||laser poset − laser poset−1||

. (1)

The average angular error (radians) is

eAAD =
n∑

i=0

min(odometry orientationi − laser orientationi)
n

(2)

where
min(α, β) = asb(α − β) − (2 ∗ k + 1) ∗ π (3)

and k is the integer part of asb(α−β)
2∗π . The final relative distance error (meter) is:

eFRD =
||odometry posen − laser posen||

∑i
t=1 ||laser poset − laser poset−1||

. (4)

The final angular error (radians) is

eFAD = min(odometry orientationn − laser orientationn). (5)

7 Conclusion

In this chapter we described how we achieved autonomous environment moni-
toring using an agricultural robot platform that was both light weight and low
cost. Although constrained by limited kinematic precision, our application of
odometry and localization, identification of objects, and path planning activi-
ties, under ROS, provided a practical discussion of autonomous guidance and
planning technologies. Our results indicate that, under a localization system that
is both accurate and real-time (e.g. Hector SLAM against fixed obstacles), navi-
gational points can be reached quickly and efficiently with high accuracy by our
agricultural robot. This success was achieved at low cost, with a minimal sensor
set, and a simple yet efficient kinematically-tolerant planning algorithm.

In addition, we proved that methods must differ between applications that
are indoor (localization and odometry that is feature-rich) and outdoor (farm
fields that are uniformly-visual). Our next task is to integrate differential GNSS
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localization between the robot and a local base station. The new u-blox C94M8P
DGPS devices could supplement odometry in field environments that are feature-
poor. With the integration of visual measurement and soil sampling technologies,
autonomous monitoring could be field tested. In the future, machine vision based
navigation will be able to tolerate harsher weather conditions. An intelligent path
planning algorithm using probabilistic mapping and optimization methods will
be used for more challenging farming operations.
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Abstract. Multicoptor unmanned aerial vehicles (UAVs) are popular
robotics platforms in various research and applications fields. Research
in robotics, control, estimation and computer vision relies heavily on
open-source software and hardware to build custom UAV. This is
motivated by lower cost of material and rapid development desire. The
presented tool automates the task of obtaining realistic models for simu-
lation and visualization of multicoptors using state-of-the-art Computer
Aided Design engineering tools (CAD). Users interact with the software
through a desktop application that offers interface to CAD tools, hard-
ware database and simulation files generation. Custom models can be
generated for three popular multirotor simulators. Modeling parameters
accuracy has been validated using data of IRIS+ quadcopter model.

Keywords: Aerial robots · UAV simulation · System ID · SolidWorks
API · Dynamic assembly · Flight control · Robot visualization

1 Introduction

Multicopter Micro Aerial Vehicles (MAV) are widely used nowadays for sev-
eral applications where remote operations are required where human acces-
sibility is needed or higher work efficiency is desired. The main advan-
tages of multicopters UAVs is their high agility and hover capabilities which
make deploying them in various applications easy. Furthermore, no special
operating infrastructure is needed for aerial robots that have high mobil-
ity compared to the ground or sea robots. Their unlimited minimum transla
tional speed, reaching zero in case of hover, allows the use of multirotors in
confined limited space unlike the fixed-wing UAVs where aerodynamical lift is
essential to stay in air.

There has been remarkable innovation and development in vehicle design
and modeling of small and medium size UAVs. Additionally, these vehicles
are standard testbeds in several research fields, such as: robotics, control, esti-
mation, computer vision and artificial intelligence. Multicopters represent an
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 451–474, 2019.
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excellent example of 6 six degrees of freedom (6-DOF) dynamical system with
highly nonlinear fast dynamics. This motivates the consideration of these plat-
forms to develop various aspects of controllers design and algorithms validation.
This includes stability control, planning and navigation, autonomy and learning
approaches. Some examples of multicopters UAV uses are presented in [15].

Working with multirotors UAVs often involves development of the exper-
imental setup. This can be achieved by purchasing fully working systems or
building them. The advantage of first option is saving time and debugging effort
by considering turn key solutions. However, these systems are often rigid in terms
of hardware/software structures and mostly offer limited access for developers.
Building the system using combination of off-the-shelf and self designed compo-
nents has the advantage of high customization and possible modularity for multi
application utilization. The cost here is development time to build the testbed.
In research, the second model is common due to the flexibility it offers specially
the access to open-source software and hardware which is a natural need for
researchers. Available components combinations to build a multirotor system is
limitless given the large number of manufacturers for every single component.
The selection is usually done based on recommendation and basic calculations.
Accurate simulation of such systems can be tedious because it involved a lot of
time spent on CAD design and simulator setup. In many cases, one simulates
a generic multirotor model then spent long time in the implementation phase
because it is very different setup.

Currently, some generic simulation toolboxes are available for researchers and
developers, for instance [3]. These toolboxes provides examples of system models
with sample controllers that usually serves the educational goal. The challenge
often is getting a good enough model of real system that makes simulation more
useful and relevant. Model development usually involves multiple iterations of
system identification experiments in order to obtain a dynamical model. Some
simulation software is packed with physics engine solvers that offer a more realis-
tic dynamical study. Some examples that will be discussed further in this article
are Matlab Simscape, V-Rep and Gazebo [4,5,13,14]. These simulators allow the
user to model and simulate every component in multirotors including actuators,
sensors and cameras. These simulation tools normally need higher computational
and graphical requirements to run compared with numerical simulators. Luckily,
this challenge is gradually disappearing with the rapid development of computer
hardware and the reduced cost of technology. The second challenge is the need
to have a good geometrical representation of the system with mass distribution.
This task is not trivial and usually involved tremendous effort in CAD design of
individual components and assembly creation.

There are different approaches for modeling and system identification of mul-
tirotors UAVs. The structure mass and aerodynamics properties play major rule
in designing stabilizing and navigation controllers. The model might be sim-
plified with linear assumption or detailed to include modeling mass distribu-
tion and inertial systems in addition to thrust and power systems. Classically,
the modeling process is done experimentally by measuring the thrust generated
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by each rotor and torques about vehicle’s center of gravity (COG). Mass of
individual components can be measured and the inertia tensor can be computed
analytically or experimentally [2]. Other modeling efforts aim to simplify the
task by assuming fixed structure and initial guess of parameters that are tuned
online using flight data. This achieved using proper deterministic and stochastic
estimation techniques [10]. CAD based design and modeling tools have gained
popularity in engineering research communities due to rapid advancements in
computer simulation capabilities. Faster CPUs and GPUs allow us to run pow-
erful engineering tools, such as, virtual wind tunnel studies using embedded CFD
solvers, force/torque analysis and inertial properties [6–9].

The main contribution of this work is the software scheme that automatically
generates realistic simulation models using a user friendly environment. The soft-
ware tool is developed using Visual Studio platform and CAD software interface
is enabled employing SolidWorks Application Program Interface (API). This
API allows interacting with the various CAD functionalities. Users choose parts
properties or select components from commercially available hardware library
that is expendable. Then the software create an assembly through SW API and
run some analysis and simulations to obtain the model. After that the CAD
and mathematical models are generated for the desired simulation software with
current support for MATLAB Simscape, Gazebo and V-Rep.

The work presented here is an extension of our work in [24] with main
improvements in supporting wider variety of platforms and more through expla-
nation of the employed concepts. User GUI has been redesigned to support
updated system and a validation example and performance assessment are pre-
sented.

The article is organized as follows: in the next section, the dynamics of mul-
ticopter UAVs are discussed with more details on quadcopter modeling. Then,
Solidworks API and different tools will be introduced with focus on those related
to multirotor development. In Sect. 4, the structure of three quadcopter simu-
lation environments will be discussed. CAD based identification approach is
investigated and the concept of dynamic assembly and smart mating will be
introduced. After that, the application to automate the process is presented
with a sample proposed graphical user interface (GUI). Two modeling examples
of multirotors from literature are compared to the CAD modeling performance
for validation. After that, conclusion remarks and opportunities are discussed.

2 Multicopter Dynamics

Multicoptor UAVs are actuated by a number of rotors that can be in different
configuration around the center of vehicle [16], see Fig. 1. In this work we focus
on the three most popular multirotor platforms; quadcopters, hexacopter and
octacopter differing in the number of rotors, four, six and eight respectively.
Although they share similarity in motion mechanisms and modeling procedure,
they differ from control point of view since quadcopters are underactuated, hex-
acopter are fully actuated and octacoptors are overactuated systems. Selection
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of the platform often depends on research objectives and application. Below,
we present the dynamics of quadcoptors and leave discussing the other two.
Dynamics and modeling of hexacopter and octacoptor are presented in [17,18]
respectively. Different motion maneuvers and poses can be achieved by varying
the rotational speed of each rotors which is usually called control inputs mixing.

2.1 Reference Frames and Quadcoptor Pose

Prior to discussing quacopters states and dynamics, we need to introduce two
operating frames, body (or local) frame and inertial (or earth) frame. The inertial
reference frame is fixed with respect to earth and usually follows the convention
of NED (North-East-Down). The body frame is a mobile reference and can be
seen as an attached frame to the quadcoptor structure. Directions and poses con-
ventions are usually decided based on the placement of the inertial measurement
system (IMU) on UAV frame. In the following discussion, we will refer to body
frame using B and inertial frame using A. XA

B denotes transformation operator
from body frame to earth frame.

Fig. 1. Different forms of multicopter vehicles.

A quadcopter UAV is shown in Fig. 2, with 4 rotors denotes by R1, .., R4. The
forward direction is aligned with positive x−axis. R1&R3 rotate in the counter-
clockwise direction while R2&R4 rotate in clockwise direction. The axes shown
in the figure represents body frame coordinate system. When all rotors rotate
at the same angular speed, a vertical thrust force is produced along z − axis.
Varying the rotor speeds results in deflection from the hover pose and positive or
negative attitudes. For instance, decreasing R1 and increasing R3 result in pitch
angle change causing forward motion. Increasing R2 and decreasing R4 result in
roll angle rotation causing moving to the right along the y − axis. A sequence
of controlled attitude combinations result in a translation trajectory defined in
one of the two reference frames.
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2.2 Quadcopter States and Rigid Body Dynamics

Quadcoptors UAVs can be seen as a rigid body in 3D subject to three rotational
and three translational degrees of freedom. It follows Newton’s second law when
represented in inertial frame. The most common model in literature is the 12
states nonlinear model. Translational states are position and velocity in 3D,
denoted by x, y, z and vx, vy, vz respectively. Rotational states are attitude angles
and velocities denoted by φ (Roll),θ (Pitch), ψ (Yaw) and ωx, ωy, ωz. In order to
transform vectors from body frame B to inertial frame A, one need to multiply
that 3D vectors by the rotational matrix:

RA
B =

⎡
⎣

cψcθ − sφsψsθ −cφsψ cψsθ + cθsψsφ
cθsψ + cψsθsφ cφcψ sψsθ − cψcθsφ

−cφsθ sφ cφcθ

⎤
⎦ (1)

Fig. 2. Custom designed quadcopter using off-the-shelf components [24].

where c denotes the cosine function and s the sine function. The dynamical
model of forces and moments can be written as:

m

⎡
⎣

r̈x
r̈y
r̈z

⎤
⎦ −

⎡
⎣

0
0

mg

⎤
⎦ = RA

B

⎡
⎣

Fx

Fy

Fz

⎤
⎦ (2)
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J

⎡
⎣

ω̇x

ω̇y

ω̇z

⎤
⎦ +

⎡
⎣

ωx

ωy

ωz

⎤
⎦ × J

⎡
⎣

ωx

ωy

ωz

⎤
⎦ =

⎡
⎣

τx
τy
τz

⎤
⎦ (3)

where r̈x, r̈y, r̈z are the accelerations in the inertial frame, m is the mass of the
quadrotor, g is the gravitational acceleration 9.81 m/s2, F is the total thrust
force generated by all engines and Fx, Fy, Fz and τx, τy, τz are the forces and
torques in body frame. J is the inertia matrix that represent the inertia about
x, y, z axes and the product of inertia.

J =

⎡
⎣

Jxx Jxy Jxz

Jyx Jyy Jyz

Jzx Jzy Jzz

⎤
⎦ (4)

When the mass is perfectly distributed around the center and the frame is sym-
metric, the inertia products (off-diagonal) terms can be neglected.

2.3 Forces, Torques and Aerodynamics

Multirotors share similar body dynamics but they are clearly different in terms
of forces and torques acting on airframe. The number of rotors reflects on the
mixing model. In the case of quadcopters, the thrust and torque generated by
each rotor are denoted by Ti and Qi for i ∈ {1, ..., 4} which can be proportional
to the square of the rotor speed si in (rad/s).

Ti = pT s2i Qi = pQ s2i (5)

pT and pQ are the thrust and torque coefficients respectively. These are functions
of motor specs, rotor radius, area and density of air. The forces and torques acting
on the quadcopter structure expressed in body frame can be written as:

⎡
⎣

Fx

Fy

Fz

⎤
⎦ = (

4∑
i=1

|Ti|)
⎡
⎣

0
0
1

⎤
⎦ +

⎡
⎣

Px

Py

Pz

⎤
⎦ (6)

⎡
⎣

τx
τy
τz

⎤
⎦ =

⎡
⎣

L pT (s22 − s24)
L pT (s23 − s21)

pQ(−s21 + s22 − s23 + s24)

⎤
⎦ (7)

Where Px, Py, Pz are the induced aerodynamical forces acting on the vehicle
when it is away from hover state. L is the length of vehicle’s arm (distance
between center of the quadcopter and the effective thrust point). These can be
modeled as linear or nonlinear functions of translational velocities. The aero-
dynamical parameters can be obtained through wind tunnel testing or CFD
simulations. The better the knowledge of thrust model, aerodynamical effect
and inertial properties, the more realistic the model can be. Further detailed
discussion of quadrotor dynamics and modeling effects can be found in [1,19].
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3 CAD Based System Identification and Dynamic
Assembly

SolidWorks is the CAD software that is considered in this section and the coming
ones. A user might consider other CAD software tools depending on availability
and familiarity. Our choice is motivated by the user friendly interface and engi-
neering tools in the software. The main and essential feature that is an enabler
in this work is the Application Program Interface (API) that allow interact-
ing with SolidWorks tools from other applications. Different tools that helps in
model identification and assembly creation are introduced in this section. Then,
Macros and API are discussed to show some examples of automating the process.

3.1 Material and Mass Properties

Mass of a part can be calculated or assigned to the part. If mass of the part is
known then it can be manually entered. The CAD software can compute the mass
of parts after material assignment that will define physical properties including
densities. Then, volume, mass and inertia of each part can be computed using
Mass Properties. Custom materials or densities can be defined if necessary. When
generating an assembly of multiple parts, the total mass and center of gravity
(COG) is numerically computed using SolidWorks solvers. This is specially useful
in giving early feedback about the mass distribution in the model and assump-
tions on COG. If the center of gravity is shifted dramatically from the model
center, the designer may need to consider rearranging components. The inertia
tensor, in Eq. 4, is also computed using the same tool. The inertia and mass are
model parameters that are needed to describe the dynamics in the last section.
It worth mentioning that in general, we do not assume symmetry of the model
and therefore the off-diagonal terms in the inertia matrix are not necessarily
zero.

3.2 Force and Torque Models

Another useful CAD modeling tool is the motion analysis and simulation. This
toolbox can be utilized to obtain the thrust and torque models generated by
every rotor. One can assume thrust and torque models as in Eq. 5. More detailed
modeling of rotor propulsion and back torque can be found in [1]. For the model
we consider the generated force and torque are quadratic functions of the rotor
rotational speed and the identification task melt down to find thrust and torque
coefficients pT & pQ. To apply this analysis in the most sufficient way, an assem-
bly consisting of the frame and engines are considered. The rotor speed effect
is measured by introducing virtual force and torque sensors. The rotation speed
of rotors varies between zero and maximum rotational speed, s0i , s1i , s2i , ..., sni
where s0i > 0 , sni < smax . smax is the maximum motor speed usually mea-
sured in rotations per minute rpm and can be found as part of manufactures’
engine specifications. An example of identified parameters is shown in Fig. 3.
More advanced analysis related to friction and heat can be done but this is
omitted here because it is beyond the scope of this work.
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Fig. 3. Left: Force and moment of brushless motor and propeller. Right:
Motor/propeller model ID setup in solidworks motion analysis toolbox [24].

3.3 Flow Simulation and Aerodynamical Effect

Further analysis is carried out to understand the force and torque models affect-
ing the full multirotor model, this time with the full setup of all components. Flow
Simulation Toolbox in SolidWorks is used to compute the forces and torques on
airframe during various flight conditions. This is achieved using the software
built-in computational fluid dynamics solvers. This study is valuable for design
optimization and performance assessment. We mention here some studies and
analysis that can be done using air flow simulator.

– Lift Force: is studied by rotating the four engines at variable speeds, this
results in lift force in body frame z-axix. Figure 4 shows airspeed cut plot
around propellers. The total generated thrust should be good enough to lift
and at least 1.5-3 times more than the weight. Engine and propeller size is
constrained by other components in the system such as frame size and power
devices.

– Aerodynamical Drag: effect starts to appear when quadcopter vehicle is away
from the hover state where attitudes and rates are close to zeros. In many
contexts, this effect is ignored when modeling and being considered as part
of the noise that can be compensated by feedback controllers. When multi-
rotors move at high speed or execute agile maneuvers, the influence of drag
is amplified and may affect control performance. A good approximate model
of air drag is considering a linear function of translational velocity in body
frame. Other effects like Blade Flapping are not modeled separately in the
current context. The advancing blade of the rotor generates more lift com-
pared to the retreating blade which causes inconsistency in the generated lift
and therefore creating oscillation in the rotor blade. Flapping occur mainly
when translating in horizontal plane. Flow simulation is used to calculate the
drag effect on the airframe under different orientations and velocities.

– Vorticity and Turbulence: vorticity occurs when distance between center of
quadcopter and center of rotor is small and gets attenuated as displacement
becomes larger. The effective overall thrust is also reduced as the points of
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thrust get away from the center of gravity. Stabilizing and controlling the
system become harder as vorticity increases. So it is a compromise choice
between more thrust and more stability in the system. Figure 5 shows low
vorticity air profile around the quadrotor.

– Optimizing Frame Design: when designing a new frame, choice of material
and thickness profile are essential to minimize vibration during flight. This
contributes to better stability and lower noise affecting visual and inertial
sensing systems.

– Components Reconfiguration: Redistribution of components around the frame
body can be optimized. Furthermore, right selection of motor and propeller
combinations along with the corresponding power devices can lead to better
operation time and performance. CAD software tools allows iterating over
different possible configurations.

3.4 Assembly and Smart Mating

Prior to introducing the developed software tool, we present here some mecha-
nisms to unify parts representation. Then the concept of smart mating is dis-
cussed. In order to generate an assembly, a number of parts is assumed to be
created already. It can be in the form of library that includes parts of various
types, such as frames, engines, batteries, propellers, ... etc. Mating massless sur-
faces are generated for each part and mate properties is saved in a special format
text file that is attached to corresponding part.

Component Representation: Multirotor parts are directly or indirectly
attached to the frame. In order to make the smart mating process well man-
aged, we introduce multiple classes and subclasses of parts as follows:

• Airframe
Parameters: number of rotors, size, base length, base width, arm length, arm
width, engine mount diameter, thickness (if uniform), material, color.

• Engine
Parameters: mass, maximum diameter, minimum diameter, hub size, color,
wire length, wire type, hole spacing, shaft, hight, KV, input voltage.

• Propeller
Parameters: material, hub size, blade length, blade width, pitch, number of
blades.

• Power
Subclasses:

– Battery
Parameters: type, width, length, hight, wire length, wire type, weight,
number of cells, capacity, connector type.

– Speed Controllers (ESC)
Parameters: length, width, hight, weight, engine connector length, engine
connector type, battery connector length, flight controller connector.
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– Voltage Regulator
Currently supports only some standard components.

• Hardware A
This class contains control and communication components. The parameters
in all subclasses are dimensions and weight. No custom parts are supported
in this class. Subclasses are flight controller, telemetry module, companion
computers and RC receiver.

• Hardware B
This class is similar to the previous in terms of parameters and customization
and is dedicated to different forms of sensing systems. Subclasses are GPS
module, Range Finder, Camera, Stereo camera.

Component parameters are used to generate each individual custom part
based on pre generated special procedure for every component. Some parameters
are optional where default values are used if not entered. Other parameter are
essential for modeling (like material, size of frame or propeller blade characteris-
tics) or compatibility (motor hub and propeller hub). Based on this process, each
part in the CAD software will have an accompanied description text file describ-
ing its class, parameters and compatible mating classes, for instance, a propeller
can not be mated directly to an airframe. There are different approaches to
generate assembly parts:

Fig. 4. Airspeed around propellers
(Red: max speed, Blue: min speed) [24].

Fig. 5. Air profile around quadcopter
(Red: max speed, Blue: min speed) [24].

1. Full Model Drawing: Prior engineering design skills is required with dedicated
time for CAD drawing. Models can be created very close to reality in terms
of properties geometry and visualization

2. CAD Template Modification: this techniques is employed in our development
where we create a library of generic parts with the ability to modify geometry
and properties.
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3. Macro File Modification: a macro file can be generated for the design or mate
process. This might sometimes face issued if parts are changed and a Macro
is not modified properly.

4. Solidworks API: through the Application Program Interface, users can inter-
act with the CAD software tools from an external application. SolidWorks
Macros and API are discussed in more details in the next section.

Smart Mating: Component description file is essential for generating the indi-
vidual parts CAD models. In order to combine these parts into sub-assemblies
and full system assembly, information related to mating rules need to be defined.
For each part, a mate description file is generated which defines virtual surface
and entities created using SolidWorks sketch tools. Fixed names are assigned
to those entities to allow consistency when mating the parts. Each mate entity
is assigned allowable mated parts to avoid errors when automating the process.
An example of an airframe with highlighted mate surfaces is shown in Fig. 6.
For instance, the mate at the far ends of four arms accepts only parts of type
“engine”. Some entities like surfaces on top or center can accept multiple part
types like antennas, GPS or RC receivers. Parts mate configuration files will
provide platform flexibility toward automating the process of multirotos model
generation. It allows proper universal way to integrate parts in different vehi-
cles and early detect incompatibility of parts and sub-assemblies and therefore
prevent possible rendering errors in the design or degraded performance.

Fig. 6. Custom quadrotor frame (Top View) with highlighted smart mating surfaces
[24].

To further illustrate useful features of smart mating. Consider the Hexacopter
in Fig. 7. Special engine mates surfaces are created for airframes. In opposite side,
airframe mate surfaces are created for engines. Two different engines are shown
in the figure, on the right picture (Multistar Engines) and on the left picture
(E-Max Engines). Adding the mate surfaces to all parts make exchanging engines
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on the same airframe is a straight forward mission. Now, we will look at two
automation approaches; Macros and API.

3.5 SolidWorks Macros and API

SolidWorks API allows developers to use recorded Macros as well as standalone
applications supporting multiple programing languages such as, C ++, C# and
V isualBasic.NET [12]. Macro recording and editing is embedded in the software
but in order to access full functionality of the API, SolidWorks API SDK should
be downloaded and configured [20]. Macros are special recorded commands that
call the software API in order to execute CAD related commands, such as,
sketching, dimensioning, mating ... etc. Macros can be used to do repetitive
CAD tasks in a faster and consistent way. It can be either recorded using SW
tools or written using the embedded editor [23]. Sub-assemblies for instance can

Fig. 7. Illustration of smart mating with two different type of engines.
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be generated separately and saved before adding it to the main assembly; power
or propulsion systems sub-assemblies. We use macros to construct and save sub-
systems which greatly enhance model generation experience. Some of Macro uses
are:

– Part Generation: this is used in the form of part templates for various com-
ponents in multirotor to allow customization by the user.

– Subassembly: as mentioned above, macros can greatly speed up the model
generation process by running multiple CAD instances where each handles
one or more sub-assembly.

– Parts Mating: in our library we assume consistency of naming of entities in
every class of components. This enables introducing smart mating given parts
are pre oriented. Figure 7 shows an example of using similar Macros to mate
different propellers to the same engine. If parts already exist in the library
(three parts in this example), several allowable combinations of components
can be created through Macros. This contributes to modularity of the devel-
oped application.

– Part Dynamic Modification: main parameters in each class or sub-class of
components have unique identifiers. These entities can be modified to scale
parts or generate totally new ones.

– Motion Analysis: to start force/torque study and save and read the simulation
results in order to automate modeling processes.

– Model Check: run diagnostics on parts or assemblies to figure possible incom-
patibilities or sources of rendering errors. This is essential for model visual-
ization and export to simulators.

The developed standalone application CopterCAD automatically saves
macros of processes done throughout its execution. For a fresh use, it does com-
bination of calling API commands directly and running Macros. More details on
API utilization for CAD automation are presented in [21,22]. SolidWorks API
offer the customization requirements needed for the multirotor modeling and
CAD generation platform that is presented in Sect. 5 (Fig. 8).

Fig. 8. Macro recording example for subassembly generation.
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4 Multicopters Simulation Software

Multirotors simulators are effective tools for development in aerial robotics. They
provide ultra realistic real-time simulation and visualization of vehicles enabled
by advancement in computational and graphical hardware capabilities. These
simulators have their embedded solvers and physics engine which allows studying
the actual system model beyond mathematical models simulations. In our model
generation software, we consider three of the most popular simulators in within
multirotors research communities, Simscape by MathWorks, V-rep by Coppelia
Robotics and Gazebo. Here we present quick overview of the simulation structure
for each and files that need to be generated through the automated generation
process discussed in the next section.

4.1 MathWorks Simscape

Simscape is an add-on to Matlab software. It enables the development of physi-
cal models and visualize them within Simulink [25]. Models can be created using
the embedded editor or can be imported from a CAD software like SolidWorks
using Simscape Multibody Link Plug-In. Although the plug-in automatically exe-
cute Simscape model generation, it is still worth presenting its files structure.
This will allow automated remote modifications of parameters if needed. Files
generated by SW export are geometry files for all parts in assembly and an XML
multibody description file that includes model parameters, relations and defini-
tion of moving joints. Figure 9 illustrates the import process from SolidWorks
to Simscape.

In addition to the standard generated files, a simulink model of the identified
system is generated by the developed application. Other files describing the

Fig. 9. Simscape model import process.
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gravitational and environmental effects are automatically created along with
some diagnosis and plotting functions.

The user input to the simulation model are the rotational speed of the rotors
s1, s2, s3, and s4 or thrust and torques, outputs are 12 states, 6 translation
motion positions and velocities and 6 rotational motion attitude and rotational
speeds. Design of variety of controllers and estimation techniques can be devel-
oped or merged from available Simulink model and Matlab functions [26]. Model
and functions are saved in the application library as templates for each type of
multicopter vehicles. Figure 10 shows an example of imported Simscape model
with its graphical representation.

Fig. 10. Simscape/simulink quadcopter simulation [24].

4.2 V-Rep Simulation

V-rep simulator offers high flexibility through a rich API and interfaces to several
software and programming languages [4]. Vehicle control in V-rep can be accom-
plished using local in-software scripts, or externally through API. The built in
scripting language is based on Lua and the multiple scripts can be written for
the same model, e.g. main script, child script, joint control callback script ... etc.
The UAV script embedded in the software is used to generate control scripts.
External control can be done through ROS (Robotics Operating System) [27] or
Matlab/SimulinK [28,29] interfacing utilizing V-rep remote-API.

The setup that are currently supported by CopterCAD software are Matlab-
V-rep simulation and simple hover Lua script. The local (.lua) script, that is
automatically generated, is an updated version of the available script where
more complex nonlinear dynamics of multirotors are considered and customized
with the subject model parameters. The generated matlab functions includes
remote-api library, configuration function and motor command and hover control
functions. The generation process is illustrated in Fig. 11. Control design can be
done in Matlab or Simulink and simulation with the physics engine can be done
through Matlab and remote-API or by directly implementing the control script
in V-rep.
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Fig. 11. V-REP model generation process.

4.3 Gazebo Simulation

Gazebo is an open source simulation platform currently compatible with Linux
OS [13]. In research and development, Gazebo combined with ROS [31] has
increasing popularity motivated by the simulator capabilities and modular open-
source software architecture. The main files associated with Gazebo simulations
are world file (describes environment), model file (dynamic definition and rela-
tions) and model geometry (CAD files). These files are automatically generated
using the CopterCAD application starting from a solidwork assembly. Templates
of world and models are created with the help of [32] and customized to represent
different multicopter frames. Figure 12 shows process of generating the files.

Generated Gazebo files are:

– Geometric Files: Gazebo supports multiple formats. The model here is con-
verted to STL files for propellers and rest of airframe. STL export is done
with lower resolution in order to reduce triangles and file size. This makes
simulation lighter on cpu and visuals rendering smoother.

– MultiCoptor Gazebo Model: this file define the model parameters in Gazebo
format that also describe relations.

– Gazebo World: it describes the simulation environment parameters and
visuals.

Geometric files are needed for model definition and model files are included in
the world file. We assume that the control of a multirotor model is done through
ROS. The interface between Gazebo and ROS is established in a way similar
to [32]. A ROS package, for interfacing and two basic control nodes, is also
generated. The first node create topics to control motor speeds and the second
is a tunable hover controller.
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Fig. 12. Gazebo model generation.

5 CopterCAD Application

The application is an automation tool to generate multirotors’ CAD models,
identify system parameters, and interface files of simulators. It allows using
components from a library or custom defined parts by user. Software application
development, structure and GUI are discussed in addition to time performance
and modeling assessment and validation. CoptorCAD application is programmed
with C# language utilizing Microsoft Visual Studio and SolidWork API. The
application is currently built for Windows OS as a proof of concept in addition
to the constraint of CAD software supported OS.

5.1 Software Structure

The software tool is composed of two main components. The first component
relies on offline file entities generation and second component is online execution
for custom automated generation. Offlline part include constructing the library of
hardware components, creating model templates, generating simulator interface
files and other related configuration files. The tool is made with modularity
in mind. In addition to model customization, user can choose which partial
operations are needed in case complete generation is not required.

Component Generation: The main building block for this system is the com-
ponent generation and preparation process. For part CAD generation, two forms
of data are needed: (1) part dimensions and (2) technical parameters. A stan-
dard dynamic SolidWorks part is made for every class of components. This can
help in generating user defined new components. Another source of this data
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can be datasheets, webstores, .. etc. SolidWorks API is used to generate the
target part/s. Component preparation process refers to generating component
parameters file and smart mating file. The first file defines part class and other
parameters. Mating file includes information about mate surfaces and compati-
bility. The component generation process is illustrated in Fig. 13.

Fig. 13. Automated component generation process [24].

System Layers: The system consists of three main components, (1) User Inter-
face, (2) Software Layer and (3) CAD based design and modeling. The third
layer is thoroughly discussed in previous sections. It utilizes Solidworks API for
various design and simulation routines. The first layer represent the garaphical
user interface inputs/outputs files. This layer is discussed in Sect. 5.2. The sec-
ond layer handles mechanisms to create full models, store and import modeling
data, generate simulation files, and provide feedback to the user. System layers
and their components are illustrated in Fig. 14.

The system consists of three main components, User interface, Software layer
that is the main novelty of this work and the CAD based design and modeling
which is handled by Solidworks 3D design utility, solvers and simulation tools.
The first component is discussed in Sect. 5.2. The third component is discussed
in the first 2 sections. In this section, the software layer is discussed. Four main
functions are performed within this layer. The overall system structure is shown
in Fig. 14. The main components needed in the application operations are:

– Hardware Configuration and Mate Files: these are the descriptive .XML files
of every part in the assembly. The content of each file may differ depend
on the class and type of hardware as described earlier. The smart mating
configuration files are also generated for every components.

– Hardware Database: it is constructed from 3D designs of generic and off-the-
shelf components with dynamic description of CAD entities. The database
saves computational time by avoiding performing all designs from scratch
every time a user run the application.
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– Solidworks API Interface: this is the core bridging function between Quad-
CAD application and Solidworks engineering tools [11]. The basic functional-
ity is 3D modeling of parts by reading the hardware parameters files and con-
verting them to geometrical programming command. Then the mating data
is be integrated through introducing virtual surfaces to designed parts. After
that, the assembly function scans the parts configuration files and mating
properties and try to fix any simple incompatibility by introducing dynamic
adapters between parts and generate warning or errors if conflicts occur. The
parts are mated into sub-assemblies and main assembly. Mass properties are
then calculated before starting the motion analysis and flow simulations. CAD
model parameter identification is optional, simulation accuracy and mesh res-
olution are set by the user.

– Simulation File Generation for Multirotor Simulators: depending on the cho-
sen preference, corresponding files that are needed for the selected simulator
are generated using stored templates that are customized based on the current
model.

Additional functions related to operating system and computation and memory
resources handling in addition to interfacing and file processing functions are
not discussed in this context.

Fig. 14. Automated quadcopter design and modeling system overview [24].

5.2 Graphical User Interface

The interface is made simple and self descriptive for most parts. The interface
consist of multiple tabs and typical user will use it as a wizard to enter all
relevant data and options for model and CAD generations. Navigating back and
forth between tabs can be done freely to re-adjust user inputs as needed. Users
can select partial or full generation, for instance, generating only CAD assembly.
A check routine reads input data by the user and display acknowledgment or
notification if any mismatch is found.

A screenshot of application starting screen is shown in Fig. 15. The first three
tabs (Main, Power and Electronics Components) are associated with multicop-
tors parts. In the main tab, the nominal components of a vehicle can be found
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which are airframe, engines and propellers. Power components includes electrical
circuitry like batteries, regulators, power modules ... etc. Controllers, commu-
nication modules and sensors can be found in the electronics tab. Assembly
Setting tab is where a user defines constraints on assembly generating, such as,
smart mating, orientation, and sub-assemblies. Model parameter identification
and CAD simulation setup is configured in the Modeling Setting tab. Choice of
target simulator and selection of associated files setting is handled by Simulator
Setup tab.

Fig. 15. CopterCAD design and modeling user interface.

5.3 Performance and Validation

In order to assess time performance, we tried to log the time consumed by
every process in generation routine. Delays were added to the code associated
with SolidWorks API to prevent loading the cpu or crashing the CAD software.
Processes varies in time between short execution in terms of seconds to very long
execution taking hours or days. The application timing was done on a

Fig. 16. 3DR IRIS+ quadcopter [33].
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MACBOOK Pro laptop running on an Intel i7 CPU at 2.7 GHz, 16 GB of
RAM and Nvidia GeForce GT 650M graphics card. The average time consumed
by every process is shown in Fig. 17. This assessment was done on medium sized
vehicle which we define as a model with 12 parts at most and occupy geometric
volume of 0.5x0.5x0.25 meters. Processes associated with parts generation, mat-
ing and descriptive files are much faster compared to other processes, sub-minute
or few minutes. Tasks related to CAD simulation consume longer time, e.g. a
batch of flow simulations with relatively low mesh resolution takes in average
more than 8 hours. Some parameters of simulations can be adjusted to optimize
the performance but this is limited to the CAD software solvers and machine
capabilities (Fig. 16).

Fig. 17. Average time performance of processes execution.

To validate modeling results, we consider a standard popular frame, IRIS+
by 3D Robotics. Airframe CAD parts are freely available by the manufacture
while other parts needed to be generated or designed. We considered the full
weight of IRIS+ including the engines, propellers and electronics in the CAD
based model identification. We compared the modeling results with experimen-
tal system ID results obtained in [30]. We compare the values of mass, inertia
matrix and thrust/torque coefficients. Table 1 shows the comparison between
model parameters for both approaches. It is clear that CAD based identification
with detailed CAD model perform as good as the experimental identification
approach. The error variation might be caused by imperfection of assembly gen-
eration or errors on the experimental side. We mainly aim to show consistency
of model parameters estimation rather than absolute correctness since we do not
have access to the full dynamical model of the drone.

lounis.adouane@uca.fr



472 M. Shaqura and J. S. Shamma

Table 1. Identified model parameters, experimental vs. CAD design.

Model parameter Experimental identification CAD identification

mass 1.37 1.29

Jxx 0.0219 0.0226

Jyy 0.0109 0.0098

Jzz 0.0306 0.0310

pT 1.18e-04 1.06e-04

pQ 7.56e-06 1.02e-5

6 Conclusion and Future Directions

A software tool to automate the process of multicopter design and modeling
is introduced. The main objective is to provide realistic UAV simulation and
visualization model in an easy and fast approach. Proposed system enable rapid
customization and assessment of different combinations of hardware modules.
The system is built around CAD software (SolidWorks) API that is used to
automate most of the model generation process. Additionally, three multirotor
simulators interfaces have been established with dynamic templates reflecting
models geometry and parameters. Validation results for model parameters iden-
tification are comparable to experimental procedures. Further development on
the software side can be done to optimize operation. Other open-source CAD
tools will be investigated for potential development of fully integrated system
with embedded CAD capabilities and solver engines. More validation with exper-
imental modeling and flight data is planned. At simulation software end, optimal
export configurations can be studied and more advanced control functionalities
can be added in the form of demo illustrative scripts.
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Abstract. Potential function based methods play significant role in
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navigation function. In this paper we propose a modification of our orig-
inal spline-based path planning algorithm for a mobile robot navigation,
which succeeds to solve local minima problem and considers additional
criteria of start and target points visibility to help optimizing the path
selection. We apply a Voronoi graph based path as an input for iterative
multi criteria optimization algorithm and present a path finding strat-
egy within different homotopies that uses the new method. The algorithm
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1 Introduction

Today robotic applications are targeting for industrial production speed increase
and quality improvement as well as for human replacement in various scenarios,
which range from social-oriented human-robot interaction [16] to dangerous for
a human urban search and rescue scenarios [15]. The later may include indoor
and outdoor environments and require autonomous navigation efficiency within
unknown GPS-denied environments [20], ability to deal with computational com-
plexity of simultaneous localization and mapping (SLAM) [2], capabilities of
negotiation and collaboration with other robots within a team [17] and other
functionality.

Path planning is the most essential part of autonomous navigation for a
mobile robot. A mobile vehicle should plan its movement within multiple tasks,
including localization, mapping and manipulation. A good path planning algo-
rithm should be always capable of finding a route when it exists (or otherwise,
display a message that the path does not exist). The classical global path plan-
ning approach, which is usually referred as piano movers problem, utilizes com-
plete a priori knowledge about environment. In such algorithms we could use
information about robot shape, initial and target pose (including position and
orientation), and information about a set of 2D or 3D environment obstacles
with their shapes, positions, orientations in space and other task-related data
(e.g., texture or traversability index [18]). Next, the robot searches for a continu-
ous path from the initial pose to the goal pose while avoiding static obstacles. In
order to simplify the procedures, often the concept of multi-dimensional configu-
ration space [10] is applied for the planning. In such settings, the path planning
operation becomes an off-line one-time action since a complete knowledge about
the environment is available in advance.

One of classical and popular path planning approaches is based on an artificial
potential field concept, which is referred as potential field method [8,11]. Within
this approach a goal position simulates an attractive pole while obstacles are
represented with repulsive surfaces. Then a robot navigates with the potential
gradient in the direction of its minimum. Potential field could be generated either
at a global or a local level, and this is purely a matter of available information
about the environment [1]. Potential field methods are popular because of sim-
plicity and a stationary and mobile obstacles fast reactive avoidance capability.
Unfortunately, potential field methods are typically featured with such draw-
backs as path oscillations for certain configurations of obstacles (e.g., narrow
passages) and local minima problem, which captures a robot in a local minima
of a potential function and requires a special escape procedure in order to pro-
ceed the path planning procedure (e.g., sequence of random steps in arbitrary
direction).

In our previous research we had proposed a path planning spline-based navi-
gation algorithm for a car-like mobile robot within a well-defined in advance envi-
ronment [12]. It uses potential field method for obstacle collision avoidance and
provides a locally sub-optimal path with regard to path length, path smoothness
and safety optimization criteria. While typical path-planning algorithms prefer
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final smoothing of a path at the last stages only [6,7], our algorithm special
feature is the smoothness criterion integration into path optimization from the
first stage of the algorithm. Other criteria (path length and safety) played sec-
ondary roles in the optimization and therefore a collision-free but not sufficiently
smooth path was also treated as a low quality option. In order to improve the
original algorithm performance, to add flexibility for path optimization and a
possibility for a fast dynamic replanning (in a case the initially off-line selected
path becomes unavailable), we combined it with Voronoi Diagram approach.

The rest of the paper is organized as follows. Section 2 briefly describes our
previous research on spline-based path planning. It includes a potential func-
tion and optimization criteria definitions, path planning algorithm formulation
and its particular weak points analysis. In Sect. 3 we present new criteria that
improve the algorithm performance and add more flexibility for a user while
selecting path evaluation criteria [13]. Section 4 presents our modification of the
spline-based algorithm, which successfully overcomes the weaknesses of the initial
approach. In addition, in this section we demonstrate how to apply the algorithm
for searching paths within several homotopies. Section 5 demonstrates the origi-
nal and the new algorithm examples, where the new algorithm shows successful
solutions of the original algorithm failing cases. This section provides statistical
comparison of the new and the original algorithms within several thousand tests
in 18 different environments. Finally, we conclude and discuss our future work
in Sect. 6.

2 Spline-Based Robot Navigation with Original Potential
Field Approach

The spline-based method, proposed by Magid et al. [12] navigates a car-type
robot in a planar known environment populated with static obstacles. The algo-
rithm considers an omnidirectional circle-shape robot, which allows removing
robot orientation and reducing a search space by one dimension. Therefore all
further path planning is performed in a 2D configuration space with a point
robot. Each obstacle is represented with a set of intersecting circles of different
sizes. An obstacle may be constructed with just a single circle or a finite number
of circles as we assume any arbitrary obstacle could be approximated with a
finite set of circles up to a satisfactory level. Next, given a complete informa-
tion about environment, a start and a target positions of the robot, the robot
searches for a collision-free path applying a pre-determined cost function. The
details of the algorithm could be found in [12], while this section briefly describes
the selected cost functions, overviews the original algorithm, and demonstrates
examples of its execution. Finally, we explain the reasons of algorithm draw-
backs that lead to its failures in particular cases of environment in Subsect. 2.3.
The algorithm modification, which successfully overcomes these difficulties is
presented in Sect. 4.
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Fig. 1. Repulsive potential function of Eq. 1 for α = 0.5 (left) and α = 0.2 (right) that
corresponds to the obstacles in Fig. 4 [13].

2.1 Original Algorithm Cost Function

To provide collision free path, a repulsive potential function is featured with a
high value inside an obstacle and on its border and a small value within free
space. This way, during local optimization procedure high value of the potential
function in obstacle centre “pushes” all points of a path outside in order to
minimize path cost. The potential field begins to drastically decline on obstacle
boundary, keeps declining with distance as a point moves away from the border
and becomes zero rather fast in a close vicinity of the obstacle. Let q(t) =
(x(t), y(t)) be the robot position at time-stamp t. Then repulsive potential of a

Fig. 2. Repulsive potential function of Eq. 1 for α = 0.5 (left) and α = 0.2 (right) that
corresponds to the obstacles in Fig. 5 [13].
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single circle (which is a part of an obstacle) contribution to the global potential
function is defined with the following equation:

Urep(q) = 1 + tanh(α(ρ −
√

(x(t) − x)2 + (y(t) − y)2)) (1)

where ρ is the radius of the obstacle with the centre at (x, y) and α is an empir-
ically defined parameter, which is responsible for pushing a path outside of an
obstacle. Figure 1 demonstrates the examples of two different selections of α
parameter for the environment with a single obstacle that is formed by three
intersecting circles, shown in Fig. 4. Here in the left sub-figure α = 0.5 and
in the right sub-figure α = 0.2. Similarly, Fig. 2 demonstrates the examples of
α = 0.5 (in the left sub-figure) and α = 0.2 (in the right sub-figure) for the envi-
ronment with one circular obstacle in the centre and four symmetrical concave
obstacles that are formed by four intersecting circles each. The correspond to
this map environment is shown in Fig. 5. In the example with α = 0.5, potential
function forms distinct peaks at the circle intersections.

Topology function T (q) takes into an account all N obstacles of the envi-
ronment and their influence on the robot along the entire path, which is defined
as a parametric function at the interval [0, 1]:

T (q) =
N−1∑

j=0

∫ 1

t=0

U j
rep(q) · δl(t) · dt (2)

where δl(t) is simply a length of a segment:

δl(t) =
√

(x′(t))2 + (y′(t))2 (3)

Roughness function R(q) is responsible for path smoothness property and
is also integrated along the entire path:

R(q) =

√∫ 1

t=0

(x′′(t))2 + (y′′(t))2dt (4)

Path length function L(q) accounts for the path length, summing up the
lengths of all path segments:

L(q) =
∫ 1

t=0

δl(t) · dt (5)

Then, the final path cost function accumulates all the three above components:

F (q) = γ1T (q) + γ2R(q) + γ3L(q), (6)

where γi=1..3 are the weight factors that set an influence of the corresponding
component on a total cost of the path. In particular obstacle penalty influence
component is empirically defined as γ1 = β

2 , where β ranges over a predefined
array, which correlates with array of α parameters from Eq. 1 [12].
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2.2 The Original Algorithm

The original algorithm of spline-based path planning works iteratively. Start
point S, target point T , and the environment obstacles serve as input data.
An initial path is suggested as a straight line between points S and T , and an
equidistant point that lies on the straight line between S and T is calculated.
These three points define a first spline-based path. With Eq. 6 a current path
cost is calculated and next its is further optimized with Nelder-Mead Simplex
Method [9] in order to minimize the path cost. A resulting better path serves as
an initial guess for the next iteration.

The optimization procedure directly uses only a limited number of path
points that define its spline, while path cost is calculated for all points of the
path. The path-defining spline is rebuilt at each iteration using information from
a previous stage, increasing the number of spline’s points by one and adjusting
parameters of the target cost function. Once the algorithm succeeds detecting
obstacles-free path, a few more iterations are conducted in order to attempt
improving the resulting path locally. The algorithm terminates in the two cases:
(1) iteration count exceeds a user-defined limit or (2) iteration i + 1 does not
improve previous iteration i, while increasing the spline complexity increases rel-
atively to i-th spline. Figure 3 demonstrates an example of the original algorithm
successful execution in a relatively simple environment, which contains a mix of
convex and concave obstacles. Here the initial path is an optimized with regard
to Eq. 6 spline with a single via point between S and T (Fig. 3a); after four itera-
tions the spline has four via points but still collides with the obstacles (Fig. 3b);
after seven iterations the 7-via-points-spline could be already applied for navi-
gation (Fig. 3c), but two more iterations succeed to improve path’s length and
smoothness properties (Fig. 3d, 9th iteration); however, any further via points
number increase does not improve the path. It took less than 10 min to obtain
the final path after 9 iterations of the algorithm.

2.3 Drawbacks of the Original Approach

The original spline-based method succeeds to obtain a collision free smooth path
for any complexity of the environment under the following set of conditions:

1. All obstacles of the environment are convex and do not intersect.
2. Each obstacle of the environment is approximated with a single circle.
3. There is some minimal distance between the distinct obstacles that provides

a safety gap for a mobile robot passing.

In such environments the global potential function diminishes rapidly as the
robot moves away from obstacle boundary. Moreover, the probability of getting
stuck in a local minima within such environment is very small and could be
neglected. However, if the obstacles are formed with several intersecting circles,
each intersection introduce a potential field local maxima. Furthermore, if in such
settings an initial spline passes through intersection of several obstacles, the cost
function F(q) (Eq. 6) concentrates on pushing the spline out of intersection area

lounis.adouane@uca.fr



Combining Voronoi Graph and Spline-Based Approaches 481

Fig. 3. Simple mixed environment: (a) the initial state, (b) 4 iterations, (c) 7 iterations,
(d) the final path after 9 iterations [13].

that forms a local maximum. Upon (a guaranteed) successful escape from the
intersection area, a all further iterations usually get stuck in a local minima as all
next iteration splines, with no regard to their complexity, can not “jump over”
some obstacle components because of the optimization process local nature.

A particular example of local minima issue is demonstrated in Fig. 4 where a
relatively simple obstacle is formed by three intersecting circles. The correspond-
ing potential field is presented in Fig. 1. Even though the original spline-based
approach succeeds avoiding a local maximum and optimizing the path locally,
it gets stuck at a local minimum. After 12 iterations the algorithm stops as no
further improvement is possible, while the resulting path intersects a circle in
the middle of the obstacle.
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Figure 5 demonstrates an example with four simple concave obstacles and a
convex obstacle in between. Circle intersections generate local repulsive poten-
tials that in turn create local maxima and minima (Fig. 2). Similarly to the
previous example, the local optimization successfully avoids local maxima, but
even after 18 iterations the final path still intersects with obstacles and could
not be applied for navigation.

Fig. 4. Simple concave obstacle: the first iteration path (left) and the final path after
12 iterations (right) [13].

3 Additional Optimization Criteria

The original spline-based algorithm uses cost function (Eq. 6) uses three crite-
ria: topology, roughness and path length. This section introduces two additional
criteria and explores their influence on the resulting path. A particular point
visibility time (or line-of-sight time) criterion refers to the path length where
the robot literally keeps the point within its direct line of sight so that no obsta-
cle occludes the point from the robot. The two additional criteria, which are
integrated into the new cost function, are the start point visibility time and the
target point visibility time.

These two new criteria are important if a robot requires to maximize the time
of a direct visual or radio contact with a monitoring device or a router that may
support path planning, localization or some other functionality. The criterion
considers the ratio of visible and invisible (from the start or target point) path
segments. Thus, the optimization goal will be to maximize the time when the
robot is visible from the start point while following the selected path before it
disappears for the first time behind some obstacle. In other words, we minimize
the time (which is measured as a path length assuming a constant speed of the
robot - in our future work we also extend this to the cases of varying speed along
the path) after the robot becomes occluded for the first time, which we refer as
invisibility of the start point S:
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Fig. 5. Four simple concave obstacles with a convex obstacle in between: the first
iteration path (left) and the final path after 18 iterations (right) [13].

IS = 1 − lim
δt,δl(t)→0

∑u
t=0 dist(A(t), A(t + δt))

∫ 1

t=0
δl(t) · dt

(7)

such that
∀t ∈ [0, u + δt] : [A(t), S] ∩ (∪N

j=1Obsj) = ∅ (8)

where the numerator in Eq. 7 reflects the path length of a visible from the
start position S segment and the denominator reflects path length from Eq. 5.
A(t) denotes a position of the robot at timestamp t, and short segments of the
path that were travelled between timestamp t and t + δt, which are denoted by
dist(A(t), A(t+δt), are accumulated. Equation 8 describes the visibility property,
which means that a straight segment [A(t), S] does not intersect any obstacle
Obsj where j = 1..N and N is a number of obstacles in the environment. Thus,
the last visible point from the start point while the robot follows the selected
path before disappearing behind an obstacle for the first time is described with
A(u+ δt). Similarly, we describe the criterion that shows the ratio of visible and
invisible from the target point segments of a path, which we refer as invisibility
of the target point T :

IT = 1 − lim
δt,δl(t)→0

∑1−δt
t=w dist(A(t), A(t + δt))

∫ 1

t=0
δl(t) · dt

(9)

such that
∀t ∈ [w, 1] : [A(t), T ] ∩ (∪N

j=1Obsj) = ∅ (10)

Equations 9 and 10 describe the first point A(w) of a path segment
[A(w), A(1) = T ] that marks the beginning of the last segment of the path,
which is featured by a guaranteed constant visual contact between the robot
and the target position T while the robot follows the selected path.
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The new cost function combines the above five criteria as follows:

F (q) = γ1T (q) + γ2R(q) + γ3L(q) + γ4IS + γ5IT , (11)

where γ4 and γ5 are the weight factors that set the line-of-sight criteria influence
on a total cost of the path for start S and target T points respectively. Figure 6
demonstrates the two criteria influence on the path in the vicinity of start and
target points: while with γ4 = 10 and γ5 = 10 these criteria do not contribute
any significant influence (left sub-figure), with γ4 = 20 and γ5 = 20 the path
changes are clearly visible, especially as the robot approaches the target position
(right sub-figure); other parameters are defined as γ1 = 1, γ2 = 1, and γ3 = 0.5
for both cases (both sub-figures).

Fig. 6. Start and target points visibility time influence on the path quality: γ4 = 10,
γ5 = 10 (left) and γ4 = 20, γ5 = 20 (right) [13].

As the path optimization with regard to Eq. 11 is performed only locally,
the influence of the two additional parameters is also local. As a part of our
future work we plan to apply the optimization at a global scale, which will allow
the path to vary different homotopy sets in order to satisfy and emphasize a
particular user-defined criterion influence.

4 Voronoi Graph Based Solution

Obviously, the local nature of the optimization procedure causes initial spline to
be almost fully responsible for the original algorithm success or failure. Voronoi
Graph approach [19] was selected for the integration with the original algorithm
in order to provide a good initial spline, which could be iteratively improved
locally with regard to user selection of the cost weights while avoiding potential
function local minima troubles.
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With the definition of obstacles and potential field from Sect. 2, prior to
Voronoi graph construction, the two following preparation steps are performed:
1. Form Obstacles. A single obstacle may be formed with a single circle or
with a set of intersecting circles. Register obstacles by grouping intersecting
circles together. Initially, every circle is marked as idle and has its own index
i = 1..M , where M is a (finite) number of circles in the environment. Start from
an arbitrarily circle, assign it to obstacle O1 and mark as an activated one. Next,
iteratively grow O1 by searching for all idle circles that intersect with O1, assign
them to obstacle O1 and mark as activated. The iterative growth of O1 continues
until no more idle circles that intersect O1 are detected in the environment.
If the iterative growth of O1 is completed but idle circles are still available,
select another arbitrarily idle circle, assign it to obstacle O2 and repeat the
iterative growth procedure. Obstacles registration is completed when all circles
of the environment become activated. For example, there are five obstacles that
are formed by groups of circles in Fig. 7 and twelve obstacles in Fig. 8. While
performing the registration, each pair of intersecting circles i and j provides
their intersection point ωij in a case there is a single joint point (i.e., boundary
touch) and a pair of points ωij , ωji in a case of joint two points (i.e., boundary
intersection).
2. Form Boundaries. Find outer and inner boundaries of each obstacle of set
Obst = {O1, O2, ..., Ok}, where k is a number of compound obstacle within the
environment. Starting from an arbitrary circle within O1 obstacle, boundaries
of all circles that belong to O1 are split into short segments of length σ, merged
via intersection points ωij (or ωji) and labelled. Parameter σ is predefined in
advance and correlates with a radius of a smallest circle of the environment in
order to further match a shortest polygonal edge of contours. This way, two seg-
ments will receive the same label if there exists a continuous path between them,
which is constructed from boundary segments. This procedure is repeated for
each obstacle and upon its completion we receive a set of obstacles’ boundaries.
If the size of the latter set exceeds the size of Obst, it points out a presence
of inner boundaries that were formed by internal contours. To get rid of such
contours, for each particular obstacle Oi we encapsulated every contour of Oi

into a convex hull, verify which one (of the resulting contours) forms the outer
boundary of Oi and remove the rest. For example, this procedure has successfully
removed four small diamond-shape internal contours inside complicated obsta-
cles of environment in Fig. 7. Finally, we obtain several non-convex polygons,
one for each obstacle within Obst, and tightly encapsulate them into a square
map.

Next, we apply brushfire approach [3] to construct Voronoi graph as follows:

1. Parse free space with rays, which originate from edges of the obstacles and
map boundaries. Figure 8 (the image on the right) demonstrates an example
of Voronoi graph construction for the environment in the image on the left of
the figure. Thick blue lines represent obstacle boundaries for Obst obstacles
set. Thin blue lines are the rays that emerge outwards and inwards.
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2. Calculate rays intersection points and connect them with segments for neigh-
bouring ray. These segments are equidistant to boundaries of nearest obsta-
cles (two or more obstacle boundaries including the map boundary), and all
together they form Voronoi graph, which is depicted with a thin red line in
Fig. 8 (the image on the right)

Fig. 7. Outer and inner boundaries of the obstacles [13].

Fig. 8. Environment with obstacles (left) and Voronoi graph building procedure (right)
[13].

After obtaining Voronoi graph V G, we select nearest to start position S and
target position T points (S′ and T ′ respectively) within V G so that segments
[S, S′] and [T, T ′] lie in the free space of the environment. Next, the shortest
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path between S′ and T ′ in V G is calculated with Dijkstra algorithm [5] (it is
represented with thick red lines in Fig. 9). In general, any available path form S
to T on Voronoi graph V G is guaranteed to be collision free and maximally safe
with regard to distance from obstacle boundaries evaluation criteria. Therefore,
any of these paths could serve as a good initial spline for the original spline-based
method [12].

Fig. 9. The Voronoi graph V G of the environment (left): red thick dots are V G nodes
and small blue circles are control via points of the initial spline proposal that approx-
imates a selected path from start S to target T position; note that S and T are also
control points and one of the V G nodes is selected by the algorithm as a via point.
Final path from S to T is shown with a green curve (right) and small blue circles are
control via points of the final spline, which is the selected locally optimal path after 2
iterations of the algorithm.

If we utilize S, T and those nodes Voronoi graph V G (thick red dots in Fig. 9),
which form the selected path (S, T ), in a role of via points for initial spline,
such selection may fail to guarantee a good start of the spline-based method
(the density of such points may be too low and they may become invisible
to each other due to occlusions by obstacles). On the opposite, selecting all
points that forms the selected path (S, T ) will provide us with a dense and
excess amount of via points, which in turn may cause an unfeasibly complicated
spline. The proposed solution is to form a small set of special control points of
the selected path, which could properly characterize features of the path while
avoiding redundant complexity of its approximation spline.

We start with an empty list of control points {L} and start point S is selected
as a active point. Next, a farthest visible from S point of the path, V P1, is
calculated. S is added to {L}, while V P1 receives a status of a next active point
and again a farthest visible from V P1 point of the path, V P2, is calculated. V P1

is included into {L}, V P2 becomes a next active point and the process continues
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until target point T becomes visible. Here, point V Pi+1 is visible from point V Pi

if they could be connected with a straight segment that does not collide with
any obstacle of the environment. After the process finishes, the points of {L} are
utilized as via points for initial spline of the spline-based method [12]. Figure 9
demonstrates an example of control points list {L}, which are depicted as thick
blue dots on Voronoi graph. It is important to emphasize that the amount of
control points does not exceed the amount of V G nodes (thick red dots) of the
selected within V G path (S, T ). Thus, after these five control points form the
via points of an initial spline, the algorithm required only two iterations (which
added two new via points to the spline) in order to provide locally optimal path
with regard to cost function (Eq. 11).

Using of Voronoi graph, we can find different paths from a start position
to a target position that belong to different homotopy classes. The more dis-
tinct obstacles appear within the map, the larger is the amount of homotopy
classes. For example, Fig. 11 demonstrates two different paths (in the middle
and on the right) that belong to different homotopy classes. Figure 9 demon-

Fig. 10. Approach for path search in different homotopies.

Fig. 11. Path planning results from start(S) to target(T): full Voronoi graph V G (left),
a spline-based optimal path within homotopy class HC1(middle), an optimal path
within another homotopy class HC2(right).
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strates an environment with a large number of possible paths from S to T over
more that ten homotopy classes. Having multiple options for initial spline selec-
tion within various homotopies is of special interest for urban search and rescue
operations (USAR) that apply autonomous or semi-autonomous mobile ground
and aerial vehicles. For example, USAR center may have an environment map
before an anthropogenic catastrophe or terrorist attack and thus could create
a Voronoi graph V G in the off-line mode for further use with a rescue vehicle.
Number of ways to avoid obstacles and accordingly the potential paths could be
overwhelming and calculation of all optional paths would take unfeasibly long
time. However, off-line stage does not limit us with computation resources as
such stage could be performed far in advance using high performance compu-
tational clusters. Calculation of multiple paths within different homotopies may
be achieved using the following algorithm:

1. Calculate a number of Voronoi graph V G nodes. For example, in Fig. 9 there
are 20 nodes in V G: 16 regular nodes that are marked with thick red dots (two
pairs of nodes are located very close to each other but are still distinct nodes)
and 4 corner nodes of the environment that are marked with thick green dots.
Note, that S, S′, T and T ′ are not considered as V G nodes because they are
task dependent and would differ for different searches.

2. Calculate a number of of Voronoi graph V G edges and set a unique ID for
each edge. For example, in Fig. 9 there are 26 edges in V G that are shown as
red curves. Note that we do not add the edges, which form the environment
boundary.

3. When a path from S to T is found, the IDs of all edges that form this path are
stored. For example, in Fig. 9 path P0, which is denoted in V G with thick red
curves, contains five curves with IDi, i ∈ 1..5. A complete Voronoi graph V G
will serve as a root for the homotopic paths search tree and a sub-graph P0

appears as a top node of the search tree, which we refer as level zero (Fig. 10).
4. The first level of the homotopic paths search tree is formed based on the size

of P0 and will contain the number of nodes that is equal to the number of
edges in P0. Each node of this level contains original Voronoi graph V G with
an exclusion (deletion) of a single unique edge of the sub-graph P0. Next,
a new optimal path within its own homotopy class is found for each node
sub-graph: P0i, where i ∈ 1..5 and each new sub-graph corresponds to the
deletion of a particular edge i. In the example (Fig. 10) we delete edge ID1

from the first (from left to right) node sub-graph of V G, edge ID2 from the
second (from left to right) node sub-graph of V G etc. and then we obtain five
new optional paths in five different homotopies.

5. The second level of the homotopic paths search tree is formed in a similar way
as the first one, but now for each node of the second level two appropriate
edges are excluded from V G. The process of tree building continues iteratively
so that at each next level a sub-graph for path planning is reduced by one
edge relatively to the original V G. Tree building process resembles a classical
Breadth-first search (BFS) algorithm [4] and stops when a stop-condition,
which is explained below, is met.
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Before starting a construction of a homotopic paths search tree, a user should
set a particular number of paths #HP - each within a distinct homotopy class -
that he(she) is interested to obtain. #HP will serve as a stop-condition for BFS-
based construction process: the process stops when the tree completed #HP
distinct paths. To avoid homotopy class duplication, which directly lead to opti-
mal path duplications, every new node of a new level is compared to already
existing nodes within the same level and only a unique node is included into the
construction.

5 Simulations and Algorithm Comparison

In order to verify our approach the new smart spline-based algorithm was imple-
mented in Matlab environment and an exhaustive set of simulations was per-
formed. Particular attention was paid to the cases where the original algorithm
failed [12]. The cost function of Eq. 11 was applied with the following empirical
parameter selection: γ1 = 1, γ2 = 1, γ3 = 0.5, γ4 = 5, and γ5 = 5. The algo-
rithm succeeded to provide collision-free paths in all cases, which was a natural
consequence of applying initial Voronoi-based path as an initial spline input for
the iterative algorithm.

Figure 12 demonstrates two environments, where the original spline-based
algorithm had failed (e.g., the example in sub-figure (b) corresponds to Fig. 5).
Voronoi graph always provides safe paths without obstacle collision. Therefore,
a good initial path, being a sub-graph of V G, ensures that the modified spline-
based algorithm calculates a final path in a significantly smaller number of iter-
ations. Our preliminary concern about the time complexity of Voronoi graph
construction turned out to be obsolete as the simulations empirically demon-
strated that Voronoi graph calculations take acceptably small amount of time
(at least for our reasonably simple cases, while more simulations in complicated
large-size environments are scheduled as a part of the future work).

For example, for the environment of Fig. 12(a) the Voronoi graph construc-
tion and initial path calculation took only 2 s, while for Fig. 12(c) - 6 s. The
total running time of the new algorithm decreased in three times in average
with regard to the original algorithm. For example, the final path in Fig. 12(b)
was calculated in 2 iterations within 2.5 min in Matlab, whereas the original
algorithm [12] had spent 18 iterations and 38 min to conclude on its failure to
provide an acceptable path between start to target points. Similarly, the original
algorithm required 9 iterations and 15 min to provide a good path within Fig. 3
environment, whereas the new algorithm took 4 iterations and 5 min. In another
case of Fig. 4 the original algorithm failed to find a path, while a Voronoi-based
algorithm successfully completed the task within 3 iteration and 1 min (Fig. 11).

Initially our pilot simulations were performed manually. However, to obtained
statistically reasonable comparison results, the algorithms should be verified with
a large amount of data and in various environments for different selection of start
and target points, which requires test automation. To automate the tests, we first
created 18 different environments filled with obstacles, which were encapsulated
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Fig. 12. Path planning results: full Voronoi graph V G (a, c) and corresponding spline-
based optimal paths (b, d) [13].

into tight rectangular bounding boxes; to provide additional free space on the
perimeter of a bounding box, each box was increased by 20% free space in all
directions (up, down, right and left). A random number of points (from 10 to 500
points) were randomly distributed within each map - these points formed a list
of candidates CPL for start and target points. From CPL we removed all points
that were located inside obstacles or on obstacles boundary. Next, we formed a
random number of pairs with CPL points and excluded the pairs, which could
be connected with a straight segment that does not intersect any obstacle. The
number of (S,T)-pairs was different for each of 18 environments and appear in
the second column of Table 1. The idea of building a list originates from our
previous publication on path planning [14].
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Table 1. The performance of the original and the new algorithm in 18 different envi-
ronments.

N Pairs TV C AINO AINN ATO ATN SO SN

1 932 0.34 4.32 3.79 52.05 59.95 699 932

2 262 0.14 4.65 4.25 64.08 75.99 156 262

3 221 0.07 4.90 4.65 36.09 41.77 152 221

4 120 0.14 4.73 4.12 81.72 70.73 100 120

5 104 0.39 4.39 4.23 62.93 61.15 64 104

6 102 0.26 4.86 4.31 72.08 80.59 49 102

7 72 0.20 5.64 4.88 67.49 64.38 31 72

8 52 0.11 4.57 4.48 43.42 59.68 49 52

9 48 0.02 5.25 5.21 62.78 73.32 35 48

10 41 0.03 5.00 4.39 72.98 77.41 30 41

11 40 0.07 6.05 3.35 47.27 50.30 20 40

12 39 0.02 4.52 4.15 64.05 80.30 19 39

13 34 0.04 4.52 4.33 68.75 78.71 27 34

14 33 0.04 4.27 4.23 59.25 55.38 26 33

15 23 0.36 3.00 2.87 30.44 34.06 17 23

16 17 0.02 5.67 4.81 79.21 74.06 9 17

17 13 0.01 4.38 4.01 42.89 45.38 8 13

18 11 0.35 5.66 5.18 61.42 58.87 6 11

First, we evaluated the time, which is required by the new algorithm to
perform the following actions in each environment:

1. Find intersection points of different circles, that form each obstacle.
2. Find circles unions for each compound obstacle.
3. Find and order boundary points of circles, which are not inside other circles.
4. Join the chains of boundary points for intersecting circles.
5. Delete inner boundaries that are formed by circle intersections inside each

compound obstacle.
6. Construct Voronoi graph.

These actions are performed only once for each environment in order to
construct a Voronoi graph. This time appears in the third column of Table 1 as
TV C - time for Voronoi graph construction.

Next, for each environment a number of automated tests were performed with
the original and the new algorithms. The performance results are summarized in
Table 1. The first column contains IDs of particular environments, and thus each
line of the table corresponds to a particular environment. The second column
contains a number of performed path searches within these environments (the
number of (S,T) pairs). As was already mentioned, the third column TV C shows
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Fig. 13. The percentage of successful execution of the original algorithm.

the time that the new algorithm spent for a one-time Voronoi graph construc-
tion for each environment. The forth and fifth columns show average number
of iterations to obtain an obstacle-free locally optimal path in the correspond-
ing environment with the original algorithm (AINO) and the new algorithm
(AINN ) respectively. The sixth and seventh columns show average time of an
obstacle-free locally optimal path calculation (in seconds) in the corresponding
environment with the original algorithm (ATO) and the new algorithm (ATN )
respectively. Finally, two last columns summarize the success rate of the orig-
inal (SO) and new algorithms (SN ) by listing a number of successfully found
obstacle-free locally optimal paths. Before analysing the performance, an impor-
tant remark should be made. For the original algorithm Table 1 contains only
the results of successful searches, while all failure reports, that usually require
at least 15 min of execution time in order to conclude on its failure, were not
included into average time and iteration numbers statistics.

Analysis of Table 1 in the term of algorithm success rates (which is successful
path search or failure report) is demonstrated in the graph of Fig. 13. Y-axis
shows the success rate, while X-axis is responsible for a particular environment
and the number below each bar reflects a number of total path searches within
the environment.

The graph concentrates only on the success rates of the original algorithm
execution, because the new algorithm succeeded in all executions (compare the
second and the last columns of Table 1). Unfortunately, while in some environ-
ments success rate is 94%, in the worst scenario it succeeded only in 43% of
the executions. Figure 14 compares the algorithms in terms of average iteration
numbers, which are required for the algorithm to successfully calculate a locally
optimal path. Here the new algorithm outperformed the original algorithm in
all environments. Worth noticing that a reduced number of iteration for the new
algorithm is caused by initial spline complexity: while the original algorithm
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starts from a straight line, the new algorithm starts from an obstacle-free path
and only needs to iteratively optimize it locally. Again, the number of average
iterations for the original algorithm does not account for failure report cases that
would significantly increase the number of its iterations and time. Moreover, as
the two algorithms use slightly different cost evaluation functions - Eq. 6 for the
original algorithm and Eq. 11 for the new algorithm - calculation time within
optimization procedure of the new algorithm increases.

Note, that for the new algorithm the time spent for Voronoi graph construc-
tion differs from average path search time in several magnitudes, which means
that it is neglectable at least for simple environments, while the graph could
be reused for multiple searches within the same environment and in some cases
even calculated off-line, as was proposed in the previous section.

Fig. 14. Comparison of the average number of iterations of algorithms.

6 Conclusions

In this paper we have presented a combined method for calculating a smooth
and safe path for a mobile car-type robot in static planar environments. The
introduced Voronoi-based modification of our original spline-based path plan-
ning algorithm helped avoiding local minima problem and added more flexibility
for path optimization. The cost function was modified by introducing additional
criteria that maximized the time of keeping a robot within direct line of sight
from start and target points while the robot follows a path. The new smart
spline-based method algorithm was implemented in Matlab environment and its
results were explicitly compared with our original algorithm. The new algorithm
demonstrated significantly better results than the original approach. The com-
parison was based on success rate, number of iterations and running time of
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the algorithms. In total, several thousands tests were performed in 18 different
simulated environments.

Experimental comparison demonstrated that the new algorithm requires in
average 10% fewer iterations than the original algorithm and succeeds finding all
existing paths in all environments, while failure rate of the original algorithm was
about 34% in average and up to 67% in the worst-case environment. Average
search time of the new algorithm increased by 6% relatively to the original
algorithm and is caused by our statistical evaluation approach: for the original
algorithm we do not accumulate unsuccessful attempts that report on failure
to find a path, and such attempts typically take significantly long time than
successful attempts (in order of two magnitudes).

As a part of our future work we plan to introduce several new additional
parameters into the cost function, including varying speed of a robot along a
path. A large number of simulated tests will be carried in order to analyse path
search time on several homotopies and to investigate the influence of the most
suitable homotopy selection criteria on a final path. We consider extending the
new algorithm for 3D environment and adding new parameters of cost function
that are associated with 3D surfaces. The algorithm will be organized as a ROS
package with C++ implementation and further verified with real navigation of
a heterogeneous robotic team operating in an urban search and rescue scenario.
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Abstract. The task of robotic grasping brings together several chal-
lenges. Among them, we focus on the calculus of where gripper plates
should be placed over an object’s surface in order to grasp it. To do this,
we have developed a method based on visual information. The main goal
is to geometrically analyse a single 3D point cloud, where the object is
present, to find the best pair of contact points so a gripper can perform
a stable grasp of the object. Our proposal is to find these points near
a perpendicular cutting plane to the object’s main axis through its cen-
troid. We have found that this method shows promising experimental
results fast and accurate enough to be used on real service robots.

Keywords: Grasping · 3D point clouds · Surface detection ·
Unknown object manipulation

1 Introduction

Robotic grasping using grippers has been widely covered in the state-of-art. As
a frequent case of use, to perform such task and deploy autonomous robots,
researchers tend to relay on information acquired from visual sensors [2]. Previ-
ous proposed approaches usually detected the present object in the scene using
one or more views and then identified it. Having done so, they could calculate
grasping points using a stored 3D model of the object.

In this paper, we extend our previous work published at [20]. Our proposal
is based on using a single point cloud with a partial view of the objects present
in the scene. Moreover, the objects are unknown: they have not been previously
recognised and we do not have a 3D model to pre-compute candidate grasping
points on the whole piece. Our objective is to determine the best pair of 3D-
located points on the surface in order so we can perform a stable grasp over the
object with no prior knowledge of its shape or dynamics.

As has been introduced, a frequently taken path to solve this problem consists
on reconstructing a mesh from the seen object to compute the grasping points
on complete CAD models or retrieve them from template grasps. This has been
recently extended in [18], where the authors proposed a system capable of seg-
menting point clouds to find the objects in the scene, then it reconstructs meshes
and the GraspIt! simulator [6] finds the best grasp configuration.
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 497–512, 2019.
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In [17], the authors created a task-oriented database of grasps templates
over meshes of segmented object parts. During online grasping calculation, the
robot would decompose the object’s RGBD image in meshes of primitive forms
to match them against the templates. Afterwards, it would retrieve one of the
template grasps. Following a similar idea, [3] proposed an algorithm to match
real objects against geometric shape primitives, with fixed template grasping
strategies, using point clouds.

While these approaches work fine for certain sets of objects, these solutions
do not generalise well to unknown objects since they are restricted to those
shapes previously recorded. Moreover, they need to take additional views of the
scene in order to reconstruct correctly the objects.

In recent years, several authors have developed machine learning approaches
to this problem. The first most notable proposal was introduced in [4]. The
authors created a grasping rectangle: a 2D oriented rectangle in the image space
with two of the edges corresponding to the gripper plates and the two other
edges representing its opening width. Originally, authors used RGBD images to
find the optimal grasping rectangles by using a ranking linear function, learnt
by a supervised machine learning algorithm.

More authors have contributed to this approach by using deep learning tech-
niques. For instance, [5] used RGBD images to train a deep neural network that
generated a set of rectangles ranked by features obtained from the data con-
tained inside the boundaries of the grasping rectangle. In [19] the authors built
a multimodal Convolutional Neural Network (CNN) instead.

Some authors have tested the learning of the grasping rectangle using a dif-
ferent set of features apart from the RGBD channels. To cite an example, [16]
used RGBD channels and included more dimensions like grey maps and depth
normals. In [11], the authors’ proposal consisted not on adding more channels to
the images but on using only the Red, Green and the Depth one, showing some
promising results.

Although learning approaches have proved to be highly accurate, they require
an enormous amount of data samples and computation time to fine tune the
learning architectures and the input features in order to be able to generalise
well to objects which are not present in the training datasets.

Regarding the use of 3D point clouds and not only RGBD images, [12] pro-
posed a method for computing a pair of grasping points located on point clouds.
Firstly, they searched for the top planar surface of the object and then picked the
closest point in the rim to the object’s centre of mass. The second grasping point
was found on the opposite rim tracing a line through the centre. Similarly, [8]
computed grasping candidates analytically locating antipodal configurations to
ensure force closure grasps. These authors later tested another approach where
they localised hand-like areas in the object’s cloud [9]. In a more recent publi-
cation, the authors have obtained really promising results using their first geo-
metrical analysis to generate a dataset of grasp candidates, which is then feed
to a CNN in order to learn and predict the grasp success [7].
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On this paper, we present our latest improvements on a novel algorithm for
robotic grasping with grippers capable of detecting grasping points on unknown
objects using a single point cloud view. This method automatically segments
the point cloud to detect the objects in the scene. Then, for each of them, it
calculates a set of contacting points that fulfil certain geometric conditions and
ranks their feasibility in order to find the most stable grasp given the view
conditions of the object.

The rest of the paper is ordered as follows: Sect. 2 describes the robotic grip-
per constraints and the objects geometry as well. Section 3 details the method
used for segmenting the input cloud, finding the candidate grasping points areas
and ranking the possible contact points for selecting the best grasping pair.
Section 4 shows the results obtained using a dataset of everyday objects and
Sect. 5 presents our conclusions.

2 Geometric and Kinematics Constraints

2.1 Hand Kinematics

Fig. 1. Barrett robotic hand. Reproduced from [15].

For this work, we take into account only the physical limitations of the robotic
hand for evaluating the contact points generated. The hand in use is the Barrett
hand, shown in Fig. 1. This hand is an under-actuated grasper typically used in
industrial and research scenarios with three fingers, two of them that spread,
counting with 4 degrees of freedom on each one.
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In this work, we will use only two fingers, F1 and F3, to recreate a grip-
per. The maximum working aperture gripper max amp of this hand is equal to
335mm and their tip width gripper tip width is equal to 25mm. These attributes
will be parameters of our method so they will influence the contact points cal-
culation, as is explained further in this paper.

2.2 Object Geometry

We use for this work opaque, rigid objects which have at least one dimension
smaller than the maximum working aperture of the gripper, thus there is at least
one possible way of grasping it. These objects are restricted to be opaque due
to the limitations of the visual sensor that acquires the images: our RealSense
SR300 depth camera uses a projected coded IR pattern. Translucent objects or
dark ones would not be detected properly due to the wavelength of the emitted
light that can be reflected, refracted or absorbed by materials of these colours.

As for their stiffness, we are not dealing with deformable bodies nor objects
with holes passing through them (all objects are compacts). This assumption
is taken in order to avoid deformations or extra noise that would affect the
calculations.

3 Grasping Points Selection

In order to select the best grasping points, we first need to segment the scene to
find the objects that are present. Then, a candidate area in the object’s surface is
found for both gripper plates and combinations of points from these two areas are
ranked using a custom function, hence the best ranked configuration guarantees
the most stable grasp configuration found under the view conditions.

3.1 Scene Segmentation and Object Detection

Fig. 2. Scene segmentation. (left) Example of registered point cloud which represents a
set of objects, (right) detected objects after plane segmentation and clusters detection.
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Given a recorded point cloud C, we first need to detect the objects in the scene.
In order to do so, we begin by filtering out points p ∈ C whose z-component
fulfil pz > 1m removing the background this way. Then, the ground plane Πg,
where objects are laying, is detected using RANSAC [1]. Once the points p ∈ Πg

are extracted from C, an Euclidean Cluster Extraction process [13,14] is run to
detect each of the K objects’ clouds Ck. The result of this step is displayed in
Fig. 2.

3.2 Grasping Areas

Afterwards, we find the grasping areas where candidate contact points are
located. Every object point cloud Ck is pre-processed to filter outliers from its
surface in order to reduce noise. Next, the centroid is computed. Then, the main
axis v of the cloud is obtained using Principle Component Analysis (PCA) in
order to approximate the object’s orientation. Having done so, a cutting plane
Πc perpendicular to such direction v through the object’s centroid is calculated.
In the intersection of the plane Πc and the cloud Ck, we subtract a set of points
γ ⊂ Ck that are within 0.7 cm to the plane Πc, being this distance the best one
found empirically.

If the object’s axis v is parallel to the ground plane Πg and to the X axis of
the camera frame, then the points located in the two opposite areas along the Z
axis of the camera are the candidate grasping points. Otherwise, the candidates
are in the opposite sides of the X axis from the camera viewpoint. The Y axis is
avoided since it includes the object’s points in contact to the ground plane Πg.

In order to find these candidate grasping points, the points pmin ∈ γ and
pmax ∈ γ with the minimum and maximum component value (X or Z depend-
ing on the case) are selected. This way, two candidate points clouds Cmin and
Cmax are extracted using two spheres Smin and Smax centred in pmin and pmax,
respectively. Their radius are initially equal to r = 2 ∗ gripper tip width, being
gripper tip width the gripper’s plate width in millimetres. However, in case the
object’s width wobj = L2norm(pmin, pmax) fits the condition wobj ≤ 2 ∗ r, then
r = wobj∗0.9

2 to adapt the grasp area to the object’s size.

L2norm(p, q) =

√
√
√
√

n∑

i=1

(pi − qi)2 (1)

Based on this, both candidate point clouds Cmin and Cmax include those
points belonging to the object’s cloud Ck which are within the volume of the
sphere Smin and Smax. That is, Cmin = Smin ∩ Ck and Cmax = Smax ∩ Ck.

3.3 Grasping Points Ranking

As for ranking a grasp configuration Θ = {p1 ∈ Cmin, p2 ∈ Cmax}, we propose
a function that evaluates their stability depending on the following factors:
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1. Distance to the Grasp Plane Πc. this plane is cutting the object through
its centroid so the closer the grasping points p1 and p2 are to the plane Πc,
the closer they are to a reference to the object’s centre of mass. This could
be translated to an equilibrated grasp. This distance is obtained as:

distance(Πc, p) = abs(n · p + offset) (2)

where n is the unitary normal vector of the plane Πc, p is one of the grasping
points p1 or p2 and offset is the distance of the plane Πc to the world origin.

2. Point’s Curvature. the curvature measures the variations on the object’s
surface. A grasp is likely to be more stable if it is performed over a planar area
instead of highly curved points. In particular, the point’s curvature measures
the variation between this one and its neighbours on the same surface. To
estimate the curvature we apply the method presented in [10]. First, we com-
pute the covariance matrix of points within the sphere using PCA and obtain
the eigenvalues and eigenvectors from Singular Value Decomposition (SVD).
Later, the eigenvalues sum supplies surface variation information between
each point of the sphere and its centroid. The smallest eigenvalue gives us the
variation along the normal vector to the surface. Accordingly, the curvature
can be computed as:

λp =
λ0

λ0 + λ1 + λ2
(3)

where λp is the curvature on the point p, λi is each eigenvalue of the covariance
matrix being i = 0 the smallest and i = 2 the biggest eigenvalue.

3. Antipodal Configuration. in an antipodal grasp the gripper is able to
apply opposite and collinear forces at two points. In this case, a pair of contact
points with friction is antipodal if they lay along a line parallel to the direction
of finger motion. To approximate this, the angle α between the i-th contact
point’s normal ni and the line w connecting p1 and p2 should be close to
zero.

4. Perpendicular Grasp. since the grasping areas are spherical, there are
chances for a candidate grasp to not be parallel to the cutting plane Πc.
In order to avoid slippery grasps, we penalise those configurations which are
not parallel to the cutting plane Πc. That is, the line w which connects the
grasping points p1 and p2 should have an angle β with the grasp plane’s
normal nc close to 90 degrees.

Assuming these conditions, we propose the following ranking function to
assess the grasping Θ:

rank(p1, p2) =w1 ∗ r1(p1, p2) + w2 ∗ r2(p1, p2)
r1(p1, p2) =1.0 − dis(Πc, p1) + 1.0 − dis(Πc, p2)+

1.0 − exp(cos(β) ∗ 10.0)/100.0
r2(p1, p2) =1.0 − λp1 + 1.0 − λp2 + cos(αp1)+

cos(αp2) − ||cos(αp1) − cos(αp2)||

(4)
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where dis(Πc, pi) is the distance of the grasping point pi to the grasp plane Πc

as measured in Eq. (2), β is the angle between the grasp plane’s normal nc and
the connecting line w, λpi

is the curvature of the grasping point pi as measured
in Eq. (3) and αpi

is the angle between the ith-grasping point’s normal ni and
the connecting line w.

The summed factors included in this ranking function are in the range [0, 1]
so r1 ∈ [0, 3] and r2 ∈ [0, 4], being the greater the better. We split our function
rank in two sub-functions r1 and r2 because they evaluate different aspects of
the grasp configuration Θ. As for r1, it evaluates the geometrical position of the
grasping points over the object’s surface. The curvature characteristics of their
area are evaluated by r2. These two natures are then weighted using w1 and
w2 to balance their influence in the ranking function. We have found empirically
that w1 = 1.5 and w2 = 1.0 ranks greater more stable grasps. Figure 3 illustrates
the whole process described during this section.

Point cloud’s normal vectors and curvatures are previously calculated using
as radius r = 3 cm. Furthermore, these candidate areas Cmin and Cmax are
voxelised in order to make the calculus faster. It is not necessary to use every
single candidate point. For example, if a point has a high curvature value, its
neighbours are likely to be under very similar conditions. These voxels are
computed using a radius dependent on the gripper’s tip width in a factor of
voxel radius = gripper tip width ∗ 0.5.

1 2 3 4 5

Fig. 3. Estimation of grasping points. (1) Original object’s point cloud Ck, (2) filtered
cloud, centroid detected as a sphere in red, object’s axis v represented by a white line
and cutting plane points γ in green, (3) initial points pmin and pmax in green as well
as candidate points clouds Cmin and Cmax in red, (4) curvature λp and normals n
of candidate areas in addition to connecting line w in green, (5) best ranked grasp
configuration Θ points in cyan and yellow located over the object.
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4 Experiments

For this experimentation, we have acquired point clouds using a RealSense SR300
depth camera. Our dataset is composed of the following household objects: cook-
ies box, milk brick, spray bottle, book, laundry detergent, plastic glass, mug, can,
toothpaste box, tennis ball, pillbox, apple and deodorant roll-on. These objects
and the scene view from the camera are presented in Fig. 4. Objects lay in a
range from 40 cm to 100 cm from the camera base.

Our algorithm was implemented in C++ using the library PCL 1.7 and tested
on an Intel i7-4770 @ 3.4 GHz x 8 cores with 8 GiB of system memory. For real
time testing, it was implemented in ROS as a subscriber node that read the
camera data directly.

In the experiments sections we will evaluate fenv metric as the feasibility of
the grasp taking into account the environmental constraints. For example, if a
grasp requires pushing the robotic hand under the object in contact with the
table, the best grasp configuration found is too diagonal still so it proposes a
slippery grasp or both contact points lay in the same surface then the grasp will
be scored as infeasible.

Fig. 4. (left) Experimentation set comprised of 13 objects and (right) working set up.

4.1 Isolated Objects in the Scene

For this experiment, the objects were placed alone on the table at a sufficient
distance to be properly detected by the camera. In case of smaller objects like
the pillbox or the ball, it is necessary to put them closer than bigger ones like the
cookies box. Various poses were taken depending on their shape because they
could be seen from different points of view. In Table 1 we present the obtained
results.
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Table 1. Results for isolated objects. Average grasp feasibility as a percentage and
rank value for each isolated object, being Rank1 r1, Rank2 r2 and Rank equal to
rank = w1 ∗ r1 + w2 ∗ r2.

Object Shape Dimensions (mm) # Views f env Rank1 Rank2 Rank

Cookies Box 305×210×48 8 87.50 2.55 1.49 5.32

Milk Box 97×195×58 6 100.00 1.43 1.74 3.89

Book Box 80×290×80 4 100.00 2.20 1.22 4.51

Toothpaste Box 123×202×25 6 75.00 2.32 0.91 4.39

Spray Cylinder 111×132×111 4 75.00 2.06 1.88 4.98

Detergent Cylinder 79×107×79 5 100.00 2.16 1.95 5.19

Glass Cylinder 82×96×82 5 80.00 1.88 1.56 4.38

Mug Cylinder 65×115×65 4 80.00 2.54 1.30 5.11

Can Cylinder 46×190×38 6 50.00 1.75 2.38 5.01

Roll Cylinder 63×63×63 2 75.00 2.07 1.27 4.37

Pillbox Cylinder 58×77×37 6 66.67 1.96 1.30 4.24

Apple Sphere 87×74×87 2 100.00 2.78 1.43 5.59

Tennis Sphere 46×102×46 4 100.00 2.72 2.14 6.22

Our dataset is comprised of household objects that can be categorised in
some geometrical shapes like boxes, cylinders and spheres. Box-like objects were
laid down in different positions on distinct faces, hence each time the camera
would acquired a new view. Cylinders were stood up and laid down parallel to
the Z and X axis of the camera, as well as in diagonal to both of them. Spheres
are always seen with the same appearance from any point of view, therefore we
generated variability by moving them around the table.

It can be observed that r1 is usually valued with at least 2 out of 3 points.
This means that our ranking function is able to find good contact points near
the cutting plane that are parallel to it. In our hypothesis, the grasps parallel
and close to the cutting plane Πc will be more stable since they will be closer
to the point cloud centroid, that can be used as a representation of the object’s
centre of mass. Grasping closer to this point leads to more equilibrated grasps
if the object’s mass is balanced through its whole body, something that can be
said for most of the household objects a service robot would manipulate.

Regarding r2, we have seen that box-like objects tend to have lower scores
than cylinders or spheres. As detailed in previous sections, r2 ranks the curvature
of the contact point area and also checks whether they configure an antipodal
grasp. Boxes have many planar surfaces with lower curvature values and conse-
quently, it is nature to think that these objects should have greater r2 values.
However, due to only using one viewpoint of the object, it is difficult to find more
than two faces of the boxes in the same point cloud, thus making it harder to
configure an antipodal grasp. In order to configure one, contact points should lay
in two planes of the box with normal vectors in the same direction but counter-
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wise. Since this case is hard to see on a single view, our box grasps are penalized
by not configuring an antipodal grasp.

Furthermore, we have observed that the closer the objects are to the camera,
the more dense their point clouds are and more information is available about
their surface. This fact often results in higher ranked configurations due to having
more points to work with. That is, richer views that hold more information about
the object’s surface facilitate finding better contact points.

Although the ranking function is designed to avoid recommending infeasible
grasps, sometimes the recording conditions lead to grasps which cannot be per-
formed. As is shown in the Table 1 for fenv, it has been proved that occasionally
the algorithm proposes grasps beneath the objects. We have checked that this
fact usually happens because the detected object’s main axis is parallel to the
table in the direction of the X axis and there is enough noise to find smaller
Z values in lower parts than in the top of the object, placing one initial point
incorrectly. This is a misleading case for the algorithm due to the point cloud
quality.

The second most common case for a poor grasp recommendation is regarding
to the point of view. It can happen that an object is not sufficiently seen from
the camera if its laying in certain positions. For cylinders, this occurs when they
are too far and so they are not perceived as fully curved objects. As can be
seen in the bottom of Fig. 5, the proposed upper contact point is in the top of
the surface because the point of view is not offering more information about the
counterpart of the lower grasp point. In this case, the algorithm cannot suggest a
better perpendicular grasp to the object’s axis. If we had a higher point of view,
the camera would record more information about the back part of the object
and the suggested grasp configuration would be more feasible.

Fig. 5. Samples of infeasible grasps calculated by the proposed algorithm due to the
view of point conditions.
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4.2 Objects Presented in Clutter

In most of the real situations a robot would face, objects will not be isolated and
they may be partially occluded or surrounded by others. In these experiments,
we have randomly distributed the objects on the surface of the workbench. In
the Table 2, we present the results obtained by evaluating how many objects
were presented in real, how many were detected and the percentage of feasible
grasps as well as the mean rank for the set of detected real objects in the scene.

We do not present these experiments in dense clutter with objects contact-
ing remarkably each other since that would make the task of segmenting the
objects’ clouds more challenging. Since we are not evaluating an object detec-
tion and segmentation algorithm nor we are proposing one, the presented objects
in these experiments are sufficiently separated to allow us test our contact points
calculation while still being in clutter.

Generally, every object in each of the scenes is sufficiently visible and there-
fore it can be appropriately detected. However, sometimes part of the objects
are missed during detection since they are too occluded or tiny so that theirs
clusters are not big enough for being considered an object in the algorithm. This
is the case for the objects in the back in the scene Dataset-4 (i.e. the can is not
detected because it is behind the toothpaste box), displayed in Fig. 6. In other
occasions, there is some noise recorded in the table due to lightning conditions.
That noise is big enough to be detected as an object, as can also seen in scenes
Dataset-1 and Dataset-4 corners. This issue could be overcame by filtering small

Table 2. Results for scenes with objects in clutter. Objects presented in real-
ity/detected, the feasibility of their grasps and the average rank for each detected
object.

Scene # R/D f env Rank

Boxes-laying 4/4 75.00 4.57

Boxes-standing 4/4 100.00 4.59

Cylinders-laying 7/7 85.71 4.35

Cylinders-standing 7/7 85.71 4.51

Spheres-close 2/2 100.00 4.23

Spheres-occluded 2/2 100.00 4.31

Mix-1 7/8 85.71 3.21

Mix-2 6/6 83.33 4.89

Mix-3 9/9 100.00 4.38

Mix-4 12/11 90.91 5.16

Dataset-1 13/14 84.62 3.93

Dataset-2 13/15 76.92 4.25

Dataset-3 13/13 84.62 5.09

Dataset-4 13/14 76.92 4.75
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clusters during the segmentation phase, while discarding small objects like the
pillbox at the same time.

Regarding the detected objects, the rate fenv decreases because in these
tests they are partially occluded. Most of the erroneous proposed grasps are
due to occlusions caused by objects that hide parts of others. Consequently, the
segmentation algorithm confuses their areas mixing them and representing an
unique object. This last case is displayed in Fig. 6, where in the Dataset-1 scene
the toothpaste box and detergent bottle are mixed in one single object.

Another issue for discussion is that when an object is in front of a bigger
one, the object in the back can be split and seen as two different point clouds. In
a common clear-the-table task, this situation would not be a problem because
we would put into practice the strategy of picking the closest object and then
running again the algorithm to recalculate grasps on the remaining objects.

4.3 Real Time Testing

Apart from evaluating the feasibility of the contact points proposed by our algo-
rithm, we have have check the calculus times. For this experiment, we have
prepared six tests in which we place isolated objects in front of the camera with
different sizes to check the performance depending on the object’s size. Another
set of experiments consists on a growing distribution where the whole dataset of
objects was positioned in front of the camera, placing the biggest one first and
then introducing a smaller one each time. Results are presented in Table 3.

Looking at the first six scenes in which just one object is present, it can be
seen that the average time needed to compute the contact points for a single
object depends on its size and the number of points stored in its point cloud.
Bigger objects tend to have bigger point clouds even if they are further away
from the camera than closer, smaller objects. In this way, bigger objects are
slower to process.

On the one hand, if just one single object is present in the scene the algorithm
reaches a frames per second (FPS) rate greater than 1. However, checking the
Dataset scenes it can be observed that the FPS rate decreases even below this
value as we introduce more objects in the experiments. The main reason is that
more time is spent on calculating grasping points.

On the other hand, the time required to calculate the best pair of contact
points for a single object also decreases. As we keep introducing more objects,
occlusions begin to occur so the number of points that represent each object are
reduced. This effect is the result of beginning these tests with bigger objects like
the cookies box at the back of the scene and the smaller objects in front of them.
In such manner, both types of objects can be detected.
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Fig. 6. Samples of contacts over scenes. Top: (left) Boxes-standing, (right) Cylinders-
laying. Middle: (left) Spheres-occluded, (right) Mix-4. Bottom: (left) Dataset-1, (right)
Dataset-4.

5 Conclusions

The state-of-art of robotic grasping with grippers is currently being pushed for-
ward by three major approaches. One is to use machine learning so the gripper
grasp pose calculation is transformed to be a classification problem. Another is
to create a database of pre-calculated grasp poses on known objects. The third
option and the one followed in this paper is to geometrically analyse the object’s
point cloud.

We propose a method for finding the best contact or grasping points over
an unknown object’s point cloud given a single view. Our major contribution
to the field is the proposed algorithm for geometrically analysing a single input
3D point cloud. It finds a promising pair of contact points where theoretically
a gripper would perform a stable grasp over unknown, everyday objects, all of
this fast enough to be run on real time. The algorithm basic steps consist on
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Table 3. Real time results. Average time calculating contact points for each object in
the scene, as well as average number of processed points and frames per second (FPS).

Scene # Objects # Points Time/Obj (ms) FPS

Huge 1 29348.50 420.67 1.32

Enormous 1 19881.38 229.85 2.40

Big 1 12753.11 114.73 4.10

Medium 1 7320.53 76.79 5.38

Small 1 3989.41 44.97 7.39

Tiny 1 1654.32 21.02 10.73

Dataset 1 15395.36 93.96 2.44

Dataset 2 17431.30 82.02 2.25

Dataset 3 22737.24 76.03 1.81

Dataset 4 26566.00 66.18 1.55

Dataset 5 29720.57 63.44 1.41

Dataset 6 31641.36 53.80 1.32

Dataset 7 33514.38 52.50 1.26

Dataset 8 36072.23 49.21 1.15

Dataset 9 40095.82 52.47 1.05

Dataset 10 39841.58 48.64 1.05

Dataset 11 41550.00 51.43 0.93

Dataset 12 45011.63 58.85 0.73

Dataset 13 47989.00 51.32 0.69

finding a perpendicular plane to the object’s main axis through its centroid so
candidate contact points are placed near the edges of this plane. By doing so, we
find grasp poses that are inspired in the most natural way we grasp objects: by
their centre of mass and perpendicular to them to avoid slippery and unstable
grasps.

Since the whole process depends on a previous segmentation step for finding
the objects present in the scene, we are badly influenced by recorded noise and
poor point of views like dense occluded ones. Despite this fact, our contributions
are not in the area of object detection and segmentation so there is still place for
improvement by using the latest method advances instead of the current basic
methods we are executing now.

We want to keep studying the influence of the r1 and r2 terms in the ranking
function and dynamically find better values for their weights so the rank value
can be adapted regarding some features of the object’s cloud. In future work,
we would like to extend this gripper version to robotic hands with more fingers,
even parametrise the algorithm to the hand morphology, as well as improve its
segmentation step to cover more dense cluttered scenes.
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Abstract. This chapter proposes a sequential hybrid method for 3D
Lidar data segmentation. The presented approach provides more reli-
able results against the under-segmentation issue, i.e., assigning several
objects to one segment, by combining spatial and temporal information
to discriminate nearby objects in the data. For instance, it is common
for pedestrians to get under-segmented with their neighboring objects.
Combining temporal and spatial cues allow us to resolve such ambi-
guities. After getting the temporal features, we propose a sequential
hybrid approach using the mean-shift method and a sequential variant
of distance dependent Chinese Restaurant Process (ddCRP). The seg-
mentation blobs are spatially extracted from the scene with a connected
components algorithm. Then, as a post-processing, the mean-shift seeks
the number of possible objects in the state space of each blob. If the
mean-shift algorithm determines an under-segmentation, the sequential
ddCRP performs the final partition in this blob. Otherwise, the queried
blob remains the same and it is assigned as a segment. Compared to
the other recent methods in the literature, our framework significantly
reduces the under-segmentation errors while running in real time.

Keywords: Object segmentation · Distance dependent Chinese
Restaurant Process · Mean shift · 3D Lidar data

1 Introduction

Self-driving mobile vehicles offer the possibility of significant improvements to
the social welfare: saving lives by decreasing the risk of accidents; less congestion
and a steady stream of traffic; reduced pollution and fuel consumption; and
mobility for handicapped people. Such autonomous vehicles must perceive the
obstacles in their environment and track them for collision avoidance. A multi-
object tracking problem of 3D Lidar data is mostly decomposed as a processing
pipeline of point cloud segmentation, object tracking and classification as shown
in Fig. 1(a). After the scene is segmented into separate blobs for each object,
these blobs are tracked and classified over consecutive time frames to estimate
their velocities and to predict their movements in the future. These predictions
c© Springer Nature Switzerland AG 2020
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are used to plan the autonomous vehicle’s own trajectory and to avoid collisions
with any obstacles in the surrounding.

Many 3D self-driving perception systems rely on simple spatial relationships
to segment a scene into objects in consequence of real time constraint. A common
method is grouping 3D point cloud points together using their nearness in dis-
tance: if points in the data are adequately close to each other, they are assumed
to belong to the same object, and if points are far away and disconnected they
are assumed to be bound up with different objects.

Fig. 1. (a) The consecutive processing pipeline of a conventional multi-object tracking
system. (b) The presented framework solving the segmentation and tracking steps
simultaneously.

Although the segmentation of a scene using proximity of data points alone
can distinguish well-separated objects, spatial relations are not sufficient under
the circumstances of many real-world cases. For example, in the context of
autonomous driving, a pedestrian often gets under-segmented together with a
neighboring object, such as a building or a parked car. If an intelligent vehicle can
not recognize that under-segmented pedestrian, the vehicle will have difficulty
with the anticipating of the pedestrian’s movements. Such under-segmentation
problems lead to inaccurate or even wrong tracking results, mis-detection of
objects and, consequently, possible destructive collisions. Improving the segmen-
tation process is therefore an important step towards achieving a more robust
object recognition and tracking process.

This chapter presents a hybrid segmentation algorithm which jointly uses spa-
tial and temporal information. The proposed framework illustrated in Fig. 1(b)
replaces the consecutive processing pipeline and solves the segmentation and
tracking steps simultaneously. Spatial and motion features profit from each other
to overcome the under-segmentation issue of moving objects, i.e., assigning mul-
tiple objects to one segment. For example, when an autonomous vehicle has a
complex dynamic environment, such as pedestrians walking close to their nearby
objects, determining if an extracted blob consists of one or multiple objects can
be difficult with spatial features alone. The presented method determines the
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number of objects in a spatially extracted blob. The temporal cues allow us
to resolve such ambiguities. The 3D point cloud data provides spatial features
but the temporal information needs to be acquired. Therefore a motion field
of the environment is estimated for subsequent 3D Lidar scans based on an
occupancy grid representation, where the grid cells are tracked using individual
Kalman filters. A smoothing algorithm is applied to the estimated cell velocities
for better motion consistency of neighboring grid cells. Estimated velocities are
transformed to one dimensional movement directions. We hereupon proposed a
hybrid approach using a mean-shift method [1,2] and a sequential variant of the
distance dependent Chinese Restaurant Process (ddCRP) [3]. Instead of apply-
ing the computationally expensive ddCRP method to each spatially extracted
blob such as in [4], the mean-shift method roughly seeks the number of possible
objects in the state space of each blob. If the mean-shift algorithm determines
an under-segmented blob, the ddCRP performs the final partition in this blob.
Otherwise, the queried blob remains the same and it is assigned as a segment,
or an object, in the scene. In addition to our work in [5], the sequential nature
of segmentation ables us to initialize the sampler of ddCRP method sequentially
using segmentation labels from previous time steps. The proposed sequential
hybrid method decreases the computational time below the scanning period of
the Lidar sensor while providing even better error rates than [6,7]. It is thus
suitable for real time use in autonomous vehicle applications. We present exper-
imental results achieved using the data collected with a 3D Velodyne scanner in
real traffic to show the feasibility and benefit of the presented method. The per-
formance of our framework is compared with other novel algorithms proposed in
the literature and it is shown that the presented approach significantly reduces
under-segmentation errors.

The book chapter is organized as follows. Section 2 discusses the related work.
Section 3 explains the pre-processing of 3D point cloud data and estimation of
the smoothed temporal information. In Sect. 4, the proposed sequential hybrid
method is described in detail. Section 5 evaluates the performance of the pre-
sented framework on real traffic data. Section 6 recapitulates the most important
findings and gives an outlook on future work.

2 Related Work

Given a known segmentation, object tracking becomes a problem of state esti-
mation [8–11]. Segmentation is therefore the foremost process of a robust object
recognition system. Most real time 3D Lidar based multi-target tracking meth-
ods [12–19] assume that traffic participants in urban scenarios are well separated
in the sensor data. These methods perform the segmentation and tracking con-
secutively and solely rely on spatial information alone so they are not able to
resolve ambiguities when objects get closer.

Himmelsbach and Wuensche [20] proposed a bottom-up approach that con-
siders the appearance and tracking history of targets to discriminate static from
moving objects. Although this method gives good empirical results, it does not
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directly address the issue of track initialization in crowded scenes. A probabilistic
real time 3D segmentation method [21] combines spatial, temporal, and seman-
tic information to solve under- and over-segmentation problems. The methods
in [22,23] estimate the motion of each point in the scene and cluster the esti-
mated motions. They are not able to segment a parked car or other objects
which are stationary but may move in the future. The approaches in [24–26]
enforce the spatial and temporal consistency while clustering a scene into coher-
ent super-pixels. A post-processing method is used to represent objects in the
scene with these super-pixels. However, these frameworks [22–26] are employed
to dense indoor RGB-D data and they are not able to directly be applied to
outdoor scenes with sparse 3D Lidar data.

For temporal information, we estimate the motion field of 3D Lidar data.
It is inspired by Visual Motion Field Estimation (VMFE) methods [27–29] in
computer vision. Instead of camera images, our approach applies these algo-
rithms to 3D point cloud data. Many 3D VMFE methods have been proposed
recently [30–32] but using 2D visual cameras to get object positions in 3D still
provides more noisy estimates compared to Lidar sensors. VMFE methods are
not directly applicable to 3D point cloud data. Li et al. [33] estimated the motion
field of 3D Lidar data to eliminate the segmentation step. This avoids tracking
errors caused by the segmentation component, but detection of nearby objects
in data still remains a problem.

Tuncer and Schulz [4] applied the distance dependent Chinese Restaurant
Process (ddCRP) [3] to avoid the under-segmentation of the scene in sparse
3D Lidar data. The ddCRP is an extension of the Chinese Restaurant Process
(CRP) [34], an hierarchical non-parametric Bayesian clustering model, which
has been suggested for clustering of texts in linguistic analysis. The CRP has
an exchangeability requirement on data, which means that the order of the
observed data does not affect the posterior distribution. This does not hold for
point cloud data because the coordinates of grid cells need to be considered
to obtain contiguous object segments. Therefore the distance dependent CRP
(ddCRP) is adapted for non-exchangeable Lidar data. In [35], the ddCRP is
used as a nonparametric clustering technique and is combined with a spectral
dimensionality reduction method. Yang et al. [36] segmented broadcast news
stories using a ddCRP approach. Ghosh et al. [37] applied the spatial distance
dependent CRP for natural image segmentation. In [38], potentially unbounded
parts of an articulated object from aligned meshes in different poses are discov-
ered with the ddCRP approach. The ddCRP method uses spatial and temporal
information together for 3D point cloud segmentation in [4]. However, it is a com-
putationally expensive method which is not able for real time applications. For a
faster approach, a sequential variant of ddCRP was proposed, called sequential-
ddCRP (s-ddCRP) [6]. The computational cost of the approach is reduced by
using a priori coming sequentially from the previous time frames and clustering
grid cells agglomerative to super grid cells. However, due to super grid cells, the
algorithm is prone to errors. The s-ddCRP segmentation approach is integrated
with a smoothed motion field estimation and an object tracking module in [7].
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Smoothing the estimated motion field improves the segmentation performance of
the s-ddCRP. This chapter is an extended work of the hybrid approach [5]. While
the work in [5] exploits a ddCRP method, the presented approach in this chapter
proposed to use a sequential variant of the ddCRP method. Incorporating the
mean-shift and a sequential variant of ddCRP algorithms significantly decreases
the computational time of the system compared to [4–6]. It is thus suitable for
real time use in autonomous vehicle applications. The sequential hybrid method
segments the environment based on spatial and temporal information to avoid
under-segmentation errors.

3 Pre-processing and Motion Field Estimation

This section first describes the pre-processing of 3D point cloud measurements.
Then we explain the smoothed motion field estimation which consists of grid cell
association, Kalman filtering and a smoothing process. The estimated temporal
information is exploited in the segmentation and tracking components by using
the sequential hybrid framework which is explained in Sect. 4.

3.1 Pre-processing

Decent 3D Lidar sensors [39] provide large amounts of data for perception of
dynamic objects. Therefore processing of this data requires efficient algorithms
and data structures. To gain efficiency, the data is sub-sampled by mapping
individual point measurements to an occupancy grid grt. It also stores the height
of the points in each cell. The center of mass of a grid cell p = (gx, gy) is
determined. In addition, the average height H and the variance of the height
�H of the points falling into each grid cell are calculated. Finally, a grid cell i
at time frame t is represented as grt,i =

(
gx, gy, H,�H

)
. To classify the grid

cells as either a ground or an obstacle cell, we use a decision rule as follows,

grt = {gr ∈ g̃rt | H(gr) ≥ trH ∧ �H(gr) ≥ tr�H} (1)

where trH and tr�H are empirically learned thresholds. After mapping the data
on a grid and removing the points belonging to the ground, a connected compo-
nents algorithm using an 8-neighborhood [40] on the occupancy grid is applied to
spatially partition the scene into blobs. The blobs are easily obtained using the
distances between the centers of mass of the grid cells. In order to use temporal
information to resolve ambiguities in the spatially extracted blobs, a motion field
of the 3D point cloud data is estimated as shown in the following sub-sections.

3.2 Grid Cell Association

Grid cells of previous and current scans are assigned to each other using a Gating
and a Nearest Neighbor (NN) filter. The gating strategy prunes candidates. Cell
locations predicted from the state vectors of previous time frames provide a
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validation gate. If there are candidates lying in the gate, the nearest one is
accepted based on the Euclidean distances of the centers of mass of points p.
Otherwise the current grid cell is not associated with any previous measurement
and a new Kalman filter is initialized.

3.3 Kalman Filtering

It is assumed that dynamic objects move homogeneously, i.e. the motion states
of cells belonging to the same object are the same. Grid cells are treated as
the basic elements of motion and each cell is assigned its own motion vector.
Instead of tracking the centroid of a moving object, we apply independent linear
Kalman filters to each grid cell belonging to the extracted blobs explained in
the pre-processing step. A typical Kalman filter with constant velocity model is
used for the estimation and prediction of each cell’s location at the subsequent
time frames. If a grid cell grt,i is associated with grt−1,i, the predicted state of
grt−1,i is used to initialize the motion state of the grid cell grt,i in the current
scan, which is then updated with the current coordinates of grt,i. The grid cell’s
state vector xT

t =
[
ĝrx, ĝry, vx, vy

]
contains the estimated centers of mass of the

grid cells and their velocities.

3.4 Smoothing Process

Tracking each grid cell with an independent linear Kalman filter and applying a
simple Gating and Nearest Neighbor filter for grid cell association might result
in association errors. As the last step of the motion field estimation of 3D point
cloud data, a smoothing process [41] is applied to the estimated grid cell velocities
of each extracted cluster for a better motion consistency of neighboring dynamic
grid cells, again with the assumption of a homogeneous movement of grid cells
belonging to the same object. When the velocity of a grid cell grt,i is denoted
as vgrt,i , a grid cell in the NG-neighborhood of grt,i is denoted as grt,ng with a
motion feature vng. The mean square deviation MSgrt,i of a grid cell grt,i can be
computed as in Eq. (2).

MSgrt,i =
∑

ng∈Neighbors(grt,i)

1
NG

∥
∥
∥vgrt,i − vng

∥
∥
∥
2

(2)

For the motion consistency of neighboring grid cells in each extracted cluster,
we also need to calculate the mean square MSgrt,ng

of each neighboring cell as
shown below in the Eq. (3).

MSgrt,ng
=

∑

s∈Neighbors(grt,i)∪{grt,i}

1
NG

‖vng − vs‖2 , ng �= s (3)

After having the mean square of grid cell grt,i and the mean squares of its neigh-
boring cells grt,ng, we can find the abnormal velocity vectors in the neighborhood
of grid cell grt,i.

max (MSgrt,ng
) < MSgrt,i (4)
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If the condition in Eq. (4) holds, the algorithm detects if the velocity vector of
the grid cell in query is abnormal. In this case, the velocity vector vgrt,i of the
grid cell grt,i is replaced by the velocity vector of the cell with the minimum value
of MSgrt,ng

, which is calculated in Eq. (3). The estimated and smoothed grid cell
velocities in x and y dimensions are transformed to one-dimensional movement
directions. Then the grid cell’s state vector can be shown as xT

t = [xm, xr] in the
time frame t, where xm is the estimated motion direction of the grid cell and xr

is the grid cell’s estimated center of mass location in x and y directions.

4 The Sequential Hybrid Method

This sections explains the process for partitioning the 3D point cloud data into
objects with the sequential hybrid method. It benefits from the mean-shift algo-
rithm and a sequential variant of ddCRP for the segmentation of 3D Lidar data
by using temporal and spatial information. In the pre-processing step, the data
gathered by the sensor is mapped on an occupancy grid. Regarding to the mea-
surements falling into grid cells, the points belonging to the ground are removed.
A connected components algorithm based on an 8-neighborhood of grid cells is
applied to spatially segment the scene into blobs. The algorithm considers only
the spatial relationship of grid cells. However, if objects get close to each other,
these spatially segmented blobs might lead to under-segmentation. That means
that the clusters extracted in the pre-processing step might consist of two or more
objects. This, of course, induces wrong tracking estimates and inaccurate object
classifications. Under these circumstances, it is not sufficient to rely solely on the

Fig. 2. The process of the sequential hybrid method for the segmentation of 3D Lidar
data. The mean-shift algorithm seeks the number of modes in the state vector space.
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spatial distance or adjacency of grid cells alone for grouping. Therefore we also
take the temporal information into account. A sequential hybrid method is pre-
sented for exploiting spatial and temporal features simultaneously. It overcomes
the under-segmentation problem and discriminates nearby objects. Neighboring
grid cells having similar state vectors in an extracted blob are grouped into
sub-clusters. They form individual objects in an under-segmented blob.

Instead of applying the computationally expensive ddCRP method to each
spatially extracted blob such as in [7], we firstly analyze the state space of each
blob with a fast mean-shift approach as shown in Fig. 2. For each blob in the
scene, the mean-shift algorithm seeks the number of modes in the state vector
space. The top image in Fig. 2 illustrates that if there is only one mode, then
the blob remains the same and it is taken as a correct segment. If the mean-shift
algorithm finds multiple modes as shown on the bottom left image in Fig. 2, the
sequential variant of ddCRP method estimates the final partition and determines
the correct segmentation borders in the blob. It is illustrated on the right bottom
image in Fig. 2. This procedure iteratively continues while searching each blob
in the scene at each time frame. After the sequential hybrid method has been
applied to each blob in a time frame, the algorithm outputs the segmented scan.
The cooperation of mean-shift and a sequential variant of ddCRP approaches
decreases the computational time compared to [4–7] as shown in Sect. 5. The
sequential variant of ddCRP uses the assigned grid cells sequentially in the fol-
lowing scans to reduce the computational time of the inference while finding
contiguous grid cell regions in the spatially extracted blobs.

4.1 Mean-Shift

The mean-shift method is a powerful non-parametric feature space analysis algo-
rithm for detecting the modes of the density in the state space. If the input is
a set of points, the mean-shift considers them as sampled from the underlying
density function. When there are dense regions in the feature space, they cor-
respond to the modes of the density function. For each grid cell, the mean-shift
defines a kernel around it and computes the mean of the data points. Then it
shifts the center of the kernel to the mean and repeats the algorithm till it con-
verges. After each iteration, it is considered that the kernel shifts to a denser
region of the dataset.

The mean-shift method iteratively seeks the modes. The modes represent
different objects in an extracted blob. We randomly choose a grid cell’s state
vector xt as an initial estimate with a uniform kernel function k(xt −xt,n). This
function determines the weight of nearby points for re-estimation of the mean.
n = 1, ...., N represents the number of grid cells falling into the kernel’s region
of interest with a radius h. For the sake of brevity, we leave out the time index t
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of the state vector xt,n from now on. For the given N state vectors of grid cells
in the d dimensional space Rd, the multivariate kernel density estimator can be
written as below.

f̂(x) =
1

Nhd

N∑

n=1

k

(
x − xn

h

)
(5)

The first step of state space analysis with the underlying density is to find the
modes of this density. The modes are among the zeros of the gradient ∇f(x) = 0.
The mean-shift algorithm is able to find these zeros without estimating the
density. The estimate of the density gradient can be defined as the gradient of
the kernel density estimate as follows.

∇̂f(x) ≡ ∇f̂(x) =
1

Nhd

N∑

n=1

∇k

(
x − xn

h

)
(6)

We set Eq. (6) to zero, ∇f̂(x) = 0, and we define a function,

g(x) = −∇k(x), (7)

assuming that the derivative of the kernel profile k exists for all x ∈ [0,∞).
Using the defined g(x), we have the mean shift vector, which iteratively shifts
the search window towards the modes, as below.

m(x) =

∑N
n=1 xng

(
‖x−xn‖2

h

)

∑N
n=1 g

(
‖x−xn‖2

h

) − x (8)

The mean shift vector computed with the kernel g(x) is proportional to the
normalized density gradient estimate obtained with the kernel k(x). The mean
shift algorithm seeks a mode or local maximum of density of a given distribution.

Using the 3D Lidar data, the features xm and xr are concatenated in the
joint three dimensional spatial-motion domain. Different natures of these features
are compensated by a proper normalization. A multivariate kernel is therefore
applied as the product of two radially symmetric kernels as follows,

Khs,hm
(x) =

C

h2
rhm

k

(∥
∥
∥
∥
xr

hr

2
∥
∥
∥
∥

)
k

(∥
∥
∥
∥
xm

hm

2
∥
∥
∥
∥

)
(9)

where C is the corresponding normalization constant. hr represents the spatial
resolution parameter which affects the smoothing and connectivity. It is chosen
depending on the size of the object. hm is the resolution parameter of the tem-
poral feature which affects the number of modes. It should be kept low if the
variance of the state space is low. k(x) is the common profile used in both two
domains with the employed kernel bandwidths hr and hm. We have to set only
the bandwidth parameters h = (hr, hm). Controlling the sizes of the kernels
determines the resolution of the mode detection. Because of the variant object
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sizes in 3D point cloud data, the mean-shift method tends to generate over-
and under-segmentations. However, it is still a powerful mode seeking algorithm
which successfully performs as the first step of our proposed hybrid method.

Fig. 3. The Chinese Restaurant Process. Boxes and circles represent the customers
and the tables, respectively [5].

4.2 Chinese Restaurant Process

The methods ddCRP and the sequential variant of ddCRP presented in the
following sub-sections are based on the Chinese Restaurant Process (CRP), a
hierarchical non-parametric Bayesian clustering model originally proposed for
linguistic analysis and population genetics. It is a distribution over partitions of
data. For a better understanding, a restaurant with a countably infinite number
of circle tables is assumed. Costumers come into the restaurant in sequence.
Either a customer takes a seat at a table z (ci) with a probability proportional
to the number of people already seated at that table, i.e. more likely to sit at a
table with many customers than with few, or the customer takes a seat at a new
empty table with a probability proportional to a scaling parameter α. A simple
example is illustrated in Fig. 3. The customers choose the tables in a random
process. The first customer enters the restaurant and sits at the first table and
other customers walk into the restaurant one by one. The tenth customer in
Fig. 3 enters the restaurant and can sit either at one of the previously occupied
three tables with a probability proportional to the number of people already
sitting at that table or can sit at the unoccupied new table with a probability
proportional to a scaling parameter. The probabilities to take a previously chosen
table by the other nine customers are written below the tables in Fig. 3. After
the all customers have entered the restaurant and have been seated at a table,
the resulting seating plan of costumers provides the clustering of data. Although
it is described sequentially, the CRP is an exchangeable model. It means that
the order of customers coming into the restaurant does not affect the posterior
distribution. This does not hold for point cloud data because the coordinates of
grid cells need to be considered to obtain contiguous object segments.

lounis.adouane@uca.fr



3D Lidar Data Segmentation Using a Sequential Hybrid Method 523

Fig. 4. The distance dependent Chinese Restaurant Process. It links customers to
other customers, instead of tables [5].

4.3 Distance Dependent Chinese Restaurant Process

We need to find contiguous object segments in blobs but CRP is not a proper
method because it is an exchangeable model. Therefore the distance dependent
Chinese Restaurant Process (ddCRP) is adapted for 3D point cloud segmenta-
tion to model random partitions of non-exchangeable data. It defines a distribu-
tion over partitions indirectly via distributions over links between data points.
This leads to a biased clustering, which means that each observed data point
is more likely to be clustered with other data that is near in an external sense.
A typical example is time series data, where points closer in time are more likely
to be grouped together. Speaking in CRP terms, customers are linked to other
customers instead of tables, which is shown in Fig. 4. The seating plan probabil-
ity is described in terms of the probability of a customer sitting with each of the
other customers. The allocation of customers to tables is a by-product of this
representation. If two customers are reachable by a sequence of interim customer
assignments, then they sit at the same table.

4.4 A Sequential Variant of Distance Dependent Chinese
Restaurant Process

While the ddCRP approach carries out the inference for new customers with-
out any prior knowledge, this sequential variant of distance dependent Chinese
Restaurant Process algorithm initializes its sampling procedure with a priori
table assignments. Figure 5 illustrates that the sampler at time step t + 1 is
initialized with a priori knowledge of the table assignments learned from the
previous time step t.

For the task of 3D point cloud data segmentation, a restaurant represents
each spatially extracted blob from the pre-processing step; tables denote the
segments, or objects, in the blob on inquiry and customers are grid cells belonging
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Fig. 5. The sequential distance dependent Chinese Restaurant Process. The sampling
process at time step t+1 is initialized with a priori assignments from the previous time
step t.

to the blob. After the sequential ddCRP algorithm has assigned the unlabeled
grid cells of a time step, these labels are used as a priori assignments in the next
time frame. This decreases the computational time of the inference. A grid cell
grt,i has a link variable ci which links to another cell grt,j or to itself according
to the distribution below,

p (ci = j|A,α) ∝
{

Aij if i �= j,

α if i = j.
(10)

where the affinity Aij = f(dij) depends on a spatial distance dij between the
center of mass of cells and a decay function f(d). The decay function compro-
mises how the distances between grid cells affect the resulting distribution over
partitions of the cluster. A window decay function f(d) = 1 [d < a] is used. It
considers grid cells that are at most a distance a away from the center of mass
of the current grid cell and connects the adjacent grid cells. The spatial distance
supports the discovery of connected segments. The grid cell grt,i can stay alone
and link itself with a probability proportional to the scaling parameter α or
grid cells link together with a probability proportional to Aij . Neighbor cells
are assigned to the same segment if and only if they are in the same connected
component built by the grid cell links. This framework enforces the constitution
of spatially connected segments in each extracted blob. The generative process
can be summarized as follows:
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1. For each grid cell gri, sample its link assignment ci � ddCRP (A,α).
2. Assign the customer links ci to the cluster (object) assignments zi. Then draw

parameters θk � G0 for each cluster.
3. For each grid cell, sample data xi � F (θk) independently. The k represents

a cluster.

The base distribution G0 is selected as a conjugate prior [42] of the data gen-
erating distribution with Θ =

{
μ0, σ

2
0

}
. The F (θk) is a Gaussian distribution

with θk =
(
μk, σ

2
)
. The state vector of a grid cell is xT

t = [xm, xr], where xm is
the one dimensional movement direction of the grid cell and xr is its estimated
center of mass location in x and y directions. As the neighboring grid cells are
probabilistically linked according to xr by using Eq. (10), the estimated motion
features xm are sampled according to the cell assignments as the generative
process described above.

4.5 Posterior Inference

This sub-section explains how the sequential ddCRP determines the clusters,
which represent different objects in a blob based on posterior inference. The
inference aims to compute the posterior distribution of latent variables condi-
tioned on the spatial and temporal features. The posterior probability can not be
evaluated directly. Therefore, we make use of Gibbs sampling [43] for the infer-
ence. It initializes the sampling with prior assignments taken from the previous
scan. Gibbs sampling iteratively samples each latent variable ci conditioned on
the other latent variables c−i and the given state vector x as shown in the
Eq. (11).

p(ci|c−i,x, Ω) ∝ p(ci|A,α)p(x|z(c),Θ) (11)

The A denotes the affinity term, α is the scaling factor, Θ represents the base
distribution and Ω = {A,α,Θ}. These terms are explained in Subsect. 4.4. The
first term of Eq. (11) is the prior of the sequential ddCRP given in Eq. (10). The
second one is the likelihood, which is factorized according to the cluster index as

p (x|z (c) ,Θ) =
S∏

s=1

p
(
xz(c)=s|Θ

)
, (12)

where the S denotes the number of segments in a spatially extracted blob and
xz(c)=s represents the state vectors of grid cells assigned to the same segment
s. The algorithm does not need to re-evaluate terms which are unaffected as
the sampler reassigns ci, so it allows us to apply a block-wise sampling. When
the cluster structure stays the same, cached likelihood computations of previous
iterations are used. Observations at each cluster are sampled independently by
using the parameters drawn from the base distribution G0. The computation of
the marginal probability is given in Eq. (13).

p
(
xz(c)=s|Θ

)
=

∫
⎛

⎝
∏

i∈z(c)=s

p (xi|θ)

⎞

⎠ p (θ|Θ) dΘ (13)
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The i represents the indices assigned to the segment s and the Θ denotes the
parameters of the base distribution G0. After the p (xi|θ) and G0 are selected
as the conjugate for the marginalization of θ, Eq. (13) can be computed analyt-
ically [44]. The sampler searches the space of possible clusters in each spatially
extracted blob by reassigning links ci. If ci is the only link connecting two clus-
ters, they split after the reassignment. When there are other alternative links
connecting those clusters, the partitions of data stay unchanged. Reassigning
the link ci might newly connect two clusters as well. The sampler considers how
the likelihood is affected by removing and randomly reassigning the cell links. It
needs to consider the current link ci and all its connected cells, because if a cell
gri connects to a different cluster, then all cells which are linked to it also move
to that cluster.

The space of possible segmentations are explored with these reassignments.
The sampling algorithm computes all cases which change the partition layout.
Assuming the cluster indices a and l joined to cluster d in a spatially extracted
blob, then a Markov chain is specified as follow:

p (ci|c−i,x, Ω) ∝
{

p (ci|A,α) Λ (x, z,Θ) if a ∪ l,

p (ci|A,α) otherwise,
(14)

where

Λ (x, z,Θ) =
p

(
xz(c)=d|Θ

)

p
(
xz(c)=a|Θ

)
p

(
xz(c)=l|Θ

) (15)

The different segmentation hypotheses are generated and the sampler decides
on the most probable ones by using temporal and spatial features together.
The sampling procedure is initialized with a priori clusterings obtained in the
previous time step. The ddCRP and the sequential variant of ddCRP methods
use a similar posterior inference approach. The difference is the initialization
of the sampler. Whereas the ddCRP method applies a posterior inference at
each scan without any prior, the sampling procedure in the sequential ddCRP
method uses the prior assignments taken from previous time steps. The mean
value of smoothed motion vectors of grid cells which form an object is assigned
as a temporal feature of the object.

5 Experimental Results

The presented sequential hybrid method is evaluated on a set of real world data.
The algorithms are currently implemented in Matlab and run off-line. Subsec-
tion 5.1 provides a description of the dataset. Subsection 5.2 describes a metric to
evaluate the segmentation performance of the sequential hybrid method. Subsec-
tion 5.3 explains the parameter selection for the experiments. The experimental
results are evaluated in Subsect. 5.4.
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5.1 Dataset

We evaluated the proposed method on the real world KITTI tracking
dataset [45–47]. This data was gathered using a car equipped with multiple
sensors. The 3D point cloud data used in our experiments was recorded with a
Velodyne 3D laser scanner and a high precision GPS/IMU inertial navigation
system mounted on the car. The Velodyne sensor has a frame rate of 10 Hz
and a 360◦ horizontal field of view. The sensor produces approximately 1.1 mil-
lion point measurements per second. The inertial navigation system is an OXTS
RT3003 and the GPS navigation system has a resolution of 0.02 m/0.1◦ and
records data with 100 Hz. We tested out the methods in Subsect. 5.4 with the
KITTI tracking dataset which consists of more than 42,000 3D bounding box
labels on roughly 8,000 frames across 21 sequences. One of these sequences is
used to select parameters and the remaining 20 sequences are used for evaluation.

5.2 Evaluation Metric

In the literature, the KITTI dataset has been used to evaluate tracking and
object detection rather than segmentation performance. We therefore explain a
metric to evaluate the proposed segmentation method. It is a similar procedure to
the one described in [21]. The output of our method partitions the points in each
frame into disjoint segments. Each segment represents a single object instance.
Ground truth bounding boxes are provided for a subset of labeled objects in the
camera images of the KITTI tracking dataset. The extrinsic calibration between
the camera and the Velodyne sensor allows us to project Lidar points into the
image and to determine the ground truth object labels of the 3D point cloud
data. We evaluate how well our segments match this ground truth. For the
evaluation, a best matching segment is assigned to each ground truth bounding
box. For each ground truth box gt, the set of non-ground points Bgt within this
box is identified. We assign the points Bs to the segment s. The best matching
segment to this ground truth gt is found using Eq. (16).

s = arg max
s′

| Bs′ ∩ Bgt | (16)

After the best matching segment is assigned to the ground truth gt, Eq. (17) is
used as an evaluation metric.

E =
1
N

∑

gt

1
(‖Bs ∩ Bgt‖

‖Bs‖ < τs

)
(17)

The τs is a constant threshold, which is chosen as τs = 0.5 to allow for minor
under-segmentation and ground truth labeling errors. The 1 is an indicator func-
tion which is 1 if the input is true and 0 otherwise. Equation (17) counts the
number of under-segmentation errors. An under-segmentation error occurs when
an object is segmented together with a nearby object.

lounis.adouane@uca.fr
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5.3 Parameter Selection

The Velodyne sensor produces huge amounts of data so an efficient data pro-
cessing approach is crucial for the system. To extract the informative features
efficiently from a 3D point cloud, the collected data is mapped on an occupancy
grid with a 0.2 m grid cell resolution in x and y dimensions. The estimated
grid cell velocities in x and y dimensions are transformed to one-dimensional
movement directions. We set the resolution parameter of the motion feature
to hm = 0.5. For an 8-neighborhood, the spatial resolution parameter is cho-
sen as hr = 1. For the sampling of grid cell links, a window decay function
f(d) = 1 [d < a] is used with a value of a = 1 to connect only adjacent grid cells.

Fig. 6. Effect of the scaling parameter α on the segmentation performance. Larger α
values bias the algorithm towards higher error rates.

The KITTI tracking dataset used consists of 21 sequences. One of these
sequences, which has 803 frames, is used to interpret the effect of the scal-
ing parameter α on the segmentation performance of the ddCRP method [4],
while the remaining 20 sequences are used for the evaluation in Subsect. 5.4.
The results in Fig. 6 are obtained by applying the evaluation metric described in
Subsect. 5.2. Larger α values gives higher error rates. It is also shown in [6] that
larger values bias the algorithm towards incorrect smaller clusters as well. We
therefore chose α = 10−4. The sequential ddCRP sampler in our hybrid method
is run 20 iterations for each extracted blob in a scan.

5.4 Results

In this subsection, we discuss our quantitative evaluation. The dataset used for
experiments consists of approximately 38,000 bounding box labels on roughly
7,000 frames across 20 sequences.
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Table 1. Segmentation errors.

Method % Errors

Mean-shift 12.7

s-ddCRP [6] 9.4

Hybrid [5] 9.1

Sequential hybrid 9.1

ddCRP [4] 8.9

Table 1 shows the under-segmentation accuracies for the given methods. The
proposed sequential hybrid method and our previous work in [5] provide bet-
ter accuracies compared to the s-ddCRP segmentation approach [6]. Similar to
the sequential hybrid method, the s-ddCRP method exploits a priori labeling
obtained in the previous time steps. In addition, it clusters the grid cells into
super grid cells. Although these super grid cells decrease the running time of the
algorithm as shown in Fig. 7, they make the s-ddCRP method more prone to
segmentation errors. While the ddCRP framework [4] achieves the lowest error
rate, Fig. 7 illustrates that its computational cost is high, making it unsuitable
for real time applications.

Fig. 7. The averaged computation time comparisons of the mean-shift, sequential
hybrid, hybrid, s-ddCRP and ddCRP methods. Algorithms are implemented in Matlab.

Figure 7 compares the averaged computation time of the mean-shift, sequen-
tial hybrid, hybrid [5], s-ddCRP [6] and ddCRP [4] methods. According to the
computational times given in Fig. 7, the time required by the proposed sequen-
tial hybrid method is on average below the scanning period of the Lidar scanner,
which is 100 ms, making the algorithm able to run in real time. Compared to
the hybrid method [5], applying a sequential framework for the proposed hybrid
approach makes the algorithm faster while obtaining similar segmentation error
rates.

Figure 8 shows a scene segmented by the mean-shift approach. There is a
pedestrian walking close to the bushes in the camera images (top). This person is
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Fig. 8. Mean-shift segmentation on 3D point cloud. Bounding boxes on the camera
images (top) are the ground truths.

already labeled in the dataset on camera images. However, the mean shift method
detects this pedestrian as two different objects in the right bottom image. Due
to the variant object sizes in 3D point cloud data, the mean-shift method tends
to generate over- and under-segmentations, especially for non-rigid objects. It
therefore results in a high error rate as shown in Table 1. However, the mean-
shift approach is quite successful as the first step of our proposed sequential
hybrid method on determining whether the feature space of the blobs consists
of one or more modes.

Figure 9 shows that there is a pedestrian standing behind a stationary van.
This person is correctly labeled with a bounding box in the camera image.
However, the person has no temporal information so our approach detects the
pedestrian and the van as one object in the bottom image. Because of station-
ary under-segmented objects, which do not have temporal cues, and the group
of nearby pedestrians moving in the same direction, the error rate in Table 1
stays around 9%. Using semantic information with a classification module might
improve these results, and, thus, will be part of our future work.

Fig. 9. A pedestrian standing behind the van.
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We compared our segmentation approach with a number of methods in the
literature. The evaluation is shown in Table 2. Steinhauser et al. [17] segments
the scene by using an approach similar to a region growing algorithm. The cri-
terion for deciding whether points belong to the same segment is the Euclidean
distance between those points. If the neighboring points do not belong to the
segment, a certain amount of points lying in the current search direction are
checked for whether they can be added to the segment. In [18] a two level math-
ematical morphology operator is applied to the 2.5D motion grid. It fills small
holes inside the segment and compensates for the existing gaps between Velo-
dyne scan points. Teichman et al. [19] segments the scans using a connected
components algorithm on a 2D obstacle map. It is then post-processed with a
flood-fill algorithm.

Table 2. Under-segmentation errors for a number of segmentation methods in the
literature.

Method % Errors

Steinhauser et al. [17] 12.5

Asvadi et al. [18] 12.1

Teichman et al. [19] 10.7

Sequential hybrid 9.1

For the results in Table 2, we chose the parameters for the best-scoring imple-
mentation. The sequential hybrid method has the lowest under-segmentation
error rate of 9.1%. Compared to the segmentation approach in [17], our method
reduces the total number of under-segmentation errors by 3.4%. It demonstrates
the benefit of combining spatial and temporal information for 3D point cloud
segmentation.

6 Conclusion

We presented a sequential hybrid segmentation algorithm which combines spatial
and temporal information. Spatial and motion features profit from each other to
overcome the under-segmentation issue of moving objects, i.e., assigning multiple
objects to one segment. The proposed method determines if a spatially extracted
blob consists of one or several objects. Combining the temporal and spatial cues
allows us to resolve such ambiguities. For temporal information, a motion field
of the environment is estimated for subsequent 3D Lidar scans based on an occu-
pancy grid representation. Grid cells are tracked using individual Kalman filters
and the estimated grid cell velocities are smoothed for better motion consistency
of neighboring dynamic cells. After the estimated velocities are transformed to
one dimensional movement directions, the mean-shift method roughly searches
the number of possible objects in each blob. If the mean-shift method detects
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an under-segmented blob, the sequential variant of ddCRP generates the final
partition in this blob. Otherwise, the blob remains the same and it is assigned
as a segment, or an object, in the scan.

We compared the performance of our method with other novel algorithms
proposed in the literature. The results show that using the spatial informa-
tion alone is not sufficient to perform an accurate 3D segmentation because
of ambiguous cases by neighboring objects. Perception systems of autonomous
vehicles should thus combine spatial and temporal information for more reliable
results in dynamic environments.

Compared to the s-ddCRP and ddCRP segmentation methods, incorporat-
ing the mean-shift and the sequential variant of ddCRP algorithms reduces the
computational time of the system. It makes the algorithm able to run in real
time applications while having similar segmentation accuracies. The presented
method benefits from the sequential nature of the problem. The proposed sequen-
tial hybrid method adds a posterior inference using prior knowledge from previ-
ous time steps. It speeds up the overall system compared to the hybrid method
used in our previous work.

The segmentation of the traffic scene is at the beginning of the perception
pipeline of autonomous vehicles so errors in segmentation propagate throughout
the whole system. Better segmentation accuracy therefore improves other aspects
of the pipeline. Showing the effect of segmentation accuracy on object tracking
and classification would be useful to reveal how the under-segmentation problem
effects the whole object recognition system of autonomous vehicles.

Sub-sampling of 3D Lidar data by mapping individual point measurements
to an occupancy grid representation and reduction of the motion estimation into
one dimension is sufficient to successfully discriminate moving objects from their
neighbors such as buildings or parked cars. However, closely spaced coherently
moving objects like groups of pedestrians can not be segmented. For this purpose,
we intend to exploit an appearance model together with the features of the grid
representation in the future.

Instead of estimating the motion in the whole scene in each time step, the
system might decide to estimate only in relevant parts of the environment based
on semantic information. For this purpose, we want to integrate a classification
module in future work.
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Abstract. Fiducial marker systems have unique designs and various
geometric shapes but all of them could be automatically detected with
cameras. Fiducial marker system are used in such fields as augmented
reality applications, medicine, space and robot-assisted tasks. A variety
of applications determines criteria, which characterize qualitative prop-
erties of a marker and include such evaluation benchmarks as resilience
to occlusion, distance to a marker, false positive and false negative rates,
sensitivity to illumination, and others. This paper presents experimen-
tal comparison of existing ARTag, AprilTag, and CALTag systems with
regard to their reliability and detection rate in occlusions of various types
and intensities. Two camera types are used for experiments: inexpensive
Web camera FaceCam 1000X and a high fidelity camera, which is a
main vision sensor of a Russian humanoid robot AR-601M. In addition,
we describe preliminary results of virtual experiments in ROS Gazebo
environment. Our long term goal is to calibrate humanoid robot manip-
ulators in real-world environment applying a pre-calibrated camera of
the robot, while the presented in this paper results help selecting a most
suitable marker system for further calibration procedures.
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1 Introduction

Fiducial markers (or fiducials) are important elements of camera tracking sys-
tems using computer vision technologies that find applications in various areas,
including but not limited to physics, robotics, metrology, cell biology, medicine
(medical imaging, MRI) etc. In robotics, fiducials allow calibrating cameras [6]
and mechanical parts of a robotic system, which are required for industrial appli-
cations, human-robot interaction, robot navigation [9], mapping [13], localization
tasks [4]. Fiducial marker systems use different computer vision algorithms to
detect a marker (also referred as a tag) in a camera frame and different design,
which depends on a particular application task of the marker. Most popular
markers have square or circle shape. A square shape is applicable due its four
corner points corresponding to sufficient calibration points for a 3D pose esti-
mation. Most markers are bitonal in order to reduce light sensitivity and use its
interior to store identification number (ID) within a binary code. For detecting
planar markers in camera frames an appropriate algorithm of computer vision is
applied. Most of them extract lines (e.g., RANSAC detector, Hough transform)
or edges of a camera frame (e.g., Canny edge detector, Sobel edge detector).
For circle shape markers a system finds circles in the image (e.g., with OpenCV
Hough circle transform algorithm). After this steps the system finds tag’s corner
points (e.g., with OpenCV find corners algorithms via Harris corner detector
algorithm). Finally, a computer vision algorithm extracts information from the
tag (e.g., a binary code in a tag interior or via an image as an interior provides
identification number of the marker). Consider a simple option of tag detec-
tion and recognition. First, the system converts an image into a gradation of a
grey image. For a line detection, ARToolKit system uses a threshold parameter.
After that, the system extracts edges and finds corners. Using these corners,
the system calculates 3D coordinates of the marker and defines its position. To
identify the marker, the symbol (image) inside the marker is matched against
ARToolKit templates set. If the system succeeds finding a matching template,
it outputs an ID of the tag and projects virtual object (via known tag position
and orientation) into a video frame.

Our long term goal is Russian humanoid robot AR-601M mono camera and
manipulators calibration [10] in real-world environment using fiducials. Each
fiducial system has its strengths and drawbacks that are derived from the original
special area of its application. Therefore, we need to compare markers in order to
select the most suitable marker system among multiple existing systems for our
specific task. We are particularly interested in marker occlusion resistance since
occlusion is very common while working with humanoids manipulators. Markers,
both placed on a humanoid body surface or externally to the robot, may easily
get occluded with varying intensities by other objects within the workspace, e.g.,
even with the humanoid’s own manipulators. Moreover, when a marker is placed
on the humanoid body surface, the marker will have some inclination angle(s)
with regards to the camera, which also affects marker detectability [6].
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This paper focuses on comparing ARTag, AprilTag, and CALTag marker
systems in a presence of occlusion. We test their reliability and detection rate in
presence of occlusions of various types and intensities using humanoid robot AR-
601M mono camera. In particular, these preliminary experiments are important
prior to verification of real marker occlusions with AR-601M robot, which would
often occur due to self-occlusions of the markers with the robot’s manipulators.
The experimental analysis helped us to select a best-fit option among the three
marker systems. We tested their reliability and detection rate in a presence of
various types of occlusions and marker rotations using two different cameras: a
simple generic web camera FaceCam 1000X and AR-601M humanoid [10] (Fig. 1)
mono camera Basler AG acA640-90gc. In addition, we compared results of each
experiment and analysed the dependence of the results on the camera models.

Fig. 1. Russian humanoid robot AR-601M.

The rest of the paper if organized as follows. Section 2 describes ARTag,
AprilTag, CALTag marker systems in details and briefly overviews other exist-
ing marker systems. Sections 3 and 4 present experiment design and experimental
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results using FaceCam 1000X Web camera respectively. Section 5 presents exper-
iment design and experimental results using mono camera Basler AG acA640-
90gc. Section 6 discusses preliminary results of marker detection virtual experi-
ments in ROS Gazebo environment in a presence of artificially added Gaussian
noise. Finally, we conclude in Sect. 7.

2 Fiducial Marker Systems

Marker implementation areas directly define unique design of a tag. Large num-
ber of different fiducial systems have a same feature - an outlining shape frame
(e.g., a square or a circle) with a pattern image inside, which is called marker
interior and encodes useful information. Square is the most popular marker shape
due to four special points detection ability, which allow camera calibration and
marker position calculation [8]. Different tag design, detection and recognition
algorithms determine strengths and weaknesses of tags in various situations.
Typical criteria that are applied for evaluating tag performance include resilience
to occlusion (full or partial overlapping of tag by another object), resistance to
illumination changes, minimal size of marker (distance to marker), false positive
effect, false negative effect and others [5].

This section introduces ARTag, AprilTag and CALTag marker systems
(Fig. 3) and briefly overviews some of other existing fiducials. A large group of
markers, including ARTag, AprilTag and CALTag, have two steps of detection:
unique features detection stage and identification (or recognition) stage. At the
first stage, the environment image is searched for unique features (quadrilateral
shapes and four corner points). Then, at the identification stage, the selected
image interior is verified in order to determine if it is marker or some other
general object of the environment.

Fig. 2. AR-601M humanoid robot eye mono camera Basler acA640-90gc.

Fig. 3. From left to right: ARTag, AprilTag and CALTag fiducial marker systems.
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2.1 ARTag

ARToolKit fiducial marker system, which had a first release in 1999, is a clas-
sical open-source visual tracking library for calculating orientation and position
of a camera relatively to markers in real time [11]; this system is popular for
projecting virtual objects onto a real world environment. ARTag was inspired
by ARToolKit system [9] and uses more complicated data processing in order to
increase reliability and resistance to illumination changes. ARTag is supposed to
replace ARToolKit due to improved 2D-based markers as it succeeds avoiding a
known false positive effect and inter-marker confusion. This system implements
the same idea of square shape, four corner points (i.e., feature points for detec-
tion) and uses individual internal pattern. It differs from ARTollKit by applying
a digital approach (binary code) for an internal pattern instead of a simple image.
ARTag system contains 2002 individual tags of square shape: 1001 tags with a
white frame and 1001 tags with a black frame with an image (barcode) inside
(Fig. 3, left). Marker system uses edge point detector to find edge pixels of seg-
ments, which are then grouped into quadrilaterals. A tag internal image forms a
6×6 cell grid, which is composed of black and white cells, each representing 36
bit-values of “1” and “0”: the first 10 bits are responsible for marker unique ID,
the remaining 26 bits are used for detecting and correcting errors and insuring
the uniqueness of the four possible marker orientations [6].

2.2 AprilTag

AprilTag marker system (Fig. 3, center) was developed by April Robotics Lab-
oratory at the University of Michigan. AprilTag is applicable for a wide range
of tasks, including camera calibration, robotics, augmented reality etc. It allows
calculating exact position, orientation and identity of a marker relatively to a
camera. The detection process consists of several stages: searching for linear seg-
ments, detecting squares, calculating the position and orientation of the tag, and
decoding the barcode [12]. Directed linear segments search uses similar to ARTag
approach, and then sequences of segments are processed to form a square. Square
detection applies a recursive 4-level depth search and at each level the tree adds
one side of the square. At the identification stage the validity of the barcode
inside the discovered marker is verified. To encode an internal picture, AprilTag
uses a lexicode system characterized by two parameters: number of codeword
(internal pattern) bits and minimal Hamming distance between any two codes.
Lexicode generates codes for tags, which allows detecting and fixing bit errors.
AprilTag has several marker families that differ in two parameters: the number
of bits to encode and the minimal Hamming distance. For example, “Tag36h11”
means a 36-bit marker (6×6 array) with a minimal Hamming distance of 11 bits
between any two codes and “Tag16h5” refers to a 16-bit marker (4×4 array)
with a minimal Hamming value of 5 bits between any two codes. AprilTag sys-
tem is characterized by an increased number of different codes (barcodes), an
increased number of bit errors that could be detected and corrected, reduced
false positives and confusion between the tags, a reduced total number of bits in
the tag, and a decreased marker size.
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2.3 CALTag

After analysis of classical chessboard-based camera calibration and fiducial mark-
ers approach, CALTag marker was proposed as a specially designed solution for
camera calibration [2]. The system consists of two components: a marker and
a detection algorithm. A calibration marker is used in a proposed calibration
grid, which is externally identical to a chessboard (Fig. 3, right). The tags layout
within this grid has two variations on tags density. A grid with a highest markers
density provides a larger number of calibration points and is thus more reliable
and efficient for recognition. Each marker consists of M × N matrix of black
and white squares, which are encapsulated within a boundary that consists of
strictly black or white pixels. After initial detection of potential markers, they
are filtered and verified by accessing their binary codes. Any missed calibration
points of the template are restored by CALTag system as the chessboard layout
is known in advance. The binary tag code is validated by calculating the first P
bits checksum and comparing it with a checksum that is obtained from all four
possible rotations [2].

2.4 Other Fiducial Marker Systems

The number of various existing fiducial marker systems is large, and this sub-
section introduces some of them in order to show the variety of opportunities
without pretending for deep analysis or broad coverage of the options. The dis-
cussed below markers are depicted in Fig. 4 from left to right in order of their
appearance in the text of the subsection.

ARToolKit: marker system [6] is a open-source library, which was originally
created for augmented reality applications. Its main application was an evalu-
ation of camera position and orientation in space relatively to a set of static
tags (markers). ARToolKit tag has a square shape black boundary frame with a
user-defined image inside. By default, internal image contains icon Hiro, which
is the name of its inventor Hirokazu Kato from Nara Institute of Science and

Fig. 4. First row, from left to right: ARToolKit, Circular Data Matrix, ARToolKit Plus
and Maxicode. Second row, from left to right: RuneTag, BlurTag, Cantag, Fourier Tag.
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Technology. ARToolKit uses a simplified marker detection algorithm and any
detected potential marker is then matched against existing tag templates. If the
marker is successfully mapped, it is accepted as valid and next the value inside
the black frame is decoded.
Circular Data Matrix: [12] is a concentric circular marker, which is generated
by applying three basic criteria: an unambiguous identification of marker points
with high accuracy and speed, an ability to generate thousands of different vari-
ations of internal codes, and a high degree of reliability of marker recognition.
The structure of the tag is as follows: the first (external) ring is always black,
the internal ring (in the centre) consists of a black circle and a white dot in the
centre, which is often referred as an eye. The other data rings in-between are
used to determine the marker orientation and contain its identification.
ARToolKit Plus Marker: [6] is a newer version of ARToolKit that was
inspired by ARTag design and technology. The marker uses the same principle
of detection as the original ARToolKit, but differs in its approach to tag identi-
fication. Although the marker looks similar to ARTag, the process of coding an
internal image is completely different.
MaxiCode Marker: [14] is a high-capacity, two-dimensional machine-readable
code, that was originally created for shipping and load receiving systems. The
code is reduced to one standard size - one inch per one inch, with tolerances
corresponding to thermal laser printing. Any information regarding the product
in question may be included, namely its weight, a serial number, material type,
classification, and a degree of danger.
RuneTag: [3] is a marker system, that was proposed by University of Venice,
is characterized by a circular arrangement of dots at fixed angles containing one
or several concentric rings. The marker is built by partitioning a disk into sev-
eral evenly distributed sectors. Each sector, in turn, can be divided into several
concentric rings, referred as levels, and a level determines a slot where a dot
could be placed. Each dot has a radius that is proportional to a level at which
the dot is located. With a help of the suggested organization of the dots marker
localization becomes easy and some information could be encrypted into the tag.
RuneTag authors emphasize that their tag has high resistance to occlusions and
claim that it was successfully detected with up to 70% of its area occlusions in
the experiments [3].
BlurTag: system algorithm [15] relies on the ability to detect blurred patterns.
For this reason, the authors designed a checkerboard pattern that is well suited
to estimate point spread functions and could be robustly detected in a presence
of blur. The goal of making an out-of-focus pattern was the calibration with
different focus settings of an optical system; this allows to maintain a full cov-
erage of an image and a comparable apparent resolution of a target at different
distances without changing the target pattern. In [15] the authors presented
the dependence of square detection on the level of blur kernel size (sigma) and
camera resolution, and claimed that BlurTag demonstrated its strengths with
gradually increasing amount of blur at sufficient image resolution, while CALTag
marker system failed to resist equivalent levels of blur.
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Cantag: [16] is an open source software toolkit for building marker-based vision
systems that can identify and locate markers. System implements two design
types of tags: circle shape (CircleTag) and square border (SquareTag). Square
tags carry a larger symbolic data payload than a circular marker of the same
size, whereas circular tags offer better location and pose accuracy.
Fourier Tag: [19] is a synthetic fiducial marker used to visually encode informa-
tion and provide controllable positioning. This marker could be used for interac-
tive control, e.g., employing fiducial markers to directly facilitate human-robot
interaction. For example, it could be useful for a scuba driver to communicate
with a swimming robot vehicle in order to indicate desired actions or behaviours.

3 Experimental Setup for Experiments Using FaceCam
1000X

The main purpose of this work is to compare resistance of markers to occlusions
and rotations with regard to various rotation axis. We define occlusion as a
partial overlap of a tag with other objects(s). The rotation resistance reflects
ability of a tag to be detected and recognized at various rotation angles with
regard to rotation axes. In this work we compare three fiducial marker systems:
AprilTag, ARTag and CALTag to explore their performance in the presence of
systematic occlusions and rotations around X, Y and Z axes. In this section we
briefly discuss the experiments design and experimental results using Genious
FaceCam 1000X camera, which are described in more details in our previous
work [18].

Identification number (ID) of each ARTag marker is encoded with 36 bits
that are obtained with a number of manipulations from a unique 10-bit (kernel)
sequence. The resulting sequence of 36 bits is encoded with white and black
cells to form a tag (white cells for 1 bits and black cells for 0 bits). For the
experiments we randomly selected ARTag tags with ID 2, 3, 6, 34 (Fig. 5).

AprilTag system uses modification of the lexicode algorithm and rejects tags
with too simple codewords, which would produce simple geometric patterns. We
utilize arbitrarily selected tags with IDs 4, 6, 8, and 9 (Fig. 5).

Fig. 5. Top set of images: ARTags with ID 2, 3, 6 and 34. Bottom set of images:
AprilTags with ID 4, 7, 8, 9 [17].
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The first part of experiments was performed with Genius FaceCam 1000X
camera. The main purpose of using low quality camera was to explore marker
capabilities in a non-ideal environment. In addition, this selection simplified the
experimental process as the camera was directly connected to a PC and we
avoided a necessity to collect images from robot cameras and further transfer
them to a PC for further analysis.

We randomly selected four different ARTag markers with ID 2, 3, 6, 34 and
four AprilTag markers with ID 4, 6, 8, 9. Two CALTag markers were selected -
one with 4×4 and another with 9×6 grid size. CALTag 4×4 represents the size
of AprilTag and ARTag printed markers and CALTag 9×6 almost fills up A4
format paper. For each marker we provided the same conditions of room illumi-
nation and camera position with respect to the tag. We conducted four types
of experiments: marker rotation around the axis, systematic occlusion, arbitrary
overlap with an object, and a combination of systematic occlusion with marker
rotation.

For the experiments, we set up rotation axis with regard to the observ-
ing camera (Fig. 6). X-axis (longitudinal axis), which is responsible for rota-
tions of a marker in Type 1C experiments (Subsect. 3.1), is orthogonal to the
marker plane, passes through a central point of the contact line of the marker
image and its supporting plane, and points out in the direction of the camera.
Y -axis (horizontal lateral axis), which is responsible for rotations of a marker
in Type 1B experiments, coincides with the contact line of the marker image

Fig. 6. Scheme of marker rotation. Type 1A experiment represents rotation about Z
axes, type 1B experiment represents rotation about Y axes and Type 1C experiment
represents rotation about X axes.
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and its supporting plane. Z-axis (vertical normal axis), which is responsible for
rotations of a marker in Type 1A experiments, passes through a central point of
the contact line of the marker image and its supporting plane and points upward
from the supporting plane, thus completing a right-hand coordinate frame.

The discussed below experiment design is an extension of our previous work,
which described experiments with ARTag, AprilTag and CALTag systems using
Genius FaceCam 1000X camera and Basler acA640-90gc mono camera [17,18,
20]. In these experiments ARTag and AprilTag showed high sensitivity to edges
overlap experiments and satisfactory level in arbitrary overlap experiments, while
CALTag demonstrated best results in both type of experiments (systematic edges
overlap and arbitrary tag interior overlap).

3.1 Type 1 Experiments: Marker Rotation

In Type 1A: experiments each marker was fixed at two points that formed a
vertical rotation axis Z being drawn from a bottom to a top of a marker and
passed through the marker center. The rotations were performed clockwise and
counter-clockwise for 10, 20, 30, 45, 55 and 65◦ in both directions around Z-axis
(Fig. 7 demonstrates Type 1A experiment with ARTag marker).

In Type 1B: experiments for each marker the rotations were performed
clockwise and counter-clockwise around Y-axis (lateral axis) for 10, 20, 30, 45,
55 and 65◦ in both directions.

In Type 1C: each marker was fixed at its central bottom point and the
rotation was performed clockwise and counter-clockwise around X-axis for 0,
22.5, 45, 67.5, and 90◦ in both directions.

3.2 Type 2 Experiments: Systematic Occlusion

Each tag was covered with a white paper rectangular template that was occluding
K% of the markers area starting from the marker bottom, where K gradually
took values of 0%, 10%, 20%, 50%, 70%.

Fig. 7. Experiments of AprilTag rotation around Z-axes using FaceCam 1000X [18].
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3.3 Type 3 Experiments: Marker Rotation with Systematic
Occlusion

In marker rotation with systematic occlusion experiments Type 1C and Type
2 experiments were combined together. The marker was rotated clockwise (and
counter-clockwise) around X-axis (longitudinal axis) in its plane for 0, 22.5, 45,
67.5, and 90◦ and simultaneously occluded with the white paper rectangular
template for 0%, 10%, 20%, 50%, and 70% of its area. Figure 8 demonstrates an
example of rotated CALTag 9×6 marker by 22.5, 67.5, and 90◦ in both directions
with a simultaneous 20% occlusion by the white paper rectangular template.

3.4 Type 4 Experiments: Arbitrary Overlap with an Object

Each tag was randomly overlapped with one of three different objects so that
an object was entirely located within tags area and thus the overlap percentage
was always kept constant. The first object was a white thick paper strip of
13 cm width and 2.5 cm length with 32.5 cm area. The second object was a metal
scissors with 7.99 cm area. The third object was a black plastic strip of 15.7 cm
width and 2.6 cm length with 40.82 cm area. This way, for each experiment the
constant overlap percentage was always known in advance. For the black strip
case, it covers the interior and crosses the boundaries of each tag (Fig. 8). For
the white strip case and scissors, they cover only the internal pattern of each
tag. With each of the three objects for each tag, 25 experimental trials were
conducted. We emphasize a special case for the 4×4 size CALTag: if the strip
is placed strictly along the marker side, the occupied area percentage decreases
as strips width exceeds marker size. In this case, the overlap percentage varies
between 25.5% and 33.84% for the white strip and 26.53% and 40.20% for the
black strip.

4 Experimental Results with FaceCam 1000X Camera

To conduct the experiments we apply the available for public use official software
of CALTag and AprilTag. For ARTag system we used ArUco library, which
provides detection algorithms for different types of tag families [7]. The markers
were printed on white paper with the following sizes:

– ARTag: 15.2 × 15.2 cm, total area 231.04 cm2

– AprilTag: 13.5 × 13.5 cm, total area 182.25 cm2

– CALTag 4×4: 9.8 × 9.8 cm, total area 96.04 cm2

– CALTag 9×6: 21.7 × 14.7 cm, total area 318.99 cm2

It is worth noticing that the two types of occlusion (systematic and arbi-
trary) had slightly different experimental implementation. Systematic occlusion
models a typical real world situation when a marker is only partially visible due
to its rotation and inclination. For an arbitrary occlusion an extrinsic object
overlapped only interior of the tag and affected only the recognition stage of
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Fig. 8. Experiments of arbitrary overlap with a black strip object. Top set of images:
CALTag 4×4 marker, bottom set of images: AprilTag ID 8 [18].

marker pattern detection. The experimental results for ARTag (ID 2, ID 3, ID
6, ID 34), AprilTag (ID 4, ID 6, ID 8, ID 9) and CALTag (4×4 and 9×6 sizes)
using Genius FaceCam 1000X camera are summarized in more details in [18].

In case of normal and lateral tag rotations AprilTag and CALTag were suc-
cessfully detected and recognized at any angle from the set [10, 20, 30, 45, 55,
65] degrees for both rotation directions, while ARTag showed sensitivity to any
normal axis rotations and especially for large rotation angles of 55 and 65◦. In
a case of lateral rotation by 55 and 65◦, two markers (ARTag with ID = 3 and
ARTag with ID = 6) were not detected in one of rotation directions: counter
clockwise or clockwise. In Type 4 experiments (arbitrary overlap with the black
strip object) the strip was arbitrary placed within an internal part of a marker
and crossed the marker boundaries. For each marker, twenty five experiments
were performed and the strip object position on the marker was arbitrarily dif-
ferent in each experiment. In fact, the black colour of the strip makes it difficult
to read binary code of the marker since all markers are monochrome and the
strip crosses the marker boundaries. For each of the tag we calculated percentage
of the overlap with the object; however, a special case was CALTag 4×4 marker
since because of its small size, the overlapped area varied from 25.5% to 33.84%.
ARTag and AprilTag demonstrated particular sensitivity to overlapping in this
set of experiments - edge overlapping disabled marker unique feature detection,
which in turn resulted into a failure of marker detection stage. On the other
hand, CALTag 4×4 and 9×6 markers were detected in 46 out of 50 experiments,
which demonstrated CALTag resistance to it’s internal pattern area overlapping
including the boundaries.
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The experiments with scissors demonstrated the dependence of marker recog-
nition algorithm on overlap of the marker interior with a complex object. While
within these experiments ARTag system showed high reliability to this type
of occlusion and AprilTag system was fairly sensitive (out of the one hundred
experiments, AprilTag markers were not recognized only in 15 trials), CALTag
4×4 and 9×6 demonstrated the best results.

The experiments with the white strip object demonstrated the dependence of
marker recognition algorithm on overlap of the marker interior. ARTag system
obtained the lowest scores relatively to other marker systems: out of the one
hundred experiments only two were successful. This result confirms that white
colour of the strip makes it difficult to read binary code of the marker due to
the markers’ monochrome colours nature. For AprilTag only 7 experiments were
successful out of 100. On the opposite, CALTag 4×4 markers successful rate was
88% and 9×6 markers successful rate was 96%. Thus, CALTag marker system
demonstrated the best resistance to overlapping of interior due to markers design
and recognition algorithm. Yet, these results supported the initial assumption
that white colour of the strip makes it difficult to read binary code of the marker
as all markers are constructed from monochrome colours.

5 Experimental Setup and Results for Basler Camera

Next, we repeated the described in Sect. 3 experiments with AR-601M humanoid
robot eye mono camera Basler acA640-90gc (Fig. 2). The experimental results
are summarized in Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and 11. Tables 1, 2, 3, 4, 5,
6, 7 and 8 present the results of systematic occlusion experiments. All tags were
completely resistant to rotations about vertical Z-axis in Type 1A experiments
(Fig. 9) and rotations about horizontal Y-axis in Type 1B experiments (Fig. 10)
unlike the same experiments with FaceCam 1000X camera. The markers were
detected and recognized at any given angle for both rotation axes (Tables 1
and 2).

In Tables 1, 2, 3, 4, 5 and 6, “2/2” denotes a successful detection of the
marker under rotation about an axis in both clockwise and counter-clockwise
directions; “1/2” corresponds to successfully detection only for one of rotation
directions, while “0/2” marks unsuccessfully detection for both clockwise and
counter-clockwise directions. Tables 3, 4, 5 and 6 demonstrate results of marker
rotation around X-axis with a simultaneous systematic occlusion, that corre-
sponds to Type 3 experiments. ARTag and AprilTag demonstrated identical
results, and their success rates are showed in Tables 3 and 4. Moreover, April-
Tag and ARTag marker’s occlusion resistance did not depend on camera quality.
Table 7 summarizes results of successful detection rate with regard to the marker
systematic occlusion percentage in experiments of Type 2 for all markers.
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Fig. 9. Experiments of AprilTag marker rotation with regard to Z-axis by 0, 30 and
55◦ in both directions.

Fig. 10. Experiments of ARTag marker rotation with regard to Y-axis by 10, 20 and
65◦ in both directions.

Table 8 shows success rate (percentage) with regard to the marker rota-
tion degree around X-axis for all markers. CALTag 4×4 demonstrated better
results with Basler acA640-90gc camera than the same experiments with Face-
Cam 1000X camera. Table 6 shows that CALTag 4×4 is resistant to 50% and
70% systematic occlusion with simultaneous tag rotation around X-axis. Table 9
demonstrates the results of arbitrary overlap with an object of Type 4 experi-
ments, for the black strip object. As the tags have different sizes while the strip
size is constant, the percentage of occluded tag area differs between the tags.
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Table 1. Marker rotation around normal axis: experiments with Basler acA640-90gc.

Tag 0◦ 10◦ 20◦ 30◦ 45◦ 55◦ 65◦

ARTag (ID 2) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 3) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 6) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 34) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 4) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 6) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 8) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 9) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

CALTag 4×4 2/2 2/2 2/2 2/2 2/2 2/2 2/2

CALTag 9×6 2/2 2/2 2/2 2/2 2/2 2/2 2/2

Table 2. Marker rotation around lateral axis: experiments with Basler acA640-90gc.

Tag 0◦ 10◦ 20◦ 30◦ 45◦ 55◦ 65◦

ARTag (ID 2) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 3) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 6) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

ARTag (ID 34) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 4) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 6) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 8) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

AprilTag (ID 9) 2/2 2/2 2/2 2/2 2/2 2/2 2/2

CALTag 4×4 2/2 2/2 2/2 2/2 2/2 2/2 2/2

CALTag 9×6 2/2 2/2 2/2 2/2 2/2 2/2 2/2

Table 3. AprilTag occlusion and rotation around longitudinal axis: experiments with
Basler acA640-90gc.

Occl./Rot. 0◦ 22◦ 45◦ 67◦ 90◦

0% 2/2 0/2 0/2 0/2 0/2

10% 2/2 0/2 0/2 0/2 0/2

20% 2/2 0/2 0/2 0/2 0/2

50% 2/2 0/2 0/2 0/2 0/2

70% 2/2 0/2 0/2 0/2 0/2

The strip was arbitrarily placed within an internal part of the tag. For each
tag, twenty-five experiments were performed so that the position of the strip on
the tag was different in each experiment. The black colour of the strip makes
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Table 4. ARTag occlusion and rotation around longitudinal axis: experiments with
Basler acA640-90gc.

Occl./Rot. 0◦ 22◦ 45◦ 67◦ 90◦

0% 2/2 0/2 0/2 0/2 0/2

10% 2/2 0/2 0/2 0/2 0/2

20% 2/2 0/2 0/2 0/2 0/2

50% 2/2 0/2 0/2 0/2 0/2

70% 2/2 0/2 0/2 0/2 0/2

Table 5. CALTag 9×6 occlusion and rotation around longitudinal axis: experiments
with Basler acA640-90gc.

Occl./Rot. 0◦ 22◦ 45◦ 67◦ 90◦

0% 2/2 2/2 2/2 2/2 2/2

10% 2/2 2/2 2/2 2/2 2/2

20% 2/2 2/2 2/2 2/2 2/2

50% 2/2 2/2 2/2 2/2 2/2

70% 2/2 0/2 0/2 1/2 1/2

Table 6. CALTag 4×4 occlusion and rotation around longitudinal axis: experiments
with Basler acA640-90gc.

Occl./Rot. 0◦ 22◦ 45◦ 67◦ 90◦

0% 2/2 2/2 2/2 2/2 2/2

10% 2/2 2/2 2/2 2/2 2/2

20% 2/2 2/2 2/2 2/2 2/2

50% 2/2 2/2 2/2 2/2 2/2

70% 2/2 2/2 2/2 2/2 2/2

it difficult to read binary code of the tag, because all tags are monochrome,
while the strip crosses the tags boundaries. A special case was CALTag 4×4 tag,
because due to its small size the overlapped by the strip area varied from 25.5%
to 33.84%. ARTag and AprilTag demonstrated particular sensitivity to tag edges
overlapping with the black strip. Edge overlapping disables tag unique feature
(edge) detection, which in turn results into a failure of tag discovery stage. Yet,
CALTag 4×4 and 9×6 markers were successfully detected in all 50 experiments
with black strip. Table 10 shows the result of arbitrary overlap with an object
Type 4 experiments, for the scissors object. These experiments demonstrated
dependence of tag recognition algorithm on overlap of a marker interior only
with a complex object. CALTag 9×6 and 4×4 were successfully detected and
recognized in all 50 experiments. At the same time, ARTag and AprilTag turned
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to be sensitive to the interior overlapping within a complex object. While the
scissors occluded only 4.38 (for AprilTag) and 3.45 (for ARTag) percent of the
tag area, its complex shape significantly affected the recognition. Table 11 shows
the results of arbitrary overlap in Type 4 experiments, for the white strip object.
Again, CALTag 9×6 and 4×4 demonstrated impressive results: within 50 Type
4 experiments, the detection algorithm had failed only once.

6 Preliminary Results of Virtual Experiments

Obviously, conducting several thousands additional experiments, which are
described in Sects. 3–5, would be beneficial in order to improve statistical results
analysis. As it would be extremely time consuming to perform these manually, we
decided to automate the experiments. We used ROS Gazebo to create a virtual
robot in simulated world environment [1] that could perform required manip-
ulations with markers (Fig. 11). In order to make the simulation more realistic
we added Gaussian noise (Fig. 12) and investigated the dependence of marker
identification success on noise value increase. This work is an ongoing research
and here we present our preliminary results of the simulated experiments for
AprilTag system only.

Table 7. Successful detection rate with regard to the marker occlusion percentage
using Basler acA640-90gc camera.

0% 10% 20% 50% 70%

ARTag 100% 0% 0% 0% 0%

AprilTag 100% 0% 0% 0% 0%

CALTag 4×4 100% 100% 100% 100% 100%

CALTag 9×6 100% 100% 100% 90% 40%

Table 8. Successful detection rate with regard to the marker rotation degree around
longitudinal axis using Basler acA640-90gc camera.

0% 10% 20% 50% 70%

ARTag 100% 0% 0% 0% 0%

AprilTag 100% 0% 0% 0% 0%

CALTag 4×4 100% 100% 100% 100% 100%

CALTag 9×6 100% 70% 80% 90% 90%
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Table 9. Results of arbitrary overlap experiments with a black strip object using Basler
acA640-90gc camera.

Tag Occlusion percent % Recognition rate

ARTag (ID 2) 17.66 0%

ARTag (ID 3) 17.66 0%

ARTag (ID 6) 17.66 0%

ARTag (ID 34) 17.66 0%

AprilTag (ID 4) 22.39 0%

AprilTag (ID 6) 22.39 0%

AprilTag (ID 8) 22.39 0%

AprilTag (ID 9) 22.39 0%

CALTag 4×4 26.53–40.20 100%

CALTag 9×6 12.79 100%

6.1 Constructing ROS Gazebo Environment

Gazebo is a 3D simulator that is capable of simulating different types of robots in
complicated environment. A broad list of its functionalities includes physics sim-
ulation, models of popular robots and sensors, possibility of developing custom
plugins for robot and sensor control.

For virtual experiments we created a R2D2-like model of robot (called
Observer) that use it’s camera to observe marker rotations (Fig. 11, right).
We added Gaussian noise to robot Observer’s camera using three options for
noise standard deviation (stddev) parameter in range [0, 1]: 0.009, 0.09 and
0.1. Examples of each noise parameter influence on robot camera readings are

Table 10. Results of arbitrary overlap experiments with a scissors object using Basler
acA640-90gc camera.

Tag Occlusion percent % Recognition rate

ARTag (ID 2) 3.45 80%

ARTag (ID 3) 3.45 96%

ARTag (ID 6) 3.45 88%

ARTag (ID 34) 3.45 88%

AprilTag (ID 4) 4.38 92%

AprilTag (ID 6) 4.38 88%

AprilTag (ID 8) 4.38 88%

AprilTag (ID 9) 4.38 96%

CALTag 4×4 8.32 100%

CALTag 9×6 2.5 100%
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Table 11. Results of arbitrary overlap experiments with a white strip object using
Basler acA640-90gc camera.

Tag Occlusion percent % Recognition rate

ARTag (ID 2) 14.06 0%

ARTag (ID 3) 14.06 0%

ARTag (ID 6) 14.06 0%

ARTag (ID 34) 14.06 0%

AprilTag (ID 4) 17.83 4%

AprilTag (ID 6) 17.83 0%

AprilTag (ID 8) 17.83 20%

AprilTag (ID 9) 17.83 0%

CALTag 4×4 25.5–32.5 100%

CALTag 9×6 10.18 96%

demonstrated in Fig. 12. Top left image represents low level of noise with stddev
parameter equal to 0.009 and it corresponds to a common case of real properly
operating cameras. Top right image demonstrates a moderate level of noise with
stddev equal to 0.09. In the bottom image the camera has stddev equal to 0.1,
which corresponds to a high level of noise. Next, we created a robot model called
“Performer” that consists of a static base and a fiducial marker, which is linked
to the base with a revolute joint (Fig. 11, left). The revolute joint is operated
with a PID controller (using ros control package). We modified the controller in
order to perform fiducial marker rotations automatically for a given angle from 0
to 360◦ in both clockwise and counter-clockwise directions around X-axis (imple-
mented as tag rotation node ROS node) for Type 1C experiments (Fig. 6). Our
code is based on existing implementation of AprilTag in ROS within apriltags ros
package [22].

The process of a marker detection works as follows. Performer rotates April-
Tag and publishes a rotation angle into the controller command topic. At the
same time apriltags ros package attempts to detect a marker in a set of cam-
era frames and publishes into/tag detections pose topic the detection procedure
results, which consist of tag pose and orientation. Finally, messages from the two
topics are compared and a conclusion on success or failure of an experiment is
reported.

6.2 Experimental Results

For virtual experiments we used the same AprilTag identification numbers (ID
4, 6, 8, 9) as in manual experiments in Sect. 4. For each marker ID we performed
3000 rotation experiments (1000 experiments for each stddev noise level) and
the results are summarized in Table 12.

In automated experiments AprilTag markers were rotated by the Performer
around X-axis of marker coordinate frame, which was directed from a marker
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Fig. 11. Simulation in Gazebo environment: R2D2-like robot (Observer) with a camera
and a robot that rotates AprilTag marker (Performer).

Fig. 12. Three noise standard deviation parameters. Top left image represents camera
view with 0.009 noise level, top right image represents camera view with 0.09 noise
level. Bottom image represents camera view with 0.1 noise level.

center toward the Observer camera center, and thus the marker was always kept
in the camera field of view. All four markers with different IDs demonstrated
high results. For two IDs, AprilTag ID 4 and AprilTag ID, the markers were
successfully detected in all 1000 virtual experiments with low noise level. In
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total AprilTag success rate was 94.6% for all noise levels, while the lowest result
of 87.2% success rate were scored by AprilTag ID 6 marker with high noise level.

High recognition rate was due to the fact of complete marker visibility for the
robot camera and detection failures could be mainly explained by the presence
of noise, which, obviously, reduced successful rates with the increase of noise
level. Yet, for AprilTag ID 6 and 8 the success rate did not decrease gradually,
and this virtual experimental result requires additional investigation in order to
explicitly emphasise weak and strong features of particular marker IDs.

Table 12. AprilTag detection rate in virtual experiments for marker rotation around
X-axis with varying noise levels.

AprilTag ID Low level Moderate level High level

(0.009) (0.09) (0.1)

AprilTag ID 4 100% 97% 94.5%

AprilTag ID 6 95% 98.9% 87.2%

AprilTag ID 8 99.2% 89% 92.8%

AprilTag ID 9 100% 95.6% 96.7%

7 Conclusions and Future Work

This paper focuses on comparing fiducial marker systems in order to select a
suitable system for camera and manipulator calibration of a Russian humanoid
robot AR-601M, taking into account possible real world situations and difficul-
ties, e.g., marker occlusion by a foreign object or/and its rotation with regard
to an observing camera. From large variety of existing fiducial marker systems
three popular and potentially suitable for our tasks marker systems were selected
for deeper experimental evaluation: ARTag, AprilTag and CALTag. To compare
marker systems performance the experiments were designed to evaluate marker
behaviour under systematic occlusion, arbitrary overlap by foreign objects, rota-
tions with regard to X, Y and Z-axes, and combinations of occlusion and rotation.

ARTag and AprilTag demonstrated high sensitivity to edge overlapping and
satisfactory results to interior overlapping; CALTag showed good results in both
types of occlusion and was successfully detected under up to 50% occlusion of
its area. In experiments of marker rotation using simple Genius FaceCam 1000X
camera ARTag showed sensitivity to wide angles rotation (rotation around Y
and Z axis). But in the experiments with AR-601M robot Basler acA640-90gc
mono camera all markers demonstrated significantly better performance while
being rotated in the interval [0, 65] degrees around Y or Z axis in both clockwise
and counter clockwise directions. In total, the best performance through out the
manual experiments was achieved by CALTag marker system which significantly
outperformed ARTag and AprilTag systems.

In order to have statistically significant performance evaluation thousands
of experiments are required, which is rather unfeasible to perform manually.
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Therefore we decided to automate this task through virtual experiments in ROS
Gazebo environment. In this paper we presented preliminary results of 3000 pilot
virtual experiments for AprilTag markers (ID 4, 6, 8, 9), which were evaluated
with regard to the rotation around X-axis only in a presence of Gaussian noise
of low, moderate and high levels. AprilTag system demonstrated good perfor-
mance even with a high level of noise (with stddev parameter being equal to
0.1). Similar pilot experiments for AprilTag markers rotation around Z-axis only
demonstrated that AprilTag is more sensitive under such rotations and could
not be detected when a rotation exceeds 50◦ [21].

Further we plan to run a full-size set of virtual experiments for ARTag, April-
Tag and CALTag that would repeat the presented in this paper manual exper-
iments. This would provide statistically significant results, which could support
or question our conclusions that are based on manual experiments. We also plan
to explore RuneTag [3] and BlurTag [15] systems, and to compare calibration
results, that will be obtained with CALTag, with the classical chessboard pat-
tern [23] and with ArUco calibration pattern [7] in order to select the most
successful fiducial marker system with regard to our goal of AR-601M humanoid
cameras and manipulators calibration.
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Abstract. Position and attitude determine the accuracy on the
navigation and control of any airship. The possibility of determining the
rotation of a body is provided by the measurements of two different vec-
tors in a couple of independent reference triads, in the case depicted on
this paper, North-East-Down (NED) and body reference axes. The first
involved vector is velocity, which can be directly measured by Global
Navigation Satellite Systems (GNSS) in NED axes and from an inte-
gration of a set of at least three accelerometers in the body reference
frame. Gravity vector is an known magnitude in NED triad, depending
of longitude and latitude. For its estimation in body reference frame, a
novel approach is presented, which is based on the aircraft aerodynamics.
Combining both vectors enables determination of body rotation. The use
of a nonlinear flight dynamics model previously developed for a military
rocket, show that, utilizing GNSS sensors, strap-down accelerometers
and the proposed approach, aircraft attitude determination is accurate.
Application of these concepts is especially interesting in order to sub-
stitute high-precision attitude determination devices, which are usually
expensive and they are forced to bear high G forces in some military
applications.

Keywords: IMU · GNSS · Attitude determination · Sensor model ·
Aircraft · Terminal guidance

1 Introduction

Obtaining exact attitude data is the keystone for navigation and control. There
is some literature utilizing different sensor inputs for attitude determination [3].
The effectiveness of navigation and control is controlled by the level of accuracy
of navigation and also, control methods, including inertial measurement units
(IMUs) [11].

Generally, in order to obtain accurate values for attitude determination,
costly and, sometimes also, weighty units, for instance, accelerometers and laser
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 561–581, 2019.
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or fiber optic gyros, or their MEMS counterparts, are used. High-performance
electro-static gyroscopes require expensive vacuum-packaging, to maintain the
high-Q of the MEMS [9]. In addition, when high-requesting trajectories are
demanded this gear may turn out to be extremely expensive.

A classical aircraft navigation methodology shows that the attitude of an
aero-vehicle can be determined by the integration along the time of the angular
rates (pitch, roll, and yaw) measured by the gyros. Nevertheless, precision requi-
sites usually cannot be satisfied by utilizing inexpensive sensors [11]. This issue
turns out to be essential when the vehicle cannot be reused: low-cost attitude
determination systems are of key importance for these applications. For example,
[6] describe an attitude determination system that is based on two vector mea-
surements of non-zero, non-co-linear vectors. Using the Earth’s magnetic field
and gravity as the two measured quantities, a low-cost attitude determination
system is proposed. [7] develop an inexpensive Attitude Heading Reference Sys-
tem for general aviation applications by fusing low cost automotive grade inertial
sensors with GPS. The inertial sensor suit consists of three orthogonally mounted
solid state rate gyros. [5] describe an attitude estimation algorithm derived by
post-processing data from a small low cost Inertial Navigation System recorded
during the flight of a sub-scale commercial off the shelf UAV. Estimates of the
UAV attitude are based on MEMS gyro, magnetometer, accelerometer, and pitot
tube inputs.

[8] express that inexpensive GNSS sensors can provide an accurate attitude
and drift-free position data; however, precision is not continuous. Inertial sensors
are robust to GNSS signal interruption and exceptionally exact over short peri-
ods of time, which empowers cycle slip redress. However, low-cost inertial sensors
have to bear the effects of a significant drift. The authors propose a tightly cou-
pled attitude and position strategy for two inexpensive GNSS devices, a gyro
and an accelerometer and acquire a heading with a precision of 0.25◦/standard
length [m] and a position with an exactness of 1 m. In [1] the utilization of an
inertial navigation framework and a numerous GPS reception apparatus frame-
work for attitude assurance of a rough terrain vehicle is proposed. Also, in [2],
attitude assurance utilizing GPS carrier phase is effectively connected to a fly-
ing machine in tests. Comparable advancements might be found inside space
vehicles, for instance in [16].

Another method to determine attitude without the use of gyroscopes is the
use of an array of accelerometers to solve the six degrees of freedom in the
mechanization equations. In these type of methods, at least 6 accelerometers
(at least 2 on each of the three dimensional axis, separated a relative distance
between them) are required. To process information obtained by the array of
accelerometers, complex linear regression algorithms must be employed as it is
stated in [13].

However, as stated in [18], many of the presented methods such as the
ones employing local magnetic field vectors, are only valid for estimating the
orientation of a static or slow-moving rigid body. In [14], two measured
quantities are used to obtain attitude information for high dynamic vehicles:
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speed and gravity vectors. They are obtained in two different reference frames
using a GNSS sensor and a strap-down accelerometer. However the measure-
ments of gravity vector directly from accelerometers are only possible if the air-
craft rotation is contained on an horizontal plane, which is a enormous limitation
for an aircraft, but usual in land vehicles. In the present paper an estimation
method for gravity vector using the aerodynamic characteristics of the aircraft
and the measurements from accelerometers is described and tested.

1.1 Contributions

The main contribution of this paper is the development of a novel algorithm
which avoids the use of gyroscopes, and its implicit high costs if high precision is
required [9]. This is pretended to decrease costs in attitude sensors and even to
improve attitude determination by applying filtering techniques, especially for
artillery device purposes, where high solicitation force conditions increase the
price of precise attitude determination devices such as gyroscopes. Moreover,
the improvement of an estimation method with a specific end goal of obtaining
the gravity vector in body axis. This estimator is motivated by the need of having
two vectors referred in two distinct sets of triads in order to determine attitude
changes.

Nonlinear simulations based on ballistic rocket launches are performed to
determine real attitude and compare it to the estimated attitude obtained from
the algorithms. The applicability of the proposed solution for aircraft flight nav-
igation, guidance and control, and for ballistic rocket terminal guidance, where
attack and side-slip aerodynamic angles are relatively small, is also demon-
strated.

This paper is organized as follows. Section 2 describes the problem in detail.
Section 3 is devoted to flight dynamics and sensor models. Section 4 shows simu-
lations results. Finally, in Sect. 5 some conclusions and further work are drawn.

2 Problem Description

Attitude determination is a fundamental field in aerospace engineering, as
maneuvers in order to change vehicle trajectories are governed by aerodynamic
forces, which depend directly on ship orientation angles. Furthermore, attitude
in artillery rockets terminal phase is vital as it determines factors such as pene-
trability of payload or countermeasures avoid-ability. Therefore, developing algo-
rithms to improve attitude determination is a cornerstone in guidance, naviga-
tion and control research.

A crucial field in air ship designing is attitude calculation. Maneuvers, which
change vehicle trajectory are governed by aerodynamic forces. And these depend
straightforwardly on aircraft Euler angles. Besides, attitude in rockets is required
to figure the order of magnitude of aerodynamic forces or even to perform critical
operations, such as maneuvering and impact effectiveness. Along these lines,
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creating algorithms to enhance attitude calculation is a foundation in accurate
navigation, guidance and control for air vehicles.

One of the techniques to determine attitude is to calculate it from the director
cosine matrix (DCM) which completely determines the rotation of a body. Two
reference frames are defined, one fixed to the body and another one as a reference.
In order to obtain the DCM, a geometrical plane defined in both reference triads
must be obtained. Every geometrical plane is defined by two vectors. Therefore,
knowing the same two vectors expressed in the two reference frames, the DCM
can be calculated.

2.1 Triad Definition

Two axes systems are defined in order to express forces and moments: North-
East-Down (NED) axes and Body (B) axes. NED axes are defined by sub index
NED. xNED pointing north, zNED perpendicular to xNED and pointing nadir,
and yNED forming a clockwise trihedron. Body axes are defined by sub index
B. xB pointing forward and contained in the plane of symmetry of the aircraft,
zB perpendicular to xB pointing down and contained in the plane of symmetry
of the aircraft, and yB forming a clockwise trihedron. The origin of body axes is
located at the center of mass of the aircraft.

2.2 Involved Vectors Determination

On the off chance that a GNSS sensor device is equipped on the aircraft, velocity
vector can be directly expressed from sensor measurements in the NED triad.
Expression for velocity in NED is defined on Eq. (1), where vxNED

, vyNED
and

vzNED
are the components of this velocity vector in NED axes.

−−−→vNED = [vxNED
, vyNED

, vzNED
]T (1)

A similar velocity vector expressed in body trihedron can be acquired from
an arrangement of accelerometers prepared on the aircraft, one on each of the
axis. These sensors can quantify acceleration. After integration of each of the
components along time, velocity vector is gotten, which is depicted in Eq. 2,
where axB

, ayB
and azB

are the segments of the acceleration in body triad and−→ωb depicts angular velocity expressed in body axis.

−→vB = −→vB |t=0 +
∫ [

[axB
, ayB

, azB
]T + −→ωb × −→vB

]
dt (2)

Another vector expressed in the two reference frames is required in order
to define the rotation. Gravity vector is easily determined in NED triad as it
always points to zNED, as it is shown on Eq. (3). g is the gravity acceleration
modulus that in this model is a fixed constant of value 9.81m/s2. For more
complicated models it may be modeled depending on the latitude and longitude
of the aircraft. −−−→gNED = g[0, 0, 1]T (3)
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The keystone of the presented attitude determination method is determining
gravity vector in body axes. Rudimentary inertial measurement units are able
to determine this gravity vector in order to subtract it from measured acceler-
ation and provide better results for position and velocity calculations in body
axes. The methods to calculate this gravity vector are well developed in [12].
For example by determining the continuous component of the measured accel-
eration employing a low pass filter, on where Jerk on body axes is calculated by
the derivation of acceleration and after that integrated in order to obtain non-
continuous component of acceleration, then, by subtracting this non-continuous
component to the measured acceleration, gravity vector is estimated. Notwith-
standing, this strategy is not substantial when the air ship angular rates increase
in a non-horizontal plane.

Another method to obtain gravity vector is by integrating the mechaniza-
tion equations [15] and manipulate consequently the resulting equations. In this
paper it is assumed that gravity vector in body axes is provided directly by the
inertial sensor, with its associated error. Once more, gyros are required with a
specific end goal to implement this method. In the following paragraphs, another
estimation technique, which is also legitimate for non-pivoting and pivoting air-
plane and which does not require gyros is displayed.

The gravity vector estimation strategy displayed here relies upon the aerial
platform on which it will be utilized. This implies the strategy must be balanced
for the air ship of interest, modeling the vehicle’s mass distribution and geometry:
aerodynamic and mass and inertia coefficients must be acquired. This strategy
gives an on-board gravity vector estimator which relies on accelerometer and
GNSS measurements and the specified coefficients. Without loss of generality,
the estimation method detailed in this section is particularized for an artillery
rocket. But, using the applicable flight mechanics equations, it may be applied
to other aircraft.

Estimated gravity vector may be expressed as in Eq. 4, where its components
in body axes are showed.

−→gB = [gxB
, gyB

, gzB
]T (4)

In order to describe the estimator, gravity vector must be modeled as a sub-
traction between accelerations measured by accelerometers in body axes (

−→
AB),

and a estimation of the aerodynamic and control forces expressed also in body
axes. Equation 5 describes this estimator as an particularization of Newton-Euler
equations, where

−→
Fai describes aerodynamic and inertial forces,

−−−−−→
Fcontrol describes

control forces and m describes aircraft mass.

−→gB =
−→
AB −

[
1
m

(−→
Fai +

−−−−−→
Fcontrol

)]
(5)

In order to compute −→gB ,
−→
Fai,

−−−−−→
Fcontrol and −→ωB must be estimated exclusively

from data obtained from GNSS sensors and accelerometers. First of all, Mach
number (M) and angle of attack (α), which are showed Eq. 6, are estimated
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from accelerometer data. This hypothesis is completely valid for small angles of
attack, which is the case for the flights described in this paper. Mach number
and angle of attack must be calculated in order to estimate forces and moments
involved on aircraft flight. Speed of sound is obtained as a function of altitude
(a(zNED)) employing International Standard Atmosphere (ISA) model.

M = ‖−→vB‖
a(zNED) ; α = acos

[
−→vB ·−→xB

‖−→vB‖
]

(6)

Passive aerodynamic and inertial forces (
−→
Fai) are calculated according to

Eq. 7: −→
Fai =

−→
D +

−→
L +

−−→
MF +

−→
P +

−→
C (7)

where
−→
D is the drag force,

−→
L is the lift force,

−−→
MF is the Magnus force,

−→
P is the

pitch damping force, and
−→
C is the Coriolis force.

Each of these forces are estimated by the expressions in Eqs. 8, 9, 10, 11
and 12, where ρ(zNED) is the air density as a function of altitude using ISA
model, d is the rocket caliber, CD0(M) is the drag force coefficient, CLα

(M) is
the lift force coefficient, Cmf (M) is the Magnus force coefficient, Ix and Iy are
the rocket inertia moments in body axes, CNq(M) is the pitch damping force
coefficient and Ω is the earth angular velocity vector. Note that aerodynamic
coefficients are dependent of Mach number, which was calculated in Eq. 6.

−→
D = −π

8
d2ρ(zNED)CD0(M) ‖−→vB‖ −→vB (8)

−→
L = −π

8
d2ρ(zNED)CLα

(M)α ·
[
‖−→vB‖2 · −→xB − (−→xB · −→vB) −→vB

]
(9)

−−→
MF = −π

8 d3ρ(zNED)Cmf (M)
Ix

{[Ix (−→ωB · −→xB) −→xB +
+Iy

−→xB × (−→ωB × −→xB)] · −→xB} [−→xB × −→vB]
(10)

−→
P = −π

8 d3ρ(zNED)CNq(M)
Iy

‖−→vB‖2 · {[Ix (−→ωB · −→xB) −→xB +
+Iy

−→xB × (−→ωB × −→xB)] × −→xB} (11)

−→
C = −2m

−→
Ω × −→vB (12)

In order to estimate the required forces to estimate gravity vector, angular
velocity is required. Newton-Euler equations are used in order to estimate angu-
lar velocity (see Eq. 13), where IB is the rocket inertia tensor defined in Eq. 14,−−→
Mai are the passive aerodynamic moments which actuate on the projectile, and−−−−−→
Mcontrol are the moments generated by control surfaces. Passive aerodynamic
moments are defined in Eq. 15, where

−→
O is the overturn moment,

−→
PM is the

pitch damping moment,
−−→
MM is the Magnus moment and

−→
S is the spin damping

moment.
−→ωB = I−1

B

∫ [−−→
Mai +

−−−−−→
Mcontrol − −→ωB × (IB

−→ωB)
]
dt (13)
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IB =

⎛
⎝ Ix 0 0

0 Iy 0
0 0 Iy

⎞
⎠ ; I−1

B =

⎛
⎜⎝

1
Ix

0 0
0 1

Iy
0

0 0 1
Iy

⎞
⎟⎠ (14)

−−→
Mai =

−→
O +

−→
PM +

−−→
MM +

−→
S (15)

Each of the aerodynamic moments are estimated in Eqs. 16, 17, 18 and 19,
where CMα

(M) is the overturning moment coefficient, CMq
(M) is the pitch

damping moment coefficient, Cmm(M) is the Magnus moment coefficient and
Cspin(M) is the spin damping moment coefficient.

−→
O = π

8 d3ρ(zNED)CMα
(M)α·

· ‖−→vB‖2 [−→vB × −→xB ]
(16)

−→
PM = π

8 d3ρ(zNED) 1
Iy

CMq
(M) ‖−→vB‖ ·

· {[Ix (−→ωB · −→xB) −→xB + Iy
−→xB × (−→ωB × −→xB)] −

([Ix (−→ωB · −→xB) −→xB + Iy
−→xB × (−→ωB × −→xB)] · −→xB) −→xB}

(17)

−−→
MM = π

8 d4ρ(zNED) 1
Iy

Cmm(M)·
· {([Ix (−→ωB · −→xB) −→xB + Iy

−→xB × (−→ωB × −→xB)] · −→xB) ·
· ([−→vB · −→xB ] −→xB) − −→vB}

(18)

−→
S = π

8 d4ρ(zNED) 1
Iy

Cspin(M)·
· ‖−→vB‖ ([Ix (−→ωB · −→xB) −→xB + Iy

−→xB × (−→ωB × −→xB)] · −→xB) −→xB

(19)

Equations 20 and 21 model the control forces and moments in body axes,
respectively.

−−→
CF =

ρSexp‖vw‖2
4

CN (α)

⎡
⎣ 0

cos(φc − φ)
−sin(φc − φ)

⎤
⎦ (20)

−−→
CM = −−→xcgb

× −−→
CF, (21)

where
−−→
CF is control force,

−−→
CM is control moment, Sexp is reference surface for

fins, CN (α) is fin normal force coefficient, φc is control force angle, φ is roll angle
and −−→xcgb

is the center of gravity position expressed in body axes.
Finally note that each of the aerodynamic coefficients defined on this section

is dependent on Mach number, an interpolation Table 1 based on experimental
data for the geometry of the rocket analyzed is provided next.

After this previous mathematical development, gravity vector can be esti-
mated on body axes (−→gB) just by accelerometer data, and a set of coefficients
that are preloaded on the rocket guidance, navigation and control system.
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Table 1. Aerodynamic coefficients interpolation table in function of Mach number.

M CD0 CLα Cmf CNq CMα CMq Cmm Cspin CN (α)

0.00 0.27 8.01 −0.59 50.81 −35.58 −225.73 3.02 −0.04 0.00

0.40 0.25 8.17 −0.64 53.25 −35.72 −232.75 3.29 −0.04 0.42

0.60 0.24 8.43 −0.70 57.43 −36.00 −245.32 3.57 −0.04 0.43

0.70 0.24 8.60 −0.72 60.31 −36.21 −254.10 3.71 −0.03 0.44

0.80 0.23 8.79 −0.75 63.80 −36.51 −264.85 3.84 −0.03 0.44

0.90 0.23 8.98 −0.78 67.93 −36.57 −276.57 3.98 −0.03 0.45

1.00 0.41 8.93 −0.81 71.38 −35.99 −287.82 4.12 −0.03 0.45

1.10 0.48 8.99 −0.83 76.53 −35.54 −302.58 4.25 −0.03 0.45

1.20 0.46 8.74 −0.86 75.29 −35.33 −304.31 4.39 −0.03 0.44

1.50 0.41 8.10 −0.94 86.55 −27.05 −289.17 4.80 −0.03 0.40

2.00 0.35 7.28 −1.07 110.51 −17.62 −267.48 5.49 −0.02 0.35

2.50 0.30 6.86 −1.07 134.47 −13.03 −255.33 5.49 −0.02 0.30

3 Attitude Determination Algorithm

Attitude determination can be obtained by solving a classical Wahba’s problem,
[17] as it is described in [14]. The problem inputs are expressed as follows. An
orthonormal base is defined in both axes systems, B and NED. This orthonormal
base is defined by unitary vectors i, j and k expressed in both bases and defined
by expressions Eqs. 22, and 25.

−−−→
iNED =

−−−→vNED

‖−−−→vNED‖ (22)

−−−→
jNED =

−−−→vNED × −−−→gNED

‖−−−→vNED × −−−→gNED‖ (23)

−−−→
kNED =

−−−→
iNED × −−−→

jNED∥∥∥−−−→
iNED × −−−→

jNED

∥∥∥ (24)

−→
iB =

−→vB

‖−→vB‖ (25)

−→
jB =

−→vB × −→gB

‖−→vB × −→gB‖ (26)

−→
kB =

−→
iB × −→

jB∥∥∥−→
iB × −→

jB

∥∥∥ (27)

After defining an orthonormal base in the two systems of axes, the expression
to determine the DCM is indicated on (28), where

[−→
iB ,

−→
jB ,

−→
kB

]
is a 3x3 square
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matrix composed of orthonormal vectors in body triad,
[−−−→
iNED,

−−−→
jNED,

−−−→
kNED

]
express the same concept in NED triad, and DCMB,NED is the director cosine
matrix that transforms NED triad into body triad.

[−→
iB ,

−→
jB ,

−→
kB

]
= DCMB,NED

[−−−→
iNED,

−−−→
jNED,

−−−→
kNED

]
(28)

The DCM matrix can be solved from (28) as it is shown in (29). Note that
employing an orthonormal base simplifies the calculation of the inverse matrix
as it is the transposed matrix.

After obtaining the director cosine matrix, the rotation must be character-
ized. The most suitable method to express this rotation is through quaternions,
as they avoid any possible singularities on the poles of rotation [10]. The matrix
equation that relates DCMB,NED and quaternions is showed in (30), where qi

for i = {0, 3}, are the quaternions, and Mj,k for j = {1, 3} and k = {1, 3} are
the DCM matrix coefficients.

The expressions in (31), (32), (33) and (34) may be used in order to solve
quaternions.

DCMB,NED =
[−→
iB ,

−→
jB ,

−→
kB

] [−−−→
iNED,

−−−→
jNED,

−−−→
kNED

]−1

=[−→
iB ,

−→
jB ,

−→
kB

] [−−−→
iNED,

−−−→
jNED,

−−−→
kNED

]T (29)

DCMB,NED =

⎡
⎣M1,1 M1,2 M1,3

M2,1 M2,2 M2,3

M3,1 M3,2 M3,3

⎤
⎦ =

=

⎡
⎣ q20 + q21 − q22 − q23 2(q1q2 + q0q3) 2(q1q3 − q0q2)

2(q1q2 − q0q3) q20 − q21 + q22 − q23 2(q2q3 + q0q1)
2(q1q3 + q0q2) 2(q2q3 − q0q1) q20 − q21 − q22 + q23

⎤
⎦

(30)

q0 =

⎧⎪⎪⎨
⎪⎪⎩

1
2

√
1 + Tr if Tr > 0

1
2C1(M2,3 − M3,2) if Tr ≤ 0 and M1,1 ≥ M2,2 and M1,1 ≥ M3,3
1
2C2(M3,1 − M1,3) if Tr ≤ 0 and M2,2 > M1,1 and M2,2 > M3,3
1
2C3(M1,2 − M2,1) if Tr ≤ 0 and M3,3 > M2,2 and M3,3 > M1,1

(31)

q1 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2
C0(M2,3 − M3,2) if Tr > 0

1
2

√
1 +M1,1 − M2,2 − M3,3 if Tr ≤ 0 and M1,1 ≥ M2,2 and M1,1 ≥ M3,3
1
2
C2(M1,2 +M2,1) if Tr ≤ 0 and M2,2 > M1,1 and M2,2 > M3,3

1
2
C3(M3,1 +M1,3) if Tr ≤ 0 and M3,3 > M2,2 and M3,3 > M1,1

(32)

q2 =

⎧
⎪⎪⎨

⎪⎪⎩

1
2
C0(M3,1 − M1,3) if Tr > 0

1
2
C1(M1,2 +M2,1) if Tr ≤ 0 and M1,1 ≥ M2,2 and M1,1 ≥ M3,3

1
2

√
1 +M2,2 − M1,1 − M3,3 if Tr ≤ 0 and M2,2 > M1,1 and M2,2 > M3,3
1
2
C3(M2,3 +M3,2) if Tr ≤ 0 and M3,3 > M2,2 and M3,3 > M1,1

(33)

q3 =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
2
C0(M1,2 − M2,1) if Tr > 0

1
2
C1(M3,1 +M1,3) if Tr ≤ 0 and M1,1 ≥ M2,2 and M1,1 ≥ M3,3

1
2
C2(M2,3 +M3,2) if Tr ≤ 0 and M2,2 > M1,1 and M2,2 > M3,3

1
2

√
1 +M3,3 − M1,1 − M2,2 if Tr ≤ 0 and M3,3 > M2,2 and M3,3 > M1,1

(34)
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where, Tr, C0, C1, C2 and C3 are defined by (35), (36), (37), (38), and (39),
respectively.

Tr = M1,1 + M2,2 + M3,3 (35)

C0 =
{ 1√

1+Tr
if

√
1 + Tr > 0

0 else
(36)

C1 =

{
1√

1+M1,1−M2,2−M3,3
if

√
1 + M1,1 − M2,2 − M3,3 > 0

0 else
(37)

C2 =

{
1√

1+M2,2−M1,1−M3,3
if

√
1 + M2,2 − M1,1 − M3,3 > 0

0 else
(38)

C3 =

{
1√

1+M3,3−M1,1−M2,2
if

√
1 + M3,3 − M1,1 − M2,2 > 0

0 else
(39)

It is known that quaternions themselves are enough to express rotations
without singularities, but it is also known than conceptually they are difficult to
be visualized. An easier manner to define these rotations is by means of Euler
angles. Concretely, the most common aeronautical rotation is defined by roll
(φ), pitch (θ), and yaw (ψ) angles. The expressions that relate quaternions with
Euler angles are defined by (40), (41) and (42).

φ = atan2[2(q2q3 + q0q1), q20 − q21 − q22 + q23 ] (40)

θ = asin[−2(q1q3 − q0q2)] (41)

ψ = atan2[2(q1q2 + q0q3), q20 + q21 − q22 − q23 ] (42)

These Euler angles obtained from measurements may be used to characterize
rotations and angular speeds in navigation guidance and control algorithms.

4 Flight Dynamics and Sensor Model

The flight dynamics model in [4] is employed. The equations of motion are inte-
grated using a fixed time step Runge-Kutta scheme of fourth order to obtain a
single flight trajectory. A set of ballistic simulated shots, with no wind pertur-
bations, is performed varying shot angle from 15◦ to 75◦ taking 1◦ steps, and
also varying initial azimuth angle from 0◦ to 360◦ taking 45◦ steps. An exam-
ple of these trajectories for maximum range of 45◦, minimum range of 15◦ and
maximum height of 75◦ for the whole set of azimuth shots is shown in Fig. 1.

GNSS sensors are modeled adding a white noise of null average and maximum
absolute value of mp = 3m for position values, and for velocity of mv = 0.01m/s
to the simulated position and velocity obtained from model.

Accelerometers are modeled as second order systems, with a natural fre-
quency of 300 Hz and a damping factor of 0.7. A white noise of null average and
maximum absolute value of ma = 10−3 m/s2 and a bias of 10−3 m/s2 is added.
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Fig. 1. Trajectories for initial pitch shot angle of 15◦, 45◦ and 75◦ and 8 different
azimuths.

Note that accelerometers will provide acceleration in body axes, which will be
employed on the determination of velocity vector in body axes.

The modeling of the sensors has been based on relatively low-cost equipment.
This fact will induce significant errors on measurements, which will determine
the suitability of the attitude calculation method. However, as it is shown in the
following section, the results are accurate enough for terminal guidance tasks in
artillery.

5 Simulation Results

Simulation results are presented using the nonlinear flight dynamics model [4]
and the analysis methods described on [14], where data employed was validated
from real flights and model accuracy tested, in order to demonstrate suitability
of attitude determination algorithm. A set of ballistic simulated shots was per-
formed as defined in the previous section, in order to compare estimated and
simulated attitudes. MATLAB/Simulink R2016a on a desktop computer with a
processor of 2.8 GHz and 8 GB RAM was used.

In order to compare the estimated attitude against real or estimated atti-
tude, gravity vector and angular velocity vector, the following expressions are
represented in Figs. 2, 3 and 4: φreal −φ, θreal −θ and ψreal −ψ for the attitude,−→gBreal − −→gB for the gravity vector, and −→ωBreal − −→ωB , for the angular velocity.
Note that real magnitudes are obtained by simulation results and are compared
against the magnitudes obtained by algorithms defined on the previous sections
which are represented by the second terms on last expressions.

All these figures represent results for a shot angle of 45◦ and three differ-
ent azimuth angles: 0◦, 45◦ and 90◦. Note that a larger amount of simulations
have been performed, as it was defined previously, but they are not showed in
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Fig. 2. Comparison between estimated and real magnitudes for Euler Angles for a shot
angle of 45◦ and azimuths of 0◦ (left), 45◦ (center) and 90◦ (right).

figures because the results are virtually the same and in order to simplify the
comprehension of the paper.

Note that in the worst of the situations the difference between real and
estimated attitude, which is the goal of these algorithms, is very precise for
pitch and yaw angles, and precise for roll angle which assures the applicability
of the algorithms for the sensors employed and its associated noises for rocket
terminal guidance applications.

In order to quantify the error made in each of the shots along the whole simu-
lated trajectories, the Root Mean Squared Error (RMSE) for each of the 3 Euler
angles (RMSEθ0,AZ0

φ ), (RMSEθ0,AZ0
θ ) and (RMSEθ0,AZ0

ψ ), for each of the three
components of gravity vector in body axes (RMSEθ0,AZ0

gxB
), (RMSEθ0,AZ0

gyB
) and

(RMSEθ0,AZ0
gzB

), and for each of the three components of angular velocity vector
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Fig. 3. Comparison between estimated and real magnitudes for gravity vector for a
shot angle of 45◦ and azimuths of 0◦ (left), 45◦ (center) and 90◦ (right).

in body axes, (RMSEθ0,AZ0
ωxB

), (RMSEθ0,AZ0
ωyB

) and (RMSEθ0,AZ0
ωzB

), are calcu-
lated in Eqs. 43, 44 and 45. This error depends on the shot launch angle (θ0)
and azimuth (AZ0).

RMSEθ0,AZ0
φ =

√ ∮
(φreal−φ)2dσ∮

dσ
,

RMSEθ0,AZ0
θ =

√ ∮
(θreal−θ)2dσ∮

dσ
,

RMSEθ0,AZ0
ψ =

√ ∮
(ψreal−ψ)2dσ∮

dσ

(43)
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Fig. 4. Comparison between estimated and real magnitudes for aircraft angular velocity
for a shot angle of 45◦ and azimuths of 0◦ (left), 45◦ (center) and 90◦ (right).
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RMSEθ0,AZ0
gxB

=
√ ∮

(gxBreal
−gxB

)2dσ
∮

dσ
,

RMSEθ0,AZ0
gyB

=
√ ∮

(gyBreal
−gyB

)2dσ
∮

dσ
,

RMSEθ0,AZ0
gzB

=
√ ∮

(gzBreal
−gzB

)2dσ
∮

dσ

(44)

RMSEθ0,AZ0
ωxB

=
√ ∮

(ωxBreal
−ωxB

)2dσ
∮

dσ
,

RMSEθ0,AZ0
ωyB

=
√ ∮

(ωyBreal
−ωyB

)2dσ
∮

dσ
,

RMSEθ0,AZ0
ωzB

=
√ ∮

(ωzBreal
−ωzB

)2dσ
∮

dσ

(45)

Figures 5, 6 and 7 show the previously defined Root Mean Squared Errors
computed for the whole trajectory (z axis) depending on shot angle (x axis) and
for the 8 azimuths (y axis).

Note that the obtained Root Mean Squared Errors for all the measures of
interest presented in this paper are small enough to consider the proposed algo-
rithm for estimating attitude of high dynamic vehicles at a low cost. First of
all RMSEθ0,AZ0

ψ is contained between 0◦ and 5 · 10−3◦, RMSEθ0,AZ0
θ is con-

tained between 0◦ and 4 · 10−5◦, and RMSEθ0,AZ0
φ is contained between 0◦ and

4 · 10−2◦. These results verify that the algorithms applied to this concrete set
of sensors and attitude determination vectors (−→vi and −→gi for i = [B,NED]) are
more precise in the measurements related with pitch and yaw angles and less
precise for roll angle. Note that in axis-symmetric aircraft such as rockets or
missiles roll angle can be handled by autopilot easily [4]. Root Mean Squared
Errors for gravity vector and angular velocity prove that estimations resolved by
the methods explained in this paper are precise enough, as RMSEs are small.

Table 2 shows the Root Mean Squared Errors for the 3 Euler angles for differ-
ent shot angles and azimuths, which is basically the numerical values of Fig. 5.
The first column shows the shot angle and the second one the displayed error
(RMSEθ0,AZ0

φ , RMSEθ0,AZ0
θ and RMSEθ0,AZ0

ψ ). The rest of the columns show
the numerical values of the errors for different azimuths. In order to present a
significant result for the whole method, Root Mean Squared Errors has been
calculated for the values shown on the surface represented by Fig. 5. In order
to accomplish this task, the last column, named total, shows the Root Mean
Squared Errors for the set of azimuths represented on the same row. Similarly,
the last three rows represent the Root Mean Squared Errors for the set of shot
angles represented on the same column. Finally, the three values of the bottom-
right corner can be considered as an estimation of the whole error of the attitude
calculation algorithms.
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Fig. 5. Representation of euler angles RMSE along the whole trajectory for each shot
angle and for the 8 azimuths tested.
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Fig. 6. Representation of gravity vector RMSE along the whole trajectory for each
shot angle and for the 8 azimuths tested.
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Fig. 7. Representation of zB angular velocity vector RMSE along the whole trajectory
for each shot angle and for the 8 azimuths tested.
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6 Conclusions

An innovative inexpensive approach for evaluating attitude of air vehicles has
been proposed. This approach depends on the estimation of two distinct vectors:
velocity and gravity vector. They are measured and evaluated in two reference
trihedrons utilizing a GNSS sensor and an arrangement of accelerometers. An
aerodynamic based estimation strategy for acquiring the gravity vector in body
axis has additionally been presented.

The displayed calculation is of interest for a huge amount of aircraft such as
UAVs and/or spinning vehicles where other ease approaches, for example, the
ones utilizing magnetometers, particularly in unmanned air vehicles or artillery
rockets are not appropriate because of electronic interferences with other elec-
tronic hardware.

Nonlinear simulations based on ballistic rocket launches are performed to
obtain ideal attitude and compare it to the attitude obtained by the proposed
approach. Computational results show that errors made are small enough to
consider the presented algorithm as a good candidate for using it within a control
algorithm. Note that the low-cost needed components make this approach highly
interesting for non-re-usable vehicles.
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Abstract. Chassis Active Safety Systems require access to a set of vehi-
cle dynamics motion states which measurement is neither trivial nor cost-
effective (e.g. lateral velocity). In this work, virtual sensing is applied to
vehicle dynamics and proposed as a cost-effective solution to infer the
vehicle planar motion states and three-axis tyre forces from signals mea-
sured by inexpensive sensors. Specifically, the tyre longitudinal forces are
estimated using Adaptive Random-Walk Linear Kalman Filters and the
vehicle planar motion states are determined in a hybrid state estimator
formed by an Unscented Kalman Filter and Feedforward Neural Net-
works. The tyre vertical forces are estimated using a quasi-static weight
transfer approach and Recursive Least Squares. The complete structure
is integrated into a modular fashion and tested experimentally using a
driver-in-the-loop setup. An extensive catalogue of manoeuvres is exe-
cuted by a real driver to evidence the performance of the proposed virtual
sensor at the limits of handling.

1 Introduction

Future autonomous vehicles (AV) are envisaged to perform safely at the limits
of handling [32]. According to recent research, such safety levels in AVs may
be achieved by means of novel Modern Automotive Control Systems capable of
mimicking expert driving skills such as agile manoeuvring or drift control [5,
11,18,33]. These control systems will require a continuous access to a significant
number of vehicle dynamics signals such as the vehicle lateral velocity or tyre lon-
gitudinal slip to perform accurately. However, as the direct measurement of some
of these states is neither cost-effective nor reliable, virtual sensing techniques will
be required to implement these control systems at a mass production level.

Among the variety of approaches found in the literature to estimate the
vehicle planar dynamics and tyre forces [2,4,8,12,14,15,19–21,25], model-based
estimation techniques using Kalman Filtering are most extended [3]. Linear or
nonlinear state estimators have been applied in the literature depending on
the system being modelled. Regarding nonlinear systems (e.g. vehicle planar

c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 582–602, 2019.
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dynamics), Extended Kalman Filter (EKF) and Unscented Kalman Filter (UKF)
observers are frequently adopted [14], the latter being most suitable when the
problem exhibits strong nonlinearities [15]. In particular, the estimation of the
vehicle planar dynamics requires a precise knowledge of the tyre-road friction
forces. These forces are often approximated using a tyre model (e.g. Dugoff or
Magic Formula [28]) integrated in the state estimator structure [7,14,17,35].

Despite the fact that the estimation of the vehicle planar dynamics using a
tyre model is straightforward, parameterising such model is complex and costly,
as it involves extensive experimental testing using dedicated equipment (e.g.
skid trailer [13]). With the aim to overcome these limitations many authors
have proposed different tyre model-less approaches [2,6,12,19,20]. According to
a recent survey on virtual tyre force sensors [3], solutions avoiding tyre models
can be grouped into stochastic or random-walk [12,19,20] and data-based [2].

In Acosta et al. [1] a modular virtual sensing structure was presented to
estimate the longitudinal, lateral, and vertical tyre forces in addition to the
vehicle planar motion states avoiding the use of any tyre model. In particular, an
adaptive process covariance matrix approach based on a Fuzzy Logic controller
was employed in a Linear Kalman Filter (LKF) to estimate the longitudinal
tyre forces. The vehicle planar dynamics and axle lateral forces were estimated
using a hybrid data-based structure formed by a UKF block and Feedforward
Neural Networks (NN) trained with data from open-loop step steer manoeuvres.
Due to space limitations, the complete modular structure was tested under a
reduced number of manoeuvres performed by a virtual driver in the vehicle
dynamics simulation software IPG CarMaker [1]. Moreover, the previous virtual
driver produces smooth unrealistic inputs that are not representative of a real
driver (e.g. lack of steering corrections). This work completes the validation
of the previous virtual sensing solution. Specifically, a driver-in-the-loop setup
is employed to assess experimentally the performance of the state estimation
structure under realistic limit manoeuvres performed by a real driver. The use of
the driver-in-the-loop setup permits the execution of limit manoeuvres without
compromising the driver’s safety. This testing methodology helps to identify
potential issues in the estimation structure during early development stages,
prior to the final implementation of the virtual sensor in a real vehicle, thus
reducing costs and accelerating the verification process. The rest of the paper is
structured as follows:

The structure of the virtual sensor is described in Sect. 2, where the models
employed in the vertical, longitudinal and planar dynamics blocks are briefly
discussed. The simulation environment and hardware employed to validate the
virtual sensor are described in Sect. 3. The experimental results obtained after
performing an extensive catalogue of manoeuvres are provided in Sect. 4. Finally,
conclusions and future research steps are discussed in Sect. 5.

lounis.adouane@uca.fr
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2 Virtual Sensor Structure

The virtual sensor proposed in [1] and evaluated in this work is presented in
Fig. 1. Three major modules can be easily distinguished: vertical force estimation
block, longitudinal force estimation block, and vehicle planar dynamics block.
This modular approach was aimed at achieving a better control over the individ-
ual blocks, thus avoiding the burden of tuning a unique complex observer with
a large number of states.

... .

Fx estimation (LKF)

Planar dynamics (UKF)

Fy estimation (NN)

Fz estimation (RLS)

y

Proportionality
.

.̂ ^ ^

^

^ ^

^

^ ^^

Linear Stiffness model

^

Fig. 1. Modular structure of the virtual sensor for three-axis tyre force and planar
dynamics estimation presented in [1] and evaluated in this work.

The estimation flow of the structure showed in Fig. 1 can be summarised
in the following manner. The tyre vertical forces (Fzi, i ∈ {fl, fr, rl, rr}) are
estimated using a quasi-static weight transfer model from the longitudinal and
lateral chassis accelerations (ax, ay). This approach neglects the suspension
dynamics and the wheel dynamic loads derived from the road irregularities. The
noise embedded in the chassis accelerations is reduced by means of a Recursive
Least Squares (RLS) block, which formulation is omitted in this work and can be
found in [36]. The wheel loaded radius (ri) is estimated using a linear tyre stiff-
ness model from the forces calculated in the previous step. The estimate ri and
the wheel speed (ωi), master cylinder pressure (MCpress) and engine drive torque
(Tf ) signals are used to estimate the individual longitudinal forces. Specifically,
an Adaptive Random-Walk Linear Kalman Filter based on the wheel rotating
dynamics is employed for this purpose. An adaptive process covariance strategy
is employed to adjust the covariance matrix (QLKF ) depending on the driving
situation. This is discussed in more detail in the following subsections.
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The estimates calculated in the longitudinal force block (Fxi) are then lumped
together at each axle and introduced in the planar dynamics block. The input
vector of the previous block is completed with the angle steered by the front
wheels (δ) and the wheel speed (ωi) signals. As remarked in [1], an impor-
tant contribution of this work is that additional instrumentation to measure the
“true” vehicle velocity (e.g. GPS) is not required, as the wheel rotating speeds
are measured instead. Nevertheless, the use of these cost-effective measurements
requires a more involved strategy to overcome the inaccuracies seen during hard
braking or acceleration inputs, where large longitudinal slips are present and
the wheel rotational velocity is not representative of the chassis ground speed
(vx). Specifically, an adaptive measurement covariance matrix (RUKF ) is used
to adjust the relative contribution of the process model and the wheel speed
measurements depending on the driving situation. Regarding the chassis lateral
dynamics, a hybrid structure formed by an adaptive UKF block and artificial
NN is adopted to estimate the axle lateral forces (Fyj ,j ∈ {front, rear}) and
vehicle planar motion states (vx, vy, ψ̇). The former are obtained from longitu-
dinal acceleration (ax) measurements and the axle lateral slips (αj) estimated
by the UKF block. The latter vehicle planar states are estimated in the UKF,
which propagates the modelling uncertainties through the vehicle planar dynam-
ics model. Finally, the vertical load proportionality principle [6] is adopted to
estimate the individual lateral forces (Fyi) from the axle lateral forces provided
by the UKF block. The vertical forces F̂zi estimated in the RLS block are used
for this purpose.

These modules are briefly introduced in the following. The derivation of the
Linear Kalman Filter and Unscented Kalman Filter is omitted here due to space
limitations and can be found in [1,31,34].

2.1 Vertical Force Estimation

The tyre vertical forces are inferred from the chassis planar accelerations using a
simplified quasi-static weight transfer model [1,3], expression (1). The contribu-
tion of the unsprung masses and the suspension dynamics to the weight transfer
is disregarded in this model, and the front and rear roll centres are assumed
to lie on the ground. Furthermore, a completely flat surface is considered, and
the wheel dynamic loads caused by the road vertical disturbances are neglected.
From this model, the major chassis parameters affecting the steady-state weight
transfer are the roll stiffness at each axle (Kφj

), and the centre of gravity location
(vertical (h) and longitudinal (lj)).

F̂zi
= Fzoi

± max
h

2WB

± aymh
Kφj

− mh(WB − lj)/WB

twi(Kφf
+ Kφr

− mh)

(1)

With j ∈ {front, rear}, WB being the wheelbase, and Fz0 the tyre vertical
force in static conditions. Further details regarding the tyre linear stiffness model
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used to compute the time-varying wheel radius and tyre vertical proportionality
principle to infer the individual tyre lateral forces from the axle lateral forces
can be found in [1]. For additional details on vertical tyre force estimation, the
following references can be consulted [16,29].

2.2 Longitudinal Force Estimation

A wheel rotating dynamics-based approach is adopted to estimate the tyre lon-
gitudinal forces [1,3], Eq. (2).

Itotω̇ = T − Fxr − Fzfresr (2)

A basic driveline architecture characteristic of a front-wheel-drive (FWD)
vehicle equipped with an open differential is considered in this paper [24].
The torsional stiffness, damping, and rotating inertias of the drive shafts are
neglected, and a perfect connection between the engine output shaft and the
gearbox input shaft is assumed when the clutch is fully engaged. The total driv-
eline inertia (Itot) is calculated using the system of equations (3) [1].

Itot =

{
Iω, clutch = 1
0.5Iengη

2
gearη

2
diff + Iω, else

(3)

Where Iω is the wheel inertia, Ieng is the engine inertia, and ηgear, ηdiff

are the gear and differential (final drive) ratios respectively. The net torque T is
computed as the difference between the equivalent torque provided by the engine
and the braking torque. The latter being calculated using a constant-gain model
based on the brake force distribution [1,19,20]. Finally, the vector of states of
the LKF is formed by the wheel rotating speed and the tyre longitudinal force,
which is modelled as a random-walk variable [1], XLKF = {ω, Fx}. The vector
of inputs is formed by the net torque seen at each wheel ULKF = {T}, and the
vertical force necessary to compute the rolling resistance force from the rolling
resistant coefficient fres is introduced as a disturbance input dLKF = {Fz}. The
vector of measurements if formed by the wheel rotating velocity YLKF = {ω}.

Adaptive Process Covariance Matrix As mentioned previously, the tyre
longitudinal forces are modelled as random-walk variables. Therefore, these are
assumed to remain constant during the time-update stage of the Kalman filter
and the time evolution of the variables is determined uniquely by the correc-
tions performed by the Kalman filter on the measurement-update stage. This
modelling approach requires large weights on the process covariance matrix (i.e.
the assumption of quasi-static longitudinal forces is no longer valid) when a fast
convergence of the random-walk variables is needed during transient situations
(e.g. hard braking). Conversely, lower values of the process covariance matrix
would be preferred to reduce the noise level during steady-state situations in
which the rate of change of the longitudinal forces is reduced (e.g. coast down)
and the quasi-static assumption holds [1].
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These requirements were fulfilled in this work adopting an adaptive process
covariance matrix approach. Specifically, the most appropriate matrix values are
adjusted according to the driving situations by a Fuzzy Logic Controller, which
monitors continuously the rate of change of the brake pedal and the engine
revolutions. Additional details can be consulted in [1].

2.3 Lateral Force Estimation

A single-track vehicle planar dynamics model is employed to approximate the
axle lateral forces and vehicle planar motion states [1,5], expressions (4)–(6),

v̇x − vyψ̇ =
1
m

(Fx,f cos(δ) − Fyf sin(δ) + Fx,r) (4)

v̇y + vxψ̇ =
1
m

(Fyf cos(δ) + Fx,f sin(δ) + Fyr) (5)

ψ̈ =
1
Iψ

((Fyf cos(δ)lf + Fx,f sin(δ))lf − Fyrlr) (6)

where the yaw inertia is denoted as Iψ, the vehicle mass is designated by m,
and the distances from the front and rear axles to the centre of gravity are
lf , lr. The vector of inputs of the UKF is formed by the angle steered by the
front wheels, and the longitudinal forces (grouped into axle longitudinal forces)
estimated in the LKF (UUKF = {δ, F̂xf , F̂xr}). The vector of states is composed
of the yaw rate, longitudinal velocity, and lateral velocity (XUKF = {ψ̇, vx, vy}),
and the vector of measurements by the longitudinal velocity calculated from the
non-driven wheel speeds (v) and the yaw rate YUKF = {v, ψ̇}.

Neural Networks The axle lateral forces Fy are estimated by a Neural Network
structure, Fig. 1. At each time step, the UKF sigma-points are generated and the
sigma axle slips are formed taking a small angle approximation [23], expressions
(7)–(8) [1].

αf = δ −
(

ψ̇lf + vy

vx

)
(7)

αr =
(−vy + ψ̇lr

vx

)
(8)

These sigma axle slips are propagated through the NN structures, which
handle the tyre-road friction nonlinearities using a data-based approach. The
longitudinal acceleration is used in the NN structure in order to predict the
reduction in the lateral force during combined longitudinal and lateral excitation
(force coupling), thus permitting an accurate vehicle state estimation in non-
constant speed events (e.g. braking in a turn). Finally, the sigma axle lateral
forces are obtained from the function f(α, ax) approximated by the NN structure
and re-injected into the UKF. Additional details regarding the training procedure
followed to compute the NN structures can be found in [1,2,9].

lounis.adouane@uca.fr



588 M. Acosta et al.

Adaptive Measurement Covariance Matrix The proposed UKF structure
estimates the longitudinal velocity from the wheel rotating velocity of the rear
non-driven wheels, thus assuming that other measurement approaches (e.g. GPS)
are not available. As the wheel rotating velocity fluctuates significantly during
hard braking events, the relative importance given to the process model or the
measured signals needs to be varied according to the driving situation. In this
case, the braking events are identified by monitoring the master cylinder pres-
sure signal (MCpress). Thus, if the master cylinder pressure is below a certain
threshold, the reference velocity calculated as the average velocity of the non-
driven wheels is given more importance in the UKF. On the other hand, when a
braking event is identified, the second diagonal term of the UKF measurement
covariance matrix RUKF is increased, and the relative importance given to the
measured wheel speeds is lowered. Additional details can be consulted in [1].

3 Virtual Testing Environment and DIL Experimental
Setup

An initial evaluation of the virtual sensing structure introduced in the previous
section was performed in [1]. Specifically, a reduced catalogue of longitudinal
and lateral dynamic manoeuvres was simulated in the vehicle dynamics soft-
ware IPG CarMaker using the IPG-Driver model [22]. A major limitation of this
verification methodology is that the virtual sensor cannot be assessed under real-
istic human-like inputs, as only a reduced number of open-loop or standardised
manoeuvres (e.g. ISO Lane Change) can be performed with the previous virtual
driver model. A direct implementation of the virtual sensor in an experimental
vehicle after the previous preliminary evaluation could lead to significant costs,
as potential issues on the virtual sensor might be identified only during the final
experimental verification stage, and a significant number of design iterations
could be required to solve these issues.

Instead, an intermediate experimental assessment with human-like inputs can
help to perform a more comprehensive virtual sensor verification during early
development stages. An experimental driver-in-the-loop (DIL) setup is employed
in this work to perform such intermediate experimental validation. In particu-
lar, this approach facilitates the execution of more sophisticated and realistic
manoeuvres in a virtual proving ground. Therefore, the virtual sensor can be
subjected to demanding situations that cannot be easily reproduced by the IPG-
Driver model, and potential design issues can be identified and corrected before
the final observer implementation in a real experimental vehicle.

3.1 Virtual Testing Environment

The major components that compose the virtual testing environment used in
this work are depicted schematically in Fig. 2.
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IPG CarMaker Virtual Road IPG CarMaker Virtual Vehicle Magic Formula Tyre Model

+ +

Virtual Testing Environment

Fig. 2. Virtual testing environment formed by the IPG-virtual road, IPG virtual vehi-
cle, and magic formula tyre friction model.

In brief, the driver’s visual feedback is provided by the IPG-CarMaker virtual
road model and the IPG-Movie module. Different testing scenarios (e.g. Slalom
in a virtual road segment, free steer test in a virtual dynamic platform) were
generated in IPG-CarMaker to execute a wide range of manoeuvres. The vehicle
responses are approximated by the IPG virtual vehicle, which is representative of
a compact-class model and has been verified in previous research works on state
estimation [2]. Finally, the tyre forces required by the previous virtual vehicle
are computed in IPG CarMaker using a Magic Formula tyre model [2].

3.2 Driver-in-the-Loop Experimental Setup

The DIL setup employed in this work to test experimentally the virtual sen-
sor proposed in [1] is depicted in Fig. 3. As mentioned previously, this structure
permits the exploration of a wide range of realistic driving events without com-
promising the driver’s safety. The information flow presented in Fig. 3 can be
described in the following manner.

The driver inputs are captured by a static simulation platform composed of a
playseat evolution backet and the Logitech G27 [26,27] driving peripherals. These
inputs are fed into a computer equipped with an Intel(R) Core(TM) i7-3632QM
CPU at 2.20 GHz processor and IPG-CarMaker version 5.1.3 through an USB
connection. The Logitech inputs are introduced in the generic.mdl CM4SL model
using the Simulink Joystick block.

The steering angle, gas position, brake position, engaged gear, and clutch
position signals are introduced into the DriveMan block of the generic.mdl and
the virtual testing environment is displayed using the IPG-Movie functionality.
The visual feedback required by the driver is provided by an external monitor,
which is connected to the computer using an HDMI connection.

Finally, the virtual sensor was incorporated into the generic.mdl Simulink
model and simulated in real time using a discretisation time of 1 ms. Following
the methodology described during the initial evaluation of the virtual sensor
[1], the measurable quantities were acquired at a frequency of 100 Hz using a
zero-order hold block. Moreover, an additive White Gaussian noise model was
used to incorporate the noise associated with real measurement equipment in the
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Driving peripheralsHuman Driver

Visual Feedback

Longitudinal control

Lateral control

IPG Movie

Simulink
IPG-CM4SL

Experimental DIL Setup

Simulink Joystick block

SW
A

Input Signals

G
AS

C
LU

TC
H

G
EA

R

BR
AK

E

IPG-CM / Simulink

Fig. 3. DIL setup employed to test experimentally the proposed virtual sensing struc-
ture.

simulation signals, [10,30]. The numerical values of the standard deviations of
these noises, as well as the vehicle parameters employed during the simulations,
can be found in [1].

4 Experimental Results

The virtual sensor was subjected to the catalogue of manoeuvres presented in
Table 1. These manoeuvres were executed by a driver experienced in objective
testing and chassis system evaluation.

Table 1. Catalogue of manoeuvres for virtual sensor verification using the experimental
DIL setup.

Test Initial speed
[km/h]

|ax,max| [m/s2] |ay,max| [m/s2]

#1 Full acceleration 20 3 –

#2 Free acc./brk. sequence 90 8 –

#3 Free acc./brk. sequence 50 8 –

#4 Braking in a turn (R = 50 m) 60 4 6

#5 Slalom 36 m 90 – 8

#6 Frequency response 90 – 4

#7 Scandinavian flick 90 8 9

#8 Free steering sequence 90 – 9
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These tests are grouped into longitudinal dynamics manoeuvres, objective
testing manoeuvres, and free non-standardised limit manoeuvres. The last group
of tests was added with the aim to introduce severe chassis instabilities that
might arise in limit situations and that cannot be easily reproduced using stan-
dardised objective testing manoeuvres.

4.1 Longitudinal Dynamics Manoeuvres

The results corresponding to the full acceleration test are presented in Fig. 4.
The vehicle is accelerated hard in straight line from an initial speed of 20 km/h
≈ 5.55 m/s to a top speed of 120 km/h ≈ 33.33 m/s. Overall, the LKF is able to
follow closely the longitudinal force signals, even during the quick gear-shifting
transient events. Regarding the ground chassis longitudinal velocity, it is approx-
imated accurately by the proposed UKF.

The results of the free acceleration-braking sequence (tests #2, #3) are
depicted in Fig. 5. In the first case (test #2, Fig. 5a), the vehicle is initialized
at 90 km/h - 25 m/s, and a random sequence of abrupt throttle and braking
inputs is performed by the driver while maintaining a straight trajectory. Over-
all, the tyre longitudinal forces (only the left-side forces are displayed to avoid
redundant information) are accurately approximated by the proposed virtual
sensing structure. The longitudinal velocity is computed accurately by the UKF
observer in spite of the severe braking inputs t ≈ 10 s and t ≈ 25 s. Similar results
are obtained in the third test, in which the vehicle is initialized at 50 km/h ≈
13.88 m/s, Fig. 5b.

This time, some oscillations are observed on the rear left force obtained from
the simulation model, which might be caused by the longitudinal weight shift
experienced during the braking event. Once again, the estimation of the tyre
longitudinal forces carried out by the LKF and the longitudinal velocity estimate
provided by the UKF match precisely the IPG simulation signals.

4.2 Objective Testing Manoeuvres

The results of the second group of tests, objective testing manoeuvres, are briefly
discussed in this subsection.

To start with, the braking-in-a-turn time histories are illustrated in Fig. 6.
In this manoeuvre, the vehicle is stabilised in a fifty-metre radius turn at a
high lateral acceleration level ≈ 6 m/s2, and a sudden braking input is applied
(t ≈ 6 s) to introduce some oversteer. The changes in the individual tyre lateral
forces and chassis lateral velocity are tracked well by the virtual sensor, Fig. 6a.
The estimated individual longitudinal and vertical tyre forces are depicted in
Fig. 6b. In spite of some mismatches on the rear left longitudinal force estimates
(unloaded wheel), the previous signals are approximated with high accuracy.
Overall, a good performance was exhibited by the observer in this test, with
the majority of the Normalised Root Mean Square Errors (NRMSE) errors lying
below the 10% band, Tables 2 and 3.
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Fig. 4. Test #1, hard acceleration from low speed. From top to bottom: Front-left tyre
longitudinal force (Fx,fl), rear-left tyre longitudinal force (Fx,rl), chassis longitudinal
velocity (vx), chassis longitudinal acceleration (ax), engaged gear (GEAR), steering
wheel angle (SWA) and clutch-pedal-brake positions.

The results of the fifth test (38-m slalom) are given in Fig. 7. The vehicle
speed is stabilised during the first part of the test t ∈ [5, 15] s, and the pedal
position is increased during the slalom manoeuvre to maintain the initial speed
and compensate the drag induced by the front tyres. As occurred in the previous
test case, significant differences between the simulation and estimated signals
are not seen, and therefore the performance of the virtual sensor is considered
acceptable.

Finally, the results obtained during the execution of the test #6, frequency
response, are given in Fig. 8. As the scope of this test is to evaluate the vehicle
handling and stability in the linear region (e.g. lateral acceleration gain), the
lateral acceleration is kept within 4 m/s2. In brief, the manoeuvre consists of a
steering sweep input executed while the vehicle is maintained at a constant speed.
The speed was set to 90 km/h in this case based on the experience of the authors
in vehicle testing. Specifically, the sweep steering input ranges approximately
between 0.2 Hz (steady-state) and 4 Hz (maximum realisable human frequency),
Fig. 9. As can be observed in the time histories of Fig. 8, the signals provided
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Fig. 5. (a) Test #2 free acceleration-braking sequence, vx0 = 25 m/s. (b) Test #3 free
acceleration-braking sequence, vx0 = 13.88 m/s. From top to bottom: Front-left tyre
longitudinal force (Fx,fl), rear-left tyre longitudinal force (Fx,rl), chassis longitudinal
velocity (vx), chassis longitudinal acceleration (ax), engaged gear (GEAR), steering
wheel angle (SWA) and clutch-pedal-brake positions.

by the virtual sensor follow closely the simulation signals in the low and high-
frequency input ranges (zooms of right side).

The magnitude and phase frequency response plots of the yaw rate and lateral
acceleration gains are depicted in Fig. 9. The lateral acceleration estimate was
obtained directly from the estimated tyre lateral forces. Slight differences are
observed in the high-frequency range of the phase plots caused by the delay
exhibited by the virtual sensing structure. Apart from this, the phase plots of the
estimated signals match well the real simulated values up to an input frequency
of 2 Hz. Regarding the magnitude of the estimated signals, these exhibit the
characteristic yaw resonance frequency of compact vehicles (at around 0.8 Hz),
and the lateral acceleration gain valley (in the interval 1–2 Hz).
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Fig. 6. Test #4, braking-in-a-turn manoeuvre on fifty-metre radius turn. (a) From
top to bottom: individual front tyre lateral forces (Fy,f ), individual rear tyre lateral
forces (Fy,r), chassis lateral velocity (vy), chassis lateral acceleration (ay), engaged gear
(GEAR), steering wheel angle (SWA), clutch-pedal-brake. (b) From top to bottom:
Front individual tyre longitudinal forces (Fx,f ), rear individual tyre longitudinal forces
(Fx,r), chassis longitudinal velocity (vx), chassis longitudinal acceleration (ax), front
individual vertical tyre forces (Fz,f ), rear individual vertical tyre forces (Fz,r), and yaw
rate (ψ̇).

4.3 Free Non-standardised Limit Manoeuvres

To conclude with this section, two additional non-standardised tests were incor-
porated into the virtual sensor performance analysis. As mentioned previously,
these tests are aimed at evaluating the virtual sensor performance under extreme
circumstances which can not be easily reproduced by objective testing manoeu-
vres. The results of the Scandinavian flick test are depicted in Fig. 10. In this
manoeuvre, the vehicle is driven in a straight line and an aggressive negative
steering input and a braking action are applied simultaneously at t ≈ 2 s. Once
some positive lateral velocity is achieved, the steering angle is quickly reversed,
and a high yaw moment is generated [5], which makes the vehicle slide later-
ally. In spite of some errors seen on the vertical and lateral forces during the
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Fig. 7. Test #5, 38m slalom manoeuvre. From top to bottom: Front-left tyre lateral
force (Fy,fl), rear-left tyre lateral force (Fy,rl), chassis longitudinal velocity (vx), chassis
lateral velocity (vy), chassis lateral acceleration (ay), engaged gear (GEAR), steering
wheel angle (SWA), and clutch-brake-pedal position.

start of the manoeuvre (high transient content), the virtual sensor approximates
accurately the simulation signals.

Finally, the results of the free steer test (#8) are depicted in Fig. 11. In
this manoeuvre, aggressive steering inputs are applied randomly to generate
severe chassis instabilities. As can be seen in Fig. 11a, the lateral velocity and
individual tyre lateral force estimates correlate well with the signals obtained
from the virtual vehicle model. Similarly, the individual tyre vertical forces are
approximated accurately by the proposed virtual sensor, Fig. 11b. Overall, the
structure formed by the RLS, UKF, and LKF state estimators performed very
well during the manoeuvres executed in this section, and significant issues were
not identified. Nevertheless, during highly-transient driving events, some mis-
matches between the estimated and simulated signals were observed. Potential
drawbacks derived from these limitations will be studied in the future, once the
virtual sensor structure is integrated into a control system.
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Fig. 8. Test #6, Frequency response at 90 km/h. (a) From top to bottom: Front-left
tyre lateral force (Fy,fl), rear-left tyre lateral force (Fy,rl), chassis lateral velocity (vy),
chassis lateral acceleration (ay), engaged gear (GEAR), steering wheel angle (SWA),
and clutch-brake-pedal position. (b) From top to bottom: Zoom lateral tyre force, zoom
lateral velocity, front-left vertical tyre force (Fz,fl), rear-left vertical tyre force (Fz,rl),
and yaw rate (ψ̇).

4.4 Metrics

The precision of the virtual sensor was quantified numerically using the root mean
square (RMS) and the normalised rootmean square error (NRMSE)metrics [1,14].
The numerical NRMSE values corresponding to the vehicle states and individual
tyre lateral forces are provided in Table 2. The NRMSE values corresponding to the
individual tyre longitudinal and vertical forces are given in Table 3. The NRMSE of
the vehicle planar motion states kept below the 10% error band for all the test cases
considered in this work. Regarding the tyre individual lateral forces, values above
the latter band are observed on the front axle forces of the test #7 (Scandinavian
flick), and intheunloadedrear-leftwheelduringthebraking-in-a-turntest.The for-
mer errors are caused by the highly transient content of the manoeuvre (Fig. 10a),
while the latter error is due to the reduced maximum normalising lateral force
generatedduringthemanoeuvre (RMSerroronTable 4 is≈129.51 Nandmaximum
normalising force |Fy,RL| ≈ 400 N).
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Fig. 10. Test #7, Scandinavian flick. (a) From top to bottom: front tyre lateral forces
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forces (Fx,r), chassis longitudinal velocity (vx), chassis longitudinal acceleration (ax),
front vertical tyre forces (Fz,f ), rear vertical tyre forces (Fz,r), and yaw rate (ψ̇).
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Fig. 11. Test #8, Free steering inputs test. (a) From top to bottom: front-left tyre
lateral force (Fy,fl), rear-left tyre lateral force (Fy,rl), chassis lateral velocity (vy),
chassis lateral acceleration (ay), engaged gear (GEAR), steering wheel angle (SWA),
clutch-pedal-brake. (b) From top to bottom: Front-left tyre longitudinal force (Fx,fl),
rear-left tyre longitudinal force (Fx,rl), chassis longitudinal velocity (vx), chassis lon-
gitudinal acceleration (ax), front-left vertical tyre force (Fz,fl), rear-left vertical tyre
force (Fz,rl), and yaw rate (ψ̇).

In what concerns the tyre individual longitudinal forces, highest NRMSE
values are seen, as expected, on the rear non-driven wheels during driving or
coast down manoeuvers, as the NRMS metric tends to magnify the error of
signals with a reduced maximum normalising value. As can be noticed in Table 5,
the RMS errors of these signals during the execution of test #1 are roughly 20
N, while the NRMSE metric is in a ≈ 25–30% band.

Finally, the NRMSE values of the individual vertical tyre forces remain well
below the 10% error band. Largest values are observed in the manoeuvres that
exhibited a high transient content (tests #6, 7, and 8) due to the quasi-static
weight transfer assumption.
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5 Conclusions

In this paper, a virtual sensor to compute the individual tyre longitudinal, lat-
eral, and vertical forces, as well as the vehicle planar motion states (planar
velocities and yaw rate) has been presented and tested extensively in a wide

Table 2. NRMSE of the vehicle states and individual lateral tyre forces (%).

Test eψ̇ evx evy eFyFL eFyFR eFyRL eFyRR

#1 – 1.32 – – – –

#2 – 0.46 – – – –

#3 – 2.35 – – – –

#4 2.34 1.37 6.08 7.44 5.00 26.47 5.02

#5 3.14 1.54 3.07 3.86 4.00 3.72 4.10

#6 5.63 1.97 7.86 6.40 8.48 3.47 4.42

#7 1.67 4.03 4.66 13.64 10.48 7.18 5.66

#8 2.40 0.65 1.98 4.65 4.69 4.09 4.27

Table 3. NRMSE of the individual longitudinal and vertical tyre forces (%).

Test eFxFL eFxFR eFxRL eFxRR eFzFL eFzFR eFzRL eFzRR

#1 4.87 4.89 26.87 29.43 4.51 1.19 1.91 2.86

#2 3.08 3.07 4.47 4.91 2.70 1.99 3.91 4.42

#3 3.79 3.79 8.97 9.15 3.11 2.79 5.94 5.99

#4 4.25 4.92 9.22 1.49 4.82 2.50 4.29 2.48

#5 4.35 4.30 36.72 38.90 5.79 5.57 5.82 5.76

#6 11.26 11.35 40.24 40.75 5.60 5.86 6.02 6.41

#7 11.41 16.01 8.83 12.76 7.82 7.24 7.29 7.65

#8 14.75 14.11 33.83 26.27 5.91 5.72 6.06 5.88

Table 4. RMSE of the vehicle states and individual lateral tyre forces.

Test eψ̇ (rad/s) evx (m/s) evy (m/s) eFyFL (N) eFyFR eFyRL eFyRR

#1 0.01 0.46 0.03 77.44 90.68 156.08 65.93

#2 0.01 0.11 0.02 50.98 63.19 85.48 67.03

#3 0.01 0.45 0.02 96.22 102.40 152.01 76.93

#4 0.01 0.24 0.04 199.81 245.57 129.51 164.80

#5 0.01 0.42 0.05 206.05 219.33 132.17 152.41

#6 0.01 0.49 0.04 219.00 218.26 76.75 77.76

#7 0.02 1.00 0.46 903.85 813.43 314.81 267.52

#8 0.01 0.16 0.04 321.55 320.72 157.15 189.06
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range of limit manoeuvres performed by a real driver. Specifically, three state
estimation modules: Linear Kalman Filter-longitudinal forces, Recursive Least
Squares-vertical forces, and Unscented Kalman Filter-vehicle planar dynamics,
have been integrated into a modular architecture to estimate the previous states
from cost-effective signals that can be easily accessed from the CAN bus of mod-
ern vehicles. Moreover, the necessity of embedding a parameterised tyre model
on the virtual sensor has been avoided by means of stochastic (random-walk)
and data-based (Feedforward Neural Networks) tyre force modelling.

The virtual sensor has been verified experimentally in a high-fidelity simu-
lation environment using a driver-in-the-loop setup. In particular, longitudinal
dynamics, objective testing, and free non-standardised limit manoeuvres were
executed by a test driver to assess the performance of the virtual sensor under
realistic limit driving scenarios that cannot be easily reproduced with a conven-
tional virtual driver model, or that could compromise the driver’s safety.

Table 5. RMSE of the individual longitudinal and vertical tyre forces

Test eFxFL (N) eFxFR eFxRL eFxRR eFzFL eFzFR eFzRL eFzRR

#1 90.24 90.47 19.18 21.14 174.31 44.03 53.50 76.93

#2 111.00 110.72 85.62 91.42 138.19 100.59 99.34 106.59

#3 161.77 161.72 200.04 198.31 174.54 155.45 159.91 161.13

#4 93.11 101.54 87.99 13.38 183.61 170.76 102.00 104.26

#5 45.80 45.26 24.95 24.78 347.67 360.19 258.09 264.59

#6 63.01 63.50 24.03 23.91 298.41 295.12 225.07 225.75

#7 511.20 529.28 174.76 194.83 669.04 579.47 359.43 381.95

#8 59.75 56.84 26.09 24.95 461.55 478.46 302.65 314.26

The results presented in this work evidence the performance of the proposed
virtual sensor under aggressive longitudinal and lateral inputs. The correlation
between these results and those obtained in a real experimental vehicle as well
as the implementation of the proposed structure in a vehicle stability controller
will be pursued in future research steps.
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Abstract. In order to allow robust obstacle detection for autonomous
freight traffic using freight trains or shunting locomotives, several differ-
ent sensors are required. Humans and other objects must be detected so
that the vehicle can stop in time. Laser scanners deliver distance informa-
tion and are popular in robotics and automation. Cameras deliver further
pieces of information on the environment and are especially useful for
the classification of objects, but do not deliver distance measurements.
Thermal cameras are ideal for the detection of humans based on their
body temperature if the surrounding temperature is not too similar. It
is only the combination of these different sensors which delivers enough
robustness. Therefore a sensor fusion and an extrinsic calibration has to
take place. This article presents an approach fusing a 2D and an 8-layer
3D laser scanner with a thermal and a Red-Green-Blue (RGB) camera,
using a triangular calibration target taking all six degrees of freedom
into account. The calibration was tested and the results validated during
reference measurements and autonomous and manually controlled field
tests. This sensor fusion approach was used for the obstacle detection of
an autonomous shunting locomotive.

Keywords: Sensor fusion · Extrinsic calibration · Object detection ·
Autonomous shunting locomotive

1 Introduction

Autonomous driving is becoming more and more popular within freight traffic.
First development steps have taken place to automate freight trains [1] and lor-
rys [2]. In the Rail Freight Masterplan presented by the former German minister
for transport and digital infrastructure, Alexander Dobrindt, the automation
is presented as key “for improving the economic efficiency and competitiveness
of the rail freight sector. [. . . ] These technical systems will make the workflow
processes safer, less prone to disruption and more reliable and will result in cost
reductions.” Shunting processes within the marshalling yard play a huge cost
factor. [3] For this reason a research project called VAL2020 (Vollautomatische
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 603–624, 2019.
https://doi.org/10.1007/978-3-030-11292-9_30
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Abdrücklok) started in spring 2017 with the aim to automate a shunting loco-
motive. A shunting locomotive pushes several waggons towards the marshalling
yard and releases them. The train will be split into new waggon combinations,
depending on the destinations of the freight.

One important aspect is a robust obstacle detection which has to be provided
so that humans on the rail track as well as other objects such as a waggon which
has to be approached can be recognized in time. Once the detection has taken
place the locomotive will stop.

So far accidents have happened in the past because the detection was not
robust enough. For example within the automotive sector a white lorry was not
recognized by a Tesla car driving in auto pilot mode [4]. This was due to a camera
based detection which was not invariant towards different lighting conditions.

For preventing such failures several sensors with different properties need to
work together. For the automation of a shunting locomotive (Fig. 1) an 8-layer
laser scanner, an RGB and a thermal camera were fused to allow a robust waggon
and obstacle detection. The sensor fusion approach is described in this article.

(a) Shunting locomotive to be automated (b) EAOS waggon

Fig. 1. Shunting locomotive and waggon used for testing.

2 State of the Art

Within the automotive sector autonomous driving is defined as the independent,
focused driving of a vehicle in real traffic scenarios without the help of a driver
[5]. When automating a train evasive manoevres do not have to be considered
as the locomotive can only stay on the track. This means that localisation only
has to take place on the track plane and only obstacles which lie within are of
interest. For the robust detection of obstacles the fusion of several sensors is
necessary as a single sensor is not capable of covering all characteristics. Table 1
shows the properties of different sensors under varying conditions.

The characteristics of the thermal camera are dependent on the surrounding
temperature. It is suitable for surrounding temperatures which differ from the
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Table 1. Properties of sensors under different conditions (adaption of Gebauer et al.
(2012))

Sensor type Day Night Heat Cold Rain Fog Blinding light

Laser scanner ++ ++ ++ ++ + − +

RGB camera ++ −− ++ ++ + − −−
Thermal camera +/− ++ −− ++ + + −
SWIR camera ++ ++ ++ + + + +

Radar ++ ++ ++ ++ + + +

body temperature of a human and badly suited for temperatures which are too
similar. The properties of a radar sensor depend on the type. In this case the
properties of an automotive radar sensor is taken into account. The fusion of
several sensors guarantees a higher robustness. Cameras by themselves cannot
deliver a precise information on the position and distance of an object, but are
useful for the classification and detection of objects. A laser scanner delivers
precise distance information, but can only produce partial visual information of
the surrounding area. Radar sensors and Short Wave Infrared (SWIR) cameras
score with their robustness towards bad weather conditions with low visibility.
One disadvantage of the SWIR camera in comparison to the used RGB camera
is its lower resolution. The SWIR camera and the radar sensor are not used in
this project yet as the system is aimed for good weather conditions without bad
visibility at first. The next step in the future will be to make it robust under poor
visibility situations. The combination of different sensors is absolutely necessary
in order to provide sufficient robustness.

2.1 Autonomous Trains and Trams

There are few developments for autonomous trains and trams. They have the
drawback though that they are lacking in terms of autonomy and localisation.

Obstacle Detection System for Trams. A sensor fusion system used within
the mobility sector was introduced by the company Bosch. Trams were equipped
with this system which combines a radar sensor and a video system with a con-
trol unit. The video system detects the tram line and the radar sensor localises
the position and the velocity of other vehicles. The sensor fusion helps to prevent
collisions with other trams or big objects by warning the driver with an accous-
tical and optical signal [7,8]. The aspect of low visibility is not covered by this
system. Also such trams still require a conductor and do not drive autonomously.

Sensor Fusion for an Autonomous Locomotive. In his dissertation Michael
Gschwandtner describes the fusion of several sensors so that an autonomous loco-
motive can detect obstacles and avoid collisions. This work is part of the project
“autoBahn” (see [6]). A 64-layer-velodyne laser scanner is a main component.
Further sensors are a radar sensor, a 4-layer-IBEO laser scanner, a FLIR thermal
camera and several other cameras. The calibration procedure is either based on
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complex measurements or a rectangular calibration target. This system is not
explicitly used for the shunting process. It might not be possible to classify a
waggon and to approach it as the application field is within public transport [9].

2.2 Sensor Fusion Approaches Between a 3D Laser Scanner
and a Camera

There are several fusion applications which combine different types of cameras
with a 3D laser scanner.

Sensor Fusion Between an RGB Camera and a 3D Laser Scanner.
R. Unnikrishnan and M. Hebert introduce the usage of a Laser-Camera Calibra-
tion Toolbox. The toolbox is based on a Matlab graphical user interface. Their
calibration pattern is a leaning chessboard [10].

For mapping infrared data onto a terrestrial laser scanner for generating 3D
models of buildings a “bi-camera” system based on a thermal camera and a RGB
camera was introduced. The aim is to avoid time consuming methods caused by
classic approaches where direct registration is taking place using space resection
or homography. Additionally a low-cost Near Infrared (NIR) camera is integrated
into the system. For the calibration between the“bi-camera” system and the 3D
laser scanner, the recognition of common features between RGB images and the
laser scan is suggested in [11,12].

Similar work was proposed by Borrmann et al. with the difference that cal-
ibration patterns are used, a printed chessboard pattern for the optical cam-
era and attached lightbulbs for the thermal camera. The calibration target is
detected using the random sample consensus (RANSAC) algorithm. The posi-
tion of the points and light bulbs within these patterns are then calculated within
the laser scan [13].

An arbitrary trihedron can also function as calibration pattern. The cali-
bration is based on a non linear least square problem formulated in terms of
geometric constraints [14].

Pandey et al. fuse a 3D laser scanner with an omnidirectional camera. Their
calibration method is based on the approach introduced by Zhang [24], with the
difference of using an omnidirectional camera instead of a classical camera. A
planar checkerboard pattern is required and needs to be observed from both, the
laser scanner and the camera system from at least three points of view [15].

Sensor Fusion between a Thermal Camera and a 3D Laser Scanner.
Tom-Marvin Liebelt describes the sensor fusion between a 3D laser scanner (a
rotating SICK LMS100 2D scanner) and a thermal camera. The sensors are put
into a fixed position such that the z-axis of the camera lies on the scan plane
of the laser scanner. There are different types of calibration patterns, a printed
pattern, a pattern using light bulbs and one using resistance wire which were
tested and compared. In the end resistance wire was used as this delivers good
thermal images. The pattern can be used for both the intrinsic and extrinsic
calibration [16].
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The Smokebot project applies a similar fusion and calibration. A far infrared
camera and a 3D laser scanner are fused here. The calibration target has three
planes so that its edges can be clearly detected within the laser point cloud [17].

Sensor Fusion Between a Multi Layer Laser Scanner and a Camera.
Within the automotive sector exist different approaches for the fusion of a multi-
layer laser scanner and a camera. Debattisti et al. propose equipping a vehicle
with different sensors. The sensors are then already fixed in the correct position.
They use a triangular target for the calibration of a 4-layer-laser scanner with ste-
reo cameras. The problem is solved by the Levenberg-Marquardt algorithm [18].

A similar procedure was introduced by Florez et al. for the calibration of a
multi-layer laser scanner and a camera for automotive applications. That cali-
bration is based on a circular target [19].

Additionally there is a method by Garavito et al. which uses any obstacle on
the road for the calibration. In this case the calibration is only an estimation [20].

Kämpfchen fuses a laser scanner with an RGB camera for a driver assistance
system. The calibration target consists of three wooden planks leaning against
each other. The roll and pitch angle are determined using this target. For the
yaw angle another triangular target is required [21].

2.3 Sensor Fusion Approaches Between a 2D Laser Scanner
and a Camera

Several approaches exist for fusing a 2D laser scanner with different types of
cameras.

Extrinsic Calibration Between a Camera and a 2D Laser Scanner.
Within the research area of pedestrian detection a 2D laser scanner and a Far
Infrared camera are fused. The calibration is based on the least mean square
(LMS) algorithm. This algorithm takes a sample sequence with a single pedes-
trian such that the person can be detected within both sensor modalities. The
coefficients for converting the coordinates from the camera to the laser scanner
coordinate system is calculated [22].

Alternatively there are approaches fusing a standard camera with a 2D laser
scanner using different calibration patterns.

Wasilewsky and Strauss use a rectangular folded target with one side being
black and the other one coloured white. This allows a clear differentiation
between the two halfs using the camera. The laser scanner will produce an angu-
lar scan line - two lines intersecting in one point. The point of intersection is
then clearly visible within the laser scan and the camera image [23].

Zhang and Pless propose a calibration using a simple checkerboard which
solves all geometric constraints for the transformation. They assume that the
laser scan points must lie on the camera (calibration) plane [24]. This method
is implemented within the automatic matlab tool by Kassir and Peynot [25].

Naroditzky uses a black line on a white sheet as calibration target. A created
polynomial system is solved and the laserscan point which is normal to the plane
is derived [26].
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Fig. 2. Calibration target by Dong and Isler [28].

Sensor Fusion Between a Thermal Camera and a 2D Laser Scanner.
One approach using an infrared camera and a 2D laser scanner is used for fast
moving object detection. The extrinsic calibration between the two sensors is
not precise. The authors approximated the extrinsic transformation by finding
agreement between the horizontal axes. The difference in the vertical axis was
then measured manually. For their project this low precision calibration was
sufficient to be able to locate the Region of Interest (ROI) [27].

Fig. 3. Calibration methods with a lack of degrees of freedom, C and L describe the
coordinate system of the camera and the laser scanner [28].
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2.4 Evaluation of Different Calibration Approaches

Most of the mentioned approaches for a 2D laser scanner have the significant
disadvantage that they do not cover all six degrees of freedom. The translation
in the x, y and z direction as well as the rotation around theses axes have to be
considered. Dong and Isler show that the methods by Zhang (a), Wasielewski (c)
and Naroditsky (d) do not cover all degrees of freedom (Fig. 3). This means that
either turning or shifting the calibration target still delivers the same laser scan
line even though a completely different position applies. A clear differentiation
is required. Dong and Isler developed a calibration target which consists of two
triangles positioned at an angle of 150◦. This target covers all degrees of freedom.
A complex algorithm using the marked planes (see Fig. 2) and vectors solves all
constraints for the extrinsic transformation [28].

This overview of different sensor fusion approaches showed that no precise
calibration method, but only approximations, exists for a 2D laser scanner and
a thermal camera. This is why a new method had to be developed. As the
calibration target by Dong and Isler covers all degrees of freedom it was decided
to use a similar one with the additional requirement that it also has to be visible
within the thermal camera image. This was already implemented as part of
previous work [30] where an additional sensor capable of detecting the laser scan
line was used to support the process. This principle has to be transferred to an
8-layer laser scanner.

3 Approach

This chapter presents the sensors in use, the intrinsic calibration and two extrin-
sic calibration approaches for a 2D laser scanner and an 8-layer laser scanner.

3.1 Sensor Set Up

The introduced obstacle detection system consists of three different sensors: an
8-layer SICK LD MRS laser scanner, an Optris PI 640 thermal camera and a
RGB camera by the company VIVOTEK. The sensors are positioned on top of
each other so that a parallax error is prevented (Fig. 4). For the calibration for
near distances a NIR Raspberry Pi camera is used which can be removed after
the calibration. The sensors are mounted in a so called sensorbox. At each end
of the locomotive one box is fixed at a height of about 1.70 m.

Laser Scanner. The SICK LD-MRS800001S01 laser scanner is an 8-layer laser
scanner. The functionality is similar to a 4-layer laser scanner, with the laser
beams being reflected by a mirror. The ROS package sick ldmrs laser is used as
the driver [32]. The generated point cloud can be displayed using ROS visual-
ization (rviz).

The LD-MRS laser scanner has an aperture angle of 110◦, from +50 to −60◦.
The user has to be aware that within the edge area there are only four layers
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Fig. 4. Sensor set up, the laser scanner can be tilted before the calibration.

available. Therefore there is only an area of 85◦ holding eight laser scan layers
(see Fig. 5).

The laser scanner delivers a maximum of three echoes. For this work only
the first echo is of interest, which is published within the topic first. The angular
resolution is 0.5◦ using a frequency of 25 Hz and the mode constant angular
resolution. This produces 784 laser points in total. Using the focused mode even
a resolution of 0.125◦ can be obtained, but only within +10 and −10◦.

Fig. 5. Different layers of the laser scanner, Source: company SICK, [29].

lounis.adouane@uca.fr



Sensor Fusion Approach for an Autonomous Shunting Locomotive 611

Thermal Camera. As thermal camera the Optris PI 640 with an aparture angle
of 33◦ x 25◦ is used (Fig. 6a). The optical resolution holds 640 x 480 pixels. The
camera has a thermal sensitivity of 75 mK. It works within a spectral range
between 7.5 and 13µm [33]. The ROS package optris drivers is the driver in use
[34].

(a) Thermal camera Optris PI
640, Reference: company Op-
tris

(b) RGB camera by Vivotek,
Reference: company VIVO-
TEK

(c) Raspberry Pi NIR camera,
Reference: raspberrypi.org

Fig. 6. Camera sensors.

RGB Camera. The RGB camera is usually applied as surveillance camera
(Fig. 6b). The LAN IP camera VIVOTEK IB836BA-HT is a network camera
which has an ethernet connection to a computer. The camera has a maxi-
mum resolution of 1920 × 1080 pixels. The used driver is the ROS package
video stream opencv. The launch file has to be adapted so that the Real Time
Streaming Protocol (RTSP) can be used for accessing the video stream. For
applying the intrinsic calibration on the RGB camera image, the ROS package
image proc is used which includes the rectification.

Near Infrared Camera. A possible method for detecting the laser scan line
within the camera image is the usage of a Near Infrared (NIR) camera without
an infrared filter (Fig. 6c). It is a single board capable of detecting infrared light.
The NIR camera is connected to a Raspberry Pi computer with the 16.04 Ubuntu
mate operating system. The ROS package raspicam [35] is the used driver.

3.2 Intrinsic Calibration

In the beginning all cameras need to be calibrated for removing the distortions
from the image. The ROS package camera calibration [36] was used for the intrin-
sic calibration of the different cameras. The intrinsic calibration is necessary for
rectifying the image and for removing distortions (tangential and radial distor-
tions of the lense system). It includes the projection of the chip plane onto the
image plane such that the transformations between the sensor pixel coordinate
system and the world coordinate system are given. All three cameras can be
modelled as pinhole camera presented by the following formula:
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with fx and fy as focal length, u0 and v0 as center of the camera sensors.

Thermal Camera. Images of the heated calibration target with 9x6 circles with
a distance of 3.75 cm are processed by the camera calibration tool. The photos
need to be taken from different orientations and directions at varying degrees
of skewness so that the tangential and radial distortions can be calculated. The
removal of the distortions is calculated using the following formula:

(
uc

vc

)
=

(
u · (1 + k1r

2 + k2r
4 + k3r

6) + 2p1v + p2 · (r2 + 2u2)
v · (1 + k1r

2 + k2r
4 + k3r

6) + 2p1 · (r2 + 2v2) + p2u

)

with uc and vc as corrected pixel coordinates, k1, k2 and k3 as radial distortion
coefficients and p1 and p2 as tangential distortion coefficients. r is the distance
between u and v.

RGB and NIR Camera. The same calibration target has a black and white
pattern on the backside which delivers a good contrast for the calibration of the
RGB and the NIR camera. The intrinsic calibration follows the same principle
as for the thermal camera.

3.3 Calibration of the Laser Scanner

The laser scanner has to be tilted at an angle of about 5◦ so that the lowest scan
plane intersects with the floor at a distance of 20 m (and the second scan plane
is horizontal). This is a good compromise between far and close detection. For
the calibration an obstacle was positioned in a distance of 10 m and the laser
scanner was tilted until the lowest layer hit the obstacle so that it would hit the
floor in a distance of 20 m.

3.4 Sensor Fusion Approach for a 2D Laser Scanner and a Thermal
Camera for Distances up to 10 m

The extrinsic calibration describes the transformation between different sensor
coordinate systems. The extrinsic calibration method is based on previous work
where a 2D laser scanner was fused with a thermal camera [30]. This method
has to be adapted for an 8-layer laser scanner, an RGB camera and a thermal
camera. For the calibration of a 2D laser scanner and a thermal camera a special
calibration target was implemented.

The calibration method is based on the publication by Dong and Isler [28].
Their approach allows a direct calibration which covers all six degrees of freedom.
In their publication two triangles are positioned at an angle of 150◦. When using
a thermal camera the calibration target needs to be heated so that it is visible
and a clear temperature gradient is detectable. For this reason two aluminum
plates were manufactured. As only the edges of the triangles are used for the
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calibration two smaller triangles made of High Density Fibreboard (HDF) were
fixed in front. The calibration target is mounted on a wooden board so that the
150◦ angle is kept. Both metal plates are connected by metal hinges. First of all
it had to be checked whether useful images and data are produced when heating
the calibration target. For heating a hot air blower was used which delivers
temperatures up to 600 ◦C. The results showed that the calibration target is
visible in all sensor modalities (Fig. 7).

Fig. 7. Special calibration target (le.), Calibration target within thermal camera image
(mid.) and Laser scan line within NIR image (ri.) [30].

For calculating the extrinsic transformation between a laser scanner and a
thermal camera a correspondance between the laser scan point and the thermal
camera image pixels needs to be found. This is reached by applying the following
steps. This method is for the calibration for short distances:

• Filtering of laser scan data, so that only relevant laser points which cor-
respond to the calibration target remain. Removal of jump edges. The true
distance changes due to occlusions at the edge of the target [31].

• Detection of the edge points of the calibration target within the
laser scan data

• NIR camera for the detection of the laser scan line as the laser scan line is
not visible within the thermal camera image

• Determination of the intersection points between the laser scan line
and the edges of the triangle within the NIR camera image

• Detection of the triangle corner coordinates within the NIR and
thermal camera image

• Calculation of the tranformation between the NIR and the thermal cam-
era

• Application of this transformation onto the detected intersection
points within the NIR camera image

• Calculation of the extrinsic transformation matrix between the laser
scanner and thermal camera.

Laser Data. The ROS package laser filters provides several filters for adapting
the laser scan data [37]. This includes a bounding box filter, a distance and
angular filter, as well as a filter for removing outliers.

Furthermore the laser data is converted to 3D coordinates (sen-
sor msgs::PointCloud) as the function for calculating the extrinsic transforma-
tion requires the object points in this format. The last step is to find the relevant
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Fig. 8. Relevant laser data, the colourful axes represent the laser scanner [30].

points corresponding to the triangle edge. If the calibration target is positioned
as in Fig. 8 (the angular line displays the target) the edgepoint in the middle is
the laser scan point with the greatest distance. The outer intersection points are
the first and the last point within the laser scan.

Raspberry Pi Camera Data. The pixel coordinates of the HDF triangle have
to be found within the NIR and the thermal camera image. As the NIR cam-
era image was recorded within complete darkness so that the laser scan line is
clearly visible histogram equalization was necessary. Different image processing
methods were considered for segmenting the laser scan line within the image.
Binarisation, using the Canny operator or Hough transform algorithm as well as
several thinning algorithms by Zhang and Suen did not deliver satisfying results.
As an automatic segmentation was not possible the coordinates of the triangle
corners as well as the intersection with the laser scan line were determined man-
ually within the image. The triangle corner coordinates were found within the
thermal and the NIR camera image. One frame of the recorded bagfile was used
and by drawing the triangle edges and the middle of the laser scan line into
the image the relevant points were determined and checked for correctness. The
intersection points with the laser scan line were marked within the NIR cam-
era image. The triangle corner coordinates within the thermal and NIR camera
image were used for calculating the transformation between the two cameras
(Fig. 9).

Four points from both modalities were inserted into the function getAffine-
Transform. The calculated transformation is applied onto the intersection points
of the NIR camera image so that they are known within the thermal camera
image. In order to increase the precision this was done for both single triangles
which belong to two different planes.

Calculation of the Extrinsic Transformation Matrix. For calculating the
extrinsic transformation matrix between the laser scanner and the thermal cam-
era the 3D laser scanner points and the corresponding pixel coordinates within
the thermal camera image need to be processed by the used function. As result
the rotation and translation are returned as 3x1 vectors.
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Fig. 9. Used points within the NIR camera image [30].

Algorithm for Calculating the Extrinsic Calibration. Using several cor-
responding laser and thermal camera image points the extrinsic transformation
is calculated with function solvePnP. The function calculates the pose (position
and orientation) of the object given the object points and the image projections
as well as the camera matrix and the distortion coefficients [38]. This openCV
implementation is based on the publication by Zhang [39].

Internally the Direct Linear Transform (DLT) algorithm is used. It calculates
the matrix A, which projects the 3D laser points (y) onto a 2D image plane (x).

(
x1

x2

)
=

(
a11 a12 a13
a21 a22 a23

)⎛
⎝
y1
y2
y3

⎞
⎠

The function returns the rotational vector r and the translational vector
t as 3x1 vectors. Using the Rodrigues function a 3x3 rotation matrix can be
calculated. The result was generated using data from different distances so that
the calibration works for different distances. The maximum possible distance is
10 m.

For applying the transformation onto all laser scan points a reprojection has
to take place. The openCV function projectPoints is used. The transformation
is applied on all laser points and drawn into the thermal camera image. The
aim is to display the temperature and the distance to a person. First the laser
points with the temperature occuring the most were found to calculate the mean
distance out of them. Only temperatures near the body temperature are taken
into account.

Solution. The relevant temperature range is made flexible by finding the max-
imum temperature within the laser scan line. The minimum is set as the maxi-
mum temperature −3 ◦C. The distance which is now used is the minimum dis-
tance (not the mean) within this temperature range as the closest person has to
be detected first. Too great distances are automatically filtered out by this. For
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preventing a parallax error the sensors are placed on top of each other. Near and
far distances can then be detected. Additionally it has to be made sure that the
laser scan line lies within the measurement field of the thermal camera. This is
only given at a distance of 35 cm. Half of the height of the measurement field
has to be greater than the vertical distance between the thermal camera and
the laser scanner (∼16 cm). Using the optics calculator by Optris a distance of
35 cm was returned [40]. The mentioned values are for the Optris PI 400 which
was used within the first step the fusion of a thermal camera and a 2D laser
scanner.

Validation and Results. For the validation of this extrinsic calibration method
a person was positioned at different distances to the sensor system and the dis-
tance was measured with the sensor system and a reference laser measurement.
The reference is expected to have an inaccuracy of about 1 to 2 cm. The data
was visualised within a bland altmann plot and shows a high precision with the
exception of a few outliers (Fig. 10).

Fig. 10. Bland-Altman-Plot [30].

The following images show the result of the fusion. If the difference between
the room and the object temperature is well differentiable as for a radiator the
detection works well (see Fig. 11b).

The images in Fig. 12 show that the detection works for near and far dis-
tances up to 10 m. As the here presented approach can not be used for distances
greater than 10 m a new method had to be found for the sensor fusion for an
autonomous shunting locomotive. A first step is to use a thermal camera with a
higher resolution. Instead of using an Optris PI 400 an Optris PI 640 is applied
as with this camera even for great distances enough pixels are still available.
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(a) Empty room at room temperature, 23 C,
Range 3.08 m

(b) Detection of a radiator, 44 C, Range 3.49 m° °

Fig. 11. Result of the fusion [30].

(a) Human in 0.86 m distance,
29.9 C

(b) Human in 3 m distance,
27.5 C

(c) Human in 10 m distance,
29.2 C° ° °

Fig. 12. Person at different distances [30].

3.5 Sensor Fusion Approach for an 8-Layer Laser Scanner, a
Thermal Camera and an RGB Camera for Great Distances

The sensor fusion approach for an 8-layer laser scanner with a thermal camera
and an RGB camera is very similar to the 2D method. There are differences
within the laser data processing and the calibration for long distances which will
be described within this chapter.

Laser Data Processing. The image in Fig. 13 displays the calibration target
as seen from the 8-layer laser scanner. The triangular calibration target is visible
within the middle of the point cloud.

Only one layer has to be used for the calibration. It has to be extracted from
the point cloud. First of all the generated point cloud has to be transformed to
laser scan data in order to get the distance data. The Cartesian 3D coordinates
are converted to spherical coordinates. The back transformation is calculated by
converting the polar coordinates into Cartesian coordinates using trigonometric
functions.

The pitch angle of the laser scan points is saved and handed over to be
available for the back transformation. The exact steps of the laser data processing

lounis.adouane@uca.fr



618 J. Gleichauf et al.

Fig. 13. Calibration target within 8-layer laser scan and in the sensor fusion image [45].

is displayed within the flow chart in Fig. 14, the published topics are indicated.
The functionality of each program is described below.

Fig. 14. Flow chart of the laser data processing [45].

The packages sick ldmrs tools and laser filters are existing ROS packages.
The packages db laser cloud and scanToPointCloud were developed, laser filters
was adapted so that reflections caused at the edges of the calibration target are
removed. In contrast to the 2D processing no angular filter is applied. Instead for
all laser points the corresponding pixels are calculated. (Negative pixels which
do not lie within the image are neglected during the fusion.) scanToPointCloud
is the same as for the 2D approach with the difference that now the value in
the z-dimension is of interest. db laser cloud only processes laser points of the
relevant layer. The distance information, the selected laser layer as well as the
pitch angle are published and sent to laser filters and scanToPointCloud.

Image Processing. Similar as for the fusion with the 2D laser scanner the
coordinates of the triangle corners of the calibration target have to be deter-
mined within all camera modalities. For the calibration of short distances the
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intersection points between the laser scan line and the calibration target have to
be found within the NIR camera image. The transformation between the NIR
camera image and the other camera images can then be calculated.

Algorithm for Calculating the Extrinsic Transformation. The here used
algorithm is used for each fusion seperately for the thermal-laser-fusion as well
as for the RGB-laser-fusion with the only difference that there is a value in the
z-direction now. As result for the calibration between the RGB camera and the
laser scanner the rotational and translational vectors are received.

The here calculated extrinsic transformation matrixes are applied on all laser
points and projected into the RGB and thermal camera image. The result of the
RGB-laser-fusion is visible within Fig. 13b.

Difference to 2D Approach. In comparison to the original 2D approach an
8-layer laser scanner is used for the 3D approach. This means that the values
in the z-direction are unequal to zero. For the calibration only one layer is used
but later on the extrinsic calibration can be applied on all laser layers. For the
thermal camera Optris PI 640 a distance of at least 57 cm to the object has to
be kept which results from the optic’s calculator by Optris [40]. The vertical
distance between the thermal camera and the laser scanner is 13 cm. As there is
always a distance of about 1 m between the sensors and the back of the waggon
to be detected (due to the buffers) the required distance is always guaranteed.

Calibration for Long Distances. As the range of the obstacle detection sys-
tem is around 300 m (range of the laser scanner), the calibration has to take
place on longer distances than for the 2D approach. This is unlike proposed in
[41] not possible when using the NIR camera as the NIR cannot see the laser
scan line on greater distances. The greater the distance the weaker the laser scan
line and the more it broadens. As alternative method one layer can be aligned
with the bottom edge of the calibration target. The width of the calibration
target is known. The distance between the sensors and the target is increased
until the relevant layer has the correct width measured within ROS visualiza-
tion. The bottom edge of the target can easily be detected within the thermal
and RGB camera image. The transformation between the NIR, the thermal and
RGB camera image is then no longer necessary.

3.6 Comparison of 2D and 3D Sensor Fusion Approach

To conclude the 2D and the 3D sensor fusion approach are compared. The 2D
version is useful for near distances up to 10 m and for indoor applications. The
3D approach requires a minimum distance of 57 cm and finds application for long
distances and therefore is useful outdoor. The advantage of the 2D laser scanner
is that it is less expensive than the 8-layer laser scanner. The 3D approach uses
feature detection algorithms for both the person and waggon detection. The 2D
approach only allows the detection of persons under the assumption that the
temperature gradient between the person and the surrouning area is significant.
The lacks within the 2D approach led to the improved 3D method. The 3D
approach is more robust and has further applications than the 2D approach.
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(a) Waggon detection using SIFT algorithm [45],
waggon at a distance of 15.7 m

(b) Marked pixels between 30 and 35 C [45]°

Fig. 15. Waggon and person detection using the proposed sensor fusion approach.

4 Applications

As mentioned before the aim of the sensor fusion is the robust detection of
objects such as the waggon to be shunted and persons on the track. Within
previous work [41] a waggon detection was proposed based on the comparison
of moments of the waggon. The person detection was supposed to be based on
the body temperature.

4.1 Waggon Detection

In first tests it turned out that a segmentation based on moments is difficult. An
alternative and more robust method was required. In the end feature detection
based on the Scale Invariant Feature Transform (SIFT) algorithm was chosen
[42]. The ROS package find object 2d [43] was used for this purpose. The distance
to the waggon was calculated by finding the relevant laser points within the
region where the waggon was detected within the image.

Manually controlled test rides were used for verifying whether enough images
had been used for the feature based waggon detection. Afterwards it was tested
running the locomotive in autonomous mode. At the beginning variations within
the distance measurements were found, which could be solved so that a continu-
ous distance monitoring was possible. The main difficulty using a camera based
detection is the invariance to changing lighting conditions. Even when using an
automatic gamma curve control as well as adapting the brightness and contrast,
the detection was not completely robust. Due to the used control within the loco-
motive, the freuquency of the detected waggon has to be high enough, which was
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unfortunately not given by the image based detection. The condition for a wag-
gon to be claimed “detected” was that it had been detected within the RGB
image at least once and then a laser based tracking would start to return the
distances frequently. Only then the distance measurement from the laser scanner
would be transferred to the locomotive control unit. The laser scan distance is
tracked from that moment on, so that if the detection within the image fails,
distances are still sent out.

The following results were achieved during tests: At a velocity of 20 km/h
the waggon was detected at a distance of 44 m. Going at a velocity of 15 km/h
the waggon was already detected at 64 m. The aim was to detect the waggon
robustly from a distance greater than 50 m so that the locomotive can break in
time. This shows that the camera based detection needs to be improved to allow
even more robustness.

4.2 Person Detection

In order for the person detection to work robustly, the temperature difference
between the human and the surrounding area has to be great enough. During
summer the differentiation between the surrounding and the person is no longer
possible (see Fig. 15b). For this reason a person detection only based on the
thermal camera was not efficient. Different approaches were tested using feature
detection (find object 2d [43]) or a Support Vector Machine (people detect [44])
on RGB camera images. Both approaches did not deliver satisfying results and
further development is required.

Previous work describes details on the waggon and person detection [45].

5 Conclusion

A sensor fusion approach for a thermal camera and a 2D laser scanner as well
as an extended version fusing a thermal camera, an RGB camera and an 8-layer
laser scanner were proposed. Both methods use a triangular calibration target
which takes all degrees of freedom into account. The sensor fusion can be used
for the obstacle detection of an autonomous shunting locomotive. The sensor
fusion allows the classification of objects which is not possible if only an 8-layer
laser scanner is in use. Furthermore the laser scan data only within the region
of interest needs to be computed. This reduces the computation resources which
would be required for clustering the laser point cloud, if no camera is used. The
waggon detection delivers fairly good results using the proposed method, but still
lacks in robustness towards different lighting conditions. The person detection
still requires further developments.

6 Future Work

In the future the sensor fusion system shall be extended by a radar sensor and
a Short Wave Infrared Camera which are both robust under poor visibility sit-
uations. The waggon and people detection shall furthermore be improved by

lounis.adouane@uca.fr



622 J. Gleichauf et al.

applying deep learning algorithms. People can be detected by searching for rele-
vant temperature areas within the thermal camera images. Within these regions
deep learning shall be applied to guarantee that it is a person. Furthermore the
detection could be extended so that different types of waggons, and not only
the EAOS waggon, can be detected. Also a dynamic fusion between the thermal
and the RGB camera would help to use the right camera given different weather
conditions.
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Abstract. A Structure-Constrained Matrix Factorisation (SCMF)
problem is considered where data and structural constraints on one of
the matrix factors specific to an application are known. A simple two-
step iterative optimisation algorithm can produce unique solutions pro-
vided both matrix factors are full-ranked and constraints matrix satisfies
certain additional rank conditions. Constraints matrix is apriori known
and hence, it can be tested for these rank conditions. Graph theoretical
approaches can be used to decompose a graph representing incompati-
ble constraints matrix into compatible subgraphs. However, there is no
method available in relevant literature to compute the rank of second
matrix factor as it is apriori unknown. Previously, it has been argued that
the second matrix factor will naturally be full-ranked, but we show that
this is not necessarily true. We develop theoretical bounds on rank of the
second matrix factor in terms of ranks of constraints matrix, data matrix
and their dimensions. With this new result, uniqueness of a solution
can be guaranteed solely based on available constraints and data. Fur-
thermore, we propose Beaded Network Component Analysis algorithm
that introduces necessary corrections to the available graph decomposi-
tion and mixing algorithms to obtain unique solutions by computing a
convex-combination of full-rank factors of subgraphs. The key contribu-
tions in this paper are theoretical bounds on rank of a matrix factor and
unique solutions to a general SCMF problem.

Keywords: Constraints · Matrix factorisation · Graphs ·
Convex combination · Rank · Augmented matrix · Uniqueness

1 Introduction

The problem of Structure-Constrained Matrix Factorisation (SCMF) arises when
one of the factors must be sparse. Characterisation of sparsity depends on the
target application. For example, intra-sample correlations are used in [4] to con-
struct constraint matrices for image processing applications, graph-theoretical
metrics are used in [9] for applications in neuroscience, mass-spectrometry and
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machine-learning techniques are used in [8] for protein interaction network map-
ping, correlation based clustering is used to identify data submatrices in [3].
Regardless of how the structural constraints are identified, the objective that
follows is to extract useful information from the recorded data by solving a
SCMF problem.

Principal Component Analysis, Singular Value Decomposition and other
matrix factorisation algorithms designed for dimensionality reduction are not
applicable to SCMF problems as they do not consider the structural constraints.
Other SCMF algorithms such as [5], and references therein, identify structural
constraints designed to achieve an optimal sparse representation of data provided
fall under the same category. In this paper, we focus on cases where structural
constraints are fixed from the underlying application and SCMF algorithm is
not expected to build a set of constraints. In particular, we focus on Network
Component Analysis (NCA) [12], a basic SCMF algorithm.

NCA is applicable only when the structural constraints satisfy certain strin-
gent rank conditions. More often than not, these conditions are not met with. A
generalised NCA approach [10] can be employed where largest NCA-compatible
subgraph of a graph representing structural constraints is chosen to formulate
a feasible SCMF problem. However, in addition to ignoring NCA-incompatible
subgraphs, this approach is built on a crude graph theoretical characterisation
of NCA-compatible graphs. First instance of using a graph theoretical property
to characterise NCA-compatibility is seen in [6]. Size of a maximal matching
is considered to be equal to the rank of an underlying bipartite graph. Match-
ing property is used to identify largest independent NCA-compatible subgraphs.
Though this approach is mathematically sound, size of a maximal matching is
not equal to rank of a graph.

Size of a maximal matching in an ordered reduced graph is shown to be
equal to the rank of the corresponding bipartite graph in [1]. An algorithm to
identify NCA-compatible subgraphs is also proposed. A convex-combination of
matrix factors of NCA-compatible subgraphs, Incremental NCA (INCA), is pro-
posed in [2] with an intention to update validated models of biological networks
whenever new information is made available. This algorithm can be used to
solve an infeasible SCMF by decomposing NCA-incompatible graph into NCA-
compatible subgraphs as outlined in [1].

Though a solution to an infeasible SCMF can be achieved by combining
the results of [1,2], a fundamental problem with respect to NCA persists. NCA
solutions are guaranteed to be unique only when both matrix factors are full-
ranked. However, SCMF feasibility is being judged in relevant literature solely
based on structural constraints on one of the matrix factors. Neither NCA [12]
nor any of its extensions [2,10] and others provide a method to consider the rank
condition on second matrix factor for testing SCMF feasibility. In this paper,
we address this fundamental problem by translating the rank condition on a
matrix factor to rank condition on an augmented constraints-data matrix. We
propose Beaded NCA (BNCA) algorithm that introduces appropriate corrections
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for algorithms proposed in [1,2] which not only makes it possible to test SCMF
feasibility beforehand, but guarantees existence of unique full-rank factors.

The paper is organised as follows:

– Section 2 introduces a SCMF problem, NCA, graph decomposition algorithm,
and INCA

– Section 3 presents new theoretical bounds on a matrix factor, extended version
of graph preprocessing algorithm, new SCMF algorithm BNCA, and proof of
uniqueness for BNCA solutions

– Section 4 demonstrates applicability of BNCA to a numerical example and a
real-world biological application.

2 Preliminaries

In this section, mathematical formulation of SCMF is presented followed by
brief introduction to NCA [12] and Incremental NCA [2]. A brief discussion on
graph theoretical interpretations relevant to solving SCMF problems is presented
thereafter.

2.1 Structure-Constrained Matrix Factorisation

Consider a problem where a data matrix E ∈ R
M×N is to be factorised into a

product of two full-rank matrices A ∈ R
M×L and P ∈ R

L×N

E = AP (1)

Without loss of generality, we can assume that the structure of A is con-
strained. Let B(.) : RM×L �→ [0, 1]M×L be the incidence matrix of A, where the
ijth element of B(A) is given as

B(A)(i, j) =

{
0, if A(i, j) = 0
1, otherwise

SCMF problem can be posed as follows

min
Âk,P̂k

Jk = ‖E − ÂkP̂k‖2F
sub to B(Âk) = B(G)

(2)

where, Âk and P̂k are estimates of A and P at kth iteration, B(G) ∈ [0, 1]M×L is
the incidence matrix of some bipartite graph G. We refer to the SCMF problem
in (2) as the original problem in the context of this paper.
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2.2 Network Component Analysis

The cost function Jk in (2) is to be simultaneously minimised over Âk and P̂k.
NCA [12] is one of the simple algorithms that solve the original problem (2).
NCA is a two-step iterative approach where at each iteration Jk is minimised
with respect to P̂k with Âk−1 constant and then with respect to Âk with P̂k

constant. Authors guarantee that a solution so obtained is unique up to a scaling
factor if the solution satisfies Assumptions 1–5.

Assumption 1. M ≥ L

Assumption 2. N ≥ L

Assumption 3. A has full column rank, i.e., rank(A) = L

Assumption 4. All reduced submatrices Āj obtained by removing every ith row
with A(i, j) �= 0 have full column rank, i.e., rank(Āj) = L − 1

Assumption 5. P has full row rank, i.e., rank(P ) = L

Given any two solutions that satisfy Assumptions 1–5

E = A1P1 and E = A2P2

it can be shown that there exists a diagonal matrix X ∈ R
L×L [12] such that

A2 = A1X, P2 = X−1P1 (3)

It is easy to test the uniqueness of NCA-solutions whenever they are available.
However, it is desirable to check in advance if NCA is applicable to the original
problem (2). This is not trivial as only B(G) is known apriori whereas A and
P are unknown. Therefore, Assumptions 3–5 must be translated to equivalent
assumptions on B(G). It is straightforward to translate Assumptions 3 and 4 as

Assumption 6. B(G) has full column rank, i.e., rank(B(G)) = L

Assumption 7. All reduced submatrices B̄(G)j obtained by removing every ith
row with B(G)(i, j) �= 0 have full column rank, i.e., rank(B̄(G)j) = L − 1

Definition 1. A graph G is said to be NCA-compatible if B(G) satisfies
Assumptions 6 and 7.

NCA solutions to the original problem in (2) can be guaranteed to be unique up
to a scaling factor if the corresponding graph is NCA-compatible.

Remark 1. To the best of our knowledge, no attempt has been made in relevant
literature to translate Assumption 5.

As a consequence,

Remark 2. Definition 1 can be used as a weak test for NCA-compatibility.
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2.3 Graph Preprocessing and NCA-compatible Subgraphs

As pointed out in Sect. 1, accurate graph theoretical interpretations of NCA-
compatibility conditions, i.e., Assumptions 6 and 7, prove useful in identifying
NCA-compatible subgraphs. To this end, we provide a brief overview of the graph
theoretical metrics and key results presented in [1]. We change the notations here
so as to use the standard graph theory notations.

Consider a bipartite graph G = {X ∪ Y,B(G), A}, where B(G) and A are as
defined in Sect. 2.1 with B(A) = B(G). X = {uj , 1 ≤ j ≤ L} and Y = {vi, 1 ≤
i ≤ M} are set of vertices that respectively represent columns and rows of A.
In order to develop accurate graph theoretical interpretation of Assumptions 6
and 7, a series of operations is suggested in [1]

1. Reduce: determine a set of vertices Xr ⊆ X and Yr ⊆ Y by eliminating
duplicate and isolated vertices in G

2. Order : determine posets Xr< and Yr< by sorting Xr and Yr in increasing
order of degrees of their elements

3. Match: find a maximal matching M(Gr<) in the ordered-reduced graph Gr< =
(Xr< ∪ Yr<, · · · )

Reduction of B(G) in the sense of NCA refers to deletion of jth column and all
rows with non-zero entries on jth position in B(G) whereas reduction of G in
terms of graph theory refers to removal of duplicate and isolated nodes in G.

Remark 3. Reduction of B(G) in the sense of NCA and reduction of graph G
are not equivalent operations.

A reduced submatrix in the sense of NCA is equal to the incidence matrix of a
subgraph obtained by deleting vertex uj and all its neighbours N(uj)

Bj(G) = B(G \ {uj , N(uj)}) (4)

Reduce-order-match operations are used to devise graph theoretical condi-
tions that B(G) must satisfy for G to be NCA-compatible in the form of theorem
as

Theorem 1. [1] A graph G is NCA-compatible if and only if ∀uj ∈ X

|M((G\{uj ,N(uj)})r<)| = L − 1

where G = (X ∪ Y,B(G), A) is a bipartite graph representing the matrix factor
A, G \ {uj , N(uj)}s are subgraphs corresponding to Bj(G) in (4), and M(.) is a
maximal matching.

A graph preprocessing method based on theorem 1 to identify NCA-compatible
subgraphs H(i), i = 1, 2, · · · , g of a given NCA-incompatible graph G presented
in Algorithm 1.
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Algorithm 1. Graph preprocessing for NCA [1].

input : B(G) ∈ [0, 1]M×L

STEP 1: for every uj ∈ X set X
(M)
j = {ui : ui ∈ M((G\{uj ,N(uj)})r<)} ∪ uj

STEP 2: identify sets Zi such that X
(M)
p ≡ X

(M)
q for any up, uq ∈ Zi, where i is a

label to count the number of sets
outputs: H(i) = (Zi ∪ Y, · · · )

All vertices in a set Zi form maximal ordered matching of the same size with
other vertices in the same set.

2.4 Incremental Network Component Analysis

INCA [2] extends NCA to solve (2) for an incompatible graph G. It estimates
a convex combination of NCA-compatible subgraphs H(i), i = 1, 2, · · · , g such
that

G =
⋃
i

H(i)

The idea is to estimate Â(i)s and P̂ (i)s for corresponding B(H(i))s and recombine
them to obtain Â and P̂ , solutions to the original problem (2). Here, we provide
an overview of INCA using a set of notations that is less ambiguous than that
is [2].

Consider a two-part decomposition of the original system (1) given by⎛
⎝ E(1)

E(2)

E(C)

⎞
⎠ = AP =

⎛
⎝U (1) 0

0 U (2)

λ(1)C(1) λ(2)C(2)

⎞
⎠ (

P (1)

P (2)

)
(5)

where, E(1), U (1) and P (1) are exclusive to subgraph H(1), and E(2), U (2) and
P (2) exclusive to subgraph H(2) with G = H(1)

⋃
H(2). E(C) is a part of data

that is common to both subgraphs factorised by C(1) and C(2). The parameters
λ(1) and λ(2) quantify the percentages of E(C) factorised respectively by the two
subgraphs. Let

A(1) =

⎛
⎝U (1)

0
C(1)

⎞
⎠ and A(2) =

⎛
⎝ 0

U (2)

C(2)

⎞
⎠

Note that φ(A(1)) = H(1) and φ(A(2)) = H(2). NCA is used to factorise E
independently in two-parts as

E = Â(1)P̂ (1) and E = Â(2)P̂ (2)

The two subgraphs are assumed to be mutually exclusive in this step of INCA
even though they are not according to (5). This allows estimating the two solu-
tions in any order. In order to obtain a solution to the original problem (2),
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the two mutually exclusive solutions are recombined by solving the following
problem

min
λ(1),λ(2)

‖E(C) − λ(1)Ĉ(1)P̂ (1) − λ(2)Ĉ(2)P̂ (2)‖2F
subject to λ(1), λ(2) > 0

λ(1) + λ(2) = 1

(6)

A solution is obtained by vectorising the matrices and solving a quadratic
program in (λ(1), λ(2)). We refer to the problem in (6) as the mixing problem and
λ(i)s as mixing coefficients in the context of this paper. INCA for two subgraphs
is presented in Algorithm 2.

Algorithm 2. INCA Algorithm [2].

inputs: E, H(1), H(2)

STEP 1: Estimate Â(1), P̂ (1), Â(2), and P̂ (2) using NCA
STEP 2: Estimate λ(1) and λ(2) by solving (6)
outputs: Â and P̂ as described in (5)

Algorithm 2 can be extended to a general case with g subgraphs as follows:

1. Obtain NCA estimates for all parts
2. Estimate λ(i), i = 1, 2, · · · , g by solving an equivalent of (6).

3 Beaded Network Component Analysis

3.1 NCA-compatibile Datasets

As pointed out in Remark 1, no attempt has been made to find a condition
equivalent to Assumption 5. Authors of [12] argue that rank(P ) = L as it is
a part of the underlying hypothesis. However, such an argument has not been
justified with a proof. No attempt has been made to calculate theoretical bounds
on rank(P ) in relevant literature to the best of our knowledge.

We calculate theoretical limits on rank(P ) by considering the rank of the
augmented matrix [B(G) : E]. Using the result in [7], rank([B(G) : E]) can be
computed as

rank([B(G) : E]) = rank(B(G)) + rank((IM − B(G)B(G)−)E) (7)

where, IM is an identity matrix of size M and B(G)− is a generalised inverse of
B(G). From (1) and (7),

rank((IM − B(G)B(G)−)E) ≤ min(rank((IM − B(G)B(G)−)A), rank(P ))

=⇒ rank((IM − B(G)B(G)−)E) ≤ rank(P ) (8)
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Assuming Assumption 2 is satisfied,

rank(P ) ≤ L (9)

From (8) and (9),

rank([B(G) : E]) − rank(B(G)) ≤ rank(P ) ≤ L (10)

For a general case where Assumption 2 is relaxed, the bounds on rank(P ) in
(10) can be rewritten as

rank([B(G) : E]) − rank(B(G)) ≤ rank(P ) ≤ min(L,N) (11)

The theoretical bounds in (11) can be computed before solving the problem in
(2) as E and B(G) are available. This also shows that the argument on rank of
P in [12] is not necessarily true. It is possible to find a dataset (E,B(G)) such
that rank([B(G) : E]) < L.

Remark 4. A system E = AP is NCA-compatible does not imply rank(P ) = L

Theorem 2. A dataset (E,B(G)) is NCA-compatible if Assumptions 1, 2, 6
and 7 hold, and

rank([B(G) : E]) = 2L

Proof If Assumption 6 is satisfied, then

rank(B(G)) = L

If rank([B(G) : E]) = 2L and Assumption 2 holds, then from (10)

L ≤ rank(P ) ≤ L

=⇒ rank(P ) = L

Thus, Assumptions 1–5 of the original NCA theorem [12] are satisfied and hence,
the dataset is NCA-compatible. �
NCA-compatibility and hence, SCMF-feasibility can be tested solely based on
available dataset with the help of theorem 2.

3.2 Full-rank Factorisable Subgraphs

Graph decomposition Algorithm in [1] decomposes a given graph into NCA com-
patible subgraphs. However, the original graph is assumed to satisfy Assumption
2. This assumption is not satisfied in several applications such as gene regulatory
network modelling. None of the previously discussed algorithms address the case
where L > N and hence, rank(P ) < L. One way to obtain matrix factors in
this case is to consider the largest NCA-compatible submatrix of B(G) as out-
lined in [6] or [10]. However, remainder of B(G) must be ignored as pointed out

lounis.adouane@uca.fr



BNCA: Full-rank Factorisable Subgraphs 633

in [1]. This might work well in the context of minimising signal reconstruction
error, however, we cannot rule out the chances of ignoring a piece of information
important for the underlying application.

In order to address this problem, we extend Algorithm 1 by adding a step at
the end of it to reorganise the groups such that the size of each group is limited
to

nmax = rank([B(G) : E]) − rank(B(G)) (12)

such that

rank(B(H(i))) = rank(P (i)) = nmax, i = 1, 2, · · · , g

Algorithm 3. Full-rank factorisable subgraph identification algorithm.

input : g sets Zi from algorithm 1 and sample size N
set i = 1
while i ≤ g do

if |Zi| > nmax then
set Zg+1 = Zi(nmax + 1 : |Zi|)
set g = g + 1

end if
i = i + 1

end while
outputs: H(i) = (Zi ∪ Y, · · · ), for i = 1, 2, · · · , g

The extended graph preprocessing Algorithm 3 can be used to solve a general
SCMF problem (2) as long as Assumption 1 is satisfied. The newly formed sets
under the if statement in Algorithm 3 represent linearly independent columns
of B(G) as they are extracted from groups with a higher matching number.

3.3 Beaded NCA

Assuming a dataset does not satisfy one or more conditions of theorem 2, Algo-
rithm 3 can be used to identify NCA-compatible full-rank factorisable subgraphs.
INCA [2] can be used to estimate the parameters of subgraphs thus identified.
As outlined in Sect. 2.4, parameters of multiple subgraphs can be estimated in
a systematic manner using INCA. However, INCA in its original form tries to
address a scenario where complete knowledge of a graph is not available. In other
words, the set of subgraphs can be categorised into two groups as

G = G1

⋃
G2 (13)

where, knowledge on existence of of G1 is available and that of G2 is not owing to
some application specific difficulties. For example, new interactions are discov-
ered on a regular basis in biological applications which will add new subgraphs
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H(g2)s whose existence was previously unknown. Both G1 and G2 may or may
not be NCA-compatible.

It is straightforward to apply INCA for all available subgraphs. However,
original INCA suggests solving (6) to estimate all λ(g)s. This means to say that
the number of parameters increase linearly with the number of subgraphs to be
added. Even though that seems like a simple extension, it can be computationally
demanding as the size of vectorised C(g)P (g)s in the mixing problem (6) can be
enormous for some applications.

We propose BNCA algorithm that uses Algorithm 3 to identify full-rank
factorisable subgraphs followed by iterative application of Algorithm 2.

Algorithm 4. BNCA Algorithm.

inputs: E, G as described in (13)
STEP 1: Identify subgraphs H(i)s using algorithm 3 with B(G2) as input
STEP 2: Estimate Â(i)s and P̂ (i)s using NCA
STEP 3:
for i = 2 to g do

set Â(2) = Â(i) and P̂ (2) = P̂ (i)

estimate Â and P̂ using algorithm 2
set H(1) = H(1) ⋃

H(i), Â(1) = Â and P̂ (1) = P̂
end for
STEP 4:
if Factors Â and P̂ for G1 are not available then

Repeat STEP 1 to 3 with G1 in place of G2

end if
STEP 5: Repeat STEP 3 with H(2) = G1

outputs: Â and P̂

BNCA can be imagined as a process where each subgraph H(i), i = 1, 2, · · · , g
is a bead that is independently factorised using NCA and beaded onto the thread
Â one-at-a-time using Algorithm 2. BNCA can address two distinct cases:

1. The whole graph G is known apriori, i.e., G = G1, only STEP 4 of Algorithm
4 generates the solution as G2 is a null graph

2. Previously factorised subgraph G1 is to be appended with a new subgraph
G2, STEPS 1–3 and 5 will be executed.

BNCA can be applied to any dataset that satisfies Assumption 1.

3.4 Uniqueness of BNCA Solution

Existence of a diagonal matrix X as described in (3) establishes the uniqueness
of NCA solutions up to a scaling factor for any NCA-compatible graph. We use
this fact to establish the uniqueness of BNCA solutions. Consider the case with
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two subgraphs (5). Let two pairs of solutions be given by

E = A1P1 =

⎛
⎜⎝U

(1)
1 0

0 U
(2)
1

λ
(1)
1 C

(1)
1 λ

(2)
1 C

(2)
1

⎞
⎟⎠

(
P

(1)
1

P
(2)
1

)
(14)

and

E = A2P2 =

⎛
⎜⎝U

(1)
2 0

0 U
(2)
2

λ
(1)
2 C

(1)
2 λ

(2)
2 C

(2)
2

⎞
⎟⎠

(
P

(1)
2

P
(2)
2

)
(15)

where, A
(1)
1 P

(1)
1 and A

(1)
2 P

(1)
2 are two NCA-solutions corresponding to H(1)

unique up to X(1). Similarly, A
(2)
1 P

(2)
1 and E = A

(2)
2 P

(2)
2 are solutions corre-

sponding to H(2) unique up to X(2).
As λ(i)s form a part of BNCA solutions, the solutions are not unique up to

a single scaling matrix X as with NCA. We show that uniqueness of BNCA
solutions can be guaranteed with the help for an additional scaling factor ΛL.
In order to do that, we express A2 in terms of A1, X(1), and X(2) as⎛

⎜⎝U
(1)
2 0

0 U
(2)
2

λ
(1)
2 C

(1)
2 λ

(2)
2 C

(2)
2

⎞
⎟⎠

(
P

(1)
2

P
(2)
2

)
=

⎛
⎜⎝U

(1)
1 0

0 U
(2)
1

λ
(1)
2 C

(1)
1 λ

(2)
2 C

(2)
1

⎞
⎟⎠ XX−1

(
P

(1)
1

P
(2)
1

)
(16)

where,

X =
(

X(1) 0
0 X(2)

)
(17)

Let M (1), M (2) and M (C) respectively be the number of rows in E(1), E(2)

and E(C). We define a diagonal matrices ΛL whose first M (1) elements on the
principal diagonal are λ

(1)
2 /λ

(1)
1 , following M (2) elements are λ

(2)
2 /λ

(2)
1 , and last

M (C) elements are 1. We define another diagonal matrix ΛR whose first L(1)

principal diagonal elements are λ
(1)
1 /λ

(1)
2 , next L(2) elements are λ

(2)
1 /λ

(2)
2 , where

L(1) and L(2) respectively are the number of columns in A
(1)
1 and A

(2)
1 . It can be

verified that (16) can be rewritten as

⎛

⎜
⎝

U
(1)
2 0

0 U
(2)
2

λ
(1)
2 C

(1)
2 λ

(2)
2 C

(2)
2

⎞

⎟
⎠

(
P

(1)
2

P
(2)
2

)

= ΛL

⎛

⎜
⎝

U
(1)
1 0

0 U
(2)
1

λ
(1)
1 C

(1)
1 λ

(2)
1 C

(2)
1

⎞

⎟
⎠ (XΛ

1
2
R)(XΛ

1
2
R)−1

(
P

(1)
1

P
(2)
1

)

or equivalently as,
A2P2 = ΛLA1XBNCAP1 (18)

where, XBNCA = XΛ
1
2
R. Thus, uniqueness of BNCA solutions can be guaranteed

with the help of two diagonal matrices ΛL and X as described in (18).
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4 Simulation Results

In this section, we first consider the example system from [1] followed by a real-
application example from [2] to demonstrate the results developed in Sect. 3. We
compare the outputs of Algorithms 1 and 3 for both the systems followed by
Algorithm 4 to solve the original problem (2).

4.1 A Numerical Example

Consider a system of equations

E =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

27.71 15.69
8.64 − 24.14

−14.59 − 24.77
−13.27 − 42.67
−8.78 − 16.01

−23.40 8.44
4.21 12.55

−2.31 − 3.58
−18.19 − 30.81
−34.10 − 60.86

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= P =

⎛
⎜⎜⎜⎜⎝

−0.29 0.34
1.99 3.51
4.76 0.53
1.04 2.04
2.51 3.19

⎞
⎟⎟⎟⎟⎠ (19)

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−11.46 5.14 2.98 0.00 0.00
0.00 0.00 4.68 − 13.08 0.00
0.00 0.00 − 0.43 − 12.06 0.00

−12.05 − 11.16 1.15 0.00 0.00
0.00 0.00 0.86 − 0.10 − 5.09
0.00 4.31 − 6.16 0.00 − 1.07
5.15 0.00 0.00 5.00 0.19
5.30 5.19 0.00 − 13.31 1.09

−10.85 0.00 0.00 0.00 − 8.48
0.00 − 13.29 0.00 − 6.37 − 0.41

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(20)

Note that B(A) = B(G), where B(G) is borrowed from Eq. (4), Sect. 2.1 [1].
In the context of SCMF, we assume that only E and B(G) are known apriori
whereas A and P are to be estimated by solving (2). In Sect. 4 of the same paper,
Algorithm 1 is applied to determine sets of rows that constitute NCA-compatible
subgraphs

Z1 = {u1, u2, u4}, Z2 = {u3}, and Z3 = {u5} (21)

The original problem (2) is infeasible in this particular case as N = 2 for E in
(19). A subgraph defined by Z1 violates the rank condition on P in theorem 2
as

rank([B(G) : E]) − rank(B(G)) = min(L,N) = 2

whereas |Z1| = 3. Thus a full-rank factorisation cannot be achieved with INCA,
Algorithm 2.
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We now apply BNCA, Algorithm 4, to estimate A and P from E and B(G).
BNCA invokes Algorithm 3 which generates full-rank factorisable subgraphs
defined by sets

Z1 = {u1, u2}, Z2 = {u3}, Z3 = {u5}, and Z4 = {u4} (22)

From (21) and (22), we can see that u4 has been moved from Z1 to a new set
Z4. All subgraphs satisfy the conditions of theorem 2 and a BNCA solution is
obtained as

Â =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−121.73 55.41 48.69 0.00 0.00

0.00 0.00 − 33.33 − 31.28 0.00

0.00 0.00 − 53.23 − 50.13 0.00

−100.68 18.88 − 82.08 0.00 0.00

0.00 0.00 − 33.87 − 31.90 − 31.88

0.00 − 2.19 − 4.87 0.00 − 7.79

14.66 0.00 0.00 22.96 22.65

0.32 − 1.85 0.00 − 7.41 − 7.44

−39.66 0.00 0.00 0.00 − 62.49

0.00 − 28.29 0.00 − 121.73 − 121.73

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and P̂ =

⎛
⎜⎜⎜⎜⎝

0.38 0.81

1.32 2.08

0.23 0.48

0.25 0.51

0.29 0.50

⎞
⎟⎟⎟⎟⎠

(23)
It can be easily verified that all subgraphs defined by the sets (22) are of full-
rank. The mixing coefficients for this example are

λ(1) = 0.2952, λ(2) = 0.2753, λ(3) = 0.4295, λ(4) = 6.64 × 10−9

Â in (23) is not the output of Algorithm 4. We have presented Â as a concate-
nated version of subgraph solutions Â(i), i = 1 to 4 the rows and columns of
which are appropriately permuted such that B(Â) = B(G). This makes it easier
to compare Â with A in (20).

Signal reconstruction error |E − ÂP̂ |F = 30.7521 is relatively large. However,
we demonstrated that unique solutions can be obtained for an infeasible SCMF
problem using BNCA. High reconstruction error can be attributed to several
factors including infeasibility of the original problem and the random fashion in
which the numerical example was generated.

4.2 A Biological Application

In this section, we show that BNCA generates solutions comparable to INCA and
NCA. We consider E. coli gene-expression data available in [11]. Algorithm 2 is
used in [2] to propose an incremental modelling approach assuming the subgraphs
are not known at same point in time. A with 16 columns is decomposed as in (5)
– A(1) with 10 columns and A(2) with 6 columns. B(G) for this example is NCA-
compatible. However, the corresponding dataset does not satisfy all conditions
of theorem 2. It can be verified that

rank([B(G) : E]) − rank(B(G)) = 9
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Furthermore, number of samples N = 9 whereas number of rows in P is 16. This
clearly violates Assumption 2. Thus, NCA cannot be applied. Though applying
INCA as described earlier resulted in rank(P ) = 10, it cannot be theoretically
guaranteed. From 11

rank(P ) = 9

Thus, BNCA must be applied in order to guarantee existence of full-rank fac-
torisable subgraphs. The sets defining subgraphs are identified as

Z1 = {1, · · · , 9} and Z2 = {10, · · · , 16}

and the mixing coefficients are

λ(1) = 0.365, λ(2) = 0.635

The INCA signal reconstruction error heatmap from the original paper is
shown in Fig. 1. The error values vary approximately between −0.5 and 0.5
which is comparable to some NCA-solution.

Signal reconstruction error with incremental modelling

Time points
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100 -0.5

0

0.5

Fig. 1. Heatmap of signal reconstruction error with incremental NCA [2].

BNCA signal reconstruction error heatmap is shown in Fig. 2. The error
values vary approximately between −0.5 and 0.6 which is comparable to INCA-
solution.

To validate the biological applicability of BNCA, we plot in Fig. 3 the activity
of a particular protein called CRP that is recorded in the second row of P after
normalising the values. The BNCA estimated normalised CRP activity agrees
with experimentally validated CRP activity [11] for the provided dataset.
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Signal Reconstruction Error with BNCA
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Fig. 2. BNCA signal reconstruction error heatmap.

Time Points
1 2 3 4 5 6 7 8 9

N
o

rm
a

li
s
e

d
 C

R
P

 A
c
ti
v
it
y

0.1

0.2

0.3

0.4

0.5

0.6
BNCA estimated Normalised CRP Activity

Fig. 3. BNCA estimated normalised CRP activity.

5 Conclusions

New theoretical bounds on rank of one of the matrix factors of SCMF problem
is developed in terms of rank of constraints matrix augmented with the data
matrix. This result allows testing NCA-compatibility and hence, SCMF feasi-
bility for a given dataset. This result is used to extend a graph preprocessing
algorithm available in literature to identify subgraphs of an NCA-incompatible
graph in a way such that all subgraphs are full-rank factorisable. BNCA, an
improved way of implementing an algorithm available in literature is introduced
to combine subgraph factors in a convex fashion to obtain solutions to the orig-
inal SCMF problem. Solutions so obtained are shown to be unique up to two
diagonal scaling matrices. Applicability of BNCA is demonstrated with the help
of a numerical example and a real-world biological application. BNCA perfor-
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mance is as good as its predecessors and the solutions agree with experimentally
validated biological facts.
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Abstract. Ice accretion detection and anti-icing/deicing of wind turbines blades
is the topic of this paper. A conductive polymer paint is used to heat relevant
surfaces of the blade under electric potential difference. Based on a temperature
measure provided by various sensors placed on the blade, a control system is
designed to prevent the blade icing up during wind turbine operation or to deice
the blade after a rest. This deicing start-up requires knowing whether or not ice
is present on the blade. Thus an observer based ice accretion system is also
proposed. Tests carried out in a climatic chamber showed the validity and the
accuracy of the proposed solutions.

Keywords: Wind turbine � Blade ice detection � Anti-icing device � Observer �
CRONE control-system

1 Introduction

Cold areas are often attractive regions for wind turbine installation for two main
reasons:

• they are well exposed to wind,
• the low temperatures increase air density, thus increasing the kinetic energy of the

wind and consequently, the power captured by the wind turbine.

However, their wind turbine blades are subjected to icing which can lead to serious
consequences for the production, maintenance and durability of the whole turbine [1, 2].
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Ice accretion can be caused by freezing rain, drizzle, freezing fog, or frost when the
wind turbine is installed near water bodies. It usually appears on the intrados (to a
lesser degree) and extrados, and/or on the leading and trailing edges [3].

Icing reduces the aerodynamic efficiency of the blades as it changes the blade
geometrical profile. This leads to production losses [1, 4].

Ice accretion also creates additional and unbalanced loads that cause increased
material fatigue, leading to premature wear or damage to major elements of the
kinematic chain (impact on the multiplier and the generator) [5–7]. The mass of
accumulated ice can significantly increase vibrations and also the radial loads on the
blades due to centrifugal force. The system fastening the blades to the hub must be
specifically sized to support the extra stress and avoid mechanical failure. Such a
situation may require stopping the turbine during severe frost events.

From a safety point of view, chunks of ice can be detached during the turbine
shutdown or can be projected during operation, causing lethal risks to maintenance
operators or any other person in the vicinity of the wind turbine [8].

Many solutions have been proposed in the literature to fight against turbine blade
ice accretion [9], such as passive technologies, which aim to prevent the formation of
ice on the blades [10, 11], or active technologies which operate when ice is detected.
Most of these technologies come from the field of aviation and are based on mechanical
deformation or the use of a heater for the leading edge [12, 13].

In this paper, a new solution is proposed. This de-icing device uses a conductive
polymer paint to heat relevant surfaces of the blade under electric potential difference.
One goal being to control the paint strips temperature, a dynamical thermal charac-
terization of the blade for various operating conditions (with or without ice, with or
without wind) is first performed. Then, a robust control strategy is proposed and its
performance is evaluated on a real blade. Finally, as the start-up of the control loop
previously designed requires knowing whether or not ice is present on the blade, the
dynamical behavior differences highlighted with and without ice on the blade, are
exploited using a dynamic observer to detect ice accretion through the control signal
produced by the observer.

2 Prototypes and Anti-icing/Deicing Device Presentation

The deicing system proposed is an active system based on the heating of relevant
surfaces of the blade with a conductive polymer paint under potential difference [14].
Current flow through the paint film causes heating by the Joule effect that is propor-
tional, among other things, to the film surface and thickness. The paint strip power
supply is ensured by electrodes that will be connected to the wind turbine auxiliaries
from the hub in the system final version. To evaluate the efficiency of this new system
and of the associated control and management algorithms, two kinds of prototypes
were built.

For dynamical modeling and to evaluate ice accretion detection and temperature
control method, the prototypes of the blade root and the blade tip shown in Fig. 1 were
constructed. They will be denoted Prototype 1 in the sequel. They integrate different
layers of paint (grey parts) and thermocouples. They were used in a climatic wind
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tunnel at the “Centre Scientifique et Technique du Bâtiment (CSTB)” in Nantes
(France) to learn more about how frost develops on a blade and especially on what
parts of the blade. These prototypes were also used to obtain a dynamical model linking
the voltage applied on the blade to the temperature at various points of the blade and
also to validate the temperature control system.

For dynamical modeling and temperature robust control efficiency tests, a 23-m
long blade with 3 paint strips (see Fig. 2) was instrumented and implanted in a wind
turbine farm and held on the ground. This prototype will be denoted Prototype 2 in the
sequel.

Fig. 1. Blade tip (up left) and blade root (up right) prototypes used for atmospheric wind tunnel
tests, and locations of temperature sensors (red dots) and heating paint strips (black).
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3 Thermal Modeling

3.1 Thermal Model with or Without Ice

To obtain a thermal model of the blade heating system, the simplified representation of
Fig. 3 was used. It comprises a blade (fiberglass and epoxy resin) having a large size
(in the longitudinal direction, not shown here) fitted with two electrodes and then
partially covered with paint. A sensor measures the temperature at the center of the
paint strip. The assembly is protected and separated from ambient air by a layer of
gelcoat.

As shown in [15, 16], the thermal resistance and capacity of the blade (epoxy resin)
can be neglected due to the high thermal resistance value of the blade. Without ice, the
resulting thermal model is thus represented by Fig. 4, where Tpaint and Tamb are
respectively the paint & gelcoat temperature and the ambient air temperature. Rpaint and
Cpaint are respectively the thermal resistance and capacity of the paint & gelcoat. Pelec is
the thermal power produced by the paint and h is the paint-air convection coefficient. In
view of the low respective thicknesses of the paint and the gelcoat, they were con-
sidered as the same material.

Fig. 2. 23-meter long instrumented blade (up) and diagram of the blade showing the 3 paint
strips (between the grey electrodes) and the Z temperature sensor locations.
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From Fig. 4 and in the Laplace domain, the following equation linking the tem-
perature of the paint to the electrical power and the ambient temperature can be
obtained:

TpaintðsÞ ¼ 1

1þ s
xc

� � K
xc

Pelec sð Þþ Tamb sð Þ
� �

: ð1Þ

with

xc ¼ 1
Rpaint þ 1=h
� �

Cpaint
and K ¼ 1

Cpaint
: ð2Þ

With ice, an RC cell representing the ice layer must be added between the paint &
gelcoat and ambient air, as shown by Fig. 5, where Rice and Cice are respectively the
thermal resistances and capacities of the ice.

From the model in Fig. 5, it can be shown that:

TpaintðsÞ sCpaint þ 1
Rpaint

� �
¼ Pelec sð Þþ Tice sð Þ

Rpaint
ð3Þ

Fig. 4. Simplified thermal model without ice.

Fig. 3. Simplified representation (transverse section) of the blade, the conductive paint, the
electrode and the gelcoat protection.
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and

TiceðsÞ ¼
Tpaint sð Þ
Rpaint

þ Tamb sð Þ
Rice þ 1=h

sCice þ 1
Rpaint

þ 1
Rice þ 1=h

ð4Þ

or after simplification

TpaintðsÞ ¼ K1
1þ s

x1

1þ 2z
x2
sþ s

x2

� �2 Pelec sð Þþ K2

1þ s
x3

Tamb sð Þ
 !

: ð5Þ

Expression of parameters K1;K2; x1; x2; x3; z; are given in [16].

The thermal power applied by the paint, denoted Pelec, is produced by an electronic
dimmer controlled by a voltage u(t) such that:

u sð Þ ¼ Pelec sð Þ
Gr

; ð6Þ

in which the gain Gr that characterizes the dimmer is defined by

Gr ¼ Pmax

10
: ð7Þ

3.2 Parameter Identification

Numerical values of the parameters in relations (1) and (3) were determined using
measures recorded with Prototype 1 and 2. To obtain the measures, a pseudo random
binary sequence (PRBS) shown in Fig. 6 (left) was used for the control input u(t). The
magnitude of PRBS was limited to 2 V (20% of the maximum power) to avoid
degrading the paint when tested at ambient temperature (*20 °C).

Fig. 5. Thermal model with ice.
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Measures were done on Prototype 1 with a wind speed varying from 0 to 25 m/s
and/or with an iced blade. Parameters K and xc for the blade without ice and
parameters K1; x1; x2; and z for the blade with ice were estimated using an output
error based algorithm involving a non-linear optimization algorithm (fmincon of
Matlab). For the sensor #6 of Prototype 1, Fig. 6 shows a comparison of the model
response and the measured temperature. This figure shows the validity of the proposed
models.

The frequency responses of the models obtained for sensor #6, with and without
ice, with and without wind, are shown in Figs. 7 and 8. Similar results were obtained
for the other sensors

It can be concluded from this comparison that:

• the dynamic behavior variations induced by ice can be exploited to detect ice
accretion, ice on the blade reduces the static gain and the corner frequency of the
frequency responses;

• wind also creates dynamic behavior variations that are linked to the convection
exchange coefficient h. Wind increases the corner frequency of the frequency
responses and in accordance with relation (1) reduces the static gain.

The model parameters estimated for each sensor and each / ice conditions, lead to
the following parametric variations:

– for a blade without ice and for a wind speed ranging from 0 to 25 m/s

0:0038�K � 0:0480 0:0007�xc � 0:0027 ð8Þ

– for a blade with ice and for a wind speed ranging from 0 to 25 m/s

0:107�K1 � 2:58 1:09e�7 �x1 � 0:011

0:77� z� 10:2 8:1e�6 �x2 � 0:012 :

ð9Þ

A similar analysis was done on Prototype 2. As shown on Fig. 9, similar measure
and dynamical behaviors were obtained with this prototype.

4 Temperature Robust Control

The next step was to design a single controller capable of regulating the temperature in
any measurement point. Depending on the wind turbine operating conditions (at rest, in
rotation, detection of ice on one strip of the blade and not on the others, etc.), it is
interesting to adapt the location of the sensor used to produce the temperature feedback
information. Here, at each instant, it is imposed that the measure used in the feedback
loop comes from the sensor providing the temperature furthest from the setpoint.
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The Bode diagrams of the various transfer functions obtained from Prototype 2 and
linking the temperature Tpaint(s) to the voltage control U(s) without wind and without
ice, are represented by Fig. 10. Similar Bode diagrams were obtained with wind and ice
on the blade. As only one controller has to control the temperature measured by any
sensor, Fig. 10 illustrates the parameter uncertainties to be taken into account during
the controller design. This fully justifies the need for a robust controller. In this work, a
CRONE controller was used.

Fig. 7. Comparison of the frequency response of the models obtained for sensor #6, without
wind (Tamb = −10 °C) and with or without ice [16].
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Fig. 9. Temperature measures obtained with Prototype 2.

Fig. 8. Comparison of the frequency response of the models obtained for sensor #6, without ice
(Tamb = −10 °C) and with or without wind (25 m/s speed) [16].
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4.1 SISO CRONE Control Design Methodology

The CRONE control-system design methodology is a frequency-domain approach that
has been developed since the eighties [17–26]. It is based on the common unity-
feedback configuration. The principle of the third generation CRONE control
methodology is to optimize the parameter of a nominal open-loop transfer function
b0ðsÞ that includes a band-limited complex fractional order integration:

b0 sð Þ ¼ bl sð Þbm sð Þbh sð Þ; ð10Þ

• where bmðsÞ is a set of band-limited generalized templates:

bm sð Þ ¼
YN þ

k¼�N�
bmk sð Þ; ð11Þ

with

bmk sð Þ ¼ Csign bkð Þ
k ak

1þ s=xkþ 1

1þ s=xk

� �ak

<e=i ak
1þ s=xkþ 1

1þ s=xk

� �ibk
( ) !�qksign bkð Þ

; ð12Þ

Fig. 10. Bode diagrams of the transfer function linking the temperature Tpaint(s) at various
locations on the blade to the voltage control U(s).
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and

ak ¼ xkþ 1=xkð Þ1=2 for k 6¼ 0; and a0 ¼ 1þ xr

x0

� �2
,

1þ xr

x1

� �2
 !1=2

ð13Þ

• where b1ðsÞ is an integer order nl proportional integrator and where bhðsÞ is a low-
pass filter of integer order nh:

bl sð Þ ¼ Cl
x�N�

s
þ 1

� �nl
; bh sð Þ ¼ Ch

s
xN þ

þ 1
� ��nh

: ð14Þ

Gains Ck, Cl and Ch are such that xr is the closed-loop resonant frequency. Order nl
has to be set to manage the accuracy provided by the control system. Order nh has to be
set to obtain a proper or bi-proper control. When useful, N− and N+ are different from 0
to increase the number of tuning parameters.

The open loop parameters are optimized in order to reduce the variation of the
resonant peak MT of the complementary sensitivity function T(s). The following
robustness cost function can be minimized:

J ¼ MT0 � inf
G
MT

� �2

þ sup
G

MT �MT0

� �2

ð15Þ

where MT0 is a required value of the nominal closed loop resonant peak (for the
nominal plant G0), while respecting the following set of inequality constraints for all
plants G and for x 2 Rþ :

inf
G

T jxð Þj j � Tl xð Þ; sup
G

T jxð Þj j � Tu xð Þ; sup
G

S jxð Þj j � Su xð Þ ð16Þ

sup
G

KS jxð Þj j �KSu xð Þ; sup
G

GS jxð Þj j �GSu xð Þ;

with

T sð Þ ¼ G sð ÞK sð Þ
1þG sð ÞK sð Þ S sð Þ ¼ 1

1þG sð ÞK sð Þ

KS sð Þ ¼ K sð Þ
1þG sð ÞK sð Þ GS sð Þ ¼ G sð Þ

1þG sð ÞK sð Þ

8<
: : ð17Þ

It is easy to show that the multiplicative uncertainty DmbðsÞ of the open-loop
frequency response, which defines the frequency-domain uncertainty in the Nichols
chart, is invariant and equal to that of the plant:

b sð Þ ¼ G sð ÞK sð Þ ¼ G0 sð ÞDmG sð ÞC sð Þ ¼ b0 sð ÞDmG sð Þ ð18Þ
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where G0(s) and b0ðsÞ are the nominal plant and open-loop transfer functions and
where DmGðsÞ ðorDmbðsÞÞ is a multiplicative uncertainty model. Thus, the uncertainty
frequency-domains related to the Nichols locus of b0ðjxÞ are defined by all the possible
values of the ordered pair argDmG jxð Þ; DmG jxð Þj jdB

� �
. By minimizing J (relation

(15)), the optimal parameters position the uncertainty frequency domains so that they
overlap as little as possible the low stability margin areas of the Nichols chart. As the
uncertainties are taken into account by the least conservative method, only a nonlinear
optimization method can be used.

For N− = N+ = 0, only four independent open-loop parameters need to be opti-
mized. The parameterization of the open-loop transfer function by complex fractional
orders then simplifies the optimization considerably. During optimization a complex
order has the same function as a whole set of parameters found in common rational
controllers. Finally, the fractional controller KF(s) is defined by its frequency response:

KF jxð Þ ¼ b0 jxð Þ
G0 jxð Þ : ð19Þ

The parameters of a rational (i.e. with integer orders) transfer function KR(s) with a
predefined low-order structure are tuned to fit the ideal frequency response KF jxð Þ:
Any frequency-domain system-identification technique can be used.

An advantage of this design method is that low values of the controller order
(usually around 6) can be used, whatever the control problem complexity.

A digital (discrete-time) controller implemented within a processor can be designed
with a continuous time-domain methodology and then the derivative operator is dis-
cretized by using a small sampling time. Unfortunately, this leads both to a long
processing time and to a bad condition number of the resulting digital controller. To
avoid these problems, the initial digital control system design problem with the sample
period Ts can be transformed into a pseudo-continuous problem [27] by:

• taking into account the transfer function of a zero-order hold on the plant input;
• computing the z-transform of the continuous-time set {plant and hold};
• achieving a bilinear variable change, for instance z−1 = (1 − w)/(1 + w).

The plant set is characterized by the transfer function G(w), and the optimization of
the open loop behavior defined by relation (10) in which variable s is replaced by
variable w (with w = jv), is thus done in the pseudo frequency-domain method where
the normalized pseudo-frequency is defined by v ¼ tan xTs=2ð ÞÞ:

4.2 CRONE Controller Design

From the first tests carried out in the climatic wind tunnel, some constraints were
defined for the loop shaping, particularly in terms of control power limitation, since the
measurements provided by the sensor on paint strips 2 and 3 were quite noisy (± 5 °C).
The following specifications were therefore imposed:
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• a first overshoot of the closed loop step response close to 20% for the nominal plant,
1.74 dB was chosen for the nominal value MT0 of the resonant peak of T;

• a bandwidth about xc ¼ 0:03 rad/s for T for a settling time close to 200 s;
• a control effort sensitivity lower than 26 dB to limit the amplification of mea-

surement noise by a factor of 20. Arbitrarily the plant with the lowest gain was
chosen as the nominal plant (plant whose output is the temperature measured by the
sensor Z1JCA).

As a discrete-time implementation is required for the controller with Ts = 1 s, this
control problem is solved in the pseudo-continuous domain as explained at the end of
the previous section. The control loop bandwidth in the pseudo continuous domain is
thus vc ¼ tan xcTs=2ð ÞÞ ¼ 0:015: The optimal open loop parameters (of relation (21)
in which variable s is replaced by w = jv) obtained using the CRONE toolbox [28] are:

• C0 = 5.76,
• x0 = 0.005 and x1 = 0.04,
• a0 = 1.13, b0 = 1.01 and q0 = 2,
• xr = 0.01.

The open loop Nichols locus for the nominal plant and the associated uncertainties
are shown in Fig. 11. Constraints on sensitivity functions are shown in Fig. 12. This
figure shows that the open loop optimal behavior obtained meets the constraints.

Fig. 11. Open loop Nichols locus for the nominal plant and associated parametric uncertainties.
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The rational CRONE controller stemming from relation (19), whose Bode diagram
is given by Fig. 13 is defined under its digital form by (sampling period equals 1 s):

Pseudo-frequency Pseudo-frequency 

Fig. 12. Sensitivity functions and user defined constraints.

Pseudo-frequency 

Fig. 13. Bode diagram of the designed controller.
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KR z�1� � ¼ 0:0102� 0:000239z�1 � 0:0194z�2 � 0:000562z�3 þ 0:010z�4

1� 3:744z�1 þ 5:254z�2 � 3:275z�3 þ 0:7651z�4 : ð20Þ

4.3 Experimental Results

The control law previously designed was implemented in the PLC that controls the
blade surface temperature of the Prototype 2. To evaluate this control law, several
closed loop step responses were measured. The result obtained with sensor (Z2RIB)
providing the output feedback signal is shown in Fig. 14. Figure 15 shows the cor-
responding control input signal.

Fig. 14. Closed loop step response with sensor (Z2RIB) providing the output feedback signal-
measured temperature and reference input.

Fig. 15. Corresponding control input signal (0–10 V).
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On Fig. 14, the on-off signal that activates (‘1’) or not (‘0’) the control loop is
shown in green. This figure also shows that ±5% the settling time is close to 220 s
with a rise time close to 90 s.

Figures 16 and 17 present similar results but it is considered that the output
feedback signal is now provided by sensor (Z1JCB) in strip 1. Compared to strip 2,
strip 1 is undersized (lower dissipation due to a lower velocity of air). This strip
dissipates less power by the Joule effect, inducing the lack of first overshoot in the step
response.

Figure 18 shows the results obtained with the Prototype 1 in the atmospheric wind
tunnel. This test was done with an ambient temperature of −5 C. The sensor used for
temperature measurement was sensor #6. In this test the wind speed varied as shown in
Fig. 18, and the control loop reference changed from −2 °C to 11 °C. In spite of wind
speed variations, the CRONE controller ensured a satisfactory temperature regulation,
validating the anti-icing ability (but also the deicing ability) of the system.

Fig. 16. Closed loop step response with sensor 4 (Z1JCB) providing the output feedback
signal– measured temperature and reference input.

Fig. 17. Corresponding control input signal (0–10 V).
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5 Ice Detection Solution

Start-up of the control loop previously designed requires knowing whether or not ice is
present on the blade. The differences in the dynamic behaviors observed with or without
ice and highlighted in the previous section were exploited with an observer to detect ice
accretion. The feedback configuration of the observer means that the control signal,
which is used to deduce ice accretion, can be immunized against noise and disturbances,
while revealing the significant dynamical behavior differences due to ice accretion.

5.1 Observer-Based Ice Accretion Detection

The observer-based detection proposed is described in Fig. 19. To detect ice, a control
input u(t) is applied to the dimmer that controls the heating of the paint strips. The
resulting signal Tblade measured by a temperature sensor is recorded. The same signal u
(t) is applied to the model obtained for the same sensor without wind and without ice.
The estimated temperature T̂blade thus obtained is compared to Tblade to produce an error
eT : The error is the input of a controller that modifies the input u(t) to force the output
of the model to cancel the error eT : The higher the output v(t) of the controller, the
greater the difference between the model and the blade ice accretion state. Signal v
(t) after filtering by filter F(s) can thus be used to decide whether icing occurs or not.

5.2 Validation in a Climatic Chamber: Without Wind

Let G6(s) be the transfer function linking the control voltage u(t) to the temperature
measured by sensor #6 with

G6 sð Þ ¼ 0:013
0:0067þ s

: ð21Þ
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Fig. 18. Control loop test with a −5 °C ambient temperature: response of the closed loop to a
reference variation from −2 °C to 11 °C (left) with wind speed variations (right).
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The numerical values of parameters in relation (21) are computed to fit time
responses in Fig. 6 through an optimization program. The Z-transform of G6(s) with a
sampling period of 1 s is thus

G6 z�1� � ¼ 0:01296
1� 0:9933z�1 : ð22Þ

A digital controller C was designed to impose a gain crossover frequency of the
open loop transfer function G6(z)C(z) at least 10 times greater than the corner frequency
of G6(z). This controller is given by:

C z�1� � ¼ 5:2619þ 0:1045z�1 � 5:1574z�2

1� 1:3318z�1 þ 0:3318z�2 : ð23Þ

The following low-pass filter

F z�1
� � ¼ 0:00995z�1

1� 0:99z�1 ð24Þ

was then tuned (after a Fourier transform analysis) to attenuate the control input noise.
For each test presented in the sequel, temperature was initially regulated at −1 °C
(initial condition) using the system designed in Sect. 4. A 10 V control is sent to the
dimmer to use maximum power to engage the melting ice very quickly. The time
responses from the sensor (process), the output of the model (estimated temperature)
and at the output of the controller v(t) in the cases without or with ice are represented
respectively in Figs. 20 and 21.

Blade with heat-
ing system and 

sensor #6

G6(z)

u(t) 

+

+

-

C(z)

F(z)
Ice accretion 
information 

Tblade

Tblade

T

v(t) 

Wind Tamb
speed

Fig. 19. Observer-based ice accretion detection.
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On the ice-free test of Fig. 20, the blue curve represents the temperature provided
by the identified model that links the dimmer control voltage to the temperature
measured by sensor #6. This response is very close to the real temperature that is shown
in red: the error is less than 10% (less than 2 °C error for a delta T of 15 °C). As a
result, the control signal v(t) at the output of the controller remains below a threshold
fixed at 1 V.

For the test with ice shown in Fig. 11, a large part of the power produced by the
paint is absorbed by the state change in the ice/water and does not cause an increase in

Fig. 20. Case without ice: comparison of the temperature measure from sensor #6 (process) and
from the corresponding model (top) and control signal v(t) (bottom) [16].

Fig. 21. Case with ice: comparison of the temperature measure from sensor #6 (process) and
from the corresponding model (top) and control signal v(t) (bottom) [16].
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temperature. This leads to a small static gain for the system linking the dimmer control
voltage and the temperature (thus a mismatch of the model to the system). Therefore a
negative correction is produced to force the model to behave like the process. The
control signal v(t) at the output of the controller now exceeds the threshold.

The temperature peaks that occur at times [�2000 s] and [4500–5000 s] corre-
spond to movements of water and air bubbles in the space between the ice and the
plate. This phenomenon confirms that the ice is melting. In conclusion, the detection
system of Fig. 19 produces a control signal whose level becomes large enough to make
it possible to detect the presence of ice.

5.3 Validation in a Climatic Chamber: With Wind

With wind, thermal convection needs to be modeled precisely. The convection coef-
ficient of h (in W/°C) which appears in Fig. 4 has to be computed to parameterize the
model in Fig. 19 as a function of the wind, and in particular the corner frequency xc

defined by relation (2). To define the dependence of xc on the wind speed (to correctly
detect the ice-free case), a series of characterization tests with a PRBS dimmer control
voltage was carried out for winds up to 18 m/s. For each test, a model was identified
leading to an estimation of parameter s = 1/xc.

Variations of the time constant s with respect to wind speed are shown on Fig. 22
that highlights the model dependence on the wind speed. This figure also shows the
approximation used in the model.

Given the previous analysis, the corner frequency of the model G in Fig. 19 can be
adjusted to take wind conditions (or blade rotation speed) into account. The results
obtained with this strategy are shown on Figs. 23 and 24. In Fig. 23, in spite of wind
conditions and without ice, the control signal v(t) remains small (less than the 1 V

Fig. 22. Impact of the wind speed on the parameter s ¼ 1=xc and approximation used in the
model [16].
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threshold) thus leading to the conclusion of no ice accretion. Conversely, with ice
accretion, Fig. 24 shows that the control signal v(t) required to force the model to
behave like the real process is larger than the 1 V threshold. Thus ice accretion can be
deduced.

Fig. 23. Case without ice and with wind (10 m/s): comparison of the temperature measure from
sensor #6 (process) and from the corresponding model (top) and control signal v(t) [16].

Fig. 24. Case with ice and with wind (10 m/s): comparison of the temperature measure from
sensor #6 (process) and from the corresponding model (top) and control signal v(t) [16].
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These results validate the efficiency of the proposed method, and especially the
relevance of using an observer to detect the presence of ice. With ice, the control signal
becomes large enough to make a decision.

6 Conclusions

This work describes an anti-icing/deicing system for wind turbine blades involving an
electrically conductive paint applied on the blade at ice formation areas (paint strips).
The main contributions of the paper are:

• the blade thermal dynamic behavior modeling (and validation)
• the thermal control system using CRONE control, a robust control strategy based on

fractional order differentiation,
• an observer based ice accretion detector.

In the thermal robust control part, the plant to be controlled links the blade tem-
perature measured at various locations on the blade to the input of an electronic dimmer
that supplies the paint strips. CRONE control is here used to take into account plant to
control perturbations due to various factors, among which:

• location on the blade of the sensor used in the feedback loop,
• thickness,
• blade speed rotation.

In spite of these plant perturbation, tests in a climatic wind tunnel have shown the
efficiency of the CRONE controller. This work is thus an additional industrial appli-
cation of the CRONE control strategy and another proof of the interest of fractional
differentiation in the field of automatic control.

To design the ice accretion detector, the differences in the dynamical thermal
behavior of the paint with or without ice accretion are exploited with an observer to
determine whether icing occurs or not. The proposed strategy was evaluated on a blade
prototype in a climatic chamber. These tests showed the efficiency of the method both
with and without wind.
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Abstract. Clinical characterization and interpretation of respiratory sound
symptoms have remained a challenge due to the similarities in the audio
properties that manifest during auscultation in medical diagnosis. The misin-
terpretation and conflation of these sounds coupled with the comorbidity cases
of the associated ailments – particularly, exercised-induced respiratory condi-
tions; result in the under-diagnosis and undertreatment of the conditions.
Though several studies have proposed computerized systems for objective
classification and evaluation of these sounds, most of the algorithms run on
desktop and backend systems. In this study, we leverage the improved com-
putational and storage capabilities of modern smartphones to distinguish the
respiratory sound symptoms using machine learning algorithms namely: Ran-
dom Forest (RF), Support Vector Machine (SVM), and k-Nearest Neighbour
(k-NN). The appreciable performance of these classifiers on a mobile phone
shows smartphone as an alternate tool for recognition and discrimination of
respiratory symptoms in real-time scenarios. Further, the objective clinical data
provided by the machine learning process could aid physicians in the screening
and treatment of a patient during ambulatory care where specialized medical
devices may not be readily available.

Keywords: Respiratory conditions � Machine learning � Smartphone

1 Introduction

Respiratory sounds such as cough, sneeze, wheeze, stridor, and throat clearing are
observed as clinical indicators containing valuable information about common respi-
ratory ailments. Conditions such as Asthma, Vocal Cord Dysfunction (VCD), and
Rhinitis provoked by prolonged and vigorous exercise, are often associated with these
symptoms which sometimes overlap; thus, making it difficult for proper diagnosis and
treatment of the underlying ailment symptomized by the respiratory sounds. Given the
similarity of their acoustic properties, these sounds at times, are conflated and misin-
terpreted in medical assessment of patients with respiratory conditions using

© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 664–678, 2019.
https://doi.org/10.1007/978-3-030-11292-9_33

lounis.adouane@uca.fr

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-11292-9_33&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-11292-9_33&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-11292-9_33&amp;domain=pdf
https://doi.org/10.1007/978-3-030-11292-9_33


conventional methods. Further, the evaluation of these sounds is somewhat subjective
to physicians’ experience and interpretation, as well as the performance of the medical
device used for monitoring and measurement [1, 2].

To address these issues, several studies in recent times have proposed different
approaches for objective detection and classification of respiratory sounds using comput-
erized systems. However, with improvement on the storage and computational capabilities
of mobile devices, there is a gradual move from the use of specialized medical devices and
computer systems to wearable devices for recording and analysing respiratory sounds in
real-time situations [3, 4]. Much efforts have been focused on the analysis of wheezing
sound given its clinical importance in the evaluation of asthma, COPD and other pulmonary
disorders [5]. Considerable attention has also been given to physiological mechanism and
formation of other pathological respiratory sounds such as stridor, cough, and crackles [3,
6]. At times, these sounds appear together on the same respiratory signal and their accurate
detection and classification remain subjects of interest to many researchers [7–9].

The sound symptoms specifically, bronchial asthma wheezes and VCD stridor are often
confused in the preliminary diagnosis of airways obstruction during physical exercise [10].
Both sounds have been described as continuous, high-pitched musical sounds. They also
exhibit periodicity in time domain given their sinusoidal waveforms. However, stridor is said
to be louder and can be heard around the neck without the aid of a stethoscope. Dominant
frequencies are between 100 and 1000 Hz [6]. Wheeze on the other hand, originates from the
bronchia and it is mostly audible around the chest wall [11], with dominant frequencies
around 600 Hz [12]. Other respiratory sounds heard in the events of air passage obstruction
or irritation include cough, throat clearing, sneezing and sniffle. Unlike wheeze and stridor,
these categories of sounds are percussive, transient, and have quasi-periodic wave forms and
short duration. Apart from audio information of the symptoms, there are other factors used in
the differential diagnosis of exercised-induced asthma and VCD such as the respiratory phase
of the sound occurrence (Inspiratory/Expiratory/Biphasic), and the reversibility of conditions
[6, 10, 11]. However, these issues are not within the scope of this paper.

The study objective is to distinguish acoustic properties of respiratory symptoms that
correlate with certain respiratory conditions induced by highly intensive physical activity;
using smartphone as a platform for the analysis and classification of the sounds. The
approach focuses on time-domain and frequency-domain analysis of these sounds. The
machine learning algorithms exploit the differences in the energy content and variation,
periodicity, spectral texture and shape as well as localized spectral changes in the signal
frames. The extracted features from the audio data analysis are fed into classifiers -
Random Forest, support vector machine (SVM), and k-Nearest Neighbor (k-NN). The
classification algorithms are performed on both individual domain and combined domain
feature sets. A leave-one-out approach is used in the evaluation of the performance of the
classifiers for objective comparison of their discriminatory abilities.

2 Related Work

Recent studies have focused on audio-based systems for continuous monitoring and
detection of vital signs relating to management and control of long-term respiratory
conditions. Aydore et al. in their work [1], performed a detailed experiment on the
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classification of wheeze and non-wheeze episodes in a respiratory sound, using linear
analysis. Though the approach they adopted yielded an impressive success rate of
93.5% in the testing; the study was not specific about the non-wheeze category of
sounds such as rhonchi and stridor which mimic wheeze, and are reportedly misdi-
agnosed as wheeze in clinical practice. The work however, was extended by Ulukaya
et al. [7] on the discrimination of monophonic and polyphonic wheezes using time-
frequency analysis based on two features – mean crossing irregularity (MCI) in the
time domain, and percentile frequency ratios in the frequency domain. The authors
considered MCI as the best discriminating feature with a performance accuracy of
75.78% when combined with image processing.

There are on-going research efforts towards the design of monitoring and detection
systems for respiratory conditions based on mobile platforms. The overall aim of these
studies is to increase the awareness and compliance by individuals in managing their
conditions, and to improve the efficacy of treatment procedures and therapies by health
professionals. In the study [3], mobile phone was used as a sensing platform to track
cough frequency in individuals and across geographical locations. The embedded
microphone in the mobile phone serves as audio sensor to record cough events, with
the phone placed in the shirt or pant pockets or strapped on the neck of the user.
According to the authors, results obtained from the study could be used in further
diagnosis and treatment of diseases such as pneumonia, COPD, asthma, and cystic
fibrosis. Automated Device for asthma Monitoring (ADAM) was developed by Sterling
et al. [13], to monitor asthma symptoms in teenagers. The system design involves the
use of lapel microphone attached to the mobile and worn by the user to capture audio
signals. It uses Mel-frequency cepstral coefficients (MFCC) and multiple Hidden
Markov Model (HMM) for feature extraction and classification, to detect the ‘presence’
or ‘absence’ of cough in the recorded sounds. The sensitivity of the detection algorithm
is 85.7%. BodyBeat, proposed by Rahman et al. [14], is another mobile sensing system
for recognition of non-speech body sounds. Like ADAM, it uses a custom-made
microphone attached to an embedded unit (Micro-controller) for audio capturing and
pre-processing. The embedded unit connects to the mobile phone through Bluetooth for
feature extraction and classification of the audio windows. Sun et al. [15] in their study,
proposed SymDetector, a mobile application for detection of acoustic respiratory
symptoms. The application samples audio data using smartphone’s built-in microphone
and performs symptom detection and classification using multi-level coarse classifier
and SVM.

Though the designs appear quite elaborate and plausible on the mobile platform;
common issues with these approaches include the ease of use of the system, and the
reproducibility of the algorithms used in the detection process. There could be concerns
about the setup and cost of deployment by the user for systems that utilize external
audio sensors and other devices connected to the mobile phone. Also, running multiple
level classification for the detection algorithms may impact on the response time of the
applications when deployed in real-time. In addressing these issues, our study uses a
standalone mobile platform with no external gadgets connected to the smartphone. This
allows all the major operations – audio sampling, pre-processing, feature extraction,
and classification to be performed on the mobile phone.
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The next section of the paper describes the methods used in audio data acquisition,
pre-processing and analysis techniques, and feature extraction. Section 4 highlights the
classification algorithms and feature sets for the classifiers. In Sect. 5, the classification
results and performance evaluation are discussed. Section 6 describes application
scenarios of the classification results while the conclusion on the study is provided in
the last section.

3 Methods

3.1 Sound Recordings and Datasets

To ensure the reliability and fidelity of the datasets, the recordings used in this study
were retrieved from different but trusted sources. The wheeze and stridor sounds are
specifically collected under licensed agreement, from R.A.L.E Lung repository [16];
with each record, pre-labelled by an expert physician. The cough, throat clearing, and
other sounds are obtained from direct recordings from healthy individuals and patho-
logical subjects using the mobile phone microphone. The dataset comprises of five
categories of sound including: wheeze, stridor, cough, throat clearing, and a mixed
collection of other sounds. By visual inspection of the waveforms and audio verifi-
cation, all distinct segments of the audio recordings containing the actual sounds are
selected. Given the varying length and sampling rate of the recordings obtained from
the repository, the audios are down-sampled to 8000 Hz and segmented into equal
length to ensure uniformity and to lessen computational load on the mobile device.

3.2 Signal Pre-processing and Analysis

The techniques used in the signal pre-processing and analysis include windowing and
digitization of each audio signal into frames of equal length (128 ms) with 87.5%
overlap. The signal frames are decomposed into spectral components using the Discrete
Short-Time Fourier Transform (STFT) technique. Hamming window of size N = 1024
was used to reduce spectral leakage in the signal frames. The windowing and over-
lapping techniques help to smoothen the spectral parameters that vary with time.

3.3 Feature Extraction

In preparing the feature sets for classification, we employed two steps in the feature
extraction. First, is the frame-level extraction, where the resulting coefficients from
STFT served as input parameters for calculating the temporal and spectral instanta-
neous features of the audio signals. The window-level features or texture features are
derived from the instantaneous features. These features are basically statistical func-
tions of the frame-level features expressed in terms of rate of change, extremes,
averages, and moments of grouped frames - about 5 s of the audio duration as shown in
Fig. 1.
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Time-domain features used include the RMS energy and Zero Crossing Rate
(ZCR) of each frame in the audio record. Some of spectral features used in the clas-
sification are described as follows:

Spectral Centroid (SC). This feature measures the spectral shape of individual frames
and it is defined as the centre of spectral energy (power spectrum). Higher values
indicate “brighter” or “sharper” textures with significant high frequencies, while lower
values correspond to low brightness and much lower frequencies. Given P as the power
spectrum of the frame f, and N being the Nyquist frequency with k as the frequency
bins; SC is calculated as:

SC fð Þ ¼
PN�1

k¼0 k:P2
kPN�1

k¼0 P2
k

½17� ð1Þ

Spectral Bandwidth (SB). Also known as ‘instantaneous bandwidth’ [18], SB tech-
nically describes the spread or concentration of power spectrum around the SC. It is a
measure of ‘flatness’ of the spectral shape. Higher values often indicate noisiness in the
input signal and hence, wider distribution of the spectral energy; while low values show
higher concentration of the spectral energy at a fixed frequency region. SB is calculated
as follows:

SB fð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN�1

k¼0 k � SC fð Þð Þ2: Pkj j2
PN�1

k¼0 P2
k

s

½17� ð2Þ

Spectral Flux(SF). Spectral Flux is an approximate measure of the sensation
‘roughness’ of a signal frame [18]. It is used to determine the local variation or
distortion of the spectral shape and it is given by:

SF fð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN�1

k¼0 Pf

�
�

�
�� Pf�1

�
�

�
�

� �2
q

N � 1
½17� ð3Þ

Table 1 provides a full list of the frame-level and window-level features.

Fig. 1. A two-level step for feature extraction.
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4 Classification Algorithms

In the study, three classifiers – Random Forest, kNN, and SVM were used to inves-
tigate the performance of the extracted input parameters in differentiating the audio
sound patterns. Each of the classifiers represents a category of classification algorithms
often used in Machine Learning. Whereas the SVM is a non-probabilistic binary
classifier that favours fewer classes, k-NN is an instance-based algorithm that uses the
similarity measures of the audio features to find the best match for a given new
instance; while Random Forest is an ensemble algorithm that leverages the desirable
potentials of ‘weaker’ models for better predictions. We compare the discrimination
abilities of the classifiers using both individual domain feature set and combined
domain feature set. The classification process involves the following steps.

4.1 Feature Selection

Best of the discriminatory audio features were selected using two attribute-selection
algorithms namely – Correlation Feature Selection (CFS) and Principal Components
Analysis (PCA). The original feature set consists of 12 attributes as highlighted in
Table 1. However, the best first three features selected by CFS were varRMS, stdZCR
and varSB; while the highest-ranking features according to PCA were meanRMS,
armRMS, meanSF, stdZCR and varSF. It is interesting to note that the three features
selected by CFS were good representation of the audio properties we considered earlier
in the study. Whereas varRMS provides information on the energy level of the audio
signal, stdZCR shows the periodicity, while varSB represents the spread or flatness of
the audio spectral shape in terms of frequency localization.

Table 1. Classification features [17].

Feature group Descriptor Classification acronym

Frame level Energy Root Mean Square RMS
Periodicity Zero Crossing Rate ZCR

Spectral shape Spectral Centroid SC
Spectral Bandwidth SB
Spectral Flux SF

Window level Extremes AMR of RMS window [15] amrRMS
Relative Max RMS [15] rmrRMS

Averages Mean of RMS window meanRMS
Mean of SC window meanSC
Mean of SB window meanSB

Mean of SF window meanSF
Moments Variance of RMS window varRMS

Std. of ZCR window stdZCR
Mean Crossing Irregularity [7] mciZCR
Variance of SC window varSC

Variance of SB window varSB
Variance of SF window varSF
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4.2 Training and Testing

The experimental processes – STFT, Feature Extraction and Classification were carried
out on Android Studio 1.5.1 Integrated Development Environment (IDE). With
embedded Weka APIs, the classifier models were programmatically trained on the
mobile devices running on Android 4.2.2 and 5.1.1, which were also used to record
some of the audios used to evaluate the performance of the algorithms in real-time. The
classification model was built for recognition and discriminating of respiratory signals
with related sound features. We opted to train the models directly on the mobile devices
rather than porting desktop-trained models, due to serialization and compatibility issues
with android devices. Moreover, the response time of building the model on the
smartphone is faster compared to the performance on the desktop. The machine
learning algorithms are trained by using the statistical window-level features obtained
from the audio signal frames. Due to limited datasets, a ‘leave-one-out’ strategy for 10-
fold cross validation was used in the training and evaluation of the performance of the
classifiers and the selected features. Statistical metrics used in the performance eval-
uation were precision, recall and F-measure.

5 Results

Here, we discuss the results and performance of the machine learning algorithms using
different criteria. We also evaluated the real-time performance of the mobile device
benchmarked on the CPU and memory usage as well as execution time of each of the
modules in the entire process.

5.1 Performance of the Classifiers

In the evaluation of the classification process, we presented different scenarios of the
problem to the classifiers in order to understand the mechanisms of their performances.
The criteria used are as follows:

Different Categories of Datasets. We used two categories of datasets – 2.5 s length and
5 s length of the audio symptoms. The 2.5 s length dataset has a total of 163 records
(Wheeze = 49, Stridor = 33, Cough = 27, Clear-Throat = 26, Other = 28), while the
5 s dataset used in the classification consists of 99 instances in total. Though there were
fewer instances in the 5 s datasets, the algorithms performed better on this category than
in 2.5 s datasets. This implies that longer audio durations rather than the number of
instances provided the classifiers with more information to learn about the audio patterns.

Scaling the Number of Classes and Features. Scaling the number of classes and
features used in the classification also had much impact on the performance of the
classifiers. From Table 2, we observed that the SVM classifier performed much better
when we reduce the number of symptom classes to two; however, reducing only the
number of features decreased the performance significantly. The k-NN algorithm on the
other hand, performed fairly well in all the scenarios but showcased its best with
reduced number of features and classes. Likewise, RF maintain its robustness with
notable improvement in the performance when the number of features are few.

670 C. Uwaoma and G. Mansingh

lounis.adouane@uca.fr



Adjustment of the Algorithms’ Parameters. By increasing the complexity parameter
C of the SVM from 1.0 to 3.0, the classifier performance improved by 4.6%. However,
setting the parameter k of the k-NN Classifier to 1, gives an accuracy of 88.88% but
drops to 53.98% when k is set to 5.

To further evaluate the discriminatory ability of the classification features, we
examined two groups of classes whose elements are often conflated given the high
level of their resemblance. These are: Wheeze vs. Stridor and Cough vs. Clear Throat.
According to medical experts, these respiratory sounds are very common in exercise-
induced VCD and bronchoconstriction or bronchial asthma. The comparisons are
shown in Figs. 2 and 3 respectively. Figure 2 indicates that though wheeze and stridor
signals relatively have uniform oscillation (periodicity), stridor has a ‘flatter’ spectral
shape given its wide frequency range. We also noticed that the classifiers generally
found it difficult differentiating between cough and throat clearing. However, when
presented with only time-domain features, the discrimination became clearer as shown
in Fig. 3.

Table 2. Overall accuracy of the classifiers with scaled number of classes and features.

Classifiers All features & all
classes m = 12,
n = 5

Reduced # of
features
m = 3

Reduced #
of classes
n = 2

Reduced # of features
& classes m = 3,
n = 2

k-NN 0.88 0.88 0.89 0.92
SVM 0.75 0.59 0.80 0.78
RF 0.86 0.91 0.87 0.89
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Fig. 2. Discriminating ability of time-frequency domain features – stdZCR and varSB on
wheeze and stridor [17].
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Though we experimented with three classifiers, we settled for only one - Random
Forest, given its robustness in different scenarios as show in Table 3. The classifier also
has a reasonable response time on the device and thus, was used for the real-time
implementation of the classification tool.

As we were unable to get real-time access to clinical respiratory sound symptoms
such as wheezes and stridor at the time of writing this paper; we performed an
experimental test on the discriminatory ability of the classification tool in real-time,
using records of common sound symptoms – cough and clear throat volunteered by
asymptomatic individuals and those with pathological conditions. Figure 4 shows
correctly detected cough and clear- throat sounds in real-time on an android phone
(Huawei p6 Ascend). The classification tool was also able to predict correctly, offline
recorded wheeze and stridor sounds (Fig. 5a, b). By mere visualization, we can observe
that the waveforms and the spectrograms of these sounds are different from each other.
This may as well serve as a clue to physicians in the differential diagnosis of the
underlying respiratory illnesses.
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Fig. 3. Discrimination of cough from throat clearing by time-domain features – stdZCR and
varRMS [17].

Table 3. Weighted average performance for all classes with the three best CFS features.

Precision Recall F-measure

k-NN 0.889 0.889 0.887
SVM 0.668 0.596 0.585
RF 0.918 0.919 0.918
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5.2 Device Performance on Resource Usage

We evaluate the smartphone performance on the utilization of the system resources
when executing the major modules of the machine learning in real-time. The modules
include audio pre-processing (framing and FFT), feature extraction, and the classifi-
cation. Table 4 shows the measurements on the consumption of the device resources
during the application run-time. The execution time in milliseconds (ms) is profiled in
the android code. As expected, the response time for the pre-processing module was a
bit long due to FFT metrics which are numerically intensive on the resources.

6 Application

The application of the results obtained from the machine learning can be demonstrated
using the following case scenarios in the study domain; where the mobile phone is used
to monitor exercise-induced respiratory conditions (EIRCs) e.g. asthma, bronchospasm,
rhinitis, and VCD.

Fig. 4. (a) and (b). Detected cough and clear-throat sounds in real-time.
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6.1 Symptom Tracking

One of the important application of this study is in assisting patients to keep track of the
sound symptoms of their conditions. The study provides a visualized summary of the
captured events on daily basis. For instance, Fig. 6 shows a column chart that measures
the frequency of each sound symptom occurrence at specific periods of the day.

6.2 Integrated Real-Time Monitoring of Sound Symptoms
and Contextual Data for Patient’s Self-management

Figure 7 shows an embedded database (SQLite) that automatically captures both the
symptoms and the contextual evidences by the smartphone. This aspect of the study also
affords the user real-time access and instantaneous knowledge of the monitored events
which are displayed graphically as illustrated in Fig. 6 (the chart). For instance, the most

Fig. 5. (a) and (b). Detected wheeze and stridor sounds recorded offline.

Table 4. Benchmarks on device resource usage by the major operations [17].

Module CPU Memory Response time

Pre-processing 27% 2.2 MB 1404 ms
Feature extraction 25% 8 MB 556 ms
Classification 0.02% 2 MB 722 ms
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frequently detected sound symptom, the level of physical activity, as well as the vari-
ations in the ambient temperature and humidity within the monitoring period. Using this
knowledge, the user can correlate the captured events based on the context. For example,
knowing the specific period of the day (e.g. morning, noon or night) when a symptom

Fig. 6. Daily summary of the frequency of respiratory sound symptoms.

Fig. 7. Embedded SQLite database in the smartphone that captures sound symptoms and
contextual evidences of EIRCs.
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gets worse and the triggers that aggravate the symptoms, would help the patient to
personally manage and control his/her respiratory condition. The generated information
can also be processed into a report which can be stored on the mobile device or shared
with healthcare providers and physicians for subsequent actions.

6.3 Pre-clinical Screening

Given the similarity in the manifestation of EIRCs due to high resemblance in their
common indicators- sound symptoms and triggers, the study included an intelligent
unit that enables the monitoring mobile device to reason on the available captured
evidences to provide objective information on the suspected conditions. The intelligent
unit basically computes on the participation rate of the measured variables (symptoms
and triggers) based on some certainty theory concepts. A detailed description of the
certainty model is provided in [19]. The generated information could provide physi-
cians with decision support during preclinical assessment of a patient on office visits,
which also helps to reduce the rate of misdiagnosis and undertreatment of the condi-
tions. Figure 8 displays a template of the generated summary report.

7 Conclusions

The difficulty in differentiating related respiratory sound symptoms at times, leads to
subjective evaluation in the medical assessment of a patient which may result in
misdiagnosis and undertreatment of the associated ailments. Though many researchers
have proposed alternative approaches for objective detection and classification of
respiratory sound symptoms using computer-based systems; a few of these approaches
have been successfully performed exclusively on mobile phones. Leveraging the
improvement on the storage and computational capabilities of modern mobile phones,

Fig. 8. A screen-shot template of generated report based on captured evidences.
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we advanced the use of smartphone to detect and classify these sounds in real-time
scenarios. And the tools we employed here were machine learning algorithms and
standard sets of both temporal and spectral features of the audio signals often used in
vocal and lung sound analysis. The study recorded over 83% accuracy on the average,
in the classification process. We also illustrated the practical applications of the results
in the study domain. We believe the information obtained from the process can aid
physicians in further diagnosis of the suspected respiratory conditions; and also assist
patients in the control and management of their conditions.
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Abstract. The paper provides a practical guide on initialization of the
recursive mixture-based clustering of non-negative data. For modeling
the non-negative data, mixtures of uniform, exponential, gamma and
other distributions can be used. Initialization is known to be an impor-
tant task for a start of the mixture estimation algorithm. Within the
considered recursive approach, the key point of initialization is a choice
of initial statistics of the involved prior distributions. The paper describes
several initialization techniques for the mentioned types of components
that can be beneficial primarily from a practical point of view.

Keywords: Mixture-based clustering · Recursive mixture estimation ·
Different components · Non-negative data · Bayesian estimation

1 Introduction

The Bayesian mixture estimation [1–4], which makes the basis for the clustering
considered in this paper, performs the estimation online. It means that in the
beginning of the estimation, where smaller data sets are used, the parameters can
be determined very inaccurately and their point estimates have large variances.
This can be unacceptable in some application domains with demands of quick
and effective estimation (e.g., fault detection, online diagnostics, medicine, etc.).
The model estimation is usually just a preparation for other tasks that use
the estimated model. This may be, for example, the prediction of the system
output or its control. Then at the beginning, a poorly estimated model may give
either completely wrong predictions or faulty control values that can damage
the controlled system. Within the clustering tasks, it leads to an unsuccessful
search for data clusters. Therefore, it is very important to pre-set the task which
includes the model estimation before its start, so that the model has already been
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roughly adjusted and the estimation has only “fine-tuned” it. This is exactly the
main feature of the initialization problem.

The Bayesian approach to estimation allows us such a way. It means that
the prior information can be used for this aim by means of preparing the prior
distribution statistics, so that the parameters from them are roughly matched
with reality. However, the non-trivial question is how to convert the prior infor-
mation about the system to the prior statistics. In the field of mixture-based
clustering [5–7], the prior information should be transformed to the statistics of
the mixture components used.

Different distributions are used within this task [8–11]. Gaussian mixtures
are probably the most frequently met models, see, e.g., [12–14], etc.

This paper continues a line started in paper [15], which considered the initial-
ization task for the clustering with uniform components of the mixture model.
The uniform components are beneficial for applications where the analysis of
data with fixed boundaries is required. This paper extends the study [15] for
the domain of non-negative data, which means that other suitable distributions
can be taken as the mixture components. The mixture initialization with them
is not a trivial task.

The majority of studies, e.g., [16–20] are devoted to the initialization of the
expectation-maximization (EM) algorithm [21] used in iterative approaches to
mixture estimation. In this paper, similarly as in [15], the mixture-based cluster-
ing based on the recursive Bayesian estimation avoiding iterative computations
is used. It was considered for normal models in [22] and for normal mixtures
in [1–3]. A series of other components is discussed in [4,9,23]. Within the men-
tioned framework, the initialization is primarily concerned with a choice of (i)
the number of components, (ii) the initial statistics of a model of switching the
components and (iii) the initial statistics of components. In this area, paper
[24] based on [25] is also found, again devoted to the initialization with normal
mixtures.

This paper explores initialization approaches for the estimation of the mix-
ture of uniform, Bernoulli, geometric, exponential and Gamma components. The
main emphasis is on the choice of the initial statistics of components. The dis-
cussed methods are based on the use of prior data.

The paper is organized in the following way. Section 2 introduces a mixture
model along with different types of its components as well as a model of their
switching. Section 3 presents a brief summary of recursive Bayesian mixture esti-
mation algorithm. Section 4 specifies the initialization problem and discusses the
initialization techniques for all of the mentioned types of the components. Con-
clusions and open problems are given in Sect. 5.

2 Models

Let us consider a multi-modal system, which generates the continuous data vec-
tor yt at each discrete time instant t = 1, 2, ..... The system is assumed to work
in mc working modes. Each of them is indicated at the time instant t by the
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value of the unmeasured dynamic discrete variable ct ∈ {1, 2, . . . ,mc}, which is
called the pointer [1].

For description of such the multi-modal system a mixture model is used,
which is here comprised of mc components in the form of the following probability
density functions (pdfs)

f(yt|Θ, ct = i), i ∈ {1, 2, . . . ,mc}, (1)

where Θ = {Θi}mc
i=1 is a collection of unknown parameters of all components, and

Θi includes parameters of the i-th component in the sense that f (yt|Θ, ct = i) =
f (yt|Θi) for ct = i.

The general component pdf (1) is specified in dependence of the data nature
and certain model assumptions. In this paper, several types of components are
considered as follows.

2.1 Uniform Components

Under assumption of the independence of individual entries of the vector yt, the
uniform pdf (1) takes the following form ∀i ∈ {1, 2, . . . ,mc}

f (yt|L,R, ct = i) =

{
1

Ri−Li
for yt ∈ (Li, Ri) ,

0 otherwise,
(2)

where {Li, Ri} ≡ Θi, and their entries (Ll)i and (Rl)i are minimal and maximal
bounds of the l-th entry yl;t of the K-dimensional vector yt within the i-th
uniform component.

2.2 Bernoulli Components

The Bernoulli component (1) is a special case of the categorical components
considered in [2,4]. Here for the sake of simplicity, it is used in the form

f (yt|Θ, ct = i) = Θyt

i;1Θ
1−yt

i;0 , (3)

where yt ∈ (0, 1) and Θi = [Θi;0, Θi;1] are parameters of the i-th component,
Θi;0 is the probability of yt = 0 and Θi;1 of the value of 1. It holds Θi;0, Θi;1 ≥ 0
and Θi;0 + Θi;1 = 1, which means Θi;1 = 1 − Θi;0.

2.3 Geometric Components

The geometric distribution with a large number of possible values can be used
for modeling the non-negative data as well. Here, for the sake of simplicity, it
is considered for the case yt ∈ {0, 1}. Based on the Bernoulli distribution, the
geometric component (1) has the form

f (yt|Θ, ct = i) = Θi (1 − Θi)
1−yt , where Θi ∈ (0, 1) , yt ∈ {0, 1}. (4)
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2.4 Exponential Components

The exponential distribution is well suited for modeling the non-negative data.
The exponential component (1) is the pdf

f (yt|Θ, ct = i) = Θi exp {−Θiyt} , where Θi > 0, yt ≥ 0. (5)

2.5 Gamma Components

The Gamma pdf is the generalization of the exponential distribution. It is suit-
able for modeling the non-negative data, whose maximum frequency does not
lie at zero or near zero. The probability density decreases exponentially with
increasing argument. The Gamma component (1) has the form

f (yt|γ, β, ct = i) =
βγi

i

Γ (γi)
yγi−1

t exp {−βiyt} , (6)

where Θi = {γi, βi} , γi > 0, βi > 0, yt ≥ 0.

2.6 Pointer Model

A component, which describes data generated by the system at the time instant
t is said to be active. Switching the active components is described by a model
of the pointer ct as follows:

f (ct = i|α, ct−1 = j, zt = k) = (7)

ct = 1 ct = 2 · · · ct = mc

ct−1 = 1 (α1|1)k (α2|1)k · · · (αmc|1)k

ct−1 = 2 (α1|2)k · · ·
· · · · · · · · · · · · · · ·

ct−1 = mc (α1|mc
)k · · · (αmc|mc)k

where the unknown parameter α is the (mc × mc)-dimensional matrix, which
exists for each value k ∈ {1, 2, . . . ,mz} of the discrete variable zt obtained from
yt by its discretization. Its entries (αi|j)k are non-negative probabilities of the
pointer ct = i under condition that the previous pointer ct−1 = j with i, j ∈
{1, 2, . . . ,mc} and the variable zt = k.

3 Mixture-Based Clustering Summary

The clustering considered in this paper is based on recursive mixture estimation
algorithms, most of those are described in literature, e.g., [1–4,22]. The key
point of the recursive clustering is to estimate parameters of components and the
pointer model and determine which component is active at time t, i.e., currently
generates data.

The following algorithmic scheme of the clustering summarizes its main steps
at each time instant:
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1. Measuring the new data item;
2. Computing the proximity of the data item to individual components, see [26];
3. Computing the probability of the activity of components (i.e., weights) using

the proximity, the point estimate of the pointer model and the past activity,
where the maximal probability declares the currently active component, see
[1–3];

4. Classifying data according to the declared active component;
5. Updating the statistics of all components and the pointer model, see [1,2,4,

15], etc.;
6. Re-computing the point estimates of parameters necessary for calculating the

proximity, see [2,22,27], etc.
7. Go to Step 1.

These steps belong to the online part of the estimation, which should be
initialized before a start.

4 Mixture Initialization

The initialization task is specified for the above recursive algorithm in the fol-
lowing way. For time t = 0, it is necessary to set:

– the number of components mc,
– the initial weighting vector,
– the initial statistics of the pointer model and the components.

The number of components can be determined offline using prior data, for exam-
ple, by their visualization, e.g., [24] or with the help of well-known clustering
methods such as, e.g., k-means [28], etc.

As regards the initial weighting vector and the pointer statistics, it is suffi-
cient to initialize them either uniformly or randomly in combination with their
updating by prior data.

The choice of the initial statistics of the components is the key point. It
is explained by computing the proximity value, which depends on the parame-
ter point estimates and, therefore, on the component statistics. With the accu-
rately chosen number of components and the pointer statistics the proximity
with wrong initial component statistics leads to the unsuccessful clustering. The
subsequent sections are devoted to this part of the initialization task.

4.1 Initialization with Uniform Components

The mixture initialization for the case of uniform components (2) was described
in details in [15]. This section summarizes this initialization approach within the
bounds of the task of modeling the non-negative data.
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The initial statistics of the uniform components can be chosen according to
the following four techniques.

Component Centers via Mid-Point Update. One of the approaches is to
find centers of components instead of the left and right bounds for initial detec-
tion of components [23]. In this case the statistics (sl;0)i, (ql;0)i should be used,
which are l-th entries of the K-dimensional vectors st and qt, where the last
comprises a diagonal of a matrix [15]. Starting from random values, they are
updated using a set of prior data ∀i ∈ {1, 2, . . . ,mc} and ∀l = {1, . . . , K} in the
following way.

(sl;t)i = (sl;t−1)i + wi;tyl;t, (8)
(ql;t)i = (ql;t−1)i + wi;ty

2
l;t, (9)

where wi;t is a weight of the i-th component, see for details [15,23], etc. After
updating they are used to compute the point estimates of the mid-point and mid-
range vectors of each component (St)i and (ht)i respectively as follows (similarly
as for normal components).

(Ŝt)i = (st)i/t, (10)
(Dt)i = ((qt)i − (st)i(s′

t)i/t) /t, (11)

(ĥt)i =
√

3 diag((Dt)i), (12)

where (Dt)i is the covariance matrix of the uniform pdf, and
√

3 diag((Dt)i)
denotes the square roots of entries of the vector diag((Dt)i). Equations (10) and
(11) from the previous time instant are placed instead of the expectation and
the covariance matrix into the proximity, see [15]. In the end of updating by
prior data the mid-point (Ŝl;t)i is the center of the i-th component for the l-th
data entry. The point estimates of the minimum and maximum bounds are then
obtained as

(L̂l;t)i = (Ŝl;t)i − ε, (13)

(R̂l;t)i = (Ŝl;t)i + ε, (14)

with small ε, and they are used during the on-line estimation.

Centers Based on K-Means. Another way is to use the centers of clusters
initially detected by the k-means method [28] from prior data and put them into
(13) and (14) to be used during the on-line estimation.

Centers as Averages. The average values from individual prior data entries
with small deviations can be taken as initial centers of components and then
substituted into (13) and (14).
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Bounds as Minimum and Maximum. Here the minimum and maximum
values of corresponding entries of the data vector yt are used directly as the
component statistics denoted by (Ll;0)i and (Rl;0)i respectively.

Finally, the main results of the first three techniques above are (Ŝl;T )i, which
is the center of the i-th component for the l-th entry of yt and T is the number
of prior data items. With the help of the last technique, the initial bounds of
components are obtained.

For the on-line (i.e., for t = T + 1, T + 2, . . .) estimation of the component
bounds and classification of data among components according to the actual
maximum weight, the algorithm summarized in Sect. 3 is applied. For the three
first initialization techniques, relations (13) and (14) should be used before mea-
suring the first data item yt.

Results A set of anonymized medical hematological prior data is used for
demonstration of the initialization approach for the uniform components. The
following specific variables comprise the 8-dimensional vector yt:

– y1;t – precollection number of leucocytes, [109/l];
– y2;t – precollection number of HTK, [%];
– y3;t – precollection number of Hemoglobin (Hbg), [g/dl];
– y4;t – precollection number of platelet count (PLT), [109/l];
– y5;t – precollection number of CD34+, [μl];
– y6;t – precollection number of CD34+ in total blood volume (TBV), [106],
– y7;t – concentration of mono-nuclear cells (MNC), [%];
– y8;t – concentration of CD34+/kg, [106].

The number of components is initialized as 3. The verification of the initial-
ization techniques is performed according to the following three criteria.

Evolution of Component Weights. Evolution of component weights, which
express the activity of components, is observed during the on-line estimation.
The rare activity of some component or its absence indicates that the number of
components is incorrectly initialized and probably too high. The regular activity
of all components validates the correct choice of the number of components.

A fragment of the evolution of the component weights with the statistics
initialized via the mid-point update is demonstrated in Fig. 1. It can be seen that
all three components are regularly active. The k-means based initial statistics
give the similar activity, see Fig. 2.
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Fig. 1. The weight evolution with the initialization via the mid-point update [15].

The initialization via centers as averages is shown in Fig. 3. It produces a bit
more probabilities close to 0.5. However, in general, the result is similar to two
first methods.

The last method based on minimum and maximum prior values provides only
two detected components. Figure 4 shows at the y-axis that the weights of the
first component in the top plot are too low, and this component is never declared
to be active.

Fig. 2. Evolution of component weights with the initialization based on k-means [15].
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Fig. 3. Evolution of component weights with the initialized centers as averages [15].

Evolution of Bounds. Evolution of the point estimates of component parame-
ters (i.e., bounds) is monitored at the beginning of the on-line estimation. Fast
locating the stabilized values of the point estimates means that the initialization
is successful. Comparing the evolution of the minimum and maximum bounds
of individual entries within each component, it can be noticed that a speed of
localization of stabilized estimate values is similar for the first three methods,
i.e., the bounds of the components detect their final values relatively quickly, see
Fig. 5.

The initialization according to minimum and maximum prior values provides
a worse stabilization in search of the values of the bounds, see an example of
the left bound evolution for the third component in Fig. 6, where the evolution
of the left (minimum) bounds of individual data entries is presented.

Clusters. The shape and the location of final clusters detected in the data space
by starting the estimation algorithm with the mentioned initialization techniques
are compared. Comparison with k-means clustering is also demonstrated. Clus-
ters of the most interesting pair of data entries from the practical (hematological)
point of view are presented here. The entries y5;t, which is the precollection num-
ber of CD34+, and y8;t, which is the concentration of CD34+/kg, are chosen.
Their clusters detected according to the estimated pointer value can be seen in
Figs. 7 and 8, where the comparison of the results initialized according to all of
the discussed methods is demonstrated. The colors of the clusters in the figure
are chosen randomly in all of the plots. The clusters are enumerated according
to the order in which they have been detected and plotted. The shapes and the
location of the detected clusters should be compared.

The insignificant difference in the location of two upper clusters can be seen
in Figs. 7 and 8 (top), while in Fig. 8 (bottom) the clustering practically fails.
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Fig. 4. The weight evolution with the initialization based on minimum and maximum
prior values [15].

Fig. 5. Example of the bound evolution with the initialization via the mid-point update
(left) and k-means (right) [15].

Only two data items are classified as belonging to the first cluster, i.e., two
clusters are detected instead of three.
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Fig. 6. Evolution of the left bounds of the third component with the initialization
according to minimum and maximum prior values [15].

4.2 Initialization with Bernoulli Components

For the Bernoulli components (3) as well as other distributions considered in
subsequent sections, the approach used for the uniform components is not suit-
able. The reason is as follows. The proximity function [26], (i.e., the approxi-
mation of the posterior pdf by the Dirac delta function and substitution of the
parameter point estimates into the components [4]) cannot be used, because for
non-negative data the model has a different form than the likelihood function.
The approach based on the likelihood function derivation can be used instead.

For the initialization of the statistics of the Bernoulli component (3), it is
advantageous to use the following construction of the likelihood function. For
instance, for the first two data items y1 and y2, the product of pdfs (3) takes
the form (here omitting the subscript i for simplicity)

Θy1
1 Θ1−y1

0 Θy2
1 Θ1−y2

0 = Θy1+y2
1 Θ2−y1+y2

0 , (15)

which means that for t data items, the likelihood is

Lt (Θ) = Θ
∑t

τ=1 yτ

1 Θ
t−∑t

τ=1 yτ

0 = ΘSt
1 Θt−St

0 , (16)

where St =
∑t

τ=1 yτ . The data items yτ ∈ {0, 1}, therefore St counts the values
1 and t − St – the values 0.

The posterior pdf via the Bayes rule [22] is the product of the likelihood
function and the prior pdf. It means that it is suitable to choose the prior pdf
in the same form [2], i.e.,

f (Θ|y (0)) ∝ ΘS0
1 Θt0−S0

0 , (17)
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Fig. 7. Comparison of clusters of y5;t and y8;t with the mid-point (top) and k-means
based (bottom) initialization techniques [15].

where y(0) denotes a collection of prior data, S0 is the number of the prior values
of 1, t0 is the number of prior data and t0 −S0 is the number of the prior values
of 0.

The number of prior data can be either real when working with some prior
data set or fictitious in the case of using, e.g., expert knowledge. To utilize the
prior knowledge, which says that both the values 1 and 0 are measured in the
same ratio, it is suitable to choose an arbitrary value of t0 and S0 will be a
half of it. However, if t0 is high, it means that this information was extracted
from a large data set and can dominate. If it is small, the influence of the prior
knowledge is also weak.

The posterior pdf takes the form

f (Θ|y (t)) ∝ ΘSt
1 Θκt−St

0 , (18)
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Fig. 8. Comparison of clusters of y5;t and y8;t with the initialization techniques based
the average (top) and minimum and maximum prior values (bottom) [15].

where for the statistics it holds

St =
t∑

τ=1

yτ + S0, (19)

κt = t + t0, (20)

which highlights the previous remark: low values of S0 and t0 will not influence
the statistics. The higher values, the more influence.

With the help of substitution of the distributions into the Bayes rule [2,22],
the recursive update of the statistics is obtained in the form

Sτ = Sτ−1 + yτ , (21)
κτ = κτ−1 + 1 (22)

for τ = 1, 2, · · · , t, which starts for the given S0 a κ0.

lounis.adouane@uca.fr



692 E. Suzdaleva and I. Nagy

The point estimates of the model parameters can be obtained via MAP (Max-
imum A Posteriori) method [29] as the argument of a maximum of the posterior
pdf.

The maximum is obtained by setting the derivation of the posterior pdf equal
to zero and computing the parameter estimate. Let’s denote in (18) Θ1 = Θ and
Θ2 = 1 − Θ, then

St (1 − Θ)κt−St − ΘSt (κt − St) (1 − Θ)κt−St−1 = 0, (23)

and therefore
Θ̂t =

St

κt
, (24)

i.e., the number of the values of 1 is divided by the number of data, which is the
result already mentioned above.

From relation (24), it can be seen that the point estimate of the parameter
Θ is the average of the measured output. This can be used for the construction
of the prior statistics as follows. The average of the prior data is denoted by y0
and it is set as the initial value of the Θ̂0, which means that according to (24)

y0 =
S0

κ0
. (25)

Let’s define

S0 = n0y0, (26)
κ0 = n0, (27)

where n0 is chosen according to the emphasis with which the prior knowledge is
intended to be used. After substitution, it is obtained

S0

κ0
=

n0y0
n0

= y0 = Θ̂0. (28)

This is directly the desired result, which does not depend on n0.
Figures 9, 10 and 11 demonstrate the evolution of the point estimates of

the parameter Θ. It can be seen how the prior knowledge can influence the
stabilization of the values of the point estimates. In dependence on the strength
and the correctness of the prior information the values of the point estimates
are approaching to the true values with a different speed.

4.3 Initialization with Geometric Components

For the geometric component pdf (4) [30], similarly as in the previous case, the
model product for the first two data items y1 and y2 gives (omitting the subscript
i for the sake of simplicity)

Θ (1 − Θ)1−y1 Θ (1 − Θ)1−y2 = Θ2 (1 − Θ)2−(y1+y2) . (29)
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Fig. 9. The evolution of the point estimates without prior knowledge (top) and with
a weak correct prior knowledge (bottom).

Hence, the likelihood function again takes the form

Lt (Θ) = Θκt (1 − Θ)κt−St , (30)

where

St =
t∑

τ=1

yτ + S0 and κt = t + t0. (31)

The likelihood derivation equal to zero gives the similar result as in the case of
the Bernoulli pdf, i.e.,

Θ =
κt

St + κt
=

1
ȳ + 1

, (32)
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Fig. 10. The evolution of the point estimates with a strong correct prior knowledge
(top) and with a weak incorrect prior knowledge (bottom).

where
ȳ =

St

κt
(33)

is the average output. It allows us to use the initialization technique described
above for the Bernoulli components.
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Fig. 11. The evolution of the point estimates with a strong incorrect prior knowledge.

4.4 Initialization with Exponential Components

For the exponential component (5) [31,32], the product of the models (omitting
the subscript i for the sake of simplicity) is

Θ exp {−Θy1} Θ exp {−Θy2} = Θ2 exp {−Θ (y1 + y2)} (34)

and the likelihood function is therefore

Lt (Θ) = Θκt exp {−ΘSt} , (35)

where again

St =
t∑

τ=1

yτ + S0 and κt = t + t0. (36)

After its derivation, the point estimate of the parameter Θ is computed as

Θ̂t =
κt

St
, (37)

which is the inverse average output from the used data. Thus, for the initializa-
tion, the technique described for the Bernoulli components can be used again.

4.5 Initialization with Gamma Components

For the Gamma pdf (6), the model product for the first two data items y1 and
y2 (omitting the subscript i for the sake of simplicity) is

βγ

Γ (γ)
yγ−1
1 exp {−βy1} βγ

Γ (γ)
yγ−1
2 exp {−βy2}
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=
(

βγ

Γ (γ)

)2

(y1y2)
γ−1 exp {−β (y1 + y2)} . (38)

According to this relation, the likelihood function takes the form

Lt (Θ) =
(

βγ

Γ (γ)

)κt

P γ−1
t exp {−βSt} , (39)

where

κt = t + t0, (40)

St =
t∑

τ−1

yτ + S0, (41)

Pt =
t∏

τ=1

yτ · P0. (42)

Here, the computation of the point estimates of the parameter Θ is not so
straightforward as in the previous cases. They can be derived as follows, e.g.,
[33]. Let’s denote

s = ln
(

St

κt

)
− 1

κt
ln (Pt) (43)

and then

γ
.=

3 − s +
√

(s − 3)2 + 24s

12s
, (44)

β =
γκt

St
. (45)

It is known, e.g., [33] (and it can be easily derived) that for the Gamma distri-
bution, it holds

the average of the output ȳ =
γ

β
, (46)

the mode of the output ŷ =
γ − 1

β
, (47)

which enables us to obtain

γ =
ȳ

ȳ − ŷ
and β =

1
ȳ − ŷ

. (48)

For the initialization purposes, it is again assumed that the average ȳ0 and the
mode ŷ are available from the prior data.

However, it is necessary to have the initial statistics, not the initial values of
parameters. The derivation of the statistics from the parameters is a relatively
complicated procedure. That is why a good choice is not to try to derive them
as it was done in the previous sections, but to simulate some data using the
parameter estimates and use them as the prior data for the computation of the
initial statistics.
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5 Conclusions

The paper summarizes practical approaches to the initialization of mixture com-
ponents for a task of recursive mixture-based clustering under the Bayesian
methodology. The investigated approaches are based on processing the prior
data set with the aim of setting the initial statistics of several types of compo-
nents. The potential application of the discussed techniques can be beneficial for
areas of the data analysis of non-negative variables.

Acknowledgements. The paper was supported by project GAČR GA15-03564S.
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Abstract. We consider a class of complementarity hybrid systems per-
formed by measure differential equations subject to “mixed constraints”
on the measure and one-sided limits of the state (prior to and just after
the jump). In such systems, vector Borel measures play the role of control
inputs/slack variables. We try to understand the asymptotic behavior
of solutions to the complementarity problem, namely, look for a con-
structive representation of the closure of the trajectory funnel. As we
invent, a desired representation follows from a particular approximation
of solutions and can be described in terms of a specific singular space-
time transformation of measure-driven processes. The developed math-
ematical setup is naturally applied to modeling of Lagrangian systems
controlled by instantaneous blocking/releasing a part of its degrees of
freedom.

Keywords: Impulsive control · Complementarity hybrid systems ·
Trajectory relaxation · Approximate solutions ·
Lagrangian mechanics · Blockable degrees of freedom

1 Introduction

The paper continues our recent works [1,2], which are devoted to a particular
type of complementarity measure-driven dynamical systems, namely problems
of the form

dx(t) = f
(
x(t)

)
dt + G

(
x(t)

)
μ(dt), (1)

(
x(t−), x(t)

)
∈ Z for |μ|-a.a. t ∈ T . (2)

Here,

– f : R
n → R

n, G : R
n → R

n×m are given vector- and matrix-valued functions;
– current states are x(t) ∈ X .= R

n, and x(t−) denotes the left one-sided limit of
a trajectory x at a point t (hereinafter, we agree to deal with right continuous
states; this is purely technical assumption, made for convenience);
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– μ is a vector-valued (signed) Borel measure and |μ| denotes its total variation
(which itself is a scalar nonnegative Borel measure), while “|μ|-a.a.” (“μ-a.e.”)
abbreviates “almost all” (respectively, “almost everywhere”) with respect to
the associated measure;

– T .= [0, T ] is a prescribed finite time interval;
– Z ⊆ X2 is a given closed, not necessarily bounded set, called the jump map.

In connection with the theory of hybrid systems [3–6], the jump map should
be viewed as a rule specifying the diapason of discrete events, which can switch

the current state and in that way correct the proper motion ẋ
.=

dx(t)
dt

= f(x)
of the modeled object.

To motivate the usage of the term “complementarity”, let us assume that Z
is defined by

Z = {(x, y) ∈ X2 : W (x, y) = 0},

with a given nonnegative continuous function W : X2 → R. Then (2) takes the
form

W
(
x(t−), x(t)

)
= 0 for |μ|-a.a. t ∈ T , (3)

which—due to the decomposition of the measure |μ| into the continuous part |μc|
and the set of its atoms D|μ|—can be specificated as the couple of conditions:

∫

T
W

(
x(t), x(t)

)
|μ|c(dt) = 0, and (4)

W
(
x(τ−), x(τ)

)
= 0 ∀τ ∈ D|μ|. (5)

Note that another equivalent interpretation of (3) can be made in terms of the
support of a measure:

supp |μ| ∈
{
t ∈ T : W

(
x(t−), x(t)

)
= 0

}
.

Let us denote
y(t) .= W

(
x(t−), x(t)

)
,

and formally rewrite (3) as
0 ≤ y ⊥ |μ| ≥ 0.

We use the sign of orthogonality to emphasize the logical disjunction, which
is clear for purely discrete measures (purely impulsive inputs): an impulse can
occur at a point t only if the respective output y(t) is zero. Notice that, when
operating with absolutely continuous (with respect to the Lebesgue measure)
inputs μ(dt) = u(t)dt, the notation ⊥ means indeed the orthogonality between
y and u in L2.

Let us comment that—depending on situation—the input measure μ can be
interpreted either as a control parameter (this case is of our own main inter-
est here), or as a slack variable due to a state constraint. The first viewpoint
is meaningful, e.g., in the context of impulsive hybrid systems or models with
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blockable degrees of freedom (to be discussed below). The alternative interpre-
tation is natural for mechanical systems with unilateral constraints [6–18]. The
complementarity property then can be viewed as either mixed constraint (relat-
ing control and the state) or the complementary slackness condition representing
the action of contact force due to the constraint.

Now we say a few words about the dynamical part of the complementarity
problem, i.e., the measure differential equation (1). Recall that this equation
performs a compactification of the tube of solutions (trajectory relaxation) to
an ordinary input-affine system

ẋ = f(t, x) + G(t, x)u (6)

with “unbounded” signals, constrained in average:

‖u‖L1 ≤ M (7)

(M > 0 is a given real, and ‖ · ‖L1 denotes the norm in the space of summable
functions u : T → R

m). As is easily observed, system (6), (7) is, generically,
ill-posed (the respective control problems are called singular): one can design a
sequence of Carathéodory solutions, which tend (say, pointwise) to a discontin-
uous function. In other words, the trajectory funnel of (6), (7) is not compact in
the space C of continuous functions. A compactification of the trajectory tube
can be performed in a certain weaker topology, e.g., the topology of pointwise
convergence or the weak* topology of the space BV of functions with bounded
variation, and is described by a measure differential equation of the form (1).
Ordinary controls u are embedded into the measure-driven setting as absolutely
continuous measures u dt; in general, μ(dt) can be treated as a formal differen-
tial dμ of a function μ of bounded variation, i.e., as a first order distribution
(possibly, of the Dirac δ type).

It is important to note that, in general, the passage to general-type measures
is not enough for correct trajectory relaxation. In this case, the input of the
extended system is not only a measure, but also “a way of approximation of
this measure by ordinary controls” (because different approximations lead to
different solutions), while a proper compactification of the trajectory funnel is
provided by a space-time extension due to the principle of separation of motions
[19–22]. Thus, Eq. (1) is just a formal, conceptual object.

For details on the relaxation of singular control problems, further motivation
and basic results of the impulsive control theory we refer to, e.g., [19–48].

1.1 Motivating Cases from Contact Mechanics

As is discussed in [1,12–15,44,49–53], modeling and control of physical systems
with collision and friction is one of the most prominent area of applications of
the mathematical theory of impulse control.

Measure-driven systems of the form

M(q) d(q̇) − h(q, q̇) dt = π(dt) + B(q)μ(dt), (8)
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due to J.J. Moreau, are postulated as an extension of the standard nonsmooth
mechanical system

M(q) q̈ − h(q, q̇) = f + B(q)u

with the generalized mass matrix M = M(q), function h = h(q, q̇) aggregating
finite smooth forces (spring, damper, centripetal, gyroscopical, coriolis etc.), and
a linear map B = B(q). The extension of the dynamical system is caused by
admitting the impulsive nature of the external force acting on the system—
the uncontrolled and control forces f and u, respectively,—i.e., by passing from
(f , u) dt to a general-type vector measure (π, μ)(dt).

Some relevant cases of mechanical systems, which could be formalized as
complementarity problems in the spirit of (8), can be found, e.g., in [1,53,54].
Another interesting example is presented by the following modification of the
well-known example from [6]:

Example 1. (Carts connected by springs with stoppers, hooks and grabbers) Con-
sider two carts connected to each other and to the left wall by linear springs and
moving frictionless in the horizontal line; the motion of the first (leftmost) cart
is constrained by a stopper, placed at its equilibrium position. Furthermore, the
motion of carts can be externally influenced by employing a grabber/hook, which
can be hold (and later released)—if desired—as soon as the distance between the
carts reaches a prescribed value l > 0. The grabber can stop the motion (null the
relative velocity) of one cart with respect to another one, when moving in any
direction; the hook acts similarly, but only if carts move aside. After unification
of certain physical constants, the equations of motion can be written as

d(ẋ1) = (−2x1 + x2) dt + μ1(dt) + μ2(dt),

d(ẋ2) = (x1 − x2) dt − μ2(dt).

Here, the measure μ1 
 0 is a slack variable representing the complementary
force of elastic collision due to the stopper, which acts, according to the Newton’s
law with the restitution coefficient w ∈ [0, 1]:

x1(t−) = 0, ẋ1(t) = −w ẋ1(t−) μ1-a.e.

The measure μ2 is an impulsive control input related with the generalized state
(x1, x2, ẋ1, ẋ2) by the mixed constraint

x2(t) − x1(t) = l, ẋ1(t) − ẋ2(t) = 0 |μ2|-a.e.

in formalization of the grabber, or

x2(t) − x1(t) = l, ẋ1(t−) ≤ 0, ẋ2(t−) ≥ 0, ẋ1(t) − ẋ2(t) = 0 |μ2|-a.e.,

if we deal with the hook. In the case of a grabber, μ2 is signed; if we consider
the same system with a hook, μ2 is nonnegative.
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Let us stress that, in the latter two conditions, the left and right one-
sided limits of the state are separated (independent one of another). This is
typical for systems with impactively blockable degrees of freedom (DOFs)—
the phenomenon we actually face in the present example since the activa-
tion/disactivation of the grabber or hook leads to blocking/releasing the DOF,
associated with the spring connecting the carts. This case also throws a bridge
to the framework of hybrid systems: the system behavior is an alternation of two
dynamic modes due to the double- and single-cart regimes.

One can address a similar system of n carts with multiple grabbers and/or
hooks, and suppose that blocking/releasing of its DOFs can be viewed as a
certain realization of the caterpillar-like motion.

1.2 Notations

We operate with the following standard sets and spaces:

– N is the set of positive integers;
– R

n is the n-dimensional arithmetic space with the Manhattan norm | · | .=
‖ · ‖1, R = R

1 is the set of real numbers, and R
n
+ is the cone of vectors with

nonnegative components;
– C = C(T , Rn) is the Banach space of n-dimensional continuous functions on

T .= [0, T ] ⊂ R+ with the topology of uniform convergence ⇒;
– AC = W 1,1 ⊂ C denote the set of absolutely continuous vector functions;
– L1 = L1(T , Rn) is the Lebesgue quotient space of summable functions;
– C∗ is the dual of C, known to be the space of vector-valued signed Borel

measures, i.e., countably additive set functions μ : B → R
n defined on the

Borel sigma-algebra B = BT of subsets of the interval T . We single out the
usual Lebesgue measure on R, denoted by λ;

– BV = BV +(T , Rn) is the space of right continuous vector functions with
bounded variation on [0, T ). This set is known to be isomorphic to C∗ due
to the Lebesgue extension procedure. The extended measures are called the
Lebesgue-Stieltjes measures. In what follows, measures are understood in the
extended sense.

Given a measure μ, we employ the following associated notations:

– |μ| is the total variation of μ;
– suppμ is the support, i.e., the minimal closed subset of T of the “total mea-

sure”: μ(suppμ) = μ(T );
– Dμ is the set {τ ∈ T | |μ|({τ}) > 0} of atoms;
– Fμ ∈ BV is distribution function defined as Fμ(t) = μ([0, t]), Fμ(0−) = 0.

Recall that any measure μ can be thought of as the distributional derivative
of its distribution function, i.e., μ(dt) = dFμ(t);

– Given μ, ν ∈ C∗, μ � ν indicates that μ(A) ≤ ν(A) for any A ∈ B;
– dμ

dν stands for the Radon-Nikodym derivative of μ with respect to ν. If dμ
dν = 0,

the measures μ and ν are said to be mutually singular;
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– A Lebesgue-Stieltjes measure admits a unique Lebesgue decomposition into
the sum of the absolutely continuous μac, singular (with respect to λ) contin-
uous μsc, and singular discrete components μd: μ = μc +μd

.= μac +μsc +μd.
If μ is absolutely continuous, then dμ

dλ = Ḟμ.

1.3 Complete Model Description

We accept standard regularity assumptions (H): the functions f and G are
locally Lipschitz continuous and satisfy the sublinear growth condition.

To perform the complete model statement, we remind the notion of impul-
sive control and the associated concept of solution to the measure differential
equation.

As it was mentioned above, the input of system (1) is the measure μ aug-
mented by extra objects, which uniquely represent a way of approximation of μ
by absolutely continuous functions. Following [25,27], by impulsive control we
call a collection

ϑ
.= (μ, ν, {uτ}τ∈Dν

) ,

where

• μ ∈ C∗(T , Rn) and ν ∈ C∗(T , R) are (respectively, vector- and scalar-valued)
Borel measures such that

|μ| � ν, |μ|c = νc, and ν(T ) ≤ M. (9)

• {uτ}τ∈Dν
is a family of Borel measurable functions

uτ : Tτ
.= [0, Tτ ] → R

m, Tτ
.= ν({τ}),

parameterized by atoms of ν and enjoying, for each τ ∈ Dν , the relations

|uτ (θ)| = 1 λ-a.e. on Tτ , (10)
∫

Tτ

uτ (θ) dθ = μ({τ}). (11)

The measure |ϑ| .= ν is regarded as the total variation of impulsive control;
Θ denotes the set of admissible controls, i.e., all collections ϑ satisfying (9)–(11).

Given ϑ = (μ, ν, {uτ}) ∈ Θ, and x0 ∈ R
n, by a solution to (1) with the

input ϑ and initial condition x(0−) = x0, we mean a function x ∈ BV +(T ,X),
X .= R

n, which turns into identity the following integral relation:

x(t) = x0 +
∫ t

0

f(x) dθ +
∫ t

0

G(x)μc(dθ) +
∑

τ∈Dν

[
x(τ) − x(τ−)

]
. (12)

The integral with respect to μc is understood in the Lebesgue-Stieltjes sense;
jump exit points x(τ) of trajectory x at the instants τ ∈ Dν are defined as
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x(τ) = κτ (Tτ ), where κτ are Carathéodory solutions on the intervals Tτ
.= [0, Tτ ]

of “fast motions” to the so-called limit system

d

dς
κ(ς) = G(κ(ς))uτ (ς), κ(0) = x(τ−). (13)

For any input ϑ ∈ Θ, the properties (H) guarantee the existence and unique-
ness of a solution x[ϑ] to (12), (13) (see, e.g., [21]).

Now we perform the complete and accurate formulation of our complemen-
tarity problem. Condition (2) will be written in the following form:

(
x(t−), x(t)

)
∈ Z |ϑ|-a.e. (14)

A pair σ
.= (x, ϑ) with ϑ ∈ Θ and x = x[ϑ] is said to be an impulsive control

process, and Σ denotes the set of all impulsive control processes satisfying the
complementarity conditions (14) and the following endpoint constraints:

x(0−) = x0, x(T ) ∈ Ω, (15)

where x0 ∈ R
n is a fixed initial position, and Ω ⊆ R

n is a given closed set
prescribing the range of desired terminal configurations. We assume that Σ = ∅.

2 Relaxation of Complementarity System

We proceed in the following way: (I) first, we introduce the notion of quasi- (ε-
perturbed) solution of the complementarity system (and this notion will entail
an approximation of solutions to (6)–(15) by ordinary control processes); (II) by
passing to the limit in the weak* topology of BV , as the parameter ε of per-
turbation vanishes, we obtain a relaxation of the complementarity problem, and
effort to (III) elaborate a constructive representation of this relaxation; this will
be done by the a specific singular transformation of system (6)–(15) due to a dis-
continuous reparameterization of the trajectory funnel of an auxiliary ordinary
differential inclusion; the final goal of our study is (IV) the limit, asymptotic
form of the mixed constraint (14).

Following [1], we are mainly focused on a particular version of (14)—the
separate constraints on states prior to and after jumps—which is essentially
simpler, compared to the general situation, and would be convenient to clarify
the main ideas behind the technicalities.

2.1 Separate Constraints on One-sided Limits of Trajectory

First, let us dwell on an important partial case [1,54] of the addressed model,
assumed that Z = Z− × Z+ with given closed (not necessarily bounded) “jump
permitting” and “jump destination” domains Z± ⊆ X, Z− � x0, Z+ ∩ Ω = ∅,
prescribing possible system configurations before and after switches of state:

x(t−) ∈ Z− and x(t) ∈ Z+ |μ|-a.e. (16)
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As it was illustrated above, the addressed case is typical for mechanical systems
with impactively blockable DOFs.

Again, we assume that Z± are defined as Z± = {x ∈ X| W±(x) = 0}, where
W± are given nonnegative continuous functions X → R.

We start with the notion of quasi-solution to the complementarity problem,
which implies an approximation of exact (discontinuous) solutions to the com-
plementarity problem by ordinary (absolutely continuous) ones.

Definition 1. Given ε > 0, an impulsive control process σ = (x = x[ϑ], ϑ =
(μ, ν, {uτ}τ∈Dν

)), ϑ ∈ Θ, is said to be an ε-approximate solution of system
(12)–(14), if there exists another process σ̃

.= (x̃ .= x[ϑ̃], ϑ̃ .= (μ̃, ν̃, {ũτ}τ∈Dν̃
))

such that the following relations hold true:

(i) (x̃, Fν̃) belongs to an ε-neighborhood of (x, Fν) in BV , i.e.,
∥
∥(x, Fν)(t) − (x̃, Fν̃)(t)

∥
∥ ≤ ε for t ∈

(
(0, T ) \ Dν

)
∪ {T}. (17)

(ii) Processes meet the following “ordering” condition:
∫

T
Q(Fν , Fν̃) dνc +

∫

T
Q(Fν , Fν̃) dν̃c+

∑

τ∈Dν

Q
(
Fν(τ), Fν̃(τ)

)
ν({τ}) +

∑

τ∈Dν̃

Q
(
Fν(τ), Fν̃(τ)

)
ν̃({τ}) ≤ ε. (18)

Here, Q = Q(η+, η−) is an arbitrary fixed continuous nonnegative function
R

2
+ → R vanishing only on the set {(η+, η−) ∈ R

2
+ : η− ≤ η+}.

(iii) The perturbed version of the complementarity condition (14) is satisfied:
∫

T
W−(x̃) dνc +

∫

T
W+(x) dν̃c+

∑

τ∈Dν

W−
(
x̃(τ)

)
ν({τ}) +

∑

τ∈Dν̃

W+

(
x(τ)

)
ν̃({τ}) ≤ ε. (19)

Some comments on the origin of relations (18) and (19), along with an exam-
ple illustrating the features of the proposed definition, can be found in [1]. Note
that in [1] the condition (19) was written in an abbreviated form

∫

T
W−(x̃) dν +

∫

T
W+(x) dν̃ ≤ ε,

which could be misunderstood, if ν and ν̃ have common atoms.
It is useful to mention that the part of quasi-solutions could be played by

control processes of system (6), (7). This means that Definition 1 also suggests
a way of approximation of impulsive solutions, constrained by relations (16), by
physically meaningful continuous states.

Now let us introduce X as the set of functions x ∈ BV +(T ,X) such that
there exists a sequence {σε}ε>0 of impulsive control processes σε = (x, ϑ)ε with
the following properties:
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– for any ε > 0, σε satisfies constraints (15) with accuracy of ε, i.e., |xε(0) −
x0| ≤ ε and xε(T ) ∈ Uε(Ω), where Uε stands for the ε-neighborhood of a set;

– σε is an approximate ε-solution of (1), (14) in the sense of Definition 1, and
– xε ⇁ x, as ε → 0.

In the next section, we design a constructive representation of the set X by
a specific reparameterization of solutions to an auxiliary ordinary differential
inclusion.

3 Trajectory Extension by the Discontinuous Space-time
Transform

We employ an outstanding technical trick, named the discontinuous time repa-
rameterization technique, which is based on the paradigmatic result from
analysis—the discontinuous change of variable under the sign of the Lebesgue-
Stiletjes integral—and provides an equivalent transform of the measure differen-
tial equation to an ordinary control system with bounded inputs and absolutely
continuous states. Note that we need a very particular realization of this method
due to relation (16) (respectively, (14)), which assumes the actual space transfor-
mation, and differs from its classical version [21,22,29,43]. For an intuition and
comments around the proposed problem transformation technique we suggest
the reader to revise [1,54].

On a time interval S .= [0, S], S � T , consider the following ordinary control
system:

d

ds
ξ = α,

d

ds
y± = α f(y±) + G(y±)β±, (20)

d

ds
η± = |β±|, (21)

d

ds
ζ = α

(
Δ±η + |Δ±y|

)
+

(
1 − α

)
Q(η+, η−)

+ |β+|W−(y−) + |β−|W+(y+), (22)

y±(0) = x0, (ξ, η+, η−, ζ)(0) = 0 ∈ R
4, (23)

ξ(S) = T, Δ±(y, η)(S) = 0 ∈ R
n+1, ζ(S) = 0, (24)

y+(S) ∈ Ω, η+(S) ≤ M, (25)

(α, β+, β−) ∈ U. (26)

Here, s is a new time variable; the set U .= U(S) is formed by inputs being Borel
measurable functions

u .= (α, β+, β−),
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α : S → R, β± : S → R
m such that α(s) ≥ 0 and α(s) + |β+(s)| + |β−(s)| = 1

λ-a.e. over S. States of the reduced system are

x .=
(
ξ, y

.= (y+, y−), η .= (η+, η−), ζ
)

∈ R
2n+4

with y±(s) ∈ X, and ξ(s), η±(s), ζ(s) ∈ R+. The operation Δ± applied to a
vector c = (c+, c−), c± ∈ R

r, returns the vector c+ − c− ∈ R
r, and Δ∓ = −Δ±.

By x[u] we denote a Carathéodory solution of system (20)–(23) on the inter-
val S, with an input u ∈ U.

Given an impulsive control ϑ ∈ Θ, set μ̂
.= λ+2|ϑ| and introduce the function

Υ : T → [0, μ̂(T )] as follows:

Υ (t) = Fμ̂(t), t ∈ T .

Due to the strict increase of Υ , there exists the inverse [0, μ̂(T )] → T , denoted
by υ.

In [55] we proved that systems (12)–(15) and (20)–(26) are equivalent to each
other in the following sense:

Theorem 1. (1) Let ϑ ∈ Θ be such that the solution x = x[ϑ] of (12), (13)
meets conditions (14) and (15). Then, there exist a real S ≥ T and a control
u ∈ U(S) such that the solution x = x[u] of control system (20)–(23) satisfies
the terminal constraints (24), (25), and

y− ◦ Υ = y+ ◦ Υ = x, υ = ξ. (27)

(2) Assume that S ≥ T and u ∈ U(S) are chosen such that the related
solution x .= (ξ, y, η, ζ)[u] of system (20)–(23) satisfies constraints (24), (25).
Define a function x ∈ BV +(T ,X) by the composition

x = y+ ◦ Ξ on T , (28)

where Ξ : T → S is given by

Ξ(t) = inf{s ∈ S : ξ(s) > t}, t ∈ [0, T ), Ξ(T ) = S. (29)

Then, x satisfies (12), (13) together with constraints (14), (15).

Function Ξ is referred to as the inverse (discontinuous) time change. Remark
that relations (29) define Ξ as a pseudo-inverse of ξ: the composition ξ ◦ Ξ
coincides with the identity mapping Id, while Ξ ◦ ξ = Id for continuity points
t = ξ(s) of Ξ [21]. By definition, Ξ is strictly monotone increasing, and right
continuous.

Now, we recall the formulas for the direct and inverse transforms.
Given ϑ = (μ, ν, {uτ}) ∈ Θ, set S

.= Υ (T ), and consider the following inputs
of the reduced system:

lounis.adouane@uca.fr



On Complementarity Measure-driven Dynamical Systems 709

α(s) .=
{

(m1 ◦ υ)(s), υ(s) ∈ supp νac,
0, otherwise;

β±(s) .=

⎧
⎪⎪⎨

⎪⎪⎩

(uτ ◦ θτ±)(s), ∃ τ ∈ Dν s.t. s ∈ Sτ±,
(m2 ◦ υ)(s)α(s), υ(s) ∈ supp νac,
(m3 ◦ υ)(s), υ(s) ∈ supp νsc,
0, otherwise.

Here,

m1
.=

dλ

dμ̂
, m2

.=
dμac

dλ
, m3

.=
dμsc

dμ̂

(the derivatives are regarded in the Radon-Nikodym sense);

Sτ+
.= Υ (τ−) + ν({τ}), Sτ−

.= [Υ (τ−), Υ (τ)] \ Sτ+;

θτ+(s) .= s − Υ (τ−), s ∈ Υ (τ−) + [0, ν({τ})],

and
θτ−(s) .= s − θτ+(s), s ∈ (Υ (τ−) + ν({τ}), Υ (τ)].

Symmetrically, given u = (α, β+β−) ∈ U(S), we can define a desired impul-
sive control ϑ = (μ, ν, {uτ}) ∈ Θ as follows:

(μ, ν) .= d(Fμ, Fν) with

Fν(0−) − 0, Fν
.= η+ ◦ Ξ,

Fμ(0−) = 0, Fμ(t) =
∫ Ξ(t)

0

β+(s) ds, t ∈ T , and

uτ = β+ ◦ sτ ,

where
sτ (θ) .= inf{S ∈ [Ξ(τ−), Ξ(τ)] : θτ (s) > θ}, and

θτ (s) = η+(s) − η+(Ξ(τ−)), s ∈ [Ξ(τ−), Ξ(τ)].

Let F denote the right-hand side of system (20)–(23). Consider the standard
convexification

dx(s)
ds

∈ co
{
F

(
x,u

)
| u ∈ U

}
(30)

with the initial state x(0) defined by (23). Here, co A denotes the closed convex
hull of a set A.

A desired constructive representation of the relaxation X is given by the
following

Theorem 2. The set X coincides with the trajectory tube of (30), (23)–(25), up
to a discontinuous time change:
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(1) For any x ∈ X, there exist S ≥ T and a solution x = (ξ, y+, y−, η+, η−, ζ)
of the terminally constrained differential inclusion (30), (23)–(25), such that rela-
tions (27) hold.

(2) Let x = (ξ, y+, y−, η+, η−, ζ) be a solution to the Cauchy problem for dif-
ferential inclusion (30) on a time interval S = [0, S], S ≥ T , such that conditions
(24), (25) hold. Define x by (28). Then, x ∈ X.

The assertion is a generalization of a similar result that was proved in [2] for
absolutely continuous approximations (xε, x̃ε)ε>0. The generalization consists in
admitting arbitrary approximations.

Now one can inquire whether the points of X satisfy condition (16). The
simplest examples show that this is not the case. Still, the property (16) is
somehow preserved, as the following assertion claims:

Theorem 3. Let x ∈ X. Consider an approximating sequence of processes σε =
(xε, ϑε), ϑε

.= (μ, ν, {uτ})ε, xε
.= x[ϑε], from the definition of X. The sequence

νε converges in the weak* topology of C∗ to a nonnegative measure ν such that
ν(T ) ≤ M , and the pair (x, ν) satisfies (14).

The proof is published in [1]. Here, we just briefly recall the main arguments.

One need to consider the monotone increasing map Υε,

Υε(t)
.= t + Fνε

(t) + Fν̃ε
(t), t ∈ T ,

with the inverse υε, and put Sε
.= Υε(T ). Next, on intervals Sε

.= [0, Sε], define
the input uε by

αε
.=

{
mε

1 ◦ υε, υε ∈ supp (νεac
+ ν̃εac

),
0, otherwise;

β+ε

.=

⎧
⎪⎪⎨

⎪⎪⎩

uτ

|uτ |+|ũτ | ◦ θετ
, ∃ τ ∈ Dνε

s.t. s ∈ Sετ
,

mε
2+ ◦ υε αε, υε ∈ supp νεac

,
mε

3+ ◦ υε, υε ∈ supp νεsc
,

0, otherwise,

β−ε

.=

⎧
⎪⎪⎨

⎪⎪⎩

ũτ

|uτ |+|ũτ | ◦ θετ
, ∃ τ ∈ Dν̃ε

s.t. s ∈ Sετ
,

mε
2− ◦ υε αε, υε ∈ supp ν̃εac

,
mε

3− ◦ υε, υε(s) ∈ supp ν̃εsc
,

0, otherwise,

where

mε
1

.=
dλ

d(λ + νε + ν̃ε)
, mε

2+
.=

dμεac

dλ
, mε

3+
.=

dμεsc

d(λ + νε + ν̃ε)
,

mε
2−

.=
dμ̃εac

dλ
, mε

3−
.=

dμ̃εsc

d(λ + νε + ν̃ε)
,
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θετ
(s) .= s + Υε(τ−), s ∈ Sετ

; Sετ

.= [Υε(τ−), Υε(τ)].

The defined input is admissible in the reduced system, while the respective state
xε

.= (ξ, y+, y−, η+, η−, ζ)ε satisfies terminal conditions (24), (25) with accuracy
of ε, and

(y+, y−, η+, η−)ε ◦ Υε = (xε, x̃ε, Fνε
, Fν̃ε

).

Solutions xε can be further extended to the common interval S .= [0, S
.=

sup{Sε : ε > 0}] by setting xε(s) = xε(Sε) on (Sε, S].
Noting that the sequence {xε}ε>0 is equicontinuous and uniformly bounded

and applying the Arzelá-Ascoli theorem, one selects a subsequence uniformly
converging to a function x .= (ξ, y+, y−, η+, η−, ζ).

The inverse time changes Ξε, Ξε(t)
.= inf{s ∈ S : ξε(s) > t}, Ξε(T ) = S,

and Ξ, Ξ(t) .= inf{s ∈ S : ξ(s) > t}, Ξ(T ) = S then give

y+ε
◦ Ξε = xε,

which—due to the convergence y+ε
◦ Ξε ⇁ y+ ◦ Ξ and xε ⇁ x—by standard

arguments [21, Theorem 2.13], implies

y+ ◦ Ξ = x. (31)

Analogously, νε ⇁ ν with Fν
.= η+ ◦ Ξ. Since xε meets terminal conditions with

accuracy to within ε, one gets η+ε
(S) ≤ M + ε, which entails

η+(S) .= ν(T ) ≤ M.

Further arguments follow from the inequality ζε(S) ≤ ε, which implies the
estimates:

J1ε

.=
∫

S
ξ̇ε

(
Δ±ηε + |Δ±yε|

)
ds ≤ ε,

J2ε

.=
∫

S

(
η̇+ε

+ η̇−ε

)
Q(ηε) ds ≤ ε,

J3ε

.=
∫

S

(
η̇+ε W−(y−ε

) + η̇−ε
W+(y+ε)

)
ds ≤ ε.

By [1, Lemma 1], one concludes that Jiε → Ji as ε → 0 and therefore Ji = 0,
i = 1, 2, 3, where

J1
.=

∫

S
ξ̇
(
Δ±η + |Δ±y|

)
ds, J2

.=
∫

S

(
η̇+ + η̇−

)
Q(η) ds,

J3
.=

∫

S

(
η̇+ W−(y−) + η̇− W+(y+)

)
ds.s

The remaining (and the most interesting) part of the proof is devoted to
analysing the equalities Ji = 0.

The first one J1 = 0 implies that Δ±(y, η) = 0 for all s ∈ S\
⋃

τ [Ξ(τ−), Ξ(τ)]
(by continuity of y, η), and

0 = J1 =
∫ Ξ(T )

0

(
Δ±η + |Δ±y|

)
dξ(s) =

∫

T

(
Δ±η + |Δ±y|

)
◦ Ξ dt,
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which finally yields

(y, η)+ ◦ Ξ = (y, η)− ◦ Ξ for all t ∈ T ,

thanks to the right continuity of the compositions.
The second relation J2 = 0 together with the constraints on the state com-

ponents η± lead to the ordering

η− ≤ η+, (32)

that takes place over S.
The concluding arguments are aimed at ensuring the inclusions

(y+ ◦ Ξ)(t−) ∈ Z−, (y+ ◦ Ξ)(t) ∈ Z+ over T .

To that end, one refer to the remaining, third relation J3 = 0, which is decom-
posed into the two equalities

0 =
∫

S\⋃

τ [Ξ(τ−),Ξ(τ)]

W±(y±) dη∓(s) =
∫

T
W±(y+ ◦ Ξ) dνc(t),

0 =
∫ Ξ(τ)

Ξ(τ−)

|β+|W−(y−) ds =
∫ Ξ(τ)

Ξ(τ−)

|β−|W+(y+) ds, τ ∈ DdΞ .

The first of them yields

x(t) .= (y+ ◦ Ξ)(t) ∈ Z− ∩ Z+ for νc-a.a t ∈ T ,

and the second one gives

(y+ ◦ Ξ)(τ−) ∈ Z−, and (y+ ◦ Ξ)(τ) ∈ Z+

for all discontinuity points of Ξ (and therefore, for any τ ∈ Dν).
Indeed, assumed, ad absurdum, that, e.g., y−(Ξ(τ)) /∈ Z− for a certain point

τ ∈ DdΞ , one gets WX
Z−(y−(s)) > 0 on an interval Ŝ = [Ξ(τ−), ŝ) (thanks to the

continuity of the composition), which would immediately imply the contradiction
with the proved condition (32), in view of the definition of η = (η+, η−) and the
established equality Δ±(η ◦ Ξ)(τ−) = 0.

4 The General Case

Now, we consider a general complementarity system with an arbitrary closed
relation Z of one-sided limits of solutions.

We start with a general notion of ε-perturbed (quasi-) solution to the com-
plementarity system (6), (14), which extends Definition 1.

Let Q : R
3 → R be a nonnegative function vanishing only on the cone

{(a, b, c) ∈ R
3
+ : a ≤ b ≤ c}.
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Definition 2. Given ε > 0, a collection
(
x = x[ϑ], ϑ = (μ, ν, {uτ}τ∈Dν

)
)
, ϑ ∈ Θ,

is said to be an ε-solution of the complementarity problem (6), (14) if there exist
two “comparison” control processes

(
x = x[ϑ], ϑ = (μ, ν, {uτ}τ∈Dν

)
)
, ϑ ∈ Θ,

and (
x = x[ϑ], ϑ = (μ, ν, {uτ}τ∈Dν

)
)
, ϑ ∈ Θ,

with the properties:

(i) Processes (x, ϑ) and (x, ϑ) belong to an ε-neighborhood of the process (x, μ)
in the weak* topology of BV , i.e.,

∥
∥(Fν , x)(t) − (Fν , x)(t)

∥
∥ +

∥
∥(Fν , x)(t) − (Fν , x)(t)

∥
∥ ≤ ε

for all t ∈
(
(0, T ) \ Dν

)
∪ {T}.

(ii) An ε-approximate “sandwich rule” is fulfilled:
∫

T
Q

(
Fν , Fν , Fν

)
dν̌c +

∑

τ∈Dμ̌

Q
(
Fν(τ), Fν(τ), Fν(τ)

)
ν̌({τ}) ≤ ε.

Here, ν̌
.= ν + ν + ν.

(iii) A perturbed version of the orthogonality condition holds:
∫

T
W

(
x, x

)
dνc +

∑

τ∈Dν

W
(
x(τ−), x(τ)

)
ν({τ}) ≤ ε.

Based on this definition, the relaxation X is introduced as in Sect. 2.1.
Below, we effort to evaluate a constructive representation of X by a singular

time-spatial transform, which is similar to the above simpler case.

4.1 Space-Time Transform and Limit Behavior of States

As in Sect. 3, consider an auxiliary ordinary differential inclusion with a new
time variable s, acting on an interval S .= [0, S], S ≥ T . The transformed
system resembles (20)–(25), (30) and owns the same intuition behind it, but
looks heavier:

x(0) = x0;
dx
ds

∈ co
{
F

(
x,u

)
| u ∈ U

}
. (33)

Here,

x .=
(
ξ ∈ R, ŷ

.= (y, y, y) ∈ X3, η̂
.= (η, η, η) ∈ R

3, ζ ∈ R
)

∈ R
3n+5,

u .=
(
α ∈ [0, 1], β̂

.= (β, β, β) ∈ (Bm)3
)

∈ R
3m+1,
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F .=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

α
α f(y) + G(y)β
α f(y) + G(y)β

α f(y) + G(y)β
‖β‖
‖β‖
‖β‖

α
(
Δη̂ + ‖Δŷ‖

)
+ (1 − α)Q(η) + β W (y, y)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

x0
.=

(
0, (x0, x0, x0), (0, 0, 0), 0

)
,

Bn stands for the unit ball in R
n with the respective norm, and

U .=
{
u =

(
α, β̂

.= (β, β, β)
)

: α ≥ 0, α + ‖β‖ + ‖β‖ + ‖β‖ = 1
}
.

The operation Δ, applied to a vector c = (c, c, c), returns the vector (c−c, c−c).
The system (33) is subject to the following terminal constraints:

ξ(S) = T, Δ(y, η)(S) = 0 ∈ R
2(n+1), y+(S) ∈ Ω, η+(S) ≤ M. (34)

The relation between X and the trajectory tube of (33), (34) is established
by the following

Theorem 4. (1) Denote μ̃
.= λ + 3|μ|, introduce a strictly increasing function

Υ : T → [0, μ̃(T )], Υ (t) = Fμ̃(t), t ∈ T , and its inverse υ : [0, μ̃(T )] → T . For
any x ∈ X, there exist S ≥ T and a solution x = (ξ, ŷ = (y, y, y), η̂ = (η, η, η), ζ)
on S .= [0, S] of the constrained differential inclusion (33), (34), such that the
following relations hold:

y ◦ Υ = y ◦ Υ = y ◦ Υ = x,
η ◦ Υ = η ◦ Υ = η ◦ Υ = F|μ|,

υ = ξ.

(2) Let x = (ξ, ŷ = (y, y, y), η̂ = (η, η, η), ζ) be a solution to the Cauchy
problem for differential inclusion (33) on a time interval S = [0, S], S ≥ T , such
that conditions (34) hold. Define x ∈ BV +(T ,X) by the composition

x = y ◦ Ξ on T ,

where the map Ξ : T → S is defined by

Ξ(t) = inf{s ∈ S| ξ(s) > t}, t ∈ [0, T ), Ξ(T ) = S.

Then, x ∈ X.

The following result is a generalization of Theorem3:

Theorem 5. For any x ∈ X,

(1) there exists ϑ ∈ Θ such that x is a solutions of MDE (6) under input ϑ;
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(2) for |ϑ|c-a.a. t ∈ T , it holds
(
x(t), x(t)

)
∈ Z;

(3) for any τ ∈ D|ϑ|, the jump Δx(τ) .= x(τ) − x(τ−) is divided into a series of
“subjumps”, and, possibly, continuous motions in the singular mode:
there exist a finite or countable set Iτ , and a set Rτ ⊆ Tτ

.= [0, |ϑ|({τ})],
Rτ = ∪i∈Iτ

Ωi
τ , where Ωi

τ
.= (θi

τ , θ
i

τ ), θi
τ < θ

i

τ , Ωi
τ ∩ Ωj

τ = ∅ for all i, j ∈ Iτ ,
i = j, such that

(
κτ (θi

τ ), κτ (θ
i

τ )
)

∈ Z ∀ i ∈ Iτ ,
(
κτ (θ), κτ (θ)

)
∈ Z λ-a.e. on Tτ \ Rτ ,

where κτ are solutions to the limit system (13) on Tτ .

The latter assertion draws the picture of the asymptotic behavior of solu-
tions to the complementarity problem for a measure-driven system, as impulses
accumulate up to either continuous motion (so-called impulsive sliding regimes),
or to a series of multiple jumps at a single time instant.

Proofs of Theorems 4 and 5 are organized similarly to the proof of Theorems 2
and 3 from the previous section, and the arguments are basically the same as
in the case of separated constraints (16), provided that they are applied to the
new reduced system (33), (34).

5 Conclusion

The paper presents a mathematical framework for a new substantial class of
dynamic complementarity systems. The obtained results allows one to operate
with the impulsive (rather irregular) model as with an ordinary state-constrained
control system. This enables known mathematical and software tools to be
applied to the qualitative and numerical analysis of the original measure-driven
complementarity problem.

As a promising area of application, we regard mechanical systems with block-
able DOFs discussed in the Introduction. In fact, the addressed complementarity
system covers a wide variety of hybrid systems with control switches/jumps (in
the taxonomy [5,56]) and dynamic complementarity problems [6,13].
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Abstract. The authors previously proposed a method to test different
hypotheses concerning the human motor control strategies in a com-
putationally efficient way. Its efficiency was demonstrated by modeling
the human visual servoing of the 1D bouncing ball benchmark, which
involves rhythmic interactions with the environment. Three candidate
human-inspired control laws were discriminated based on their capac-
ity to stabilize the task, as analyzed by means of Poincaré maps. It
was shown that the linear approximation, derived on these equilibrium
points, of the human-like controller could be viewed as a state-feedback.
Thus, the human-like controller was compared to the Linear Quadratic
controller around the equilibrium point. The present study extends the
analyzes made in this previous study by taking into account the influence
of the arm and neural dynamics on the behavior adaptation to perturba-
tions and task constraints. Particularly, the influence of these dynamics
on the task stability is studied. Obtained results contribute to a better
understanding of the human motor control strategies and will help to
replicate these performances in robotics thanks to a more robust and
less model-dependent robotic control architecture.

Keywords: Dynamic stability · Hybrid task · Perception-action ·
Coupling

1 Introduction

The identification of the neurobiological principles underlying human motor
control is a very active research topic. Indeed, human movement has a level
of robustness and dexterity still unmatched by robots. The objective is therefore
to better understand the origin of this efficiency and to translate it into robotics.
The present study is based on the method proposed in [1] that showed that the
use of automatic control methods and particularly those related to stability anal-
ysis could lead to a deeper understanding of the key principles allowing humans
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to efficiently adapt behavior to the environment, specifically during cyclic tasks.
It has been shown that spinal rhythm generators, known as Central Pattern
Generators (CPG), are responsible for the generation of rhythmic movements
such as locomotion and respiration in vertebrates. These CPG constitute
dynamic nonlinear systems modulated by sensory signals and descending sig-
nals from the cortex to adapt the behavior to the changing environment. The
output of the most common CPG models can be considered as sinusoidal in first
approximation [2].

The one-dimensional ball bouncing task is a well-known benchmark in neu-
roscience and robotics for its intrinsic dynamic properties [3–5]. This cyclic task
allows for the investigation of rhythmic movement generation by spinal networks,
the temporal synchronization with the environment, the on-line correction of
spatial errors and the interception of ballistic projectiles. To model the human
behavior during this task, some roboticists have proposed control architectures
based on neural oscillators producing quasi-sinusoidal arm trajectories [5–7].
Poincaré impact maps are generally used to analyze the stability of such hybrid
systems. The open-loop stability of ball bouncing has been extensively stud-
ied [8–11], as well as the frequency control of the task [12,13]. However, humans
modulates simultaneously the frequency and the amplitude of the arm movement
during this task [14]. The stability analysis proposed in [1] considered controllers
reproducing such modulations by integrating the recently identified period and
amplitude adaptation laws used by humans to achieve the ball-bouncing task
[14,15]. The hybrid dynamics under these human control strategies were modeled
by a nonlinear singular Poincaré map involving an implicit partial differential
algebraic equation solved numerically. Their asymptotic stability was studied
based on a linearization around equilibrium points. The present study recalls
this method and completes the investigated models of the human motor control
strategies by taking into account the influence of the musculoskeletal dynamics
on the task stability. This extended method can be used to tune CPG-based con-
trollers for robotic applications while avoiding the time-consuming simulations of
the system continuous dynamics. The ball bouncing task is presented in Sect. 2
and the stability of the bio-inspired controller with amplitude and frequency
control is analyzed in Sect. 3. In Sect. 4, the implicit map is approximated by an
explicit one, and the influence of this approximation on the stability properties
is analyzed. The approximated bouncing map is compared to a LQR controller
within the spirit of the one proposed for frequency control in [13] but for the
paddle oscillation amplitude control. The Poincaré map with active phase con-
trol is analyzed in Sect. 5. The results are discussed and conclusions are drawn
in Sect. 6.

2 Ball Bouncing Equations

2.1 Poincaré Maps of the Ball-bouncing Task

The 1D ball-bouncing task is represented on Fig. 1. The agent moves his/her
arm to bounce a ball in the vertical direction with a paddle. He/she can adapt
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the paddle oscillation period Tr and amplitude A during each cycle to control
the ball movement. The ball trajectory between two impacts at tk and tk+1 is
governed by ballistic equations:

x(t) = xk + Vk(t− tk) − 0.5g(t− tk)2

V (t) = Vk − g(t− tk)

}
for tk < t < tk+1 (1)

with x(t) and V (t) the ball position and velocity, tk the impact instant, xk the
impact position, Vk the ball velocity directly after impact, and g the gravity
acceleration. Considering that the ball mass is negligible in comparison with the
paddle mass, and that the impacts are instantaneous, the impact equation is
[9,16]: Vk+1 = −αV −

k+1 + (1 + α)Vrk+1 (2)
with α the ball-paddle restitution coefficient at impact (α ∈ ]0, 1[), Vrk+1 the paddle

velocity at impact, V −
k+1 the ball velocity directly before impact k + 1. According to

the ballistic trajectory of the ball, V −
k+1 = Vk − g(tk+1 − tk).

The paddle is considered to oscillate vertically. Its position is noted r(t). Between
impacts k and k + 1, if the paddle trajectory is sinusoidal, r(t) is given by: r(t) =
Ak+1 sin(ωk+1(t − tk) + φk). When the paddle oscillation frequency is modulated by
the controller at impact k + 1, the oscillation phase remains continuous:

φk+1 = ωk+1(tk+1 − tk) + φk (3)

Thus, the paddle velocity at impact k+1 is equal to Ak+1ωk+1 cos(ωk+1(tk+1−tk)+φk),
which is equal to Ak+1ωk+1 cos(φk+1). As a consequence, according to (1) and (2), for
t = tk+1, the ball bouncing was described [1] by an autonomous discrete-time nonlinear
system presented in (4), Equation (4b) being an implicit equation.

Vk+1 = −αVk + (1 + α)Ak+1ωk+1 cos(φk+1) + αg(tk+1 − tk) (4a)

Ak+1 sin(φk+1) = Ak sin(φk) + Vk(tk+1 − tk) − g/2(tk+1 − tk)2 (4b)

12.5 13 13.5 14 14.5 15
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TimeImpact k Impact k+1
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Fig. 1. The ball-bouncing task. Reprinted from [1], copyright by Scitepress.

2.2 Human Control of Ball Bouncing

In the studied ball-bouncing task, a predefined target height hp is imposed (see Fig. 1).
Siegler et al. revealed that humans adapt the paddle period to be equal to the ball
period at each cycle (5a). To cancel the bounce error εk = hp − hak , with hak the ball
apex at cycle k, they modulate the paddle velocity from previous impact proportionally
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to εk [14]. In [1], the assumption was made that this error correction is achieved via
an adaptation of the paddle oscillation amplitude:

Tr(k + 1) = Tb(k + 1) = 2Vk/g (5a)
ΔA(k + 1) =̂ Ak+1 − Ak = λεk (5b)

with λ a positive scalar and Tb(k + 1) the ball period during the cycle directly after
impact k.

In addition to these adaptation laws, previous experimental studies showed that
the human behavior is settled around a passive stability regime characterized by a
specific interval of negative paddle accelerations at impact, as evidenced by the stability
analysis of the open-loop task dynamics [17,18]. Previous studies have hypothesized
that sensory information is used by humans to allow the bounce to stay or to return to
this passive stability regime [7,19,20]. This convergence towards the passive stability
regime was hypothesized to result from an active control of the impact phase [1]. The
influence of these amplitude, frequency and phase adaptation strategies on the task
stability is more extensively studied throughout the paper.

2.3 Bio-inspired Controllers

As in [1] the study of the different bio-inspired controllers is achieved by analyzing the
following discrete-time representations in the next sections:

– Map with amplitude and frequency control (Sect. 3.1)
– Approximated map with amplitude and frequency control (Sect. 4)
– Map with amplitude, period and phase control (Sect. 5)

These representations model the discrete dynamics of the task controlled by the
human CPG, that is viewed as a generator of sinusoidal trajectories. In Sects. 3.1, 3.2,
4 and 5, the additional dynamics introduced by the agent’s arm mechanical system
are supposed to be accurately canceled by low-level tracking controllers, such as a PID
controller in Fig. 2. The arm dynamics are thus not considered in these sections. In
Sect. 3.3, the neural and musculoskeletal dynamics are considered to be non negligi-
ble and are modeled by first order dynamics on the paddle frequency and amplitude
adaptation laws. All the presented results have been achieved for g = 9.81 m/s2 and
hp = 0.55 m.

Fig. 2. Block diagram of the ball bouncing closed-loop. Reprinted from [1], copyright
by Scitepress.
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3 Human-like Bouncing Map

The Poincaré map with amplitude and frequency control is derived in this section, and
its stability analyzed.

3.1 Map Definition and Equilibrium Points

In this case, the Poincaré map of (4) holds, but the amplitude Ak varies according to
(5b). The ball apex is given by hak = V 2

k /(2g) + Ak sin(φk). The paddle frequency
being controlled by ωk+1 = πg/Vk, the bouncing map is [1]:

Ak+1 = Ak + λ(hp − Ak sin(φk) − V 2
k

2g
) (6a)

Vk+1 = −αVk + (1 + α)Ak+1
πg

Vk
cos(φk+1) + α

Vk

π
(φk+1 − φk) (6b)

Ak+1 sin(φk+1) − Ak sin(φk) − V 2
k

πg
(φk+1 − φk) +

V 2
k

2π2g
(φk+1 − φk)2 = 0 (6c)

For φ̄ solution of (6c), such that φk+1 = φ̄ + 2π, the equilibrium point of (6) is given
by considering Vk+1 = Vk = V̄ and Ak+1 = Ak = Ā:

Ā =
hp

(1+α)π cos(φ̄)
2(1−α)

+ sin(φ̄)
, V̄ =

√

(1 + α)Āπg cos(φ̄)

(1 − α)
(7)

It can be noted that no equilibrium point exists for φ̄ in ]π/2, 3π/2[ as V̄ would be
undefined. In addition, only the realistic (positive) values of the paddle amplitude are
considered. For Ā to be positive, φ̄ must be inside the interval ]φlim, π/2[ with the limit
phase value φlim given by:

φlim = arctan

(−(1 + α)π

2(1 − α)

)

(8)

Figure 3 presents a comparison between the trajectory variables Ak and Vk as functions
of the impact number k, predicted by the bouncing map (6) or resulting from the numer-
ical simulations of the continuous ball and paddle trajectories. The figure illustrates
the good matching between the predicted and simulated variables and underlines the
interest of analyzing the task stability properties by focusing on the presented Poincaré
section corresponding to the ball-paddle impact.

3.2 Linear Stability Analysis

The Jacobian matrix of (6) is given by:

J =

⎛

⎜

⎜

⎝

∂Ak+1
∂Ak

∂Ak+1
∂Vk

∂Ak+1
∂φk

∂Vk+1
∂Ak

∂Vk+1
∂Vk

∂Vk+1
∂φk

∂φk+1
∂Ak

∂φk+1
∂Vk

∂φk+1
∂φk

⎞

⎟

⎟

⎠

(9)
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Fig. 3. Comparison of the bouncing map predictions and simulation. Three values of
the the initial impact phase φ0 (λ = 0.09) are considered. Reprinted from [1], copyright
by Scitepress.

with the partial derivatives given by:

∂Ak+1

∂Ak
= 1 − λ sin(φk),

∂Ak+1

∂Vk
= −λVk

g

∂Ak+1

∂φk
= −λAk cos(φk)

∂Vk+1

∂Ak
= (1 + α)

πg

Vk
(cos(φk+1)

∂Ak+1

∂Ak
− Ak+1 sin(φk+1

∂φk+1

∂Ak
)) +

αVk

φk

∂φk+1

∂Ak

∂Vk+1

∂Vk
= (1 + α)πg(

∂Ak+1
∂Vk

Vk − Ak+1

V 2
k

cos(φk+1) − Ak+1

Vk

∂φk+1

∂Vk
sin(φk+1)) − α

+
α

π
(φk+1 − φk + Vk

∂φk+1

∂Vk
)

∂Vk+1

∂φk
= (1 + α)

πg

Vk
(
∂Ak+1

∂φk
cos(φk+1) − Ak+1

∂φk+1

∂φk
sin(φk+1)) +

αVk

π
(
∂φk+1

∂φk
− 1)

∂φk+1

∂Ak
= − ∂F/∂Ak

∂F/∂φk+1
,

∂φk+1

∂Vk
= − ∂F/∂Vk

∂F/∂φk+1

∂φk+1

∂φk
= − ∂F/∂φk

∂F/∂φk+1

(10)
with F being the left-hand side of the implicit Equation (6c).

The Jacobian matrix J in (9) is evaluated at the equilibrium point (7) and its
eigenvalues are denoted ev1, ev2, ev3. It can be shown that ev1 and ev2 are two hyper-
bolic eigenvalues. ev2 is stable (|ev2| < 1), for any value of α and λ whereas ev1 has
a stability that essentially depends on the value of λ. These results are demonstrated
in the Sect. 4 when compared to the ones of the approximated map. On the contrary,
ev3 was shown to be independent of the values of α and λ, and always equal to unity.
ev3 is thus non-hyperbolic but also non-defective. It is thus possible to conclude that
the linearized system is Lyapunov stable, but nothing can be directly deduced for the
nonlinear Poincaré map stability [21]. The bouncing map (6) is thus singular. Indeed,
in addition to the fact that ev3 = 1, it can be seen that (6) is identically zero for any
steady-state value of φ̄. Numerical simulations suggest that the continuum of equilib-
rium points defined by relations (7), with φ̄ a free variable in ]φlim, π/2[, is stable.
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During simulated trials, the value of φ̄ was also shown to vary only slightly from its
initial value φ0, which lead us to the approximation presented in the Section 4.

3.3 Linear Stability Analysis with Arm Dynamics

This Section illustrates the influence of musculoskeletal dynamics of the arm movement
on the stability of the task under the previous amplitude and frequency control. To
take into account this dynamics, the paddle frequency and amplitude adaptation laws
are considered to be affected by two separate first order dynamics. That is, (5) is
considered to describe the reference ΔAref (k + 1) and ωref

k+1 = 1/(2πTr(k + 1)) (or
input) values to two first order systems producing ΔA(k +1) and ωk+1. The definition
(7) of the equilibrium point is still valid under these changes. The idea is to prove that
the arm movement dynamics has a stabilizing effect in the global system. By analogy
with discrete-time systems, and with z denoting the discrete-time variable, we write
the arm movement dynamics as follows:

ΔA(k + 1) =
1 − z1

1 − z1z−1
ΔAref (k + 1) (11a)

ωk+1 =
1 − z2

1 − z2z−1
ωref

k+1 (11b)

Discrete-time interpretation of (11) corresponds to unitary gain first order sys-
tems with respective poles z1 and z2. The following time-domain difference equations
equivalent to (11) are used in the analysis:

Ak+1 = (1 + z1)Ak − z1Ak−1 + (1 − z1)ΔAref (k + 1) (12a)

ωk+1 = z2ωk + (1 − z2)ω
ref
k+1 (12b)

The following closed loop map is obtained with ΔAref (k + 1) = λ(hp − hak ) and
ωref

k+1 = gπ/Vk:

Vk+1 = −αVk + αg
φk+1 − φk

ωk+1
+ (1 + α)Ak+1ωk+1 cos(φk+1)

Ak+1sin(φk+1) − Aksin(φk) − Vk
φk+1 − φk

ωk+1
− g

2

(

φk+1 − φk

ωk+1

)2

= 0

Ak+1 = (1 + z1)Ak − z1Ak−1 + (1 − z1)λ(hp − hak )

ωk+1 = z2ωk + (1 − z2)
gπ

Vk

hak = Aksin(φ) +
V 2

k

2g

(13)

Considering the state vector Xk =
[

Vk φk Ak Ak−1ωk

]T
and calculating the eigen-

values of the Jacobian matrix, 5 eigenvalues are obtained. Two of them are related to
z1 and z2, are the others 3 are related to the eigenvalues of (9). Figure 4(a), (b) show
the Jacobian eigenvalue stability analysis for different values of z1 and z2, with other
parameters fixed to α = 0.48, hp = 0.55, g = 9.81. The case z1 = z2 = 0 in Fig. 4(a)
corresponds to the analysis performed in Sect. 3.2, i.e. one eigenvalue always equal to
unity (|ev3| = 1) is obtained and one of the eigenvalues becomes unstable (|ev2| > 1)
for λ values larger than 0.4. In Fig. 4(b) the case for z1 = z2 = 0.1 is considered. In
this case, there exists no eigenvalue always equal to unity (|ev3| < 1) and in addition
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the stability region as function of λ is larger, with unstable eigenvalues obtained for λ
larger than 0.5. For the cases z1 = z2 > 0.2 the system is stable for variation of λ in
the considered region. This shows that the musculoskeletal dynamics of the arm has a
stabilizing effect in the system. In the remaining of the article, the case without arm
movement dynamics will be considered.

4 The High Bounce Map Approximation

The implicit equation of the bouncing map presented in the Sect. 3 is approximated
by an explicit equation in the present section to simplify the stability analysis. The
validity of the approximation is confirmed by comparison with numerical simulations.
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(a) Case with z1 = z2 = 0 (the eigenvalue
ev3 = 1 in not represented)

0.1 0.2 0.3 0.4 0.5 0.6

-1

-0.5

0

0.5

1

1.5

(b) Case with z1 = z2 = 0.1 (the figure
takes into account all eigenvalues)

Fig. 4. Stability regions as functions of λ and φ̄ - the shaded area corresponds to
the presence of eigenvalues larger that 1 in modulus. Other parameters are fixed to
α = 0.48, hp = 0.55, g = 9.81.

4.1 Approximated Bouncing Map and Equilibrium Points

In order to provide an explicit form to the time map (4b), the high bounce approximation
is commonly considered. This approximation supposes that the paddle displacement
amplitude is small compared to the ball apex [10,11,13]. In that case, one has V −

k+1 =

−Vk. As V −
k+1 = Vk − g(tk+1 − tk), the time map of the high bounce approximation is

given by tk+1 − tk ≈ 2Vk/g. As a consequence, according to (2), the ball velocity after
impact is given by: Vk+1 = αVk + (1 + α)Vrk+1 . The high bounce map (HBM) with
frequency and amplitude control is:

Vk+1 = αVk + (1 + α)Ak+1ωk+1 cos(φk+1) (14a)

Ak+1 = Ak + λ(hp − Ak sin(φk) − V 2
k /(2g)) (14b)

and φ̄ is given by the trivial phase map φk+1 = φk + 2π and thus φ̄ = φ0(mod2π).
This approximated bouncing map is compared to numerical simulations of the com-

plete system continuous dynamics for validation. Let V0, A0 and φ0 be the initial state
values of (14). For different values of λ and specific initial and environmental condi-
tions, Fig. 5(a) compares the transient evolution of the ball apex ha of the simulated
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solution of (6) to the one calculated with the high bounce map (14). It can be seen
that the dynamics of the task are well described by the proposed approximated map,
and that changing the value of λ does not modify the equilibrium but changes the task
transient dynamics. Figure 5(b) shows that when V0 changes, the equilibrium point is
not modified and it can be seen that the simulations indeed converge towards V̄ calcu-
lated thanks to relation (7). Figure 5(c) shows that, as expected, when φ0 is modified,
the equilibrium point is modified and is well predicted by (7).

By simulation, it was observed than φ varied by less than 10% of its initial value φ0

during trials, for values of φ0 inside [−π/4, 2π/5]. As a consequence, the high bounce
approximation is acceptable for this interval. The reader should nevertheless keep in
mind that outside this interval, the high bounce map modeling accuracy decreases even
if the whole phase interval ]φlim, π/2[ is considered for the stability analysis presented
bellow. This accuracy limitation does not prevent the method to provide information
about the human behavior as it was observed experimentally that almost all the impact
phases of humans were in [−π/4, 2π/5] [4,20].

Fig. 5. Evolution of (a) the ball apex for different values of λ (V0 = 3.2, φ0 = π/6)
(b) the ball velocity after impact for different values of V0 (λ = 0.09, φ0 = π/6) and
(c) the ball velocity after impact for different values of φ0 (V0 = 3.2, λ = 0.09). The
three graphs are represented as a function of the impact number. For each simulation,
α = 0.48, A0 = 0.15. Reprinted from [1], copyright by Scitepress.

4.2 Linear Stability Analysis

The Jacobian matrix of (14) is given by:

J =

(

∂Ak+1
∂Ak

∂Ak+1
∂Vk

∂Vk+1
∂Ak

∂Vk+1
∂Vk

)

(15)

with the partial derivatives given by:

∂Ak+1

∂Ak
= 1 − λ sin(φk) (16a)

∂Ak+1

∂Vk
= −λVk

g
(16b)

∂Vk+1

∂Ak
=

−πg cos(φk+1)(α + 1)(λ sin(φk) − 1)

Vk
(16c)

∂Vk+1

∂Vk
= α − πλ cos(φk+1)(α + 1) − πg cos(φk+1)(α + 1)(Ak + λ(hp − hak))

V 2
k

(16d)

J evaluated at the equilibrium point is thus equal to (with φ̄ = φ0 (mod2π)):
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J∗ =

(

1 − λ sin(φ̄) −λV̄
g

−πg cos(φ̄)(α+1)(λ sin(φ̄)−1)

V̄
2α − πλ cos(φ̄)(α + 1) − 1

)

(17)

The eigenvalues of J∗ have a complex expression that will not be presented in the
present paper. The influence of α, λ and φ0 on the system linear stability is analyzed
in the following paragraphs.

Fig. 6. Left column concerns the non-approximated map and right column the high
bounce map. (a) and (b) represent |ev1|. (c) and (d) represent |ev2|. Eigenvalues are
plotted as a function of φ̄ and λ. The grey area on Figures (a) and (b) corresponds
to |ev| < 1 (stable area). The Figures (c) and (d) are represented in 3D plots as the
second eigenvalue is always lower than unity. The Figures (b) and (d) are reprinted
from [1], copyright by Scitepress.

4.3 Influence of the High Bounce Approximation on the Stability

Figure 6 represents the influence of λ and φ̄ on the two hyperbolic eigenvalues |ev1|
and |ev2|, for α = 0.48 and φ̄ in ]φlim, π/2[. As mentioned in Sect. 3.2, it can be seen
that ev2 is always stable whereas the stability of ev1 depends on the value of λ, that
has to be lower than 0.4 for the system to be asymptotically stable for any value of
φ̄. For appropriate value of λ, ev1 and ev2 are thus hyperbolic stable. For φ̄ inside
the considered interval ]φlim, π/2[ and away from the extreme values, the stability
prediction of the approximated map, with the limit λ value equal to 0.4, matches the
one of the high bounce map. This validity interval is acceptable considering that the
human bouncing phase is localized in the interval [−π/4, 2π/5] as recalled in Sect. 4.1.
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Finally, even if stable, the bouncing maps (6) and (14) have transient dynamics that
depends greatly on the value of α, as shown in Fig. 7. Indeed, the equilibrium node shape
is a stable hyperbolic node for α around 0.1 (Fig. 7a) and b), real eigenvalues and −1 <
ev1 < ev2 < 1), a stable one-tangent node for α around 0.55 (−1 < ev1 = ev2 < 1) and
a stable spiral (elliptic point) for α around 0.9 (Fig. 7(c), (d), ev1 and ev2 complex,
conjugate and |ev1| = |ev2| < 1). The influence of α on the eigenvalues real parts
and imaginary parts of the approximated and non-approximated maps is evidenced in
Figure 8. It can be noted that this influence is very similar for the high bounce map
and non-approximated map, confirming the pertinence of the approximation.

As a particular case of the previously presented Poincaré maps with amplitude
and frequency control, one can notice that if only the period is controlled while the
amplitude remains constant, then the approximated and non-approximated maps are
identical. They have one trivial eigenvalue equal to 1, corresponding to the relation
φk+1 = φk+2π, and one eigenvalue equal to 2α−1 that is hyperbolic stable as α ∈ ]0, 1[.
The system is thus linearly (asymptotically) stable regardless of the environmental
conditions.
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Fig. 7. Left column concerns the non-approximated map and right column the high
bounce map. Nodes shapes (a) and (b) for α = 0.1, (c) and (d) for α = 0.9 and A forced
to be non-negative (λ = 0.09, φ0 = 0.5, A0 = 0.15). Reprinted from [1], copyright by
Scitepress

4.4 Estimation of the Attraction Domain

For the approximated and non-approximated maps, if the value of the paddle ampli-
tude A is not forced to be positive, the domain of initial conditions leading to a stable
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Fig. 8. Real and imaginary parts of the approximated (red lines) and non-approximated
(blue lines) Jacobian eigenvalues, as functions of α (λ = 0.09, φ̄ = 0.5). Reprinted
from [1], copyright by Scitepress.

bouncing and a convergence towards the equilibrium point of (7) depends on the values
of α, g, λ and φ̄. For a specific equilibrium point defined by φ̄, the attraction domain
can be estimated by uniformly selecting pairs of initial conditions values {V0, A0} and
analyzing the corresponding steady-state behavior (stable or chaotic). This estimation
of the stability domain was achieved for both the approximated and non-approximated
maps, and they were shown to be the same. As a consequence, Fig. 9 only shows the
resulting attraction domain for the non-approximated map. The region of the figure
with the superimposed stable and unstable areas is a chaotic region where small vari-
ations of the initial conditions can lead the system to converge or diverge. On the
contrary, when a saturation is added on the Poincaré maps, forcing A to stay positive,
and for a value of λ lower than 0.4, the system is stable for any real positive values of
V0 and A0.

Fig. 9. Attraction domain for α = 0.48, g = 9.81, λ = 0.09, φ0 = 0.5. 400000 pairs are
uniformly selected between predefined extreme values (V0 ∈ [−5, 5] and A0 ∈ [0, 2.2]).
Reprinted from [1], copyright by Scitepress.
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4.5 Comparison with a LQR Controller

A parallel can be drawn between the proposed nonlinear human-like controller and
more traditional LQR methods. Considering the linearization of the high bounce map
around an equilibrium point, the human-like controller takes the form of a linear state-
feedback. An equivalent LQR controller formulation can be found. It is considered that
the agent detects φ0 at the first impact. For a specific φ̄ = φ0 (mod2π), there is only
one equilibrium point given by the relation (7) that cancels the bounce error. It is thus
possible to design a state feedback controller driving the state (Ak, Vk) towards the
reference value (Ā, V̄ ). Here, a LQR controller controls the paddle amplitude whereas
the paddle frequency is controlled to be equal to the ball frequency as in the previous
sections. The LQR controller is designed based on the linearization of the map (14).
The map (14) can be seen as the open loop model given by (14b) with Ak+1 as the
control input, and the controller given by the Eq. (14a), that can also be written as:

Ak+1 = Ak + λ(hp − hak) (18)

The linear map can be written as:
(

Xk+1

Uk

)

=

[

Ã B̃
0 1

] (

Xk

Uk−1

)

+

[

B̃
1

]

ΔUk (19a)

Yk =
[

C̃1 C̃2

]

(

Xk

Uk−1

)

(19b)

with Xk = Vk − V̄ , Uk = Ak+1 − Ā, Yk = hak − hp and:

Ã =
∂Xk+1

∂Xk

∣

∣

∣

∣{Ā,V̄ }
= 2α − 1 (20a)

B̃ =
∂Xk+1

∂Uk−1

∣

∣

∣

∣{Ā,V̄ }
= (1 + α)

cos(φ0)πg

V̄
(20b)

C̃1 =
∂Yk

∂Xk

∣

∣

∣

∣{Ā,V̄ }
=

V̄

g
(20c)

C̃2 =
∂Yk

∂Uk−1

∣

∣

∣

∣{Ā,V̄ }
= sin(φ0) (20d)

Let Zk be the state vector

(

Xk

Uk−1

)

∈ R2. A LQR controller ΔUk = − [K1 K2] Zk +

Kr(hp − h̄p) (∈ R) can be derived for this linear map by solving a well-known Ric-
cati equation [22]. h̄p is the target height in the linearization point. This controller

minimizes the cost function
+∞
∑

k=1

Z�
k QZk + RΔU2

k , with Q and R two positive matrices

(∈ M2,2 (R)).
The closed-loop LQR map is thus equal to:

Vk+1 = αVk + (1 + α)Ak+1πg cos(φ0)/Vk (21a)
Ak+1 = Ak − K1(Vk − V̄ ) − K2(Ak − Ā) + Kr(hp − h̄p) (21b)
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It can be noticed that the human-like controller linearized around the equilibrium point
has a form similar to the LQR one:

ΔUk = λ(hp − hak) = λ(hp − h̄p) − λYk = −λ
(

C̃1 C̃2

)

Zk + λ(hp − h̄p) (22)

The matrices Q and R were chosen so that the eigenvalues of (21) were equal to
the one of the human-like bouncing map (14) (the eigenvalues of the later being equal
to the ones of the linearized bouncing map (19) controlled by the linearized human-like
controller). Kr is chosen in order to obtain a static gain equal to one in the closed loop
between a variation in the target height (hp − h̄p) and the output. As can be seen in
(18), this is the case in the human like controller, because in the equilibrium after a
modification of hp, Ak+1 = Ak and hak = hp. For λ = 0.09, φ0 = 0.5, α = 0.48, the

eigenvalues of (6) are {−0.0625, 0.6121}. For Q = 0.013
(

C̃1 C̃2

)T (

C̃1 C̃2

)

and R = 1,
the eigenvalues of (19) are {−0.0396, 0.6096}. Figure 10 shows the Bode diagram of
the closed loop Yk(z)/h̃p(z) with h̃p = (hp − h̄p), and Fig. 11 shows the step response
of the closed loop for a change in the target height, for both the linearized system
with the obtained LQR controller and the map (14). It can be seen on the Bode plot of
Fig. 10 that the dynamics of the closed-loop systems controlled by the linear human-like
controller and by the LQR controller are very similar. However, the LQR controller has
the disadvantages of supposing that the relation between the equilibrium point and the
initial conditions is known a priori, as it integrates Ā and V̄ in (21a). The eigenvalues
and the stability properties thus depend on hp and g. In the other hand, the system
(21) was converging for any real positive values of A0 and V0 tested. The attraction
domain of the LQR controller is thus larger than the one of the human-like controller
presented in Fig. 9, for the environmental conditions tested.
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Fig. 10. Bode plot of the closed-loop bouncing map for the LQR and the human-like
controller.
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Fig. 11. Step response for a change in the target height for the linearized model and
the nonlinear bounce map (14).

5 Poincaré Map with Phase Control

In the stability analysis of Sect. 4.3, the system was shown to be stable provided that
λ is lower than an identified limit value. This stable bouncing was ensured even for
positive paddle impact acceleration, i.e. outside the passive stability regime identified
in [9,17]. However, as recalled in Sect. 2.2, participants were shown to generally hit
the ball with an impact phase inside the passive stability regime, corresponding to a
specific interval of negative paddle accelerations at impact. The question of whether this
behavior is the result of a conscious strategy, with the impact phase actively controlled
to converge towards this regime, or the result of an unconscious process resulting from
the task passive dynamics themselves is investigated in the following paragraphs.

5.1 The Passive Hypothesis

In the present paragraph it is suggested that participants tuned into the passive sta-
bility regime, not intentionally, but actually because the paddle frequency control may
not be always active. It can indeed be observed that if the frequency adaptation is
switched off during a steady-state trial and that a very small perturbation is intro-
duced on the paddle frequency, then either the ball impact phase converges toward the
passive stability regime because of the passive dynamics of the task, or diverges. In the
divergence case, the agent would switch the frequency adaptation back on to stabilize
the bouncing. To evidence the passive convergence case, both numerical simulations of
the task continuous dynamics and computations of the Poincaré map (6) predictions
were performed. During the first 15 impacts of a trial, the paddle period was adapted to
equal the ball period on a cycle basis. Then the active frequency control is switched off
and a small perturbation is added on the paddle frequency of frequency adaptation law
ωk+1 = πg/Vk + randn/500. The convergence towards the passive stability regime for
both the simulation and the Poincaré map is shown in Fig. 12 for two different values
of φ0. This Figure shows that during these two trials, after the active frequency control
was switched off, the bouncing was indeed driven by the passive dynamics of the task
towards the passive stability regime. The Poincaré map (6) accurately predicts this
passive convergence observed with the continuous-time simulations. It can be noted
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that the convergence or divergence of the bouncing, after the active control is switched
off, can be predicted by looking at the attraction domain of the open-loop Poincaré
map presented in [9].

Fig. 12. Examples of trials converging towards a new limit cycle inside the passive
stability regime when the frequency control is switched off (a) Paddle acceleration
at impact. The red dashed lines represent the upper and lower values of the pas-
sive stability regimes for the mathematical expression given in [9] (b) Impact phase
(λ = 0, A0 = 0.15). Reprinted from [1], copyright by Scitepress.

5.2 The Active Control Hypothesis

In this Section, in addition to the active control of the ball amplitude, the ball-paddle
phase at impact is considered to be controlled through an adaptation of the paddle
frequency control of (5a). The paddle period is adapted on a cycle basis so that Tr(k +
1) = Tb(k + 1) + σ(φk − φ∗), with φ∗ the objective impact phase and σ an adaptation
coefficient. The Poincaré map is thus given by (23):

ωk+1 =
2π

σ(φk − φ∗) + 2Vk/g
(23a)

Ak+1 = Ak + λ(hp − Ak sin(φk) − V 2
k

2g
) (23b)

Vk+1 = −αVk + (1 + α)Ak+1ωk+1 cos(φk+1) +
αg

ωk+1
(φk+1 − φk+1) (23c)

Ak+1 sin(φk+1) = Ak sin(φk) +
Vk

ωk+1
(φk+1 − φk) − g

2ω2
k+1

(φk+1 − φk)2 (23d)

The comparison of the ball bouncing performances predicted by the bouncing map
(23) to simulations led to an accurate matching and highlights the relevance of the
task stability analysis focused on the discrete-time dynamics. An example of such
comparison is given in Fig. 13.

The Jacobian matrix takes the same form as in (9), with the same state. The
eigenvalues of the Jacobian matrix evaluated at the equilibrium point have complex
expressions that will not be presented in the present paper. Figure 14 represents the
influence of λ, σ and φ̄ = φ∗ on the Jacobian absolute eigenvalues. It can be seen that
the third eigenvalue, that was non-hyperbolic in Sect. 3.2 (|ev3| = 1), is now hyperbolic
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and always stable (|ev3| < 1) (Figures c) and f)). The first eigenvalue is stable for
σ < 0.3 and λ < 0.4 (Figures b) and e)). For σ < 0.3, the second eigenvalue is stable
for any value of λ. To summarize, the active impact phase control does not provide
additional stability to the system (the limit value of λ is the same than the one without
active phase control, according to Fig. 14(d)), and requires an a priori knowledge of
φ∗. However, it is interesting to note that with active phase control, the Poincaré map
is not singular anymore and the equilibrium point is unique. It is possible to conclude
that the equilibrium point defined by relations (7) and φ̄ = φ∗ is asymptotically stable
without the need for Poincaré map approximation. The influence of α on the real and
imaginary parts of the three eigenvalues is shown in Fig. 15.

6 Conclusions

Ball bouncing is an interesting task as it sheds light on the perception-action couplings
organizing human movement. It constitutes a benchmark to analyze the generation
of rhythmic movement in humans. Inspired by works in control theory and robotics,
the authors achieved stability analyzes in [1] that were further refined and completed
in the present study. These analyzes rely on Poincaré maps to discriminate hypothe-
ses concerning human amplitude, period and phase adaptation strategies during ball
bouncing. The success of the proposed method is that it precludes the need for extensive
simulations of the whole continuous and discrete dynamics of the system.
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Fig. 13. Example of comparison of the bouncing performances simulated and predicted
by the Poincaré map with (a) the apex series, (b) the phase series, (c) the paddle
amplitude series, (d) the ball velocity after impact series. Here λ = 0.09, σ = 0.05,
φ∗ = 0.5. Reprinted from [1], copyright by Scitepress.
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The human-inspired adaptation laws of the paddle amplitude and period were
assessed to efficiently stabilize the task for values of λ, the discrete-time integrator
coefficient, lower than 0.4. Human participants are also shown to hit the ball in the
passive stability regime [4]. In addition to the first two alternatives justifications men-
tioned in [1]: i/ the impact phase is actively controlled by participants, ii/ it is uncon-
sciously driven by the passive dynamics of the task, the present paper evidenced an
alternative hypothesis: iii/ the impact phase convergence emerges from the human
musculoskeletal dynamics. Indeed, as the system is asymptotically stable because of
the arm musculoskeletal dynamics, it converges toward a specific equilibrium point
that might be inside the passive stability regime. As the active impact phase control
was demonstrated to neither increase stability nor convergence rapidity, the volun-
tary control hypothesis is not justified. The two remaining hypotheses that involved
an unconscious control of the task remains conceivable and further study should be
undertaken to discriminate them.

The research context of this study is the elucidation of the motor control strategies
allowing humans to perform skilled cyclic hybrid motor tasks such as walking while
robots still have difficulties adapting to changing environments. The nonlinear human-
like controller was shown to be equivalent to a LQR controller around an equilibrium
point, which contributes to better understand the human motor control strategies.
For robotic applications, the proposed method, which can be extended to other tasks
involving repeated robot-environment interactions, proposes a computationally efficient
way to discard unnecessary control hypotheses and to set the controller adaptation
coefficients. It holds promise for the design of innovative humanoid robot control laws.

Notes and Comments. This work was supported by the Foundation for Scientific
Cooperation (FSC) Paris-Saclay Campus.

Fig. 14. For different values of σ (α = 0.48, λ = 0.09), (a) represents |ev1|, (b) |ev2|,
c) |ev3|. For different values of λ (α = 0.48, σ = 0.05), (d) represents |ev1|, (e) |ev2|,
f) |ev3|. The gray area on Figures (a), (b), (d) corresponds to |ev| < 1 (stable area).
Figures (c), (e) and (f) are represented in 3D plots because the corresponding eigenvalue
is always lower than unity. Reprinted from [1], copyright by Scitepress.
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Fig. 15. Real and imaginary parts of the Jacobian eigenvalues, as a function of α, for
the bouncing map with active phase control (λ = 0.09, σ = 0.05, φ∗ = 0.5). Reprinted
from [1], copyright by Scitepress.
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Abstract. In this paper, we consider the inverse mathematical modelling
problem for linear dynamic systems with multiple inputs and multiple outputs.
The problem of this kind appears in chemical disintegration reactions and
determines product concentration changing. In general case of dynamical system
modelling, one needs to identify its parameters and initial values. The reason for
this is the fact that a dynamical system output is a reaction on some input
function and it depends on the initial state of the system. This means that
changing initial values would cause parameter changing and vice versa. At the
same time, statistical approximation of initial values does not give us a reliable
result because in most of the cases data is noisy and flat. To provide simulta-
neous estimation of parameters and initial values we propose an approach based
on the reduction of the inverse modelling problem to a two-criterion extremum
problem and then approximating the Pareto front with specific evolution-based
algorithms. Different algorithms, such as SPEA-II, PICEA-g and NSGA-2, were
applied to solve the reduced multi-objective black-box optimization problem as
well as their heterogeneous and homogeneous cooperations. We compared
performance of these algorithms on solving inverse modelling problems for
concentrations of hexadecane disintegration reaction products in case of diffu-
sion and static reactions. On the base of numerical experiments, we provided the
analysis of algorithm performances.

Keywords: Inverse mathematical modelling � Linear dynamical system �
Identification � Multi-objective optimization � Evolution-based algorithms

1 Introduction

In all the cases, solving control, optimization and other decision-making problems
requires an adequate model of a system. Today, since systems are complex and there are
no known laws of their functioning, we cannot solve mathematical modelling problems
directly. To success in modelling of a black-box system, we collect its input and output
data and solve the inverse mathematical modelling problems, which goal is to identify
the system structure and parameters on the basis of observations. Mining the intelligence
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out of the processed data is the one of the main so-called data science problems. In the
considered case, the mathematical model is an entity that supports us with all the
knowledge we need to solve the decision-making problem. The data is the measurements
and that means it is noisy and, generally speaking, flat, so statistical modelling
approaches are not reliable even for making good approximations of this data.

The situation becomes even more complicated when we deal with a dynamical
system, because we need to approximate not just the system output, but to identify the
transient process, which maps the input function into the output function. This kind of
systems appears in many different scientific fields, such as physics and chemistry,
mechanics and robotics, ecology and biology, financial mathematics and computer
science. As one can see, this class of systems is important in a system theory and
requires specific techniques for solving any identification problems. According to the
importance and complexity of the considered systems, the methods for solving
dynamical system inverse mathematical modelling is of the current importance.

The inverse problems can be described and solved as an optimization problem,
when the aim is to estimate the parameters that would make the system output fit the
observation data. The closure of the model output to the data can be evaluated by some
criterion. In this study, we consider linear dynamical systems with multiple inputs and
multiple outputs and it means that we need to identify the parameters of matrix dif-
ferential equations. At the same time, the solution of the Cauchy problem, which is the
output of the dynamical system model, requires the initial value – the system state at
the initial time point. Since the observation data is the only information we have about
the system behavior, the initial value estimation must be close to the observation data
too. Therefore, solving the inverse mathematical modelling problem for the dynamical
system comes to a two-criterion optimization problem.

In most of the cases, the dynamical system inverse modelling problems are the
parameter identification problems, which are commonly solved with different stochastic
heuristics of global optimum seeking. In those problems, the system structure is known
and it is a differential equation of a known class. But the initial values for these
problems are known or there is some hypothesis we accept about the initial values.
Anyway, in general, the initial system state is not known and, as it has been mentioned
above, it has a serious influence on the parameters of differential equations.

The chemical disintegration reaction, which is considered in this study, is the
dynamical system with multiple outputs and no inputs. The concentration of each
reaction product changes dynamically and the concentration of different products have
an influence of other product concentrations. Moreover, the concentration cannot be
negative, so the modelling problem has several constraints: none of the disintegration
reaction product concentration can be negative. Also, there is no information about the
product concentrations at the time, when the reaction starts. The goal of the modelling
is to approximate the amount of acids and spirits for the diffusion and the static
processes, which are the products of the other hexadecane products and these com-
ponents affect the reaction duration. The identification problem for the hexadecane
disintegration reaction in a simpler problem statement was considered in the study [9].

In previous studies [7, 8]we considered the approach of the linear differential equation
parameter and initial value estimation with a specific optimization algorithm. But in these
works, the reduced problem is a single-objective extremum problem, and because of this,
the estimated initial values could be relatively far from the observation data.
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Solving the reduced problem requires a high performance algorithm of estimating
the Pareto set. Many black-box optimization problems are multimodal, constrained and
complex and, therefore, solving them requires some specific tools such as evolution-
based or nature-inspired optimization algorithms. According to No Free Lunch theorem
[13], there is no algorithm that outperforms other optimization algorithms on all the
extremum seeking problems. In most of the cases, one needs to discover what makes
the particular extremum problem so complex and how the searching operators or the
whole algorithm can be modified to decrease the effect of these complexities with
developed, researched and implemented meta-heuristics for controlling optimization
algorithms and their interaction.

In the study [6] the considered problem was solved with the cooperation of multi-
objective genetic algorithms (MOGA), and the achieved results prove the high effi-
ciency of this approach. That is why in the current study we performed the analysis of
heterogeneous and homogeneous island-based meta-heuristics as well as, conventional
SPEA-II, NSGA-2 and PICEA-g. The algorithms were compared on solving two dif-
ferent hexadecane disintegration reaction product concentration modelling problems in
case of the diffusion reaction and the static reaction.

The paper consists of the Introduction and three main sections: Linear Dynamical
System Inverse Modelling Problem, Cooperation of Multi-Objective Genetic Algo-
rithms, Performance Analysis and a Conclusion.

2 Linear Dynamical System Inverse Modelling Problem

2.1 Linear Dynamical System

Let us describe the linear dynamical system. Any linear and time-invariant dynamical
system can be determined with the linear differential equation and in case of many
outputs, it can be determined with the system of the linear differential equations

x01 tð Þ ¼ a1;1 � x1 tð Þþ . . .þ a1;n � xn tð Þþ b1;

..

.

x0n tð Þ ¼ an;1 � x1 tð Þþ . . .þ an;n � xn tð Þþ bn;

ð1Þ

or in a matrix form

dx
dt

¼ A � xþB; ð2Þ

where x tð Þ : R ! Rn is a system state, A ¼
a1;1 � � � a1;n
..
. . .

. ..
.

an;1 � � � an;n

0
B@

1
CA 2 Rn�n and

B ¼
b1
..
.

bn

0
B@

1
CA 2 Rn are the differential equation coefficients, n is the number of outputs.
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The system output is a solution of a Cauchy problem

dx
dt

¼ A � xþB; x 0ð Þ ¼ v; ð3Þ

where v ¼ x1 0ð Þ � � � xn 0ð Þð ÞT2 Rn is an initial value.
The hexadecane disintegration reaction consists in the forming of different com-

ponents: spirits, carbonyl components, lactones and acids for the diffusion reaction and
spirits and carbonyl compounds for the static reaction. We assume that the concen-
trations of products and the hexadecane itself are related and affect one another. The
influence of each disintegration reaction component concentration on other component
concentrations can be mathematically determined by the addition of some coefficient to
the particular equation. The process of how the concentration changes is dynamical and
linear, and in this case it is also assumed in chemical kinetics theory that the con-
centrations can be determined with a linear differential equation of the first order.

We need to find the model of the system (1) or (2), which can be determined with
the similar equation

dx̂
dt

¼ Â � x̂þ B̂; ð4Þ

so the model output is the solution of the Cauchy problem for the Eq. (4),

dx̂
dt

¼ Â � x̂þ B̂; x̂ 0ð Þ ¼ v̂; ð5Þ

where Â 2 Rn�n; B̂ 2 Rn and v̂ 2 Rn are the variables to be estimated.

2.2 Inverse Mathematical Modelling Problem

The problem statement was given in the study [6]. Let a data sample of system output
observations be denoted as Yi; tif g; i ¼ 1; s, where Yi 2 Rn is the dynamical system
output measurements at the time point ti 2 R; s is the size of the sample and n is the
system (2) output dimension. On the basis of this data we need to identify the
parameters of the differential Eq. (4) and the initial value (5).

Generally speaking, the system output measurements Yi; i ¼ 1; s are distorted by
the additive noise n, which is limited and centered, so EðnÞ ¼ 0; VðnÞ\1:

Yi ¼ xðtiÞþ ni; i ¼ 1; s; ð6Þ

where the x tð Þ function is a solution of the Cauchy problem (3).
The inverse mathematical modelling problem is the identification of the parameters

and the initial value of the system (5), which is performed on the basis of the data
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measurements (6). It is important to note that the sample size for some particular
problems is small and the sample data is flat. This kind of problem will be considered
in the current study.

These data characteristics make statistical approximation approaches useless, and
require some specific tools, which would provide the simultaneous estimation of the
parameters and the initial point. As it can be seen from Eqs. (3) and (5) and already
mentioned in the introduction, the solution of the Cauchy problem, which is the output
of the dynamical system determined by the coefficients and the initial value. Coeffi-
cients determine the transient process, and the initial value determine from which state
it begins. If we make a wrong estimation or assumption on the initial value, we would
receive the wrong approximation of the transient process and vice versa.

Since the data and linearity assumption is the only information we have about the
dynamical system, it is strongly recommended to provide the fitting data the model
output and the initial value. In this case, we need to solve the two-criterion optimization
problem, because we need to minimize the distance between the data and the model
output, as well as the data and the initial point.

The first criterion evaluates how well does the model fit the data

C1 ¼
Xs

i¼1

Xn
j¼1

Yið Þj�x̂j tið Þ
��� ���

dj
! min

Â;B̂;v̂
; ð7Þ

where x̂ tð Þ is the solution of the Cauchy problem (5) for matrix Â, vector B̂ and

dj; j ¼ 1; n is a proposed norming value dj ¼ max
i

Yið Þj
� �

�min
i

Yið Þj
� �

. The norming

value is necessary to provide the same impact of the error by the each output.

C2 ¼ Y0 � x̂ 0ð Þk k ! min
v̂

: ð8Þ

The criteria (7) and (8) are the objective function of the reduced optimization
problem and its solution gives us the non-dominated set of models and initial values.

2.3 Fitness Functions for Evolution-Based Algorithms

Since we need to make a model for the concentrations, according to the physical
meaning of concentrations and make a model, in which the concentration would be a
nonnegative function. To avoid the constrained extremum seeking problem, we use the
penalty function

P zð Þ ¼ zj j; z\0
0; z� 0

�
: ð9Þ

Then, we add the penalties (9) to the objective functions (7) and (8),
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Ĉ1 ¼ C1 þ c1P �
Xs

i¼1

Xn
j¼1

P x̂j tið Þ� � ! min
Â;B̂;v̂

: ð10Þ

Ĉ2 ¼ C2 þ c2P �
Xn
j¼1

P x̂j 0ð Þ� � ! min
v̂

: ð11Þ

where c1P; c
2
P [ 0 are the penalty function coefficients. In the current study, these

coefficients were equal to c1P; c
2
P ¼ 1000. This value is comparatively higher than the

criterion (7) and (8) values and provides the satisfaction of the considered constraints.
The current model determination leads to an optimization problem in the Rn�n � Rn �
Rn

field. By determining the problem in this way, the model can be represented with a
vector of real variables. As it can be seen, the problem dimension is higher than the
number of the system outputs and it adds extra complexity to the identification
problem.

In this study, the Cauchy problem (5) is solved numerically within the Runge-Kutta
integration scheme of the 4th degree, which makes the designed approach flexible and
useful also for nonlinear or nonstationary systems, which symbolic form is known, so
the parameters and the initial value are the entities to be identified.

To consider the multi-objective optimization tool, we need to perform the fitness
functions, which for the objective function (10) and (11) will be, respectively,

fit1 að Þ ¼ 1

1þ Ĉ1 a ! arg Ĉ1
� �� � ; ð12Þ

fit2 að Þ ¼ 1

1þ Ĉ2 a ! arg Ĉ2
� �� � : ð13Þ

where x ! argðIÞ is a specific transformation of an alternative x to the arguments of a
criterion I. Since all the population-based optimization algorithms operate with indi-
viduals, which are the determination of the vector space of alternatives, to make the
interpretation easier, we suggest this transformation. It maps the individual into matrix
coefficients, right-side vector coefficients and into the initial point of the problem (5) in
the case of the Ĉ1 criterion. For the Ĉ2 criterion, it takes the initial value from the
solution vector.

3 Cooperation of Multi-Objective Genetic Algorithms

3.1 Multi-Objective Genetic Algorithms

In multi-objective optimization alternative solutions are compared based on several
criteria. The Pareto-dominance idea [5] is typically applied as a main principle to reach
a trade-off between competing objectives. As a result, we obtain a set of non-dominated
solutions with the following quality: we cannot prefer one point to another based on all
the criteria optimized.

744 I. Ryzhikov et al.

lounis.adouane@uca.fr



Since MOGAs relate to population-based algorithms, they operate with a number of
individuals (possible solutions), which is a useful property in designing representative
Pareto set approximations. MOGAs allow us to find non-dominated points with one run
of the algorithm. This seems to be utmost important when we are limited with time and
computational resources and cannot do numerous experiments changing weight coef-
ficients in a convolution of criteria.

In spite of the fact that the generic scheme of any MOGA contains the same steps as
any one-criterion GA, there are some differences which should be taken into account
while designing MOGAs. Firstly, a proper fitness assignment strategy needs to be
developed: a vector of criterion values is usually expressed just with one value. Many
different concepts to assign a fitness-function have been proposed [16]: we may esti-
mate the dominance rank, i.e. the number of solutions by which the particular point is
dominated; we may use the dominance depth (a population is divided into several
fronts or niches and it is determined which front a point belongs to); we may assess the
dominance count, i.e. the number of points dominated by the candidate-solution.

Next, diversity preservation techniques are applied to maintain variety within the
Pareto set and front approximations. In [11] a number of possible implementations of
these techniques are introduces: nearest neighbour approaches are based on evaluating
the distance between a particular solution and its k-th nearest neighbour; kernel
methods estimate the density with a Kernel function which takes the distance to another
point as an argument; and histograms, using a hypergrid to calculate neighbourhoods,
represent another class of density estimators. Commonly, these methods evaluate the
distance between solutions in the objective space.

Furthermore, the concept of elitism has been proposed not to lose good solutions
during the algorithm execution because of its stochasticity. The first way to implement
it is to combine parents and offspring, select the best individuals from the mating pool
based on the fitness values. As an alternative, a special container called archive might
be used to store non-dominated points.

3.2 Island Model

The choice of an effective MOGA for the problem considered is not a trivial task even
for experts in evolutionary computation. We cannot predict which implementations of
fitness assignment, diversity preservation and elitism are the best for each new prob-
lem. On the one hand, we may test MOGAs which are based on different heuristics. On
the other hand, some cooperative algorithms including several MOGAs might be used.

In this paper, we investigate the effectiveness of three MOGAs: NSGA-II (Non-
Sorting Genetic Algorithm II) [4], PICEA-g (Preference-Inspired Co-Evolutionary
Algorithm with goal vectors) [12], SPEA2 (Strength Pareto Evolutionary Algorithm 2)
[17]. These algorithms are based on different concepts and they also proved their
effectiveness on the wide range of problems. Main features of each algorithm are
presented in Table 1.

In addition to conventional MOGAs, we implemented their cooperative modifi-
cations, which are based on an island model. This model allows us not only to par-
allelize computations but also combine advantageous features of different heuristics.
Moreover, multi-agent model is expected to preserve a higher level of genetic diversity.
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Generally, the island model [14] is used to organize the parallel work of several
algorithms: they might be the same or different. In this study, we investigate a number
of homogeneous cooperative algorithms: the island model has the same three com-
ponents (NSGA-II – NSGA-II – NSGA-II), (PICEA-g – PICEA-g – PICEA-g) or
(SPEA2 – SPEA2 – SPEA2) and one heterogeneous cooperative algorithm (SPEA2 –

NSGA-II – PICEA-g). The benefits of the particular algorithm could be beneficial at
different rounds of optimization [2].

The cooperative MOGA was tested on the set of high-dimensional benchmark
problems CEC 2009 [15] and proved its effectiveness. After that, we applied in a few
practical problems: emotion recognition from speech (for feature selection and neural-
network design) [3], the prediction of cardiovascular diseases (for feature selection) [1],
and spacecraft control (for the choice of control contour variant by solving an opti-
mization problem) [10].

In our implementation the initial number of individuals M is spread across L sub-
populations: Mi= M/L, i = 1,…, L. At each T-th generation, algorithms exchange the
best solutions (migration). There are two parameters: migration size, the number of
candidates for migration, and migration interval, the number of generations between
migrations. We use fully connected topology (the scheme of migration), meaning that
each island shares its best solutions with all the other islands included in the model.

To sum up, in this study use three categories of MOGAs: conventional, homo-
geneous cooperative and heterogeneous cooperative, which are portrayed in Fig. 1.

4 Performance Analysis

In this chapter, we perform some analysis of the described algorithms and their
homogeneous and heterogeneous cooperations. Firstly, we describe the data for the
inverse modelling problems. Secondly, we investigate the algorithm performance
analyzing the fitness values of non-dominated sets received by the algorithms.

Table 1. Basic features of the MOGA used.

MOGA Fitness assignment Diversity
preservation

Elitism

NSGA-II Pareto-dominance (niching
mechanism) and diversity
estimation (crowding distance)

Crowding
distance

Combination of the
previous population and
the offspring

PICEA-g Pareto-dominance (with
generating goal vectors)

Nearest
neighbour
technique

The archive set and
combination of the
previous population and
the offspring

SPEA2 Pareto-dominance (niching
mechanism) and density
estimation (the distance to the
k-th nearest neighbour in the
objective space)

Nearest
neighbour
technique

The archive set
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4.1 Inverse Problems

In this study, we consider two different inverse problems of the hexadecane disinte-
gration reaction. These problems differ in the number of outputs and, actually, they are
related to different reaction conditions. To represent the initial data, we put it on the
same plots, so the outputs can be compared.

Diffusion Reaction. In the diffusion reaction we observe the following products:
hexadecane, spirits, carbonyl compounds, lactones and acids. The observation data is
given in Fig. 2.

Static Reaction. In the static reaction there are only three products: hexadecane, spirits
and carbonyl compounds. The data is given in Fig. 3.

As one can see, each product of the diffusion reaction has only 5 measurements,
and this makes the statistical method useless. The concentration measurements are
distorted by some error, and the same for the next problem.

For the static reaction the sample is also small. There are only 11 measurements for
each product. Also there is a point, which seems to be an outlier. When we use the
linear differential equation as a model, we can ignore these outliers and receive a good
approximation of the transient process. By this reason we used the absolute values in
criteria (7) and (8).

4.2 Algorithms Performance Comparing

To provide experimental results we consider the objective function evaluations being
equal to 3 � 105. That number was the same as in the work [6], where the satisfactory
results were achieved.

PICEA-g SPEA2NSGA-II

Conventional Multi-objective Genetic Algorithms

NSGA-II

NSGA-IINSGA-II

PICEA-g

PICEA-gPICEA-g

SPEA2

SPEA2SPEA2

Homogeneous Cooperative Multi-objective Genetic Algorithms

NSGA-II

SPEA2PICEA-g

Heterogeneous Cooperative Multi-objective Genetic Algorithm

Fig. 1. The three categories of algorithms used.
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Here we compare different MOGAs, like SPEA-II, NSGA-2 and PICEA-g. These
conventional algorithms are compared with their island-model cooperations, which
consist of three islands: homogeneous and heterogeneous. The descriptions of these
algorithms are given in Chapter 3.

We are interested in fitness function values (12) and (13) for the both criteria (7)
and (8). In Fig. 4 we present the chart plot for the fitness function values (12) and in

Fig. 2. Data of the diffusion hexadecane disintegration reaction.

Fig. 3. Data of the static hexadecane disintegration reaction.
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Fig. 5 it is the similar chart plot for the fitness function (13) for the diffusion reaction.
In these Fig. the higher fitness values are – the better solutions are. All the solutions
received were collected after 25 runs of all the considered optimization algorithms. In
all of Fig. below, the following characteristics are marked: minimum and maximum
values, main distribution (without quartiles), median and outliers. These characteristics
provide us with some useful information about the algorithm performance.

Before we take a closer look at the relation between two criteria, let us consider the
obtained results. We used specific abbreviations to name the cooperative algorithms:
SNP is a heterogeneous algorithm - SPEA-II - NSGA-2 - PICEA-g, PPP, NNN and
SSS are homogeneous cooperation algorithms of PICEA-g, NSGA-2 and SPEA-II,
respectively.

We make the similar experiments for the second problem. The results are given in
Fig. 6 and 7.

As one can see, the homogeneous algorithm, which includes three NSGA-2 out-
performs all the other algorithms by its sum of maximum values. Later we will discuss
if this characteristic is reliable. Of course, if there would be any known Pareto front,
there would be a possibility to compare the algorithm performances by using the
inverted generational distance. But in this, as in most of the practical problems, we do
not know the optimal solution.

Fig. 4. Fitness function (12) statistics for different algorithms. The measure of model output
fitting the data sample. Hexadecane diffusion disintegration reaction.
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Fig. 5. Fitness function (13) statistics for different algorithms. The measure of fitting the data
sample by the initial value. Hexadecane diffusion disintegration reaction.

Fig. 6. Fitness function (12) statistics for different algorithms. The measure of model output
fitting the data sample. Hexadecane static disintegration reaction.
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4.3 Experimental Result Analysis

To perform an analysis of the inverse linear dynamic problem we consider the Pareto
front estimation and the Pareto set estimation. Since the proposed homogeneous
MOGA algorithm outperforms the other algorithms by the highest maximum values for
the both fitness functions, we will use it to discover the inverse modelling problem for
dynamical systems.

Firstly, we present the result – the dynamical model output that is the best by the
first criterion for all the runs. The concentration model for the diffusion reaction and the
concentration model for the static reaction are given in Figs. 8 and 9, respectively.

We also present the best found solution by the criterion (12) for the diffusion
reaction found by the heterogeneous MOGA. The solution of the dynamical model is
given in Fig. 10.

The problems related to different types of the reaction differ also in complexity. It
can be seen in Figs. 8 and 9 and on the examples below. The data sample for the
diffusion reaction is smaller and at the same time it requires much more parameters to
be estimated: 35 against 15.

The heterogeneous MOGA gives us another solution, which approximates the
transient process but its criterion is a little worse, than the solution found with the
homogeneous algorithm. That gives us important the information on developing some
specific criterion for approximating the multi-objective algorithm performances.

Secondly, we compare the distribution of solutions found in each algorithm run,
which are best by the first criterion and then, by the second criterion. This time we start
with the static disintegration reaction. To compare the obtained results – the systems of

Fig. 7. Fitness function (13) statistics for different algorithms. The measure of fitting the data
sample by the initial value. Hexadecane static disintegration reaction.
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differential equations, we focus only on the hexadecane concentration model. The
models which are the best by the criterion (12) are given in Fig. 11 and the models
which are the best by the criterion (13) are given in Fig. 12.

Fig. 8. Model output for the diffusion reaction. The best solutions by the data fitting criterion
(12) values.

Fig. 9. Model output for the static reaction. The best solutions by the data fitting criterion
(12) values.
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The next result we are interested in is the solutions received in a single run of an
algorithm. And here we suggest comparing the models build with homogeneous and
heterogeneous algorithms, which are given in Figs. 13 and 14, respectively.

Fig. 10. Model output for the diffusion reaction. The best solutions by the data fitting criterion
(12) values found by the heterogeneous MOGA algorithm.

Fig. 11. Hexadecane concentration for the static reaction. The best solutions by the data fitting
criterion (12) values. Homogeneous algorithm.
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As one can see, the second criterion makes the solution start with the initial point,
which is observed, but in this case the model is becoming worse by the criterion (12),
which is seen by the trajectories of the solution.

Fig. 12. Hexadecane concentration for the static reaction. The best solutions by the criterion
(13) values. Homogeneous algorithm.

Fig. 13. Hexadecane concentration for the static reaction. Solutions found in a single algorithm
run. Homogeneous algorithm.
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A single run of an algorithm consists of solutions with different properties, and if
we compare Figs. 11 and 13, it might be suggested, that there are many local optima,
since these solutions behave the same. The single run of the heterogeneous algorithm
gave the satisfactory results – a set of solutions, which approximates the initial value
and the data, so its transient process approximation is better.

This proves that we cannot rely on the statistical values for each single criterion
when comparing the multi-objective optimization algorithms. Further, we would dis-
cover, how these criteria affect one another.

Now we make the similar experiments for the diffusion reaction modelling. In
Figs. 15 and 16 we present the solutions, which are the best by the criterion (12) and
(13), respectively and were found by the homogeneous algorithm.

In Fig. 17, the solutions received in a single run of a heterogeneous algorithm are
given. As it can be seen, these solution set completely differs from one in Fig. 15.

Comparing Figs. 11 and 12, 15 and 16, we can say that the considered diffusion
reaction is a more complicated problem, which, probably, requires more resources to
reach the better robustness. An increase of the number of outputs increases the number of
relations sufficiently, which also increases the inverse modelling problem complexity.

To compare how the criteria affect one another we use the estimation of the Pareto
front distribution on the basis of the homogeneous algorithm runs. In Figs. 18 and 19,
the vertical axis is the (13) criterion and the horizontal axis is (12) criterion. Here, the
heatmap and histograms are the visualization of the Pareto set distribution estimation.
For the both problems: for the diffusion reaction – Fig. 18 and for the static reaction –

Fig. 19, there are many good solutions by the criterion (18) and the density is higher
near the value 1.

Fig. 14. Hexadecane concentration for the static reaction. Solutions found in a single algorithm
run. Heterogeneous algorithm
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Fig. 15. Hexadecane concentration for the diffusion reaction. The best solutions by the criterion
(12) values. Homogeneous algorithm.

Fig. 16. Hexadecane concentration for the diffusion reaction. The best solutions by the criterion
(13) values. Homogeneous algorithm.
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To see the bigger picture of the reduced problem we present the Pareto front
estimation received in a single run by the homogeneous algorithm in Fig. 20, where on
the left side there is the solution for the diffusion reaction problem and on the right side
there is the solution of the static reaction problem.

Fig. 17. Hexadecane concentration for the diffusion reaction. Solutions found in a single
algorithm run. Heterogeneous algorithm.

Fig. 18. Pareto front estimations density. The diffusion reaction.
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5 Conclusion

In this paper, we considered the inverse mathematical modelling problem, which
appears in chemistry, when we deal with the disintegration reaction concentrations. We
introduced two different experiments of two different hexadecane disintegration reac-
tions: diffusion reaction and static reaction. These experiments were presented with
small data samples, where the data was measurements of each product concentration.
From a chemical kinetics theory, the changing concentrations in the disintegration
reactions can be determined with differential equations of the first degree. According to
this, we need to identify the system of differential equations.

Fig. 19. Pareto front estimations density. The static reaction.

Fig. 20. Pareto front estimations hexbin plot. Single algorithm run.
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As it was discussed in the introduction and in the second chapter, the modelling of
the dynamical system is not just the estimation the parameters, but also the estimation
of the initial value. The considered approach is based on reducing the inverse mod-
elling problem to the two-objective optimization problem, where the first criterion is
related to fitting the observation data and the second criterion is fitting the observation
data by the initial value. Since the concentration cannot be negative, we added the
specific penalties to provide satisfaction to the conditions.

Solving the reduced multi-objective extremum problem leads to the Pareto set
estimation and thus, it requires the high performance optimization algorithm. In present
work, we applied conventional SPEA-II, NSGA-2 and PICEA-g MOGAs and their
homogeneous and heterogeneous island-model cooperations. As the main tools for
solving the reduced problem, we used the homogeneous cooperation based on NSGA-2
and the heterogeneous cooperation of different MOGAs. It has been found, that there is
a need in developing some specific criterion to compare algorithm performances in the
case of multi-objective inverse mathematical modelling problems for the dynamical
systems. The heterogeneous algorithm in some cases gives a better approximation of
the transient process but it is outperformed by the homogeneous algorithm according to
the statistics.

The reduced problem was investigated. It has been discovered that the criteria are
contradictive and there are large local optimum basins. As a result, we built a set of
mathematical models of the disintegration chemical reaction for hexadecane in the case
of the diffusion or static reactions. These models differ in fitting the data the model
outputs and the initial values. The proposed island-based heuristic for MOGA is reli-
able and efficient tool for solving complex optimization problems.

The further work is related to developing the algorithm meta-heuristic and specific
operators for dealing with complexities, which take place in inverse modelling of
dynamical systems.

The next approach would be the hierarchical optimization methods for solving
inverse modelling problems, where the initial point and the parameters can be con-
sidered as the solution of related identification problems.
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Abstract. This paper deals with the initial phase of any multi-sensor
acquisition, the sensor alignment process. We focus on extrinsic calibra-
tion of vision-based and line scan LIDAR sensors for automotive applica-
tion. We investigate two research approaches for the calibration process:
analytical and numeric solutions. Additionally, we present a complete
implementable tool-chain, to extract the co-features for both types of
sensors: line detections for cameras and segmentation process for LIDAR
sensors. Moreover, we investigate the impact of the calibration accuracy
on sensor fusion performance. Results of experiments using real-world
data are presented.

Keywords: Sensor alignment · Sensor calibration · Sensor fusion ·
Intelligent vehicles

1 Introduction

In the context of intelligent and autonomous vehicles, multi-sensor architectures
are used to provide a better environment perception. Indeed, to perform the
complex tasks like detection and tracking of moving objects [11], vehicles need
to sense, perceive and understand the environment around them by as much sen-
sors as possible. In fact, it is necessary to combine the information provided by
each sensor in a cooperative and complementary way to benefit from the advan-
tages of every single system in the final cooperative perception. Multi-sensor
systems are usually composed from active sensors such as: 2D/3D LIDAR or
radar and passive sensors such as cameras (e.g., perspective, stereo, omnidirec-
tional). The LIDAR sensor provides the positions of the obstacle detections with
accuracy. The stereo vision cameras detect the obstacles with high lateral resolu-
tion and more uncertainty range, while usually bringing enough information for
identification and classification of objects, whereas radar can provide accurate
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measurements of range and relative speed [10]. However, to efficiently perform
sensor fusion, the sensors should be calibrated [5].

This research deals with the initial phase of any multi-sensor acquisition,
the sensor alignment process. When features are acquired from real world mea-
surements, normalization is required in order to reconstruct the perceived word
without bias, and take appropriate actions. We address specifically vision-based
and LIDAR based sensor alignment, and derive a general framework and the
appropriate tool-chain. Despite the popularity of the calibration topic, few works
address all the steps of the process. Then we discuss the impacts of the calibra-
tion procedure on fusion accuracy. The developed methodology is applied to the
detection and tracking of moving objects task for autonomous vehicles. This
paper presents the following main contributions:

– We develop further a specific framework presented in [17], and extend it from
single to multi-line reference in order to reduce the required number poses.

– We compare analytical and numerical approaches for the camera/LIDAR cal-
ibration process.

– We address the problem of point-normal vector correspondences using a new
method to improve the accuracy of the edge-ending estimation.

– We develop and describe a complete implementable tool-chain to carry-out
the feature extraction: line detection by camera based on Hough transform
and the edge-ending point by the segmentation process.

This paper is organized as follows. We define the generic sensor alignment prob-
lem in Sect. 2. We provide the related works according to camera/LIDAR align-
ment in Sect. 3. Based on the literature review, we investigate two research
approaches for the calibration: analytical and numerical. We explain the optimal
solution for the camera/LIDAR calibration problem in Sect. 4.2. In Sect. 4.3, we
present our contribution that consists to extend the analytical approach from
single to multi-line reference. To compare the results, we implement the iterative
approach developed in [33], in Sect. 4.4. We present a complete implementable
tool-chain, to extract the co-features for both types of sensors in Sect. 5. We
summarize our algorithm and all the required steps in Sect. 5.4. We investigate
the impact of the calibration accuracy on sensor fusion performance in Sect. 6.
Finally, the experimental results are provided for illustration using real-world
data are presented in Sect. 7.

2 Sensor Alignment Problem Formulation

The calibration process is an alignment procedure of a given sensor frames. That
is to say, find the relation between the coordinates of sensor frames to ensure the
transformation from a frame into another. According to Fig. 1, let’s consider:

– GiRS : The rotation from the source frame S to target frame Gi, where i is
the number of the sensor.

– Gi
−→
t S : The translation from the source frame S to target frame Gi where i

is the number of the sensor.
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– Gi

[
GiRS |Gi

−→
t S

]
S

: The rigid transformation from source S to target Gi.

A rigid transformation (or motion) is defined as a transformation applied in n
dimensions Euclidean space which preserves the shape and size of any object. It
includes rotations and translations operations.

Figure 1 illustrates a point −→p which is located in the world frame that is
observed by multiple sensors. It shows a set of sensor frames: one source and
multiple targets frames. According to this figure, if there are n sensors target
frames and one source frame, the rigid transformation from source to target
frame is defined as follows:

−→p trgi = GiRS
−→p s + Gi

−→
t S (1)

where −→p s is the point −→p expressed in the source frame, −→p trgi is the point −→p
expressed in the target frame i.

Fig. 1. Transformations between sensor frames.

3 Related Works

Several methods exist for calibration of 2D laser scanner with respect to a cam-
era. The work described in [23], reports an analytical solution to the minimal
LIDAR-camera calibration problem. The ’minimal problem’ here, means a geo-
metric problem that uses the lowest number of required constraints to obtain
a finite number of solutions. Note that this approach does not require a rigor-
ous initialization to perform the calibration process. The used calibration board
contains white and black bands. The extraction of the co-features for both types
of sensors are: line segments for the camera and points for the LIDAR (The
point is located in the middle of pattern and detected based on the differences
in reflection intensities).

In addition, the authors of [17] give an analytical solution. They use a white
board with a black line in the middle. By comparison to [23], it further com-
putes the optimal least-squares solution in order to improve the robustness to
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noise. The problem is formulated as a least-squares minimization and it is solved
analytically to find the optimal values for the 6 DOF transformation. Moreover,
the works presented in [5], extend the method of [17] from single to multi-line
reference in order to reduce the number of required poses. They prove that the
number of observations can be reduced keeping an accurate result. The cali-
bration board is white with three black lines. In addition, they addressed the
problem of point-normal vector correspondences which is the LIDAR endpoint
detections.

The works of [33] address the problem of establishing data association
between camera and LIDAR sensors. In comparison with the previous works,
this method avoid separately calculating the camera intrinsic parameters and
the extrinsic parameters of the camera and LIDAR system. The map between
the measurements of the two sensor modalities is formulated as a 2D homog-
raphy. To solve the problem, the authors use the SVD decomposition followed
by a non-linear optimization which is Levenberg-Marquardt [20]. Note that, by
using [33], any object with straight line boundary can be a potential calibration
target.

The works described in [13] propose a method based on the works of the ana-
lytical solution [17] followed by a non-linear optimization. The authors present
an analytical solution to the calibration problem and then iteratively update
it the by using Levenberg-Marquardt method. They use a triangular V-shaped
calibration target with checker-boards on it, which can be used for camera cali-
bration.

The above mentioned works have three main approaches to determine the
transformation between sensors based on the closed-from solution. The closed-
form is a mathematical expression that can be evaluated in a finite number of
operations. In our context, it defines mathematically the problem of calibration
and it is established by the association of different features (e.g. points, lines
and planes) between the measurements observed simultaneously from both sen-
sors. Based on the literature review, the first one solves the closed-form using
linear methods such as the SVD decomposition and then uses this solution as
a first guess to perform a non-linear optimization such as Gauss-Newton [4] or
Levenberg-Marquardt algorithms. The second method is to solve analytically a
minimization problem. Concerning the third, it uses the analytic resolution for
the closed-form problem followed by non-linear optimization.

Moreover, the authors of [19] proposed a classification for extrinsic calibra-
tion methods between the camera and LIDAR sensors. According to their clas-
sification, there are three categories to perform this calibration: (1) Methods
based on auxiliary sensors: Using a third senor as an Inertial Measurement
Unit (IMU), extrinsic calibration is carried-out. In fact, the rigid transformation
between the two frames can be estimated using the angular value provides by the
IMU [24]. (2) Methods based on specially designed calibration boards:
The idea is to use a pattern (target) to determine its position in the two sensors
frames, and subsequently express the target coordinates in each frame in order to
identify the rigid transformations. In [15], a calibration method proposed using
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a circular target for intelligent with multi-layer LIDAR. The method determines
the relative pose in rotation and translation of the sensors using sets of corre-
sponding circular features (the center and the normal to the supporting plane of
the circle in pattern) acquired for several configurations of the targets. Similarly,
[25] uses a polygonal planar board to perform a calibration method between color
camera and multi-layer Lidar for robot navigation tasks. The polygonal board
allows to estimate the vertices (corners of board) from the LIDAR data. The
vertices of the polygonal planar board in the 2D image are detected by a cor-
ner detection algorithm. Then, the estimated vertices serve as reference points
between the color image and the 3D LIDAR data for the calibration. (3) Meth-
ods based on common calibration chessboards: This approach uses also
a pattern and more precisely a chessboard target. The main idea is to detect the
corners at the boundaries between board squares. The advantage of this method
is that it allows determining the intrinsic parameters for cameras and extrinsic
calibration between the camera and the LIDAR at the same time [31,32]. In
addition to these three categories described in [19], we consider a fourth cate-
gory: (4) Automatic extrinsic calibration: This kind of methods is handled
without a designed calibration board or additional sensor as mentioned above.
In [18] Vijay et al. proposed a calibration approach does not need any particu-
lar shape to be located. Their method consists to integrate the perceived data
from 3D LIDAR and stereo camera using particle swarm optimization algorithm,
without the aid of any external pattern.

4 Analytical and Numerical Solutions for Camera-LIDAR
Alignment Problems

4.1 The Closed-form Solutions for Camera/LIDAR Calibration
Problem

This kind of extrinsic calibration problem is commonly solved by establishing
geometric constraints from the the association of different features (e.g. points,
lines and planes) between the measurements observed simultaneously from both
sensors. The second step is to solve the established closed-form. Based on the
literature review, we illustrate the main methods to solve it:

1. Analytic Solution by Variable Elimination. In [23], the solution of the
minimal problem is a symbolic template found via variable elimination. The
solution does not require initialization. The coefficients of polynomial equa-
tions are computed in closed-form using a symbolic mathematics program,
such as Maple.

2. Analytic Solution by Computing the Multiplication Matrix using
the Normal Set of the Grobner. In [5,17], the closed-form is established
by a polynomial system. The solutions are computed using the eigenvalue
decomposition of the so-called multiplication matrix based on Gröbner basis.
On the other hand, it does not require initialization. We present an example
shows how to find the roots of polynomial system by using this method in
Appendix B.
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3. SVD Followed by a Non-linear Optimization: such in [28,31,33], a
closed-form solution by SVD decomposition followed by a non-linear opti-
mization is performed. The SVD solution represents the first guess that can
be determined via linear equation resulting from the correspondence between
features.

Among these works, we chose our proposed method [5] and the works proposed
by Guo [17] on the hand and that of zhou [33] on the other hand to make a
comparison in terms of resolution of closed-form. More generally it is about a
comparison of the approaches that use the analytic and iterative solutions of the
problem calibration.

4.2 Optimal Solution for Camera/LIDAR Calibration Problem

In [15,19,25], the used approaches to solve the estimation problem are based
on iterative minimization of non-linear cost functions such as Gauss-Newton
or Levenberg-Marquardt. In such cases, the accuracy of the resulting solution
hinges on the availability of a precise initial estimate, which is not available [17].
That means, these methods determine a first guess (estimation) and a refinement
process is performed to update iteratively the solution. However, to converge to
a global optimum, the initialization points should be lie within the basin of
attraction of the global minimum or maximum.

Assume that we aim to minimize the objective function f(x) presented in
Fig. 2 (find an optimum in the case of minimization).

To determine the global minimum, we need to find an initial value in its
basin of attraction. The basin of attraction is the set of points in the space of
system variables (Fig. 2). On the other hand, an attractor [1] is defined as the
smallest unit which cannot be itself decomposed into two or more attractors with
distinct basins of attraction. Thus, any point (initial condition) in that region
will eventually be iterated into the attractor.

Figure 2 shows two dimensional minima. It presents the different basins of
attraction which are limited with the thick line. The blue dots are the local and
global minimas. In addition, the vector −�f(x) which is the opposite gradient of
f(x) follows the direction where f(x) decreases most quickly. The arrows in the
figure shows the directions of steepest descent. The equation of steepest descent
is:

∂−→x (k)
∂t

= −∇f(−→x (k)) (2)

where k is the step of iteration.
Returning to our problem, the extrinsic calibration of camera/LIDAR.

According to Fig. 2, if the first guess belongs to the BoA1 or BoA2 or BoA4
the iterative method cannot reach never the global Minimum which is located in
BoA3. To overcome the initial estimate problem [5,17] have proposed to solve
analytically the optimization problem and hence determine a precise initial esti-
mate for the unknown parameters.
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Fig. 2. Basin of attraction.

In the following, we present two approaches to carry-out the camera/LIDAR
calibration process: the first one is our proposed solution based on analytical
least-squares method and the second described in [33] which is based on iterative
solution.

4.3 Analytical Least-Squares Solution

Problem Formulation and Basic Concepts. Our goal is to find the rigid
transformation [CRL|C−→

t L], which allows us to determine the correspondence
of a given 3D LIDAR point represented as −→p L = [xL, yL, zL]T located into the
frame of the LIDAR sensor {L}, in the frame of the camera {C}. Let −→p C =
[xC , yC , zC ]T be the correspondence of −→p L:

−→p C = CRL
−→p L + C−→

t L (3)

Based on [17], we extend the existing calibration solution to multi-line pattern
targets. We define the coordinate system for the sensors as follows: the origin OC

is the center of the camera and the origin OL is the center of the LIDAR sensor
frame. Without loss of generality, the LIDAR scanning plane is defined as the
plane zL = 0 (Fig. 3). Thus, a 3D LIDAR point represented as −→p L = [xL, yL, 0]T .
We consider that the calibration board contains d horizontal black lines lbih
where h is the number of line and i is the number of pose. It is required to fix
these lines equidistant between each other, i.e. if there are d lines, it is necessary
that the (d + 1) parts are equals. Assume that −→p li and −→p ri are respectively the
left and right ending points of the pattern. By dividing the distance between−→p li and −→p ri by (d + 1), we get an estimation of the positions of −→p mih (Fig. 3).
Otherwise, the normal vector −→n ih is perpendicular to the plane Th defined by
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lbih and the camera center. Since the correspondent of −→p mih in the camera frame
{C} belongs to the plane Th, then −→n ih will correspond to −→p mih. Therefore, we
obtain the following geometric constraints:

−→n T
ih

−→p cih = −→n T
ih(CRL

−→p mih + C−→
t L) = 0 (4)

where −→p cih is the correspondent of the LIDAR point −→p mih in the camera frame.

Fig. 3. A schematic of the geometric constraints used in this paper. [5]

In real-world situations, (4) is never satisfied due to the measurement noise
and it will usually be slightly different from zero. The difference is the error ei.
All the residuals for n measurements can be represented as

−→e = (−→n T
11(

CRL
−→p m11 + C−→

t L),−→n T
12(

CRL
−→pm12 + C−→

t L)

, ...−→n T
nd(

CRL
−→p mnd + C−→

t L))
(5)

To estimate the transformation parameters [CRL|C−→
t L] with accuracy and mini-

mize the residuals from (5), we define the cost function J and we aim to minimize
the sum of squared errors:

J = argmin
CtL,CRL

n∑
i=1

d∑
h=1

(eih)2 (6)

J = argmin
CtL,CRL

n∑
i=1

d∑
h=1

(−→n T
ih(CRL

−→p mih + C−→
t L))2

s.t.CRT
L
CRL = I, det(CRL) = 1

(7)

The two above conditions represent the rotational matrix constraints.
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We now have a correspondence between a 3D point in LIDAR frame and the
plane defined by OC and the black lines in the camera frame. First, according
to the Eq. (4) and for h = 1...d, CRL and C−→

t L are the unknowns. Second, let−→r 1, −→r 2 and −→r 3 be the three columns of CRL. Since the LIDAR scanning plane
is defined as the plane zL = 0 then we do not have an explicit dependence on−→r 3 and hence we can rewrite −→r 3 = −→r 1 × −→r 2 (× is the cross product).

To summarize, we get nine unknowns grouped in −→r 1, −→r 2 and C−→
t L and

three constraints since CRL is an Orthogonal matrix.

Redefining the Optimization Problem by Reducing the Number of
Variables. The objective is to solve the Eq. (7) to find the parameters of cali-
bration. The first step consists to reduce the number of variables and constraints
in (7). Since the translation C−→

t L is not involved in the constraints, it can be
eliminated from the optimization problem.

By applying the first order necessary condition for optimality [4] to the cost
function (7), we reduce the number of variables in (7) and we obtain:

J =
n∑

i=1

d∑

h=1

[−→n T
ih

CRL
−→p mih − (

n∑

j=1

d∑

l=1

−→w T
ihjl

CRL
−→p mjl)

]2

s.t.LRT
C

CRL = I, det(CRL) = 1

(8)

where:
−→w ihjl = −→n T

ih

( n∑
j=1

d∑
l=1

−→n jl
−→n T

jl

)−1−→n jl
−→n T

jl

and

C−→
t L = −

( n∑

i=1

d∑

h=1

−→n ih
−→n T

ih

)−1 ( n∑

i=1

d∑

h=1

−→n ih
−→n T

ih
CRL

−→p mih

)
(9)

The proof of (8) is presented in [5].

Formulation of the Optimization Problem using Quaternion Unit. To
simplify the problem and reduce further the number of unknowns, the quaternion
unit q is employed to represent the rotation matrix CRL. The conversion from
vectors to quaternions and all the quaternion parametrization are presented in
the Appendix A.

Based on quaternion calculus properties, the conversion of 3D vectors into
quaternions and quaternion multiplication, we can rewrite the cost function (8)
as follows:

J =
n∑

i=1

d∑
h=1

[
qT Sih q

]2

s.t.LqTC
LqC = 1

(10)

where:

Sih = L(n̄ih)TR(p̄mih) −
n∑

j=1

d∑
l=1

L(w̄ihjl)TR(p̄mjl)
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where L(.) and R(.) are left and right quaternion multiplication matrices (see
Appendix A for details).
The proof of (10) is presented in [5].

Minimizing the Cost Function using Lagrange Multiplier Method.
To solve the cost function J , we use the Lagrange multiplier method [4]. The
Lagrangian function is defined as follows:

L(q, λ) = J(q) + λ(
T
q q − 1) (11)

Where λ is the Lagrange multiplier.
Hence, using the method of Lagrange multiplier, we obtain the following

equations:
⎧
⎪⎨
⎪⎩

∑n
i=1

∑d
h=1

[
qT Sih q

] [
Sih + ST

ih

]
q + λq = 0

T
q q − 1 = 0

(12)

Solving Systems of Polynomial Equations. The expression (12) represents
a polynomial systems of four cubic polynomials and one quadratic polynomial
in five variables: {q1, q2, q3, q4, λ}. Also, it is about polynomial systems with
floating-point coefficients because these coefficients will be built by LIDAR and
camera measurements. However, to solve the polynomial systems and find the
roots of (12) in floating point representation, the eigen-decomposition of a so-
called multiplication matrix [2] is used. In [30], 3 different polynomial system
solvers described to obtain a valid multiplication matrix:

- Computing the Multiplication Matrix using a Normal Set [9,17]. To
obtain the roots of (12), the eigenvalue decomposition of the multiplication
matrix is used. This method is based on Gröbner basis [12]. In order to obtain
the multiplication matrix to find the roots, the normal set must be calculated.
But there are a many drawbacks when using this method to solve the above
equations. First of all, this method requires the computation of the normal set
which it is not easy when the used system is complicated. The second point
concerns the conditioned system of equations which can be ill-conditioned, the
interested reader is refereed to [30] for a thorough explanation. We present an
example shows how to find the roots of polynomial system by using this method
in Appendix B.
- Computing the Multiplication Matrix using a General Coordinate
Transformation [7,30]. To improve the conditioning of the above method, it
is proved that a very general form of coordinate transformation yields a valid
multiplication matrix and hence get the roots from the eigenvectors.
- Computing the Multiplication Matrix using QR with Column Piv-
oting [8]. This algorithm requires only two QR factorizations. This method
does not require the computation of normal set and can be implemented using
standard linear algebra tools.
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4.4 Numerical Solution

Often the calibration problem can be solved by two calibration processes, i.e.,
camera intrinsic calibration and extrinsic calibration of the camera and LIDAR
pair. In [33], the map between the measurements of the two sensor modalities
is formulated as a 2-D Homography. We summarize the proposed algorithm as
follow:

Algorithm 1: Algorithm for data association between camera and 2D LIDAR.

Input : Line-point correspondences measurements
Output: Homography matrix H

1 Find N > 8 line-point correspondences
2 Construct the coefficient matrix of closed-form
3 Get the initial solution by minimizing the closed-form and using the SVD

method to solve the homogeneous system.
4 Refine the solution by minimizing the defined objective function using iterative

optimization
5 RETURN H

5 Preprocessing and Feature Extractions

In this section, we present the preprocessing and the feature extraction for both
types of sensors: camera and LIDAR for our proposed calibration method (ana-
lytical least-squares approach). Note that, we can use the same methods for the
feature extractions for any calibration method which use the line-point corre-
spondences such as [33].

5.1 The Problem of Point-Normal Vector Correspondences

The using of point-normal vector correspondences suffers from the problem of
LIDAR endpoint detection. Often, the LIDAR endpoint will not exactly locate
on the side of calibration target.

In order to overcome this problem, the authors of [33] have proved that this
problem is distance-dependent, and poses of the calibration target near to the
LIDAR sensor provides a high quality line-point correspondence and sufficient
constraints to estimate the rigid transformation. This means that by taking closer
poses; in terms of distance; for calibration target can provide enough constraints
for rotation and translation parameters.

In addition, we present a method to improve the accuracy of the endpoint
estimation using virtual points. The positions of the virtual points are deter-
mined by the average Euclidean distance between the points of LIDAR for each
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pose. So, if −→p li and −→p ri are the ending points of calibration board (left and
right side), the average Euclidean distance is calculated as follows:

dlri =
dist(−→p li,

−→p ri)
n

(13)

where n is the number of scanned point located on the pattern. So, the positions
of the left and right virtual points are:

−→p V li = −→p li − dlri
2

−→u
−→p V ri = −→p ri +

dlri
2

−→u

where −→u = −→p ri − −→p li.

5.2 Extraction of 3D LIDAR Points

To extract the projected points of source sensor on the calibration board, the
automatic extraction approach by differentiation of the measurements and back-
ground data in static environments is often used. However, in this work, this task
is carried-out by using a segmentation process. Each segment (cluster) is defined
as a set of points and is composed by a minimum number of points distant accord-
ing to a threshold distance denoted Thr. Therefore, if dist(−→p i,

−→p i+1) < Thr
then a segment is defined with Ci as its centroid. Where, −→p i is the impact
point of the LIDAR sensor, dist(−→p i,

−→p i+1) is the Euclidean distance between
two adjacent points and Thr is the required threshold. The coordinate of each
centroid Ci is calculated as follows:

(Cxi, Cyi) = (
∑ pxi

n
,
∑ pyi

n
) (14)

where n is the number of points.
We can add another parameter to fix the minimum number of points that com-
pose a segment to eliminate the outliers.

Figure 4 shows the 3D LIDAR points projected on the environment. We use
the segmentation process in an open-space. Also, we fix the area where the pat-
tern is placed by two boundaries (green lines in Fig. 4) representing the maximal
and minimal values of the lateral range on the y-axis. Hence, the blue points are
the LIDAR points projected on the pattern.

5.3 Extraction of Lines Using Hough Transform

The Hough transform [22] is considered to be an efficient method to locate lines
in given image. The line detection chain consists of a set of steps that we detail
them in the following.
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Fig. 4. Extraction of 3D LIDAR points projected on pattern by using a segmentation
process: the red points are the LIDAR points (outliers), the blue points are the LIDAR
points projected on the pattern and the green lines are the boundaries (min and max)
where the pattern is located.

Gaussian Smoothing Filter. Before using the Hough transform it is necessary
to apply a spatial filter to the image in order to reduce the noises. Among existing
spatial filters, we use the Gaussian smoothing (Gaussian blur) [14] which is a
2-D filter of images that is used to remove/reduce the details and noises and
also to blur images. Mathematically, applying the Gaussian smoothing filter it
is the same as convolving the image with a Gaussian kernel. Here, the kernel is
a (usually) smallish matrix of numbers that is used in image convolutions. The
main idea is that the new pixels of the image are created by an weighted average
of the pixels close to it (gives more weight at the central pixels and less weights
to the neighbours).

Canny Edge Detector. After the reduction of details and noises, the edges of
image will be extracted using an edge detector algorithm. It allows to find the
boundary of objects and hence extract the useful structural information in order
to reduce the amount of data to be processed. Mainly there are two commonly
used approaches for edge detection which are Canny [26] and Sobel [16] edge
detector (the difference of these methods is the kernel they are using). In this
work, we use the Canny edge detector because it guarantees a better detection
of edges and their orientations, specially in noise conditions [21]. It is based on
finding the intensity gradient of the image, and according to fixed thresholds, a
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pixel will be accepted as an edge or rejected. At this stage, the Hough transform
is applied.

The Hough Transform. The idea is to transform every point in x − y space
(Cartesian frame) into parameter space (Polar frame). This method defines two
parameters spaces which are r the length of a normal from the origin to this
line and θ is the orientation of r with respect to the x − axis. Hence the line
equation for each line is:

r = xcos(θ) + ysin(θ) (15)

After the transformation of all points into the parameter space, local peaks in
the parameter space associated to line candidates in x − y space are extracted.

Note that others parameters are required when we use the Hough Transform
such as: the minimum line length allows to eliminate and discard the lines that
are shorter than the value specified. Also, we cite the fill gap parameter which is
the distance value between two line segments. In fact, when the distance between
the line segments is less than the value specified, the Hough transform merges
the line segments into a single line segment.

Filtering the Outliers. There additional steps are taken to perform the extrac-
tion of black lines, such as limiting the regions of interest (ROI) to reduce the
computational burden. Also, it is necessary to filter false detections and keep
only the inlier lines.

5.4 Algorithm Summary

Finally, we summarize our algorithm. Figure 5 shows the flow diagram presents
all the required steps of our method. It requires putting the calibration board
in front of camera and LIDAR sensors at different positions and orientations
and make sure that all the sensors can detect it. The recommended board is a
white pattern contains black lines. For each pose, we collect co-features for both
types of sensors: the black lines for the camera and the edge ending points for
the LIDAR. The extraction of the black lines is based on the Hough transform.
Concerning the extraction of the edge ending point, it is based on segmentation
process. By using these data, we build and solve the cost function based on the
analytical least-squares method to obtain the extrinsic calibrations parameters.

6 Sensor Calibration Accuracy Impact on Multi-sensor
Data Fusion

6.1 The Calibration Accuracy Impact on Multi-sensor Data Fusion

In order to fuse the data between sensors, it is necessary to estimate or model
the errors that are involved in the data processing level. These errors will be used
to represent the uncertainties of sensors and to weigh the measurements during
the fusion process. Sensor uncertainties are caused by many types of errors. We
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Fig. 5. Flow diagram of the proposed calibration method.

distinguish two main types: the random errors which are the noise measurements
and the calibration errors which are caused by the alignment process. Therefore
a multi-sensor data fusion should take into account these errors to improve its
quality. The authors of [3] use the Bayesian Fusion technique to fuse the positions
acquired by two sensors in the context of environment perception of autonomous
vehicles.

The sensors are employed to detect the positions of obstacles. Position uncer-
tainty is represented using 2D Gaussian distribution for both detected objects.
Therefore, if X is the true position of the detected object, by using the Bayesian
fusion, the probability of fused position PF [xF yF ]T by the two sensors is given
as:

Prob(P |X) =
e

−(P−X)T R−1(P−X)
2

2π
√|R| (16)

where P is the fused position and R is the covariance matrix are given as:

P =
P1/R1 + P2/R2

1/R1 + 1/R2
and 1/R = 1/R1 + 1/R2
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where P1 and R1 are the position and covariance matrix of sensor 1 and P2 and
R2 are that of sensor 2.

We acquire the positions of the detected obstacles by both sensors. Figure 6
shows the modeled error positions of one detected obstacle by two sensors. The
cross represents the real positions which are unknown, the two black dots rep-
resent the measurements, the circles (red and green) are the uncertainties. The
red circle is the calibration uncertainty which is generated by the calibration
process which we are aiming to minimize.

Fig. 6. Measurement and calibration errors [5].

We prove the impact of the calibration process on a multi-sensor data fusion
based on Bayesian approach by varying the covariance matrices of sensors. The
noise measurements will be Gaussian noises with zero mean and the standard
deviation is 120 mm for both of sensors. The dynamic model of position is
modelled by a rectilinear motion. Note that R1 = Rm1 i.e. the covariance matrix
of sensor 1 contains only the error of measurements. In contrast, R2 = Rm2 +Rc

i.e. the covariance of sensor 2 contains both measurement and calibration errors
(because the measurements of sensor 2 will be projected on the frame of sensor
1). To summarize, in the first simulation, the calibration error of sensor 2 will
be small while in the second simulation we will increase its calibration error.
Figures 7 and 8 show the obtained results: the norm of position (meter) for each
sensor with two configurations of calibration errors over time. It is clear that in
the first simulation (Fig. 7: when the sensor 2 has a small value of calibration
error), the fused position is located between the two provided positions by the
sensors. In contrast, in the second simulation and when the calibration error
rises, the fused position follows the position provided by sensor 1, because it has
the smallest error (see Fig. 8). According to the simulation results, it is clear
that the outcome is a combination of the two measurements weighted by their
noise covariance’s matrices. Therefore, if the calibration error grows then the
projection of the measurement of sensor 2 will be distorted, so the combined
result follows uniquely the measurement of the first sensor (7). This makes the
use of sensor 2 obsolete and useless.
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Fig. 7. Fusion of two positions weighted with similar covariance matrices [5].

Fig. 8. Fusion of two positions with the increase in the calibration error of sensor 2 [5].

6.2 Quality Evaluation of Calibration Process

In practice, it is difficult to obtain or evaluate the ground truth of the real
extrinsic parameters between the camera and LIDAR sensors. There are some
works define theirs own criteria. In [19], an indicator as precision measure is
defined depends to the projected LIDAR points into the image plane. In [28],
two criteria are defined to evaluate the calibration process : the first one concerns
the translation error and the second concerns the orientation error. For our work
we propose the sum of squared residuals as an indicator of calibration. As long
as this criterion tends to 0 we will get a good performance of calibration process.

7 Experiments

In order to validate our approach, the multi-line method, we conducted a series
of experiments in the real environment. We use line-scan LIDAR with an angu-
lar resolution 0.25 degree and a color camera with 640 × 480 resolution. The
camera is modeled using a pinhole model. The number of point-normal vector
correspondences is fixed to three. We use a white calibration board with three
black lines (d = 3).
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For the iterative approach, we used a chessboard pattern but any board with
straight line boundary can generate valid data for this algorithm. Also, to get
an efficient result, it is preferably to take leaning poses to avoid the matrix with
null columns. In fact, when we build the closed-form for this method we need the
lines which correspondent to the line boundaries of pattern. If these boundaries
are parallel to the horizontal axis of the camera frame, a ill-conditioned matrix
will be generated for the closed-form.

7.1 Extraction of Lines from Calibration Board

Figure 9.a shows the used calibration board with three black lines. We used the
image processing algorithm; described in Sect. 4.3; based on the Hough Trans-
form to extract the lines. Figure 9.b shows the partial results : the used pattern
which contains some false detections other than the black lines. To remove the
false detections, we perform the filtering processing and keep just the three black
lines (Fig. 9.c). Therefore, from each line we need two points to determine the
normal vectors. However, the image processing based on the color treatment is
not often efficient. For example, if we are looking for the white color, it is accept-
able to choose the pixel which has the value of color in the range of [200..250].
But in practice and due to different factors such as : the noises, the resolution,
the quality of the camera sensor..., the white pixel can exceed this range (inferior
to 200).

Fig. 9. The results for the extraction of lines from calibration board: (a) The used
pattern for calibration process contains three black lines (b) The partial result: false
detections other than the black line detections based on the Hough Transform (c) The
final results: keeping only the black lines and remove the outliers [5].
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7.2 Results of Camera LIDAR Calibration: Analytical
Least-Squares Solutions

For the original (existing) approach, we collected 21 point-normal vector cor-
respondences to estimate calibration parameters and used only 7 poses for the
modified approach. The calibration board was moved to a 3m to 9m distance
range. To compare the results, the average between the pixel coordinates of
LIDAR points for different poses is calculated. Table 1 shows the results. The
shown results correspond to the average absolute distance for u axis, v axis
and the average Euclidean distance between the correspond pixels. According
to these results, the two implementations are very close. Therefore, the result of
the multi-lines approach is well performed as original approach [17] with benefits
reducing the required number of poses.

Otherwise, in order to suppress or at least reduce the effect of noise during
measurements, it is reasonable to use multiple observations of the calibration
pattern from different views to obtain the required 6 DOF. Also, it is required
to rotate the calibration board ;around the z −axis; to allow normal vector −→n ih

to span all three directions.
Figure 10 shows the projection results for the two approaches for different

orientations. Visually, it is clear that there is a small difference between the pro-
jected points for both of methods. It is due to the different noises measurements
and the polynomial equation solver behaviour. In fact, the equation (12) has a
floating-point coefficients and it is not possible to get the same solution because
the measurements and noises will be varying from one data set to another.

Table 1. The average difference between the two approaches [5]

Mean “u” dist. (pixel) Mean “v” dist. (pixel) Mean dist. (pixel)

2.399 3.6816 3.3927

Fig. 10. Projection of the LIDAR points into the image plane [5].
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7.3 Results of Camera LIDAR Calibration: Numerical Solution

For this algorithm, we collected 23 line-point correspondences to estimate the
homography. The Fig. 11 shows the results of the projection matrix by using the
iterative solution. Indeed, they show the projection of 3D points on the image
frame for three poses. The red lines represent the initial guess and the blue lines
represent the optimized solution by using the Levenberg-Marquardt algorithm.

7.4 Discussions

As mentioned above for the analytical methods, the original problem formulation
implies using a given number of calibration poses is improved to use less poses.
When compared to other approaches which accuracy depends on a precise initial
guess, the proposed solution gives an optimal result for a given calibration poses.
In fact, by increasing the number of constraints by pose (number of lines) we
reduce likewise the noises which affect the quality of calibration process. We
prove that with our improvements, the number of observations can be reduced
for an accurate result. On the other side ;for the analytical approaches; the
determination of the translation vector is very sensitive because it is represented
by the sum illustrated by the Eq. (9) which may be affected by the noises. Indeed,
the estimation error ;caused by noises; in the first step will propagate to the
second step and reduce the accuracy of the final result.

Fig. 11. Projection of the LIDAR points into the image plane (The red lines: the initial
guesses, The blue lines: the optimized solutions.

Concerning the iterative approach, we performed the calibration process by
using 23 poses which is more than the others approaches mentioned above.
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To solve the closed-form of calibration problem with iterative method, it is easy
to find the solution by using a software tool such as Matlab or C/C++ libraries
[27]. In this case, we will get only one solution which is provided by SVD decom-
position then iteratively updated by non-linear optimization. On the other hand,
the analytical approach provides more than 20 solutions (apart the complex solu-
tions), therefore we need a solver with high performance. From the 20 solutions,
we choose the solution which satisfies the rotational matrix constraint (determi-
nant is equal to 1).

To summarize, the analytical method gives exact solutions, more time con-
suming and sometimes impossible. Whereas iterative methods give approximate
solution with allowable tolerance, less time and possible for most cases.

8 Conclusions

In this paper, we address the problem of the frame alignment between a camera
and a 2-D LIDAR sensor through a generic framework. The original problem
formulation implies using a given number of calibration poses is improved to use
less poses. Based on the state-of-art solutions, we present two main approaches
used to solve the calibration problem which are: the analytical and numerical
solutions.

We present also a complete implementable tool-chain, to extract the co-
features for both types of sensors: line detections for cameras and segmentation
process for LIDAR sensors in order to make fully automated feature acquisition.
Also, we investigate and prove the impact of the calibration accuracy on sensor
fusion performance by using the Bayesian approach.

This research deals with the initial phase of any multi-sensor acquisition, the
sensor alignement process. Future works will deal with a native integration of
the alignment process in the fusion algorithm. Moreover, these research works
are an integral part of the embedded multi-sensor data fusion platform for the
autonomous vehicle described in [6].

APPENDIX A

- The quaternion is generally defined as:

q̄ = q4 + q1i + q2j + q3k (17)

where i, j, and k are hyper-imaginary numbers and the quantity q4 is the real
or scalar part of the quaternion.
- To convert a 3D vector −→p to quaternion form we use

p̄ = [−→p 0]T (18)

-The product −→p 2 = R−→p 1 where −→p 1, −→p 2 are vectors, R is the rotation matrix
and q its quaternion equivalent, can be written as follow

p̄2 = q ⊗ p̄1 ⊗ q−1 (19)
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where ⊗ presents quaternion multiplication, q−1 is the quaternion inverse defined
as q−1 = [−q1 − q2 − q3 q4]T .
-For any quaternions qa and qb, the product, qa ⊗ qb is defined as

qa ⊗ qb � L(qa)qb = R(qb)qa (20)

Where:

L(q) =

⎡
⎢⎣

q4 −q3 q2 q1
q3 q4 −q1 q2

−q2 q1 q4 q3
−q1 −q2 −q3 q4

⎤
⎥⎦ R(q) =

⎡
⎢⎣

q4 q3 −q2 q1
−q3 q4 q1 q2
q2 −q1 q4 q3

−q1 −q2 −q3 q4

⎤
⎥⎦

Also we have following properties

L(qa)R(qb) = R(qb)L(qa)

qTb L(qa)T = qTb R(qa)T

L(q−1) = L(q)T

R(q−1) = R(q)T

For more details, the interested reader is referred to [29].

APPENDIX B

In this appendix, we present an example to solve a polynomial system by com-
puting the multiplication matrix based on the normal set approach.
Suppose that we have the following polynomial system:

f1 = x2y + x + 2 (21)

f2 = y2x + y + 6 (22)

The degrees of the above equations are:

degree(f1) = 3 degree(f2) = 3 (23)

By using the graded reverse lex ordering [12], the Gröbner basis of this polyno-
mial system is:

g1 = 3x − y (24)

g2 = y3 + 3y + 18 (25)

Therefore the normal set is:

NormalSet <=
{
1, y, y2

}
(26)

Without loss of generality, we have to determine the multiplication matrix in
order to solve the polynomial system and find the roots. So, with some algebraic
manipulations, the multiplication matrix associated to x is:

Mx =

⎡
⎢⎢⎣

0
1
3

0

0 0
1
3−6 −1 0

⎤
⎥⎥⎦ (27)
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and the multiplication matrix associated to y is:

My =

⎡
⎣

0 1 0
0 0 1

−18 −3 0

⎤
⎦ (28)

Finally, the roots can be computed by the eigenvalue decomposition of the mul-
tiplication matrix and hence the possible solutions (real and complex) of the
polynomial system (21)–(22) are:

[
x
y

]
∈

{[−0.74741525
−2.2422457

]
,

[
0.3737076252 − 0.8673554640i
1.121122876 − 2.602066392i

]
,

[
0.3737076252 + 0.8673554640i
1.121122876 + 2.602066392i

]}
(29)
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Abstract. In off-road environments, the assessment and classification
in travers-able and non-traversable areas is a challenging task. Not only
does the drive-ability depend on the vehicle’s state in combination with
the environmental geometry, but also the assessment is complicated by
noisy and wrong sensor data. Thereby, faulty evaluation may lead to
severe harm to goods or people since either safety issues or reliability
problems are caused. While for the control part behavior-based systems
proved to be suitable due to their inherent robustness against unfore-
seen situations, robust perception is still an unsolved problem leading
to severe system failures. This paper faces the perception problem by
introducing a new data quality-based perception module based on the
integrated Behavior-Based Control (iB2C) architecture. Therefore, a new
concept of data quality in behavior-based systems and methods for qual-
ity aware data fusion are developed while taking advantage of the mod-
ularity, extensibility and traceability of the existing architecture.

Keywords: Behavior-based control · Quality-based perception ·
Obstacle avoidance · Off-road robotics

1 Introduction

In the area of on-road traffic current research provides promising results in
the direction of fully autonomous vehicles in on-road scenarios, while solutions
for off-road environments are far more away. Concerning the control of self-
driving vehicles in rough environments, behavior-based control systems (bbs)
have shown to be suitable. In contrast to classic, sense-plan-act-based control
architectures, bbs are highly distributed and the overall system behavior emerges
from the direct interaction of rather simple components [1].

But the behavior-based control approach focuses the control part and lacks of
a suitable concept for the perception support. Especially in unstructured off-road
environments, the robust and reliable perception is a challenging but inevitable
task. One major issue is the reliable detection of obstacles and the traversabil-
ity assessment. On-road scenarios are strongly structured such that even sparse
c© Springer Nature Switzerland AG 2020
O. Gusikhin and K. Madani (Eds.): ICINCO 2017, LNEE 495, pp. 786–809, 2019.
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sensor information are often sufficient to evaluate the situation. In contrast, off-
road applications require richer sensor data to assess the situation. By applying
complex filters and fusing measurements from multiple different and possibly
heterogeneous sensors, the overall data quality can be increased while gaining
a more complete model of the environment. But the fusion of information from
such possibly heterogeneous sources leads to multiple problems like the han-
dling of inconsistent data. Kalman filters for example are commonly used due to
their good results based on predictive system models and statistical data assess-
ment. Unfortunately, their closed structure exacerbate the traceability in case
of errors and the required model linearity may restrict the provided precision.
By exploiting the inherent modularity of behavior-based systems, our approach
decomposes the individual prediction and assessment steps into separated per-
ception modules. While the usage of rather simple fusion modules based on the
data quality definition allows for a simple extension of additional sensor systems,
the stepwise calculation of data quality allows for an easy identification of sen-
sor problems like over-exposure in images or imprecise GNSS positions due to
shadowing effects. The usage of the standard behavior meta-signals to reflect the
quality in the presented approach allows for a direct interaction of controller and
perception modules such that the quality information can directly influence the
control decisions. Vice versa, control modules can be used as virtual sensors for
the perception system without modifications enabling a sophisticated situation
aware perception system.

In this paper, a new approach for sensor data quality aware perception and
the seamless integration of perception into the behavior-based control architec-
ture iB2C is presented. First, a brief overview of state of the art perception
architectures is given in Sect. 2. In Sect. 3, the iB2C architecture is introduced.
The used quality metrics are discussed in Sect. 4 which serves as a basis for
the new perception component introduced in Sect. 5. For combining perception
data, special quality aware fusion percepts are defined in Sect. 6. In Sect. 7, two
standard evaluation pattern are described. The iB2C predictive fusion pattern
resembles Kalman filter like sensor data fusion while the quality arbitration pat-
tern allows for coordinating the arbitration process in the control part. Section 8
describes the quality based obstacle detection process. Therefore, the localization
network and the detection network are explained as well as the integration of
the perception data in a quality aware grid map, which serves as a virtual sensor
for a tentacle based trajectory evaluation algorithm. To evaluate the proposed
approach, experiments have been run in simulation and in real world scenarios
as well. Test results are presented in Sect. 9. Section 10 finishes with a conclusion
and ideas for future work.

2 Related Work

Control approaches have been studied for a long time now and there is a rather
good understanding their theory concerning for example the system dynamics. In
contrast, perception of the environment in the scope that is required for the next
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step in autonomous robotics is a rather new field due to the limitations in sensor
systems and computational power. New technologies in both fields now allow
for gathering sufficient information to assess the robots state in its environment.
But for autonomous driving in a robust perception has to be guaranteed which
requires sophisticated sensor data fusion to overcome the individual weaknesses
of each sensor system. Therefore, robust environment perception is one of the
main issues in current research.

Exploiting the uncertainty in environment perception is not a new idea. In
[2], belief functions are used to build evidential occupancy grid and clothoid
tentacles for trajectory planning. Thereby, the evidence is solely calculated based
on lidar range information using the Dempster-Shafer theory. Due to the limited
information that is provided by lidar range sensors, they are not sufficient for off-
road scenarios. The approach presented in the work at hand therefore combines
data from multiple different source to gain a richer model of the environment
and increase the robustness at the same time. Thereby, the Dempster-Shafer
theory could be used to evaluate the quality in a single perception component.

As already mentioned, evaluating single sensors is usually insufficient to gain
the required robustness. Therefore, measurements from multiple, complementary
sensors are fused increase the perception accuracy and certainty [3]. The authors
of [3] provide an overview of state-of-the-art multisensor data fusion algorithms.
Thereby, they face three different kinds of imperfectness in sensor data: uncer-
tainty, imprecision, and granularity, which are handled by probabilistic methods
like evidential belief reasoning and fuzzy reasoning. One instance is described in
[4], where a fault tolerant architecture for data fusion based on Kalman filters
[5] is presented to solve the localization problem. Kalman filters use the system’s
dynamic model to make predictions in combination with known control inputs
and sequential noise sensor measurements in form of linear Gaussian filters to
eliminate noise. The authors of [4] assume errors to be indicated by significant
deviations in the results of the different fusion modules. Possible errors are then
traced back to their source (hardware error, or error in fusion algorithm) and
suppressed by using the correctly working redundant source. In the approach pre-
sented in the work at hand, the quality of the output is evaluated and assessed
in each step to automatically suppress defective data in the subsequent fusion.
Instead of evaluating the quality only locally, multiple perception behaviors can
degrade the data quality sequentially allowing for sophisticated cross-evaluation.

The classic, often monolithic robot control architectures often fail to cope
with complex robotic systems due to their strongly restricted sense-plan-act
cycle. In the 1980s, a new promising architecture class arose called behavior-
based control architectures [6–9, ...], focusing on small reactive behaviors break-
ing the well established sense-plan-act loop. While the control approach has
already proven to be robust and able to handle also complex robotic systems,
the integration of sensor data fusion and perception received less attention. The
behavior-based control architecture presented in [10] for example clearly sep-
arates the perception (sensor hierarchy) and the control (behavior hierarchy).
The data flow between the perception system and the control system is thereby
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uni-directional without regarding any hierarchy. I.e. each behavior can access all
perception modules, but the perception modules do not know anything about the
control parts state and its intentions. The authors of [11] extended this architec-
ture to allow for behavior specific perception. Due to the strong dependence of
the perception problem on the current situation and the robots current actions,
a behavior-based hierarchy is proposed in which each module represents a sepa-
rate sense-think-act loop. Thus, each behavior is equipped with its own tailored
perception modules such that the situation awareness can be used for an auto-
matic selection of the most suitable implemented algorithm leading to perception
quality improvements while lowering the computational costs. In behavior-based
control architectures the main idea is that the overall system behavior emerges
from multiple concurrently running behaviors which influence each other. Unfor-
tunately, this strict mapping proposed in [11] limits the reusability within the
system and cross-influences between the behaviors are difficult to realize. By
interpreting perception behaviors similar to control behaviors concerning their
influence in the current system state, the architecture proposed in the work at
hand solves this problem.

3 Integrated Behavior-Based Control (iB2C)

The integrated behavior-based control (iB2C) architecture [12,13] has been
developed at the Robotics Research Lab of the University of Kaiserslautern.
The basic iB2C units are generic behavior modules (see Fig. 1).

Fig. 1. iB2C architecture components.

A behavior B offers a standardized interface and is defined by the activ-
ity function fa(e) ∈ [0, 1] and the transfer function F (e) which specifies
the output vector u based on the input vector e. It can be stimulated by
another behaviors activity via the stimulation input s and inhibited via the
inhibition input i. The behaviors internal activation ι = min (s, 1 − i) ∈ [0, 1]
describes the effective relevance of B in the network. It limits the behaviors
activity a = min (ι, fa(e)) ∈ [0, 1] which represents the amount of influence in
the current system state. The target rating r = fa(e) ∈ [0, 1] resembles the
behaviors contentment with the current system state. While the so called meta-
signals s, i, a, r are strictly defined in- and outputs, the vectors e and u can carry
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arbitrary sensor and control data. A behavior group encapsulate a set of
behaviors and provide the same common interface.

In order to resolve ambiguities when multiple behaviors propose control val-
ues for actuators or other behaviors, special coordination behaviors are defined.
These fusion behaviors work on meta-signals and while the common interface
is unchanged. Fusion strategies are maximum and weighted average fusion. The
former forwards the control values of the most active connected behavior. The
activity a, derived target rating r and the output u are given as

a = min (ι,max (ac)) (1)
r = rs, where s = argmaxc (ac) (2)
u = us, where s = argmaxc (ac) (3)

The later calculates the average of the control data weighted by the behavior
activities. The three tuple of activity a, target rating r and output u is defined
as

a = min

(
ι,

∑p−1
j=0 a2

j∑p−1
k=0 ak

)
(4)

r =

∑p−1
j=0 aj · rj∑p−1

k=0 ak

(5)

u =

∑p−1
j=0 aj · uj∑p−1

k=0 ak

(6)

4 Data Quality

Data quality in behavior-based systems (bbs) describes the certainty of infor-
mation which is interpreted as amount of compliance of perceived and actual
data.

bbs distinguish between different quality definitions emerging from a need
to determine the fulfillment of a desired quality boundary in different scopes.
The quality may be used to expresses the amount of influence on other behav-
iors within in a local component perception context. Nonetheless, a common
quality definition for interaction is required, since bbs are highly modular and
distributed.

The absolute data quality σ ∈ [0,∞) is defined as the difference of
expected and the measured values and equals the standard deviation with a
mean Gaussian equal to zero μ = 0.

p(u) =
1√

2π · σ
· e− 1

2 (u−μ
σ )2

(−∞ < u < ∞) (7)

It is uniquely interpreted by all network components during data exchange. A
second value, the target quality or perception goal, is required to determine
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the local relevance of each absolute quality. It is given with Σ ∈ [0,∞) and
defines the minimum necessary precision to fulfill a given task. The amount of
fulfillment of target and measured quality is defined by the ratio A of both values

A =

Σ∫
−Σ

1√
2π·σ · e− 1

2 (u
σ )2

σ∫
−σ

1√
2π·σ · e− 1

2 (u
σ )2

, (8)

where A ≥ 1 counts as fulfilled and A < 1 as not achieved. The relative data
quality α = min(1, A) ∈ [0, 1] expresses to which amount the absolute data
quality fulfills a desired target quality. It is approximated by

α = max
(

0,min
(

1,
Σ
σ

))
(9)

Quality Degradation Assessing the actual quality is a complex task and incorpo-
rates several steps. Faulty data can arise from environmental conditions or other
sources, as sensor noise or measurement principles. System knowledge of error
characteristics can be used to adapt qualities in an explicitly and modular way.
Separate handling of different quality aspects simplifies the development pro-
cess, enables easy adaptations, and increases extensibility. Therefore, stepwise
modification or quality degradation by N successive measurements is defined as

σt =

(
N−1∑
i=0

w · σ2
i

) 1
2

(10)

with the combined data quality as superposition of the accumulated qualities. An
absolute data quality of σ = 0 represents a neutral element, i.e. the total quality
cannot be improved nor degraded. Neutral operations are used by sequences of
quality degrading units. Similarly, a single node applying σ → ∞ to its corre-
sponding quality degrades the quality of the total processing chain. It is used
to express a fatal error detection during evaluation and enforces a relative data
quality of α = 0. The weight w can be used to control the amount of influence
for a better reaction on safety relevant events. For instance, a node can degrade
the quality stronger to trigger a fall-back system earlier.

Quality Average The quality average combines multiple quality values while not
necessarily decreasing the output value in contrast to the degradation mecha-
nism.

σt =
1√
N

(
N−1∑
i=0

w · σ2
i

) 1
2

(11)

Typical use cases are redundant quality measurements where the similar quality
aspects are determined in parallel. Again, the weight w is used for increasing or
decreasing the influence of combined components.
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5 Percept

A perception behavior or percept P denotes an iB2C component containing
quality information for the specialized interfaces. “Percept” [8, p. 268] and “per-
cepts” [14, p. 28] have already been mentioned in the context of behavior-based
robotics but were never explicitly specified.

A percept (Fig. 2) is defined by the 3-tuple P = (fa, fpu
, F ) consisting of the

activity function fa, data quality transfer function fpu
, and transfer function F .

The specialized interface inputs e and outputs u are enriched by perception
meta input vectors pe and outputs pu , so interfaces contain data and their cor-
responding quality information. The common iB2C interface is kept unchanged
to apply to the iB2C design rule of behavior interface duality which defines that
behavior interfaces must provide standardized and arbitrary ports [12].

Fig. 2. Percept behavior P = (fa, fpu , F ) [13].

Meta Information. A percept consists of an arbitrary number of perception
ports defined by a tuple e = (xe ,pe) or respectively u = (xu ,pu ). The meta
ports pe and pu can access a tuple of quality information (σ, Σ, α) for every
date. Hereby, a set of absolute qualities σ is transmitted along corresponding
data while the perception goal Σ is provided by the percept itself. The actual
value of each target has to be defined by the developer with respect to the
application requirements. The relative quality vector α is respectively computed
from pairs of absolute and target quality.

Uncertainties are added stepwise by assessing percepts. The modular design
enables easy modifications of the system and allows traceability of quality affect-
ing modules. Therefore, the data quality transfer function fpu

derives absolute
quality values and provides them in the specialized interface.

The percept’s activity a = fa(e) represents the average relative data quality
of an arbitrary set of relative qualities α contained by the percept. Accordingly,
the α components represent the component-wise activity leading to following
restrictions: α ∈ [0, 1] and α ≤ ı where ı is the activation of the percept. The
limitation of α implements the principle of activity limitation on component
base [12].

In general, the activity of a percept is equal to the activation ı under the
condition that all target qualities are satisfied. A perception goal with an infinite
standard deviation Σ → ∞ results in a maximum relative data quality α = ı.
Therefore, a percept reaches a maximum activity if this condition applies for
every component considered by fpu

for the activity a.
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6 Quality-Based Fusion

bbs combine different data streams through fusion mechanisms. Regular fusion
behaviors are better suited for control contexts. Therefore, the standard iB2C
fusion is intended for control arbitration. For a better use with percept modules,
the fusion (Fig. 3) was extended to suit for data fusion. It combines data on
a component base with respect to absolute qualities. Nonetheless, the overall
fusion follows the standard fusion principles and the common interface remains
unchanged. The percept fusion is, similar to the percept, defined by the 3-tuple
F = (fa, fpu

, F ). All restrictions for specialized interfaces of standard fusion
modules apply for the percept fusion as well.

Fig. 3. Fusion behavior F = (fa, fpu , F ) for standard or component-wise perception
fusion.

The principle of percept fusion behavior neutrality is applied as
extended principle to the iB2C rule of fusion behavior neutrality [12]. It
is suited for the structure of a perception port which can transmit vector com-
ponents. The above mentioned principle states that activity a, target rating r
and relative component-based qualities α must
apply to the following restrictions, where ı is the activation of the percept fusion
module

min
c

(ac) · ı ≤ a ≤ min

⎛
⎝1,

p−1∑
j=0

aj

⎞
⎠ · ı (12)

min
c

(rc) ≤ r ≤ max
c

(rc) (13)

min
c

(αc) ≤ α ≤ min

⎛
⎝1,

p−1∑
j=0

αj

⎞
⎠ · ı (14)

with α = [α0, . . . , αN−1] where αi with i ∈ [0, N − 1] is the i-th component of
each input e ∈ e with the number of components N .

Similar to the standard fusion behavior, there exist two fusion strategies,
maximum and weighted average fusion. Unlike standard fusion, the combination
of input data is performed component-wise based on a relative data quality α
which is determined by the fusion module itself. This allows the handling of
complex data types on the base of standard deviations. For fusing data streams,
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the mechanisms of quality averaging are applied. The percept fusion computes a
target sigma vector Σ where a vector component Σi represents the i-th element
of an input data e for all inputs pe . The respective perception goal Σi for an
element ei ∈ e is the minimum value of every j-th absolute quality value of each
perception input pej ∈ pe .

Σi = min
∀σij∈ei∈pe

(σji) (15)

where the number of component in e is equal to the number of perception goals
contained by Σ. Respectively, the relative perception meta information αei

is
given by

αci
= max

(
0,min

(
1,

Σi

σei

))
· ı (16)

with i ∈ [0, N − 1] and N elements in e. Each partial activity αci
is contained

in αc.

αc = (αc0 , αc1 , . . . , αcN
) (17)

The relative data quality has the maximum partial activity αci
≤ ı based on the

given equations. Elements with a higher standard deviation represent a lesser
relative quality value. The definition of absolute data quality enables the reuse of
standard fusion mechanisms which are extended by the quality term and applied
for each component.

6.1 Maximum Fusion

The percept maximum fusion forwards the input component-value of each e ∈ e
with the lowest deviation and absolute data quality σ ∈ σe. The vector ej

denotes the j-th input vector of all M inputs e. Element ei denotes the i-th
component of an input vector e and value eij the i-th component from vector
ej . The output ui is given by the set of components ei with minimum σi of all
vectors ej for each j. The minimum deviation is given with the maximum partial
activity. Therefore, it applies

ui = us, where s = max
c

(αci) ∀i (18)

The absolute quality σi is given by

σi = min
∀j

(σij) ∀i (19)

and the target rating rf is based on the combined activity ac

a = min (ı,max (ac)) (20)
r = rs where s = max

c
(ac) (21)
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6.2 Weighted Average Fusion

The perceptive weighted average fusion combines values based on their quality.
A date with smaller deviation and therefore high quality gets a larger weight. It
follows for the output component ui

ui =
∑p−1

c=0 αci · uci∑p−1
c=0 αci

∀i (22)

The absolute quality σi is

σi =

(∑p−1
c=0 αci · σ2

ci

) 1
2

∑p−1
c=0 αci

∀i (23)

The target rating r and activity a are defined as

a = min

(
ι,

∑p−1
j=0 a2

j∑p−1
k=0 ak

)
(24)

r =
∑p−1

c=0 ac · rc∑p−1
c=0 ac

(25)

7 Quality-Based Behavior Pattern

There exist reemerging pattern in bbs which can be applied for specific
tasks and applications. There emerge new pattern with the introduction of
the percept behavior and corresponding quality extensions of iB2C. The
Predictive Filter Pattern (Fig. 4) is suited for Kalman like filtering of data, while
the Quality Arbitration Pattern (Fig. 5) is used for quality-based arbitration
within bbs.

Fig. 4. Predictive filter pattern [13]. Fig. 5. Quality-arbitration pattern.
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7.1 Predictive Filter Pattern

The Predictive Filter Pattern (PFP) implements a behavior-based, quality-
based filter. It utilizes the extended fusion behavior to combine different data
streams evaluating a common date. Usually, sensor data suffer from disturbances,
measurement errors, and require complex data processing for further use since
errors accumulate which likely causes a misinterpretation of data.

State of the art systems use Gaussian filters like Kalman filter (KF) to fuse
data and stay consistent [5]. A similar filter can be implemented using percepts.
The pattern combines data from multiple percepts Percept which act as corre-
sponding sensor models of KF. A prediction module Predict using a dedicated
fusion percept Fusion. Thereby, the prediction unit estimates the next signal’s
values and provides it in the next time step to the fusion module. The prediction
corresponds to a KF motion model and is based on the systems dynamics model.

The fusion percept averages signals and acts as low pass filter. Its output may
be used as a feedback input for signal correction. By introducing feedback to the
system, the filter changes from an finite impulse response (FIR) to an infinite
impulse response (IIR) filter. Quality values which determine the influence of
data with respect to the fusion correspond to KF gain. Inputs and outputs
act as multivariate normal distributions which are expressed by uncertainties.
The benefit of the proposed filter against a traditional KF is a high degree
of non-linearity provided by percepts and the modularity. KF have a complex
determination of the best suited filter structure and difficult parameter selection
to find the best performance for the application [4]. In contrast, PFP structures
can be easily changed due to their high extendability. Additional percepts
and prediction units can be added straight forward. Another benefit is the open
filter structure which enables external modules to observe the internal state of
the filter and adapt the fusion output by accessing percepts common interface,
as inhibition or stimulation. Furthermore, the network fosters traceability of
quality degrading events. Since the activity of a percept corresponds to the
current quality, an activity drop within the network can be simply tracked and
indicates a sensor disturbance.

7.2 Quality-Arbitration Pattern

The Quality Arbitration Pattern (QAP) is used for behavior module coordina-
tion on a quality base. It provides an activity value for stimulation, or sup-
pression, under the precondition that a set of percepts guarantee the fulfillment
of quality bounds. Hereby, the percept activities can be used as Boolean logic
for network arbitration. This is especially useful for safety reasons since certain
parts of the network should be only allowed to be activated, if all related critical
components work as desired and are within quality bounds.

The central element of the pattern is a meta fusion module. In contrast
to standard fusion, a meta fusion contains no data input and output vector.
Only respective meta data ports for activity and target rating are available
and fused by applying the known fusion mechanisms. The QAP uses a meta
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signal maximum fusion to generate Boolean terms. A number of percepts Di are
connected to the input e of the meta fusion and build a logical disjunction. At
least one percept has to provide activity to enable the fusion’s activity which
corresponds to an logical or. An additional percept C, connected to the fusion’s
simulation, builds a conjunction. C has to be active and at least a single
behavior Di to generate activity. Similar a percept N is a negation to the term.
N has to be not active. The percepts C,Pi or N might be replaced by another
instance of the QAP to create more complex terms.

8 Quality-Based Obstacle Detection

The following section presents a generic behavior-based perception network for
obstacle detection demonstrating the capabilities of the iB2C extensions. It uses
percept behaviors and pattern to estimate the quality of data and increase the
system’s safety by providing confidence information. The perception approach
implements a low level safety system of a mobile robot and focuses on rough,
unstructured environments. Hereby, it is essential to reliably estimate the sur-
roundings and perform a robust traversability analysis. Since sensors are often
disturbed by environmental factors as camera exposure, blur, shadowing effects,
etc., there exists a need to estimate the confidence of data.

The obstacle detection perception network (Fig. 6) uses a number of sensors
for localization, as inertial measurement units (IMU), global positioning systems
(GNSS) and wheel encoder data (odometry). Distance sensors are required for
the evaluation of the surroundings. This approach suggests stereo camera sys-
tems since they are widely available and fair priced. Nonetheless, other sensors,
as radar, or laser can be added to overcome local disturbances and generate
redundancy. Fortunately, they are easy to add to the bbs due to high extend-
ability. New sensors and corresponding error evaluation percepts can be added
straight forward as input to the obstacle map.

Sensor Percepts. A sensor percept is a special behavior which acts as gateway
for data into the bbs. Hereby, initial quality information is derived either from
data sheets or experimentally determined and is attached to each date. In addi-
tion, the percept does basic quality checks as time stamp comparison and signal
bounds validation. In the case of an error, the quality is degraded and affected
sensors and accessing percepts are enforced to become inactive. In the example
of an obstacle detection bbs, four sensor percepts (IMU, GNSS, Odometry and
Stereo Images) are available.

Stereo Images. Stereo systems are frequently used for robotic applications since
they provide texture and depth information at the same time which is especially
useful for classification and segmentation. There are multiple high resolution
images available which are used to generate dense point clouds. Nonetheless,
camera sensors rely on lighting conditions and can be easily disturbed. There-
fore, error evaluation is performed by the bbs where each image is processed in
parallel.
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Fig. 6. Perception network for obstacle detection and localization. Distance data is
quality evaluated and obstacle segmented. Blocked regions are added to an obstacle
map. Tentacle sensors access the map and provide trajectory candidates as well as
deviations to a control unit.

Exposure. As already mentioned, camera images may be disturbed by various
events. The quality can be evaluated by considering exposure, sharpness, cov-
ered regions, or in general usability [15]. The system at hand performs over- and
under-exposure evaluation by assessing the brightness in an image [16]. Addi-
tional evaluation steps can be added by applying the rules for quality assess-
ment described before. Images are processed in patches to reduce the resolution,
improves computational performance and exploit image processing algorithms
that operate on patches, too. Image regions are tagged as erroneous or valid.
Depending on the application, a finer differentiation can be implemented. In the
given example of the Expose percept, the activity is defined as ratio of mal-
functioning patches over all image regions. This enables the bbs to react on
critical illuminations. For instance, the robot can activate lights in dark areas,
or respectively turn them off.

Similar to an exposure detection for cameras, other sensors can be imple-
mented similar and added to the structure in parallel. For instance, a laser range
finder can be evaluated for scattering, or temperature drifts [17].
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Stereo Processing. The error evaluated stereo camera images are further
processed in the percept Stereo Proc.. A point cloud is generated by match-
ing image pairs using semi-global matching [18]. Hereby, the resulting point
quality considers the disparity model and accumulates the disparity variance,
or respectively deviations, to each point [19]. In addition, the disparity map is
used to assign the erroneous image region qualities from the previous step to the
corresponding points of the matched images. Finally, the stereo point cloud is
filtered by applying a threshold for quality values and points with low qualities
are remove from the cloud. Since the point cloud is very dense, a voxel grid filter
is applied to reduce the overall number of points for later processing.

Obstacle Segmentation. In a next step, the quality evaluated stereo points are
obstacle segmented. The segmentation is a grid based approach which evaluates
clusters of points in parallel while point density and distribution are consid-
ered. A ground plane is fitted into the point clusters and outliers are labeled as
obstacles. The input cloud is split into ground points, obstacle points. Uncertain
points which cannot be assigned to a specific category are removed from the
cloud [20]. Point qualities are assigned to the respective output points in each
cloud.

Localization. A localization unit (Fig. 6a) determines the robot’s position, orien-
tation, and velocities which is utilized for obstacle correspondence and supervi-
sion of vehicle safety constrains as breaking distances, or acceleration thresholds.

Following a a bottom up approach, sensor percepts for IMU, GNSS, and
Odometry are added and accessed by degradation percepts for error evalua-
tion. Odometry considers wheel slip factors [21] by a cross-evaluating IMU data.
GNSS data evaluates the satellite configuration [22] and shadowing effects [23].
After sensor evaluation, the robot’s pose is determined in parallel by each per-
cept and is fused by applying a weighted average component-based fusion. A
motion prediction percept is added by applying the PFP for filtering sudden
GNSS changes and to overcome wheel slip. It contains a kinematic model of
the robot and estimates vehicle movements based on mass, maximum and cur-
rent (angular) velocities, (angular) accelerations and current movements [24].
For error correction, feedback connections are added to the IMU and odometry
pose percepts which are affected from quality signal degradation over time and
distance.

Obstacle Map. The primary data structure for obstacle evaluation is a shiftable
occupancy grid map, centered around the kinematic center of the robot. A direct
evaluation of the obstacle segmentation behavior output is not feasible for nav-
igation. Events as sensor errors, blind spots, or negative obstacles heavily influ-
ence the traversability analysis. Therefore, a map acts as short term memory, so
measurement gaps can be overcome by past sensor readings. Spurious obstacles,
which occur for short periods of time, are filtered by following a probabilistic
approach for grid cell occupancy [24]. Additionally, the map is used as virtual
sensor for decoupling perception and control development processes [25].
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The map grid content contains the following information: probability of
occupancy, a status flag (drivable, occupied, unvisited), and the current absolute
data quality. Unvisited cells are considered as blocked, so that the robot is only
allowed to travel areas which were scanned by sensors before.

The percept Obstacle Map is stimulated with a QAP. The Localization group
stimulates a meta maximum fusion while all distance sensors are connected to the
fusion’s input. In the case of inactivity, the map is erased and all cells are labeled
as blocked, so any motion is prohibited. Hereby, the map relies on two data
sources, the pose for map shifting, and distance sensors for obstacle detection. If
either the localization fails, or all distance sensors exceed their quality bounds,
the map becomes inactive. A localization failure is counted as critical event since
blocked grid cells cannot move toward the robot anymore. Also, distance sensor
failure is fatal since the map is no longer updated with obstacles.

Map shifts during robot’s motion introduce additional uncertainties into the
map. On the one hand side, they result in the grid map resolution, and on the
other hand side, from position uncertainties resulting from localization. There-
fore, every grid cell’s quality is degraded during map shifts by the respective
amount of uncertainty. In addition, all qualities underlie an aging mechanism,
so that only frequently updated areas of the map are completely trustworthy
while other areas degrade over time.

After map shifting, ground and obstacle points are successively inserted into
the map. For each insertion, occupancy odds and the current data quality is
computed. The standard deviation of a grid cell is derived by averaging qualities.
Additionally, the motion uncertainty and grid cell discretization is considered
and are accumulated to a cell’s quality.

Tentacle Sensors. The percept Tentacle Sensor implements a virtual sensor for
data extraction. Hereby, the map is accessed and a set of possible drivable
trajectories, respectively tentacles [26], are generated. Starting from the kine-
matic center, the grid cells are traversed until a blocking cell (unvisited or obsta-
cle) was found. During grid processing, occupied cells are expanded with respect
to their deviation value. Therefore, obstacles with an uncertain position restrict
the traversable path more strongly. Respective quality values are added to each
curve and are provided to the vehicle’s controller for further processing.

9 Experiments

The performance of the presented behavior-based, quality-based obstacle detec-
tion and localization framework is demonstrated in different real world and sim-
ulation test scenarios. Test results are presented and discussed in the following.

Platform The system was tested using an autonomous vehicle GatorX855D
(Fig. 7) of the Robotics Research Lab of the University of Kaiserslautern, a
four wheel drive vehicle with a 17 kW diesel engine. The robot contains several
sensor systems for localization and environmental perception.
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GNSS U-blox NEO-7P
GNSS Starfire 3000 (RTK)
IMU Micro Strain 3DM-GX3-25
Odometry HS35 Absolute Encoder
Stereo Camera Bumblebee X2

Both GNSS systems and the IMU are mounted on top of the vehicle. The sensors
are centered on the rear roll bar, while the u-blox GNSS is mounted on the right
hand side of the bar. The stereo vision system is mounted on the front roll bar.
Odometry data is provided by absolute encoders measuring steering rates and
wheel velocities, provided via a CAN interface. Following initial qualities are
calculated based on sensor data sheets.

σG N S S (u blox) =(σlat, σlon, σalt = 1m)

σG N S S (S F ) =(σlat, σlon, σalt = 0.025m)

σIM U =(σΦ, σψ = 0.06 rad, σϕ = 1.0 rad, σax , σay , σaz = 0.556776436m s−2,

σvΦ , σvψ , σvϕ = 0.0000357 rad s−1, σmx , σmy , σmz = 0.5567764360T)

σO dom etry =(σvx = 0.004882813m s−1, σvϕ = 0.1 rad s−1)

It provides GNSS latitude σlat, longitude σlon, altitude σalt. IMU data quality
is denoted by roll σΦ, pitch σψ, yaw σϕ, accelerations σax

, σay
, σaz

, angular
velocities σvΦ , σvψ

, σvϕ
and magnetic fields σmx

, σmy
, σmz

. The odometry system
delivers the vehicle’s velocity σvx

and heading rate σvϕ
.

Fig. 7. John Deere
GatorX855D [13].

Fig. 8. Simulated
GatorX855D.

Fig. 9. Test environment next to the Uni-
versity of Kaiserslautern [13].
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Implementation. The system is implemented using Finroc, a C++ and Java
robot control framework, which offers a highly modular structure, is real-time
capable, lock-free, and has zero-copy implementations [27].

Simulation Environment. Simulated tests were performed using the Unreal
Engine simulation (Fig. 8). It offers photorealistic rendering [28] and is success-
fully used for other robotic applications during development and teaching [29],
aerial robotics [30], or computer vision applications [31]. The engine is imple-
mented in C++ and a Finroc plugin accesses the contents and transmits data
to the Finroc framework.

The GatorX855D is implemented using the Unreal vehicle template while
special attention was given to represent the physics and vehicle’s behavior in a
correct way. Additionally, IMU and GNSS sensors were implemented including
sensor characteristics as drifts, or respectively shadowing. The stereo camera ren-
ders the Unreal scene and provides an image for each camera. Stereo matching
is performed to compute the point cloud. Therefore, characteristic noise result-
ing from dust, reflections, shadows, lighting, and the matching process itself is
correctly represented.

The advantage of simulated testing is the reproducibility of the tests due to
the controllability of the environment. Especially for the testing of sensor errors
it is useful. Noise can be added to the system, while tests can be repeated under
different conditions with a low testing effort. This enables the comparability of
the robot’s behavior under versatile testing conditions and provides an exact
ground truth for evaluation.

Real World Environment. The localization and obstacle detection network was
tested in a real-world scenario to demonstrate the performance of the bbs under
real conditions. Next, to standalone tests of the localization system, the inte-
grated perception system was tested and evaluated.

The test area contained a pathway next to the Rhineland-Palatinate forest
to the University of Kaiserslautern. Within this environment, the GatorX855D
robot traveled a distance of approximately 250 m (Fig. 9). The environment pro-
vided different conditions as paved areas, sand, grass, and cobblestones. Starting
in the south (1), the robot was surrounded by forest. It passed a bridge (2),
traveled to a building and passed through a tunnel (3). During the test, the
illumination changed, especially within the tunnel. The vehicle traveled with an
appropriate speed of 2m s−1.

Localization Tests. The Percept filer was compared to a standard Gaussian filter,
a Carlson square root filter [32]. The results of the localization test are shown
in Fig. 10. Poses of Carlson (purple) and Percept filter (red) are shown together
with a plot of estimated data qualities. Subsystems of the Percept filter are
visualized in green (GNSS), yellow (odometry), and blue (IMU). Green bars
within the quality plot indicate a total sensor failure. Both systems (Carlson and
Percept) slightly diverge over the traveled distance while the maximum difference
is limited to 5.5 m and average difference is 2.1 m. The largest filter gap occurs
while passing the tunnel and the GNSS system suffers from errors caused by
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reflections from the building. Here, the orientation difference raises to about
0.22 rad while the average difference is 0.1 rad. Notably, fused components of
the percept filter have similar characteristics as the general fusion output which
results from constant feedback of the bbs. The open filter structure enables to
analyze the results in detail, since the qualities can be tracked trough different
percepts and error events can be traced.

(a) Localization result bridge [13]. (b) Quality visualization bridge [13].

(c) Localization result tunnel [13]. (d) Quality visualization tunnel [13].

Fig. 10. Localization results.

Two regions (bridge and tunnel) are discussed in more detail. Close to the bridge,
the GNSS quality degrades due to shadowing which can be seen in the quality
plot. The sensor fails for a short time span caused by satellite loss which is
indicated by the green bar. Other percepts degrade over time since the signal
is no longer supported by the GNSS. The signal loss is compensated by other
modules and quality stabilizes via the input feedback. IMU and odometry gain
a larger influence and the output quality decreases from approximately 1.2 m to
1.5 m uncertainty due to the error integration. The IMU peak within the position
plot corresponds to the increase of GNSS sigma. During this time, the quality
feedback is rejected and IMU and odometry work without GNSS stabilization.
Respectively, the GNSS recovery can be seen as left shift in the position plot
when the diverging systems merge again.

Next, the tunnel area is analyzed. Similar to the previous results, there is
a shift between both filters while the percept-based approach follows stronger
the GNSS signal. This suffers from errors close to the building and the GNSS
position drifts. The Percept filter does not consider the erroneous data since the
errors are represented within the data quality estimation. Therefore, the system
considers mainly the odometry data with support of IMU. After GNSS recovery,
the fused pose shifts toward the GNSS signal since the system diverged within
the tunnel. Stronger shifts can be damped by applying additional low pass filters.
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The position shift of Carlson and Percept filter results from a lower trust
of the Carlson sensor model into the GNSS system. This is required to handle
erroneous situations, as drifts, as they appear in the test. The Percept filter ben-
efits from the high amount of non-linearity provided by the individual evaluation
percepts, the high modularity and open filter structure.

Obstacle Detection Test. The obstacle perception system was tested in a sim-
ulated forest environment (Fig. 8) and, additionally, in the real world scenario
described previously. The simulated test area was highly unstructured and con-
tained several pathways, meadows, rocks, cliffs, and trees. The GatorX855D
traveled autonomously following the best trajectory suggested from the per-
ception network. During the tests, lighting conditions changed strongly. Bright
regions existed on the meadows while very dark spots were found between trees
in shadow regions. The GatorX855D was able to control spotlights to illuminate
under-exposed scenes.

Exemplary simulation results are shown in Fig. 11. Stereo camera images
(Fig. 11a) show the traveled path through the forest. The robot stopped in a
shadow area, since the detection quality of the environment was not sufficient
enough to proceed forward. The last image shows an example for very low illu-
mination conditions which were induced during testing. The image exposure
evaluation (Fig. 11b) shows over- and underexposed regions of the correspond-
ing images. White image patches within the exposure map indicate an erroneous
pixel region. For instance, dark areas appear next to tree trunks, shadows, but
also bright reflections resulting from the GatorX855D’s spotlights are detected.
The fourth exposure map depicts that within a completely dark scene only areas
lit by spotlights are correctly exposed. The stereo point clouds (Fig. 11c) show
characteristic distortions. They occur especially during transitions from bright
to dark areas and for distant objects, as trees in the background. Therefore, dis-
tance data is filtered according to the exposure evaluation and cropped. Obstacle
segmented points are inserted to an occupancy map (Fig. 11d). Gray regions are
unvisited, while red regions indicate an obstacle and green traversability. Blue
and orange curves describe desired and executed trajectories. The corresponding
grid map quality (Fig. 11e) shows the current deviation of each grid cell. Qual-
ity values range from 0 to 1m standard deviation and are color coded. Black
regions contain no quality. The cell color is normalized on the spectral color
range where low wavelengths (violet) correspond to low deviation values, while
high wavelengths indicate high deviations (red). It can be seen, that the quality
of regions storing data which was inserted in the past, are degraded, also far
obstacles gain a lower quality than closer ones. The third quality map demon-
strates that only illuminated spots are updated since other regions are filtered
from the point cloud. The last quality map shows a complete quality loss for the
map due to illumination. Possible trajectories and the corresponding qualities
(Fig. 11f-i) are extracted from the map and evaluated by a controller. Each bar
of the plot indicates the length of a circular arc (curvature) of the robot. White
boxes show a maximum length of the tentacle. Red and blue bars indicate the
current and desired curve. The color scheme of tentacle qualities follows the grid
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(a) Stereo camera view.

(b) Stereo camera image exposure map.

(c) Stereo point cloud.

(d) Occupancy map.

(e) Occupancy map quality.

(f) Front tentacles.

(g) Front tentacles quality.

(h) Rear tentacles.

(i) Rear tentacles quality.

Fig. 11. Behavior-based obstacle detection in a simulated forest environment.

lounis.adouane@uca.fr



806 P. Wolf et al.

(a) Stereo camera view.

(b) Stereo camera image exposure map.

(c) Stereo point cloud.

(d) Occupancy map.

(e) Occupancy map quality.

(f) Front tentacles.

(g) Front tentacles quality.

(h) Rear tentacles.

(i) Rear tentacles quality.

Fig. 12. Behavior-based obstacle detection in a real world campus environment.
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map quality. It can be seen that especially rear trajectory have a lower quality
than front tentacles since there is no sensor mounted to the rear and trajectories
are computed from the short term memory.

Results of real world tests are shown in Fig. 12 and follow the previous
scheme. The sky, buildings, and exit of the tunnel are identified as over-exposed
regions (Fig. 12b). In general only a low number of regions within the images
are under-exposed, as bushes or corner spots. Nonetheless, the stereo match-
ing contains several gaps resulting from obstruction and correspondence errors
(Fig. 12c). It can be seen, that gaps on the ground are compensated by the short
term memory effect of the map (Fig. 12d). The blind spots within the tunnel
can be recognized within the map quality (Fig. 12e) where the color indicates a
lower quality in this regions. This is also represented in the front tentacles and
tentacle qualities (Fig. 12f-g) where low quality curves are contained. In general,
the rear tentacles (Fig. 12h-i) have a lower quality than front tentacles. resulting
from map quality aging.

10 Conclusion and Future Work

This paper presents a new approach for quality aware perception systems.
Thereby, the seamless integration into the iB2C architecture offers high mod-
ularity, traceability, reusability, and extensibility and allows for a bidirectional
perception-control interaction. A concept for data quality is defined, that has
been implemented in a new basic perception behavior node and the corre-
sponding fusion algorithms are presented. Quality-based behavior patterns as
the Predictive Filter Pattern and Quality Arbitration Pattern for data filtering
and component interaction on a quality base are described.

The new paradigm allows for a stepwise evaluation of the quality of per-
ception data and enables a separation of concerns for quality evaluation with
respect to different error types and disturbances. System errors can be easily
traced within a network and counter-measures initiated to preserve a safe oper-
ation.

The capabilities of the approach are demonstrated for a obstacle detec-
tion perception network including a percept-based localization framework. The
demonstration network is derived bottom-up, introducing sensor percepts and
applying behavior-pattern. Error detection and processing percepts are derived
for all sensors and added to the behavior structure. Data quality assessment for
complex data types like point clouds, color images, grid maps, and trajectory
segments are discussed and applied.

The approach was tested using the GatorX855D robot within a simulated
environment and a real world scenario. The Unreal Engine were used for sim-
ulation to generate photorealistic images for percept evaluation and obstacle
detection. Both systems were tested on the campus of the University of Kaiser-
slautern. Hereby, challenging environmental and illumination conditions were
successfully processed by the perception system. Effects like data interpolation,
quality degradation, sensor error detection were pointed out and discussed.
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In future works, the quality concept will be implemented for additional sensor
types as laser range finders, or radar sensors. Also, the impact of quality metrics
to standard algorithms will be further examined. Additionally, the approach
should be systematically considered by robot control and design rules for complex
bbs on a quality base should be derived.
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