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Abstract This paper addresses a continuous curva-
ture path generation problem for car-like vehicle navi-
gation. The continuous curvature path is generated by
multiple clothoids composition and parametric adjust-
ment. According to the geometric conditions of the
given initial and final configurations, the path gener-
ation problem is classified into two cases and then,
each problem is solved by by appropriate proposed
algorithm. The solution is obtained by iterative pro-
cedure subject to geometric constraint as well as
solution constraints. For computational efficiency and
fast convergence in the proposed algorithms, a mini-
max sharpness constraint is proposed as the solution
constraint by minimizing the maximum sharpness of
the feasible solutions. After the generation of the pro-
posed path, the resultant curvature/sharpness diagram
provides a useful information about its orientation and
curvature continuity along the travel length. The pro-
posed path planning strategy, permits us to obtain
online, smooth and safe path between two defined
configurations while ensuring high passengers com-
fort (continuous curvature and transition between the
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different composed clothoids). The algorithmic pro-
posals have been applied to generate continuous cur-
vature for two cases. The first correspond to local
path planning for ensuring obstacle avoidance or lane
change. The second application corresponds to global
path smoothing. The resultant global path path is
tested on the Lyapunov-based control scheme and
showed improved performance on its steering work
(reduction of 41.0% than the driving based on the
raw data), which permits us therefore to validate the
effectiveness of the obtained global path for car-like
vehicles path following.

Keywords Continuous curvature path planning ·
Iterative algorithm · Minimax sharpness constraint ·
Nonholonomic car-like vehicle · Curvature and
sharpness diagram

1 Introduction

Autonomous vehicles have attracted much attention for
several decades and path planning in the autonomous
vehicle has been one of the most important research
topics for driving performance as well as its safety.
According to the scale and covering range of the path
planning scheme, two kinds of planners (or planning
algorithms) are categorized as global and local [1, 2].

The global path planner is based on general navi-
gational information (usually acquired from GPS) for
a vehicle (often represented as a point mass) to travel
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from its initial configuration to a final configuration
through the given multiple way points [3]. The global
planner also uses the overall known environment’s
topology or grid-map [4], but it lacks specific local
data for a driving vehicle, such as actual vehicle size,
lanes, speed bumps, obstacles, and road boundaries.
On the contrary, the local path planner uses physical
scale information taken from on-board sensors, and it
focuses on the short-distance range from the vehicle’s
current configuration to the target configuration. This
planner is usually applied for lane change or obstacle
avoidance. The local planner is more reactive [5–8]
in the sense that it can deal with dynamic obstacles
[9, 10]. A multitude of local paths are integrated to
obtain the global path for navigation [11] or local path
smoothing on the given global path [12].

However, if the nonholonomic constraints inherent to
car-like vehicles are not taken into account, the vehi-
cle will have difficulties in following the given path.
To reduce these difficulties, various smoothing tech-
niques for the given path have been used by such as
cubic spiral, B-spline, trigonometric splines [13–15].
Dubins [16] (Dubins path) and Reeds-Shepp [17] (RS
path) proposed smooth path generation methods for
nonholonomic vehicles which are composed by line
and arc segments and yield the shortest travel length;
however, their models lack curvature continuity. To
generate a smooth path for the nonholonomic car-
like vehicle, the curvature continuity is a important
part to be considered since it is closely related to the
steering smoothness and reduction of undesirable jerk
[18].

The authors in [19] proposed a continuous curva-
ture path (FS path) in the absence of obstacles. The
FS path originates from the RS path, but it includes
clothoid having a fixed sharpness (rate of curva-
ture) so that the vehicle dose not need to stop to
reorient its front wheels. The authors in [20] pro-
posed an infinitely differentiable smooth path that
approximates Dubins paths with bounded curvature
and sharpness. In [14], the overtaking problem was
addressed using clothoidal path by approximating the
rational Bézier curves. The study used the homotheti-
cal factor adjusted by scalable parameters and control
points; however, the solution of [14] needs a large
amount of calculation for the multi-dimensional linear
algebraic equation to determine a number of Bézier
control points, and it is also difficult to acquire the
curvature diagram directly from the resultant path.

The authors of [21] addressed the multiple clothoids
problem to satisfy two boundary configurations through
rigorous mathematial analysis with analytical proofs
on its solvability and solution uniqueness. However,
the solution and its algorithm are not sufficient for
curvature or sharpness parameter analysis. Moreover,
paired clothoids require control points that must be
provided manually by a human designer. One notice-
able work to be referenced is the work of [22] where it
presents a simple and fast path generation method with
continuous curvature of minimum sharpness that is
close to human driving. However, the solution is only
limited to a straight lane change maneuver example.

This paper addresses a general solution1 on local
path generation for nonholonomic car-like vehicle,
where the problem is defined by two boundary con-
figurations with zero curvatures at both ends. The
solution path is comprised of parameter-adjusted mul-
tiple clothoids. There exists a lot of literature that deals
with Continuous Curvature Path (CCP); however as
far as we know, there has been only few works that
provides a general solution for various configurations.
The proposed algorithm for parametric (or parameter-
adjusted) CCP (pCCP) could be useful for generating
a local path in the obstacle avoidance maneuver or
smoothing a given raw noisy path. To validate the
effectiveness of the proposed path solution, Lyapunov-
based controller [23–25] was tested and evaluated on
the obtained path.

The main contributions of the presented work are
summarized in what follows. At first, the proposed
path planning strategy, permits us to obtain online,
smooth and safe path between two defined configura-
tions while ensuring high passengers comfort, which
is not precisely addressed simultaneously by the ded-
icated literature in this field (cf. for instance Dubins
path, RS path, and FS path). Secondly, the proposed
work has different contributions compared to previous
important works such as Dubins path, RS path, and
FS path, in fact, the proposed solution allows to use
the sharpness (cf. Eq.(4)) as an adjustable parameter
to determine the clothoid parameters. Contrary to that,
Dubins and RS paths did not use any clothoid segment
for the path since the path is only designed to obtain
shortest distance and without considering thus neither
orientation nor curvature continuities. At third, the FS

1The solution covers various boundary configurations as much
as possible by general iterative procedure.
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path tackles the problem of zero curvatures at both
boundary configurations (line-to-line) by applying a
fixed value of sharpness in symmetric clothoids paths.

In the following sections, the property of para-
metric clothoids and its variation rules are addressed
to propose the pCCP (cf. Section 2) with problem
definition and its solution algorithms (cf. Sections 3
to 5). The different proposals are applied to several
demonstrative examples (cf. Section 5).

2 Parametric Clothoid and Convergence Property

Nonholonomic car-like vehicle is driven by accelera-
tion/brake actuation at rear and/or front wheels, while
it is steered always by the front wheels. The vehi-
cle motion is presented by nonholonomic kinematics
equations where it is assumed that there exists no
rolling contact-slip on the ground surface with tyres
and thus, the steering angle corresponds to the curva-
ture at the vehicle’s motion center. When the vehicle is
modeled as a point of the motion center, the nonholo-
nomic vehicle kinematics are represented by following
differential form.

ẋ (t) = v (t) · cosθ (t) (1)

ẏ (t) = v (t) · sinθ (t) (2)

θ̇ (t) = v (t)

L
· tanγ (t) (3)

where, v (t) and θ (t) are the linear velocity and ori-
entation angle at time t respectively and x (t), y (t)

(x ∈ R
2, y ∈ R

2 ) represent the position of the vehi-
cle, i.e., middle position of rear wheels. γ (t) is the
steering angle of the vehicle at time t and it is equal
to the curvature κ (t) where the radius of curvature
ρ (t) is defined by the two axis interconnection at the
Instantaneous Center of Rotation (ICR) and L is the
wheel base.

To describe the vehicle’s path in considered time,
the steering angle data at all the time are required
with given initial pose. However, in the path genera-
tion problem of connecting the initial to final position,
the steering data should be found only from the both
end positions by implementing computational method.
One possible method to obtain a solution is to adopt

try-and-error or iterative procedure with appropri-
ate parameters variation and constraints in order to
guarantee the solution convergence [26–28]. Here, 1st

order clothoid (or Euler spiral, cf. Eq.(4)) is used as
a basic component in the path and each segment is
composed with other clothoid to generate the solution
path under the constraint of using the minimum num-
ber of clothoid segments (CCP problem). A CCP can
be simply and efficiently represented using clothoids.
A path defined with clothoids is efficient for analyz-
ing and controlling a car-like vehicle. In fact, this kind
of path provides straightforward information on the
progress of the curvature along the length and provide
thus quasi immediate maneuvering information to the
vehicle control system.

Using the definition of clothoid [21], the coordi-
nates x, y are consecutively defined along the length
s. If a basic formulation for clothoid curvature κ(s)

is assumed using a simple first-order polynomial with
initially zero, the path is determined by integration
procedures with length variable s as follows;

κ (s) = αs (4)

θ (s) =
∫ s

0
κ (u) du (5)

x (s) =
∫ s

0
cos θ (u) du (6)

y (s) =
∫ s

0
sin θ (u) du (7)

where α is the sharpness and κ (s) is the curvature.
Equation 4 determines if the curvature increases or

decreases by constant sharpness α, and the orientation
θ in Eq. 5 changes with the integration of curvature by
s in Eq. 4.

When a clothoid is generated from Eqs.(4) to (7),
the parameter values at the end point have following
relations with each other.

κ = √
2δα

(
orδ = κ2

2α

)
, s =

√
2δ

α
(8)

where α, δ, and κ are the values at the end points of
the clothoid, and the parameter δ is the amount of ori-
entation change between both ends (deflection, > 0),
also described in [18, 22].
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Fig. 1 Basic properties on a clothoid parameters variation

In fact, the exact Cartesian position at the clothoid
end is difficult to determine without full integration
along the travel length (cf. Eqs.(4) to (7)) or with-
out any approximated functions (cf. [22]), however
the pattern for the end point variation of the clothoid
could be derived from the above parametric relations.
As the parameter varies, the shape and end point of the
clothoid also varies, where the following patterns are
observed as shown in Fig. 1.

From the observed patterns in Fig. 1, the geometric
properties are summarized as follows.

Property 1 [Clothoid geometric property on parame-
ter variation] Among the three clothoid parameters (α,
δ, and κ),

i. As the sharpnessα increaseswith another parameter
constant, the clothoid shrinks (cf. Fig. 1a and b).

Fig. 2 Notation and Convention on an elementary clothoid generation
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Fig. 3 De definition for convergence criteria

ii. As the deflection δ increases with another param-
eter constant, the clothoid expands (cf. Fig. 1c
and d).

iii. As the curvature κ increases with δ constant, the
clothoid shrinks (cf. Fig. 1f).

Using the properties, multiple clothoids are com-
posed by parametric adjuatment. Before entering into
the problem definition and its solution, it is required to
mention about some conventions and notions for the
composition method.

Property 2 [Notation for curvature positivity] A
clothoid is generated so that its length s increases from
zero s0 through its length sl , i.e., as s → [s0, sl],
C → [C(s0),C(sl)]. The κ(s) is positive when the
vehicle steering angle is in the left hand side from its
center and negative for the right hand side. Also, α(s)

is positive when the vehicle turns counter-clockwise,
as CL, and negative for clockwise rotation as CR . The
θ(s) is obtained by integration of curvature by clock-
wise direction on the Cartesian coordinate, and the
δ is calculated by the orientation changes from ini-
tial to final pose, thus δ > 0 for s → [s0, sl]. These
geometric patterns could be obtained by mathematical
analogy, and described in Appendix.

Property 3 [Clothoids composition] To compose C1
and C2 with geometric continuities (orientation G1

and curvature G2), the operator ⊕ is used (i.e., C1 ⊕
C2). If one is CR = C1, then the other is C2 = C̄L, or
vice versa., where the superscript R, L stand for right,
left turning respectively, and C̄ presents the reverse
form of C which is generated from the final to the
initial by s → [sl, s0].

Here, we define an elementary clothoid that its ini-
tial curvature is zero and its deflection is below π

2 .
Figure 2 describes about parameters notations and its
shape convention for an elementary clothoid.

In Fig. 2a, the clothoid is generated from o to p

point (the shortest distance d), where orientation θ and
deflection δ (cf. orientation difference between initial
and final positions) are denoted. The radius of curvature
ρ is shown with a tangential circle at p, which presents
the curvature of 1

ρ
. Figure 2b and c depict the clothoid

Fig. 4 Case A (CR
1 C̄L

2 )
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path and shape conventions as noted in Property 2 and 3,
respectively. The arrow of (b) indicates the path gen-
erating direction, and each clothoid is generated from
s0 to sl . The corresponding curvature can be matched
in the curvature diagram shown in Fig. 2c (with nega-
tive y axis notation, i.e., κ < 0 in y > 0 axis), where a
clothoid is generated, then the next clothoid should be
its reverse form like CR

1 C̄L
2 or CL

1 C̄R
2 .

Another important property is the convergence and
parameter variation criteria used in the iterative algo-
rithm. Figure 3 depicts a geometric representation for
convergence criteria by the clothoid parameter varia-
tion. A composed clothoid ̂C byCR

1 ⊕C̄L
2 is generated

to make its end point, (a reference point) pr with
the boundary condition of κr = 0 and θr = θ1.
The objective of the algorithmic loop is to determine
the parameter variation rule for pr to reach a target
position, pt . For that purpose, two reference lines are
defined as 	pr , 	p⊥

r
which are drawn from pr with tan-

gential and perpendicular direction respectively. Then,
the convergence criteria are defined as,

|De| < ε, D⊥
e > 0 (9)

where De and D⊥
e are the minimum distance from pt

to 	pr and 	⊥
pr
, respectively. The 	pr is a tangential

line passing through pr of having slope tan θ1 and the
	⊥
pr

is the perpendicular line to 	pr while passing pr .
The criteria in Eq. 9 indicate that the convergence is
passed if the absolute distance error |De| is less than
a designed threshold ε while holding a positive value
for D⊥

e . Here, the condition D⊥
e ≥ 0 allows the inclu-

sion of a line segment to complete the path solution by
connecting pr to pt after the condition of |De| ≤ ε is
satisfied.

The parameter variation in the algorithmic loop is
based on the geometric relation between 	pr and pt ,
as well as that between 	⊥

pr
and pt . The determinant

function λpr (pt ), which checks the geometric relation
between a target point (pt ) and a reference point pr ,2

can be used to change clothoid parameter by using one
of the following rule.

Remark 1 Parameter variation rule

a. If λpr (pt ) > 0 (< 0), then α should decrease
(increase) with constant κ ,

2λpr (pt ) = − tan(θr )·xt+tan(θr )·xr+yt−yr , where pr(xr , yr )

and pt (xt , yt ).

b. If λpr (pt ) > 0 (< 0), then δ should increase
(decrease) with constant κ ,

c. If λpr (pt ) > 0 (< 0), then α should decrease
(increase) with constant δ.

Using one of rules in Remark, for example, pt

and p1
t let α decrease whereas p2

t and p3
t allow α

to increase. This Remark 1 and Eqs. 9 are utilized
to adjust clothoid parameters in each iterative loop
to converge to the solution, and is described in each
algorithm of the next section.

3 Problem Definition and pCCP Solution

For CCP generation, multiple clothoids are composed
to satisfy the boundary configuration. The initial con-
figuration corresponds to the vehicle’s local coordi-
nate at which the local path generation begins with
the vehicle oriented toward the y-axis. The final con-
figuration is specified in the first quadrant plane, i.e.,
x > 0, y > 0 while maintaining its general solvability
with symmetric compatibility. The pCCP problem is
defiend as follows:

Problem 1 From Pi

(
xi, yi, θi = π

2 , κi = 0
)

to
Pf

(
xf , yf , θf , κf = 0

)
, find a path composed of

the minimum number of elementary clothoids that
satisfies both configurations with curvature continuity
along the length.

When φ is defined as the angle between pi and pf ,
then according to the condition between θf and the
reference line 	r (cf. Fig. 5a) (whether θf > φ or θf <

φ), the minimum number of clothoids satisfying both
configurations is either two or four. Hence, Problem
is decomposed into two subcasesA, B in the following
two subsections.

3.1 Case A (θf < φ)

In this case, two clothoids are sufficient to construct
the feasible path. A clothoid C1 with the shape CR ,
and the other clothoid C2 with CL (cf. Property 2),
compose ̂C by CR

1 ⊕ C̄L
2 while holding G1 and G2.

Figure 4 depicts the case θf < φ. In Fig. 4a, two
extension lines from both configurations are denoted
as 	i , 	f , respectively and 	r is drawn by connecting
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Pi with Pf . When three intersection points pi , pf ,
and ps are defined by 	i , 	f , and 	r respectively (ps

by 	i and 	f ), then the areas �R , �L are the half-
space to the right and the left of 	r respectively, and
�S is the area inside the polygon 	pipf ps . Thus for
this case, all the points in the composed clothoids are
inside �S . Note that if θf = φ, then no clothoid pairs
satisfy both configurations except a straight line since
	f = 	r .

Under the defined geometric representation, C1
starts from pi to pm (meeting point), while C2 starts
from pf to pm. The shape of the composed path
becomes CR

1 ⊕ C̄L
2 , where s1 → [s0, sm] in C1, s2 →

[sm, sf ] in C2 from Property 3 and Fig. 4b. Note that,
since Pf heads toward �R , C2 is located inside �L,
and pm also resides in �S (cf. Property 2). The curva-

ture of C1 grows from pi = 0 to pm with a constant
sharpness, as determined in Eq. 5, and the curvature
of C2 decreases from pm to pf . The deflections for
C1 and C2 reach δ1 and δ2, respectively, until pm.
At this point pm, there exists an important geometric
constraint about G1 constraint.

δ1 + δ2 = θi − θf . (10)

Figure 4b depicts the corresponding curvature dia-
gram where C1 increases its curvature to the maxi-
mum κm at pm with G2 continuity constraint and C2
decreases to zero at pf . About Eq. 9, Fig. 4b informs
us that δ1 is the area of the triangle for CR

1 and δ2 is

the area of the triangle for C̄2
L
, thus the sum of these

two areas equals to the total deflection θi − θf .

In Algorithm 1, initial values of α1 and δ1 for C1
are assumed before entering the loop with required
pre-setting values. From the lines [3-6], the parameters
to compose two clothoids are determined by geomet-
ric constraints. The parameters are adjusted from the

lines [16-23] (cf. Remark 1). The parameter variation
rules of lines [16-18] and lines [19-21] are same as the
bisection method [29].3

3The bisection method guarantees the convergence.
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To obtain the solution αsol, δsol, ̂C, the stopping
criteria are defined in line 9 and line 10, where the ε

should be larger than the sampling distance of Fres-
nel integration for bisection convergence, i.e., ε >

10−2[m].

3.2 Case B (θf > φ)

The condition used to decompose the problem into
two subcases is whether θf > φ or not, (If θf = φ,
only a line solution is feasible.) and this condition is
determined from the geometric relation betweem Pi

and Pf .

Figure 5 depicts Case B, where the only difference
fromCaseA is the orientation of Pf , which is directed
toward the area �L (i.e., θf > φ). For this case,
it is not possible to generate pCCP using only two
clothoids; indeed, additional clothoids are required.

This condition is proved using the geometric rep-
resentation as follows. In Fig. 5a, four clothoids are
generated from pi to pf as C1a , C1b, C2b, and C2a .

In the same way as for Case A, the clothoid pair ̂C1 =
CR
1a ⊕ C̄L

1b, and the other pair ̂C2 = C̄R
2a ⊕ CL

2b. Each
pair has the connection point pm1, pm2, and it also
has common tangential line 	m1, 	m2, where the lines
provide the reference for both clothoids deflections.

Under the described notations, let us assume two
clothoids which connecting boundary configurations
as following. If C1a meets C̄2a , the curvature signs
must be opposite to each other. If C̄2a is to be the
same as C1a , C̄2a should be located outside of �s2
(right side of 	f ), which could not satisfy the orien-
tation continuity. This result is clearly seen from the

corresponding curvature diagram in Fig. 5b, pm1 can
not meet pm2.

In Fig. 5b, the curvature at the first pair ̂C1 pro-
duces two curvature lines of C1a , C1b, and that for
the second pair ̂C2 is C2b and C2a . All curvature lines
are continuously connected along the travel length,
where Ĉ1 retains in negative curvature (upper to
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Fig. 5 Case B
(CR

1aC̄L
1bC

L
2bC̄

R
2a)

s − axis) and Ĉ2 remains in the positive (under the
s − axis).

The four clothoids composition in Case B are
achieved using two consecutive pairs of Case A com-
positions. Hence, it is important to determine a com-
mon boundary condition at the intersection point of
both composition pairs. To tackle this problem, a ref-
erence line 	m is initially fixed at the end of the first
clothoid pair ̂C1 with slope tan θm (θm is the slope
angle of 	m). The line 	m gives an orientation con-
straint for both ̂C1 and ̂C2. If the common orientation
constraint of tan θm is given, two pairs of clothoids can
each be solved as two clothoid problems, according to
the resolved Case A.

InAlgorithm2, two procedures are performed accord-
ing to convergence criteria (lines [10-11]) using Remark
1. Note that this subcase can address two separated Case
A constrained by a reference line 	m which passes
through pm with the slope of tan θm. Furthermore,
pm and p′

m are result of the procedure clothoid2LL
by given parameters and p′

m should be on 	m with
positive distance, i.e., D⊥

e ≥ 0; This subcase has
numerous solutions according to the slope of 	m (cf.
line 2) and the parameters of ̂C1,2; thus, additional
constraint for the procedure is required. About this
constraint, it is addressed specifically in Section 4.2.

4 Enhancement of Algorithmic Convergence

As the number of composed clothoids increases (which
means more parameters to be defined), the algorith-
mic convergence time is delayed accordingly with an

exponential scale. Thus, efficient constraints in the pro-
posed algorithmic procedures have to be defined in
order to obtain unique solution. The following sub-
sections address this point based on initial parameter
assumptions and a solution constraint.

4.1 Initial Parameter Assumption

Before entering into iterative procedure, both end con-
figurations are given. Thus, α1i should be tried first;
however, if the generated C1 is far from the target
position (pf ), the procedure requires a lot of conver-
gence time. In this respect, the method to assume an
initial parameter is proposed as follows.

In the initial step, the only information from given
configurations is the configuration distance (d in Fig. 3a)
between the ends named by dif. This means that there
might be an efficient formulation linking α1i to dif.
While being interested in the relation among the dis-
tance and clothoid parameters, the process starts from
the basic property for a clothoid, as presented in
Section 2. From Fig. 3a, one can observe that the dis-
tance d from the origin to clothoidal end decreases as
the sharpness increases with fixed deflection.

This result reversely says the distance dif increases
as the sharpness decreases. Using this relation, a
function that determines sharpness from the distance
parameter could be approximated using a simple
second-order polynomial equation4 of dif = Gα2 with
G is a coefficient for the relation. It is also found that
G changes with deflection δ in the clothoid; thus, δ

4The MATLAB function-polyfit was used.
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needs to be included as a variable into the coefficient
G of the approximation function as follows,

α1i = G · (1/dif)2,
G = −0.3352δ2 + 2.2111δ − 0.0429

(11)

where the function approximates the relation between
α1i and dif within 10−2, where its coefficient G
is determined using second-order polynomial fitting
with the variable δ.

The derivative dα for the initial step can also be
determined from differentiating equation (8) as ∂α1i

∂dif
and by inserting ∂dif and current dif for the given
configuration, for instance using ∂dif = dif/100.

4.2 Minimax Sharpness Constraint

In the multiple clothoids problem, the proposed algo-
rithms require additional constraint (or solution con-
straint) to obtain a unique solution. In this respect, as
the solution constraint, minimax sharpness constraint
(MSC) for two clothoids is proposed as follows.

Lemma 1 (Minimax sharpness constraint for two
clothoids) When Ĉ(α1, α2) is a feasible solution which
satisfies given two boundary conditions, maximum
sharpness is described as max[α1, α2] = α̂, then
the solution by MSC is the one of which α̂ is the
minimum among the feasible solutions.

The MSC provides a feasible solution composed
two clothoids by,

α1 = α2, δ1 = δ2 = θ1 − θ2

2
. (12)

Proof When two clothoids C1 and C2 are composed
as Fig. 6b, the both clothoids have a common peak
curvature value (κc in Fig. 6c). For each clothoid in
the composition, δ is varied according to α under the
constraint of Eq. 8. In the graph given in Fig. 7a, let us
assume that δm = θ1−θ2

2 .
If α1 < αm, then δ1 > δm by 2δ1α1 = C(Const.).
From δ1 + δ2 = θ1 − θ2 = 2δm = C

′
(Const.) by

G1 continuity at pc of Fig. 7b, it is derived as δ2 =
C

′ − δ1 = 2δm − δ1.
Since δ1 > δm, thus δ2 = 2δm − δ1 < δ1 which

results in δ2 < δ1.
It is also true that 2δ2 < δ1 + δ2 = 2δm, so that δ2 <

δm.
From κ2

c = 2δ1α1 = 2δ2α2 = C, it results that
α2 > αm: max[α1, α2] > αm (A).

Vice versa, if α1 > αm, it also results that α2 < αm:
max[α1, α2] > αm (B).

From above two results (A), (B), αm is the minimax
sharpness with the condition of δ1 = δ2 = θ1−θ2

2 and
α1 = α2: a symmetric pair of clothoids.

5 Demonstrative Examples

5.1 Local Path Planning

The proposed algorithm is applied to obtain pCCP for
local path generation examples. The configuration in
each problem is given with consideration of real vehi-
cle size (e.g., width 1.5m and wheel base L = 2m)
and structured road environment. In the first exam-
ple, path generation for cornering-like motion and

Fig. 6 Two clothoids composition scheme
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Fig. 7 pCCP for Case A

lane change maneuvering are carried out, where each
path planning corresponds to the problem of Case
A, B, respectively. For the cornering-like motion, the
final configuration is given by Pf (6, 8, θf , 0), and θf

varies from −10◦ to 30◦ per 10◦ as depicted in Fig. 7
with increasing θf ↑ of a dotted arrow direction.

Figure 7 shows the two clothoids pCCP for Case A,
where the obtained path and corresponding curvature-
sharpness diagram (C-S diagram) are depicted. In
Fig. 7b, it can be observed that, as the final orientation
grows, the minimum curvature decreases from −0.22
to −0.32 as a dotted arrow direction by increasing

θf (↑) . For the sharpness, the peak point of curva-
ture moves right, and the sharpness value increases as
θf decreases. This diagram illustrates that, in vehicle
driving, steering behavior becomes more difficult as
the orientation difference (θi − θf ) increases.

Secondly, lane change motions are performed with
a drastic lane change of 10m width (up to three lanes)
with different final orientations. The final configura-
tion is given as Pf (10, 12, θf , 0), where θf increases
(↑) from 70◦ to 120◦ per 10◦ for each path generation.

In Fig. 8, four clothoids pCCP forCase B is solved
under the constraint of Lemma 1, constraining θm by

Fig. 8 pCCP for Case B
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Fig. 9 ISO 3882-2 lane change paths

θi − θf (cf. line 2 in Algorithm 2). The corresponding
curvature diagrams show different path and curva-
ture without loss of continuity, and the obtained four
clothoids produce the minimal sharpness in overall
length as shown in Fig. 8b.

To validate the minimal late of turning or minimal
curvature variation of the proposed path, a severe lane
change maneuver example (ISO 3882-2, lane width :
2.2 m, travel distance : 36.5 m) is applied with other
methods in literatures of [22, 30, 31]. The path of [30]
uses piecewise quadratic Bèzier curve, and the method
of [31] employs quintic polynomial function.

In Fig. 9, all the paths are geomatrically smooth
and satisfy the boundary condition in (a), (b), but have

different curvature/sharpness diagrams in (c), (d). At
first, the Bèzier path have the steepest changes at both
boundary for its curvature and sharpness. The polyno-
mial path shows smooth and small curvature, but high
sharpness at both boundaries. The proposed pCCP

Table 1 Paths comparison

Method κmin κmax αmin αmax

Bèzier −0.0095 0.0297 −0.2638 1.3210

Polynomial −0.0093 0.0097 −0.0024 0.0013

Wilde −0.0131 0.0131 −0.0014 0.0014

pCCP −0.0129 0.0129 −0.0014 0.0014
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Fig. 10 Path analysis for raw data

and Wilde path record almost same results, where
Wilde path employs approximation function for the
minimal amount of steering and the least maximum
curvature [22], thus the obtained path has also the
same characteristics asWilde path.

Table 1 summarizes the comparisonal results for
the lane change methods. For curvatures maximal or
minimal values, the polynomial path shows the better
performance, however theWilde and pCCP record the
least αmin value which reduces the rate of turning and
exerts minimal jerk to the vehicle passenger. Even if
the proposed path does not hold superior performance
in minimizing the κmin (or maximizing the κmax), the
curvature diagram shows simple and linear shape, thus
easily drivable and efficient for an autonomous vehi-
cle to follow. The results given in Fig. 9 and Table 1
also prove that the pCCP provides smooth and easily
drivable path with minimum discomfort asWilde path,
whilemaintaining the solution generality of covering var-
ious boundary configurations as Dubins or FS paths.

5.2 Global Path Smoothing and Path Following

For car-like vehicle navigation, a smooth path is nec-
essary so that the frequent changes in steering or jerk-
ing do not increase undesirable noises and vibration or
passenger discomfort, which also causes some danger
at high speed or high road curvature. In the proposed
work, the smooth path generated by continuous curva-
tures is applied to generate a global path. One of the

performances to be evaluated is to smooth the real data
acquired from the vehicle driving record and to use it
with a standard controller for comparative purposes.
In this respect, the data is acquired from the DGPS
with positional accuracy less than 2cm on a robotic
vehicle in PAVIN [32]. Indeed, in the presented simu-
lation, the vehicle is controlled to maintain a constant
velocity of 1m/s. This relatively small value has been
chosen mainly to minimize the vehicle’s undesirable
dynamics effects.5 In fact, the used control law [23]
does not take into account the dynamic effects, only
the kinematics modelling of the vehicle is used for
its synthesizes. Furthermore, it is important to say
that this simulation is performed in order to confirm
first the viability of the proposed pCCP embedded
in an overall autonomous navigation scheme (plan-
ning/control), and secondly as a mean to observe the
advantages of the used pCCP as global planner. More
simulations and actual experiments will be performed
in near future in order to evaluate exhaustively the
different paper proposals.

Even if the real data looks geometrically smooth
in real scale, its analysis of orientation and curvature
involves some noisy fluctuations due to sensor errors.

5Those effects are caused from road surface unevenness, mechan-
ical vibration, tyre slip on the ground, and so on. It is important
to also precise that when the vehicle takes tight curves with high
velocity, several dynamic effects becomes important (such as
the effect of Coriolis force for instance).
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Fig. 11 Global path generation using pCCP

Focusing on this raw data, smoothed path genera-
tion is carried out using the proposed solution, which
should have continuous curvature while reconstruct-
ing, as close as possible, the original path. From the
raw data acquired, the boundary conditions are set
to formulate several local path generation problems.
To set the boundary conditions, pre-procedures are
performed by extracting linear sections from Hough
line/circle transform with optimization [33] (Fig. 10).

Figure 11a depicts the results of the procedure
which formulate several boundary conditions and (b)
shows the resultant curvature diagram for the obtained

pCCP where each pCCP is solved for each bound-
ary condition set as from a to e sections marked in
Fig. 11a. The corresponding curvature diagram vali-
dates its continuity along the travel length from a to
e sections with intermediate linear sections as well as
simple shape compared to the noisy shape of the raw
data in Fig. 10b.

The obtained pCCP was applied for autonomous
vehicle navigation using an appropriate Lyapunov-based
controller [23] in the global framework described
in Section 1. The proposed algorithmic solution has
been tested using the Lyapunov-based controller for

Fig. 12 Comparison of steering control with/without the proposed pCCP
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Table 2 Performance comparison

Performance pe
max pe

avg θe
max θe

avg |κmax | ∫ |κ| ds |α|max |α|avg

Raw Data (a) 0.027 0.007 0.087 0.020 15.184 974.606 23.461 4.652

pCCP (b) 0.028 0.003 0.068 0.012 17.349 574.852 16.317 2.491
a−b
a

[%] −2.6 54.4 21.7 42.6 −14.3 41.0 30.5 46.5

comparing its performance with the control using raw
data generated by DGPS.

Figure 12 depicts the comparisonal results of the
steering set-points and atual steering angle for the two
paths, where the actual steering angle is controlled to
follow each path by the given controller. Figure 12a
and (b) explicitly show that the actual vehicle steering
has better performances to follow the set-point defined
according to the proposed pCCP. In fact, less steering
fluctuations are observed over the travel time which
implies better smoothness of the actual vehicle steer-
ing. The qualitative items for these preformance are
listed by |κmax | and

∫ |κ| ds and compared on Table 2.
Figure 13 show another comparisonal result for

path following performance by deviation errors of lat-
eral distance and orientation. It is clear that according
to the results shown in Fig. 13, the used pCCP shows
better performances, highlighted with reduced lateral
and orientation errors w.r.t. to the followed path. More
details about the features of the obtained pCCP are
summarized in Table 2.

In Table 2, the performances are evaluated using quan-
titative and qualitativemeasures such that the peak values

(max) evaluates the quality of each path, and integrat-
ing or average (avg) values illustrate the quantitative
level to analyze the performance in a synthetical man-
ner. The maximum and average lateral position errors
are denoted by pe

max and pe
avg , respectively, in [m].

It is also noted for orientation error θe
max , θe

avg in [◦]
and absolute sharpness by αmax and αavg and for the
maximal absolute steering κmax in [ 1

m
] respectively.

The sharpness terms αmax and αavg result in 30.5%
and 46.5% improvement, respectively, with respect to
the raw data, and these verify that the obtained steer-
ing behavior using the global pCCP is much smoother
than the case using raw data. The remarkable differ-
ence is also shown in the total steering work through
the path

∫ |κ| ds. The steering work is reduced by
41.0% compared to the driving based on the raw data.
This shows that the pCCP algorithm generates an
energy-saving trajectory for the vehicle using smooth
and continuous steering. Only deteriorated results on
the lateral and orientation errors are found at the time
around 47sec in Fig. 13 which corresponds to the
section c in Fig. 11. This deviation is caused from the
long circular section of c in the original path where

Fig. 13 Path following performances with/without the proposed pCCP
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the proposed path is not optimized to fit for the over-
all circular segment, and the proposed algorithm is
required to be improved for regenerating closeness to
those sections.

Results given in Fig. 12, Fig. 13 and Table 2
demonstrate that the smoothed path determined by
clothoid segments provides an enhanced performance
for the path driven by a nonholonomic car-like vehicle.
The reduced steering work and sharpness decreases,
enhance therefore the passenger comfort by reducing
the lateral acceleration and vehicle jerk [18].

With regard to the algorithmic performance, every
clothoid generation takes less than 5ms when using
an Intel Celeron CPU with 1.50GHz in a MATLAB®

environment. The number of iterations for algorithmic
convergence is 8 ∼ 10 loops for achieving the solution
within the convergence threshold De = 10−2m.

6 Conclusion

This paper addressed continuous curvature path prob-
lems and proposed an algorithmic methodology
to generate clothoid-based pCCP using parametric
adjustment. A defined problem for car-like vehicle
path generation is classified into two cases, where
each problem is formulated according to the geomet-
rical relation between initial and final configurations.
For algorithmic efficiency, the minimax sharpness
constraint is proposed with empirically fitted initial
parameter assumptions. The algorithmic procedure
obtains pCCP for each problem while ensuring effi-
cient convergence. The usefulness of the proposed
solutions are reinforced by some demonstrative exam-
ples applied to both local path planning and global
path regeneration schemes. The obtained overall vehi-
cle path based on pCCP showed its high poten-
tiality and interest to be implemented in an actual
autonomous navigation software with more precise
map by detailed information of steering guidance as
well as its control.

In future work, the performance of the proposed algo-
rithmic methodologywill be tested with an actual exper-
imental vehicle while considering uncertain errors, such
as motor actuation dynamics and/or the nonlinear tire
contact dynamics on the road surface. Therefore, to
enhance further the features of the obtained vehi-
cle navigation, several elements, dealing mainly with
modelling and data uncertainties, are targeted to be

taken into account, among them let us cite: the use
of more robust control (for environment, input/output
unmodelled dynamics or perception/actuation) per-
mitting to link the steering guidance set-points to
its actual vehicle navigation behavior. This could be
done while accurately identifying steering nonlinear-
ities of the mechanical/electrical vehicle components
in order to take them into consideration in the plan-
ning/control phases. This identification could be done
either while using experimental calibrations or con-
sidering an automatic tuning process from a large
amount of experimental database. It is also planned to
reduce/eliminate the ground unevenness effects on the
collected data.
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Appendix: Clothoid Property for Parameter
Variation

From Eq. 8, following is derived.

When s = (2δ)
1
2 · α

−1
2 , then ds

dα
= α

−3
2 · [−δ

1
2 ].

Thus, if a constant δ > 0 with α > 0, then ds
dα

< 0, and
it is true that for an increasing α, the length s shrinks
while the clothoid bends upward (cf. Fig. 1).

Other patterns of ds
dκ

or ds
dδ

could be obtained by the
same analogy.
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